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Abstract

This study addresses several computational aspects of failure analysis in ductile
metallic materials with emphasis on application of gradient regularisation

methodologies in fracture modelling.

The progressive degradation in metals is typically associated with nucleation, growth
and coalescence of micro-voids and micro-cracks, followed by meso-crack initiation
and propagation. The developed phase-field diffusive fracture models in the course of
last two decades gave some key insights into the problem of crack development in
brittle and ductile material contexts. These approaches have been proved to be reliable
tools in a wide variety of fracture situations, including intricate crack topologies like
branching or bifurcation. From another perspective, the issues arisen from the need to
observe objectivity of the numerical solutions to avoid mesh dependence pathologies
that are commonly reported associated with the use of existing damage models have
been successfully dealt with resorting to gradient nonlocal approaches. Although
coming from different concepts the phase-field diffusive method in fracture and
nonlocal approaches to damage share some similarities as both employ spatial gradients

of the microstructural fields to obtain regularized solutions.

The present contribution is an attempt to build a bridge between the existing material
modelling that has roots in damage mechanics and fracture mechanics by developing
theoretical and computational material framework which gives an advantage of
predicting ductile material failure behaviour until final rupture. The crack propagation
problem is treated using a phase-field model coupled with a micromechanical damage
model, at which the void growth mechanism drives the crack field evolution in the
material softening regime. This combined multi-field fracture model framework is
implemented using the finite element method and throughout the work, the capabilities

and performance of the numerical model is examined via representative fracture



benchmarks that cover a wide range of stress states. Further investigation is carried out
by experimentation on additively-manufactured steel components, in which the
simulated crack advance in tensile test samples are compared against laboratory

experimental data, where the role of the porosity growth is emphasized.



Resumo

Este estudo aborda varios aspectos computacionais de modelos de andlise da falha
ductil em materiais metalicos, com énfase na aplicacdo de metodologias de

regularizacdo de gradiente na modelizacédo de fendas.

A degradacdo progressiva em metais é tipicamente associada a nucleagédo, crescimento
e coalescéncia de micro vazios e micro fissuras, seguida de iniciacdo e propagacao de
macro fendas. Os modelos desenvolvidos de fractura difusiva que utilizam o modelo de
campo de fase, forneceram, no decorrer das ultimas duas décadas, algumas percep¢des
fundamentais sobre o problema do desenvolvimento de fendas em materiais frageis e
ducteis. Estas abordagens provaram ser ferramentas de confianca numa grande
variedade de situacbes de fractura, incluindo topologias complexas envolvendo
bifurcacdo e ramificacdo de fendas. Numa outra perspectiva, as questdes surgidas a
partir da necessidade de observar a objectividade das solu¢Ges numéricas para evitar
patologias de dependéncia de malha que sdo comumente associadas ao uso dos
modelos de danos e falha existentes tém sido tratadas com sucesso com 0 recurso
abordagens que utilizam modelos gradiente ndo locais. Embora provenientes de
diferentes conceitos, 0 método difusivo de campo de fase de fractura e modelos nédo
locais de dano compartilham algumas semelhancas, ja que ambos empregam gradientes
espaciais dos campos de campos de variaveis internas micro estruturais para obter

solugdes regularizadas.

Esta contribuicdo é uma tentativa de construir uma ponte entre 0s modelos existentes
que tém raizes na Mecénica do Dano Continuo e na Mecanica da Fractura, a partir do
desenvolvimento de um enquadramento teorico e computacional que permita prever o
comportamento de falha dudctil de um material do inicio do dano até a ruptura final. O
problema de propagagdo de fendas é tratado usando um modelo de campo de fase

juntamente com um modelo de dano micromecénico, no qual o mecanismo de



crescimento de vazios impulsiona a evolugédo e crescimento da fenda no modelo de
campo de fase. Esta estrutura combinada de um modelo multi-campo de fractura é
implementada computacionalmente usando o método dos elementos finitos. Ao longo
do trabalho, as capacidades e o desempenho do modelo humérico sdo examinados por
meio de testes representativos que abrangem uma ampla gama de estados de tens&o.
Uma investigacdo adicional é realizada em componentes de aco obtidos por fabrico
aditivo em que, salientando-se o papel da porosidade, a observacdo experimental da
evolucdo da fractura em provetes é comparada com os resultados obtidos com o modelo

numérico desenvolvido.
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1 Introduction

Over the past century, the technological and machinery advances have introduced many
crucial subjects to the engineering community. Prevention of failure and structural
integrity in components is one of the most intriguing and yet challenging fields to date,
where a great deal of attention is focused on its methodological and practical sides.
Fracture in structures is a physical phenomenon that can be caused due to various reasons,
ranging from external circumstances such as environment or loading types, to structural
characteristics, such as, for instance, impurities, voids or pre-existing cracks in the
material bulk. Prediction and prevention of the fracture phenomena, that is directly
associated with an improved structural integrity of the material, is of utmost importance

in scientific community and defines the main goal in the present research.

It is a very common practice to conduct fracture analyses with a series of experimental
and numerical tests in order to precisely predict material failure. The simulation of
materials behaviour by means of efficient numerical methods, is a high influential factor
in industrial sectors in order to save financial resources and consumption of energy and
time which all aim to retain a sustainable world. Depending on the characteristics of the
materials that lie either on the categories of brittle or ductile, there exist a great deal of
research studies regarding failure analysis, pointed to either of these fracture types, which
indeed gave rise to the development of mathematical models categorized within the
fracture mechanics and damage mechanic fields. The core idea of the present study is to
develop a material model that has roots in both areas, with the application for ductile

metallic materials.

This chapter firstly brings to the attention a review over the influential studies in the
context of fracture and damage mechanics that suggests the importance of this research
work. Next, the primary objectives of this study are specified and the last section outlines

the organisation of the thesis.



1.1 Motivation and background

Fracture analysis in structures is mainly described as a tool to reveal the level of resistance
in materials under loading, which is linked to the losing of material load-carrying
capacity. Within the context of ductile materials, such as aluminium or steel alloys, the
material undergoes an extensive level of plastic deformation after some certain amount
of load, which is typically followed by the accumulation of damage. The latter
phenomenon is linked to the material internal degradation that is verified from
micromechanical observations. This deformation phase typically is preceded by the
formation and development of macro-structural defects, which are often referred to as the

initiation and propagation of macro-cracks.

Different from the cleavage fracture, ductile material failure induces more sophisticated
fracture surfaces such as cup-cone or curvilinear cracks. To date, a large number of
numerical tools have been developed to simulate the behaviour of material under various
levels of degradation, varying from the discrete crack approaches in the context of linear
elastic fracture mechanics (LEFM), to the phenomenological damage frameworks in the

context of continuous damage mechanics (CDM).

It has been shown in many studies that the discrete representation of cracks in structures
is not an adequate, in many cases not efficient, way to deal with the development of
fracture. Most of the issues correspond to the classical discrete crack approaches come
from the conformity of the geometry discretization alignment with crack discontinuities.
In line with this, there are several numerical techniques such as the extended finite
element methods (XFEM) [1], remeshing strategies [2] or meshless methods such as the
element-free Galerkin methods [3] that were introduced as a remedy to alleviate the mesh-

induced issues attributed to the classical discrete crack approaches.

In light with the diffusive approaches to fracture, the well-received phase-field approach
in fracture avoids the sharp description of the crack topology, introducing several
advantages such as the analysis of crack on a fixed mesh and the flexibility to handle the
intricate crack patters such as crack branching, merging or bifurcation. This method
bypasses the need to numerically track fracture interfaces to impose displacement jumps

at discontinuities.

Subsequent to the development of this methodology in [4], motivated by the
mathematical basis of Ambrosio and Tortorelli [5], that was originally applied for image
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segmentation, this method has been studied and implemented within the finite element
framework through the course of last two decades and is addressed as a reliable tool for
assessment of crack initiation and propagation in brittle fracture [6-11], ductile fracture
[12-15], fatigue fracture [16], cohesive fracture [17,18], among others. Distinguishing
the fractured regions using an order parameter, or the so-called phase-field crack
parameter that is introduced as a scalar value between zero and one, resembles the
description of internal damage variable in damage mechanics, though each came from

different concepts.

The ductile material progressive degradation has been frequently studied in the context
of continuous damage mechanics, where the mathematical models are established based
on thermodynamical considerations and typically the internal material degradation is
defined based on the evolution of an internal damage variable in the micromechanical
level. In this regard, phenomenological or micromechanically-motivated damage models
were developed in the local material continuum. A strong coupling between the plastic
deformations and damage variable commonly characterises the constitutive model
description, which in turn makes a direct influence on the material loss of load-carrying

capacity through the proper definition of the stress-degrading mechanism.

Within the framework of micromechanically-based damage models that are primarily
attributed to the early work of Gurson in the porous media [19], the micro-void or porosity
growth is considered as the main source of material internal degradation. Due to the
inability of pioneering versions of Gurson-based models in predicting softening induced
by shear-dominant loading conditions, several enhancements were proposed, as can be

found for instance in references [20,21].

In a close relation with this model and its extended version by Tvergaard and Needleman
that is well known as the GTN model [22], Rousselier [23,24] introduced a simpler
damage concept based on thermodynamical considerations that incorporates a yield
function with less model parameters. Following its mathematical concept, the vertex of
the Rousselier yield function gives benefit of prediction of damage growth under shear-
dominated failure situation, which makes it a suitable choice for analysis of ductile
fracture in a wide range of stress triaxialities. This damage model has been investigated
for prediction of cup-cone fracture [25-27] and clinched joint failure [28]. Potentially
improved versions can be found in the context of nonlocal gradient regularization [29,30],
localizing gradient enhancement [31] and XFEM [32]. An efficient method regarding the
3



integration algorithm and use of edge rotations to assess crack propagation was discussed
in [33]. Due to the fact that the original damage law does not consider the void
coalescence mechanism, a modification was proposed by Zanganeh et al. [34] based on a
coalescence onset criterion [35] to accelerate the failure in the post-critical material

behaviour. The Rousselier model is largely utilised in the present work.

The conventional description of damage in the CDM and micromechanical damage
approaches gave rise to mesh-dependent issues that are linked to the ill-posedness of the
equations governing the boundary value problem. It has been established that the
utilisation of nonlocal damage models could alleviate these mesh-induced issues. An
implicit gradient nonlocal damage model that uses a second order gradient term in the
construction of mathematical model efficiently proves the ability to model the internal
degradation independent of the mesh discretisation, whereby a length scale parameter is
involved in the description of the constitutive model. The representation of the nonlocal
variable using an additional gradient equation resembles the phase-field diffusive crack
model structure, although with utterly different backgrounds. Interested readers are
referred to [36,37], where both approaches are compared through the mathematical

framework and numerical representations.

In recent years, combining the phase-field concept in fracture with the ductile deformation
material models became popular as the former developed models in brittle context
revealed an inadequacy in analysis of fracture. This can significantly enhance the
performance and predictive ability of the phase-field numerical tools in fracture of solids,
that defines one of the main objectives of the present study, as is described in the next

section.

In [13], authors followed a purely geometric approach to generalise the phase-field
energetic concept towards the stress-based criteria, at which the influence of the inelastic
deformation could be considered through the use of an alternative crack driving force.
This approach provides a basis for the phase-field problem to be coupled with various
constitutive models, which has been addressed recently in the context of von Mises
plasticity [38] and GTN damage model [15].

Resorting to this methodology, the Rousselier damage criterion is here introduced as the
underlying damage model and is considered herein as a precursor to the crack
development through the initiation and propagation of cracks. The coupled material



model performance is assessed via numerical simulation on several fracture benchmarks
with ductile material characteristics which also includes the analysis of tensile samples
produced with additive manufacturing technology in an attempt to broaden its field of
application. This could be of particular interest within the present material framework as
it has been revealed that metallic components fabricated by this process have some levels

of porosity which could be mostly linked to the process conditions.

1.2 Objectives and tasks

The primary objective of the present research is the development and numerical
implementation of the mathematical formulation linked to the gradient approaches in
ductile failure. This corresponds to the utilisation of phase-field and gradient nonlocal
damage approaches, their implementation within the finite element framework and the
evaluation of the numerical model to assess fracture behaviour through a combination of

numerical and experimental examples.
In the scope of present research, the following tasks are defined:

1. The derivation of the mathematical formulation for the gradient approaches. This
task includes the definition of suitable couplings between the mechanical problem
and the nonlocal or phase-field parameter from the gradient problem.

2. Numerical implementation. The boundary value problem described in the
previous task is implemented within the finite element framework using
ABAQUS software by utilising proper user interface codes.

3. Performance assessment. The predictive ability and performance of the
implemented numerical method is analysed through several fracture benchmarks,
including tensile samples of steel alloy that are produced by an additive

manufacturing process.

1.3 Thesis organisation

The thesis is organised in seven chapters as follows. The next chapter reviews some of
the fundamental concepts including the elements of continuum mechanics and laws of
thermodynamics. The physical process of fracture in ductile metallic materials and some

of the damage models that are mainly used in this work are revisited in chapter 3.
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Main body of research corresponds to the coupled gradient approaches in ductile fracture
is presented in chapter 4, where the gradient nonlocal and phase-field fracture approaches
are defined in the context of ductile fracture and their numerical implementation are
explained in detail, whereby an alternative scheme is used for the solution of gradient

nonlocal damage model.

Chapter 5 presents the numerical results of the developed models in the previous chapter
obtained by quantitative and qualitative assessment of several known fracture
benchmarks. The phase-field model performance is further investigated in chapter 6 by
analysing tensile samples fabricated from stainless steel 316 L powder base using additive
manufacturing with the emphasis on the porosity growth. The additive manufacturing
process of the components are briefly explained in the first section of chapter and the
simulations of the fracture are discussed subsequently. The thesis is concluded in chapter

7 by presenting the primary findings and future perspectives in line with this study.



2 Elements of Continuum Mechanics and

Fundamental Concepts

This chapter reviews several basics including the principles of continuum mechanics and
thermodynamics in the continuous materials. The information provided here is indeed
required for understanding the mathematical basis of the material models in the
subsequent chapters. The following notations are used henceforth: The vectors and
second order tensors are denoted by the italic and bold letters, the fourth order tensors are
represented by bold letters, the scalars are written as italic letters and the symbols - and :

indicate the contraction and double contraction products, respectively.

2.1 Kinematics of deformation

Displacement and the change in the material shape or size known as the deformation,
construct the main skeleton of the continuum mechanics. Let B, be the reference or initial
configuration of a n dimensional body encompassing the region Q, € R" with 0(Q, €
R™1 as an external boundary (Figure 2.1). Assuming 2 as a material particle, the change
in the state of the body from the initial configuration (particle position at X) to the current
configuration B (particle position at x) may be characterized by a transformation, i.e. a

deformation mapping denoted by ¢ at time t as follows:

x=@(Pt) (2.1)
where x is the position of the particle in the current or deformed configuration. For an
invertible deformation mapping, the position of 2 at time t may be expressed by:

P =@ (xt) (2.2)
The displacement of the particle at time t may be given by

u@P,t)=x—P=@p@Pt)—P (2.3)



Accordingly, the velocity of P at the reference configuration is defined by the time

derivative of the deformation mapping as:

dp(P,t)
ot

Using Eq.(2.2), the spatial velocity, i.e. the velocity at the current position is expressed

by:

V(x,t) = (2.4)

v(x,t) = V(@ ' (x1),t) (2.5)

2.1.1 Deformation gradient

The deformation gradient is a second order tensor which relates the reference and current

configurations by the following expression:

de(P,t) ox
7 2.6
where Vo (X, t) is called the material or initial gradient of the deformation ¢. Recalling

Eqg. (2.3), the deformation gradient may be defined in terms of the displacement field:

F(P,t) = ItVpu (2.7)
being I the second order identity tensor and Vpu the material displacement gradient in
the reference configuration. It is possible to define the deformation gradient in terms of
the spatial coordinates as

F(x,t) = (I —Vpu)? (2.8)

Any change in the material volume is determined by the following relation:

dv =]dV (2.9)
where dV and dv are the reference volume and the volume of the deformed body

respectively, and ], the Jacobian, is the determinant of the deformation gradient:

] = detF (2.10)
The above Jacobian must be strictly positive, i.e. ] > 0, in order to prevent the acceptance
of self-penetration of the body upon deformation. It is established that any deformation

can be split into the pure volumetric and isochoric components such that:

F = Fi5oFyop (2-11)



in which isochoric deformation F;,, does not generate any change in the volume of the
body, i.e. ] = 1, expressed by:

-1

-1
Fio = (detF)3F =]3 F (2.12)

and volumetric part is given by:

1 1
F,o = (detF)3I = |31 (2.13)

00

Figure 2.1 Finite deformation of a solid from initial configuration to the

current configuration

From another perspective, the deformation gradient may be decomposed into a pure body

positive definite stretch tensor and a rotation tensor, using the following relation:

F=RU=VR (2.14)
where R is an orthogonal rotation tensor, and the symmetric tensors U and V are

respectively, right and left stretch tensors that are expressed by:

U=vC , V=vB (2.15)

being C and B right and left Cauchy-Green strain tensors that in turn, may be written as
C=U?>=F'F , V=B?=FF (2.16)

For a rigid body motion, the above Cauchy-Green tensors coincide and become equal to

a second order identity tensor.
2.1.2 Strain and stress measures

Within the scope of deformation analysis of structures, the strain measure quantifies the
displacement between the material particles of the deformed body relative to the reference

configuration. In many cases strains may be assumed to be small (infinitesimal) between



the initial and final configurations or between two consecutive configurations in an
incremental process. This will be the case here where the main body of research is based
on small deformation theory.

The Green-Lagrange strain measure is defined based on a rigid body motion, given by
the following tensor:

E= %(c - (2.17)

In a similar manner, the Euler-Almansi strain tensor is written as:

e= %(1 — B (2.18)

at which they can be related through the deformation gradient, such that:

E=FTeF (2.19)
Following the infinitesimal deformation theory, dv = dV and therefore ] = detF = 1.
Hence, the Eulerian and Lagrangian strain tensors coincide and the infinitesimal strain
tensor is given by:

1
£=5 (Vou+ V,ul) (2.20)

where V, u is the spatial gradient of the displacement field. It should be noted that the
concepts that are discussed herein such as strains and stresses are defined mainly in a
sufficiently large element of body which is primarily related to the smallest element of
body that gives meaning to the existence of these elements, knowingly the representative

volume element (RVE) of the body.

Another kinematical descriptor is the velocity gradient which may be defined in the

current configuration as:

L=V,v=FF1 (2.21)
By the additive decomposition of the velocity gradient into the symmetric and skew-

symmetric parts, two kinematical descriptors may be defined in the following relation:

L=D+W (2.22)

where D is called the rate of deformation or stretching tensor, given by:
1
D= 5 (L+L7) (2.23)
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and W is known as the spin tensor, defined as

W = %(L _ L7 (2.24)

Following the assumption that material is a continuous media, the stress measures need
to be defined in order to quantify the applied forces effect and the level of material
degradation. VVarious measures of stress associated with the body or surface forces can be
found in literature. Applying a force df on a unit surface element (ds) in the current
configuration, Cauchy or true stress tensor, @, is defined as a true quantity, which maps a
unit outward normal vector N in the current configuration to the relative surface traction
vector, t, such that:
d

e= 7

Similarly, the nominal traction vector t, can be expressed with respect to the reference

oN (2.25)

surface element ds, as:
_ Y
e

where P is the first Piola-Kirchhoff stress tensor, which alternatively can be written as:

t PN (2.26)

P=JF o (2.27)

The second Piola-Kirchhoff stress tensor is defined as:

S=F1P= JFlgFT (2.28)

which is a symmetric tensor.
2.2 Fundamental laws

The concepts of mass conservation and fundamental laws of thermodynamics in the
context of continuum media are very briefly reviewed in this section. The information
provided here indeed will be used in the process of material modelling and numerical

implementation in the subsequent chapters.

2.2.1 Conservation of mass and momentum balance

The conservation of mass is postulated as

11



D+ Ddiv, it = 0 (2.29)
where D is the material density at the current configuration and div, is the spatial
divergence of the operator field. The momentum balance law for body B may be

mathematically represented in the spatial coordinates in the following form:

div,o + b = Dit (2.30)
Analogously, it may be expressed in the reference configuration in terms of the first Piola-

Kirchhoff stress tensor, P, as

divyP + b = Dil (2.31)
where b and b are respectively the body force vector at the deformed and reference
configurations, whereby b = Jb. In case of quasi-static problems, the inertial effects are

neglected and by omitting the subscript x, Eq. (2.30) is rewritten as:

dive + b =0 (2.32)

2.2.2 Laws of thermodynamics

The majority of ductile fracture concepts and the models of continuous damage
mechanics are derived resorting to the thermodynamic concepts of the irreversible
processes. The first law of thermodynamics that corresponds to the energy conservation

reads:

Dé =0:D+ Dr —divQ (2.33)
where é represents the rate of the specific internal energy, - is the density of the heat
production and Q stands for the heat flux. Regarding the isothermal mechanical

processes, the above equation is reduced to

Dée=0:D (2.34)
which confirms that the rate of the internal energy per unit volume in the deformed state
of the material must be equal to the stress power, o : D, per unit deformed volume.
Equivalently, this definition can be expressed in terms of the Kirchhoff stress tensor, t,

in the reference configuration as follows

Dé=1:D (2.35)
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The second law of thermodynamics expresses the irreversible characteristic of the natural
processes, which implies the irreversibility of the entropy production, as it is expressed
by the following equation:

DTs +divQ —Dr =0 (2.36)
being s the entropy of the system whereby T stands for the temperature. For an isothermal

process, this equation is simplified as:

DTS > 0 (2.37)
With © = JD, the inequality is written as:

DT =0 (2.38)
Another thermodynamic definition is the Helmholtz free energy potential, representing
the maximum work that a system can achieve under constant volume and temperature,

given by:

Yp=e—Ts (2.39)

By time differentiating the above equation we obtain

Ts=¢é—1 (2.40)
and combining Egs. (2.26), (2.29) and (2.31) yields the Clausius-Duhem inequality:

T:D-DY>0 (2.41)

2.2.3 Constitutive theory

Most of the material models are derived based on a constitutive theory, in which the
thermodynamic state of the material can be characterized by the set of state variables such
as the deformation gradient, temperature or stresses. These variables are categorized as
the observable and internal variables. Total strain and the displacement field are
commonly observable variables and descriptors such as the plastic strains, equivalent
plastic strain and damage are known as the internal variables which are associated with
the dissipated energy. Following this concept, the material thermodynamic potential is
commonly described via the free energy, whereby the forces conjugated to the state
variables are determined. These expressions are complemented with the description of

dissipative mechanism and the evolution laws for the internal variables described by their

13



rate forms. Based on the type of loading and the state of the problem, the choice of a

suitable constitutive model is imperative.

For the problems in which material undergoes extensive plastic deformation after losing
the initial load-carrying capacity, the coupled local approaches to fracture are a common
choice to assess the level of the deformation and accumulation of damage. The term
coupled in this context refers to the consideration of different deformation states for the
plastic hardening and damage softening, in which these two phases are simultaneously

considered in the constitutive model description.

These ductile fracture approaches mostly fall under the categories of the micromechanical
or phenomenological approaches, in which the former class of methods is associated with
the material models that describe the deformations in the microscopic scale, while the
phenomenological models rely on the macrostructural material considerations. Several
material models based on the concept of continuous damage mechanics (CDM) and
micromechanical approaches are discussed in the next chapter, including the constitutive
material model based on the Rousselier damage law which will be utilized as the basis
for the phase-field extension of the ductile fracture model herein.

2.2.4 Heat transfer analysis
The thermal equilibrium differential equation for a n dimensional conducting body is
expressed as:

9%%§—WW%T)=Q (2.42)

where T'(x, t) is the temperature as the function of the position x € R™ and time t, ¢, is
the specific heat and X is the thermal conductivity. This representation corresponds to
the transient heat transfer (referring to the time dependence of the problem), and is a
simplified version as neglects the effects of temperature on the specific heat and the
thermal conductivity that is considered isotropic. The above problem is supplemented
with the corresponding initial and boundary conditions and can be reduced to the
following relation for steady state analysis, assuming null heat flux at the boundary:

~KV3(T) = Q
{ 9,T =0 (2:43)
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The main body of research in this work neglects the temperature effects in the material
softening phase. However, this section was presented due to an analogy that is made
between the diffusion equation of the nonlocal gradient and the heat conduction problem
which provides a more efficient basis for finite element implementation of such coupled
gradient problems, in which the temperature serves as the diffusive field in the gradient
approaches. This coupled temperature-displacement strategy was also recently addressed
in [39] based on the damage initiation criterion that was presented in [40].

2.2.5 Initial boundary value problem and finite element method

The implementation of the material constitutive models essentially involved with using a
suitable numerical method, as the analytical solutions in most of these models are not
available or not easy to achieve due to their nonlinear nature. It is established to perform
two numerical approximations on the initial boundary value problem: the time
discretisation, i.e. the numerical integration of the constitutive relations and the spatial
discretisation. Regarding the latter, the finite element method (FEM) is used throughout
this work, in which the problem domain is discretised to a finite number of elements
(readers are referred to [41,42] for an overview of the method). It is a common practice
in this context to obtain the weak form of the initial boundary value problem (IBVP) and
then perform the finite element approximation, which is for instance followed in the

implementation of the phase-field approach in the subsequent chapters.

Using the infinitesimal strain approach and given the history of total strain tensor &(t)

where t € [t,, T], the IBVP is to find the stress and set of internal variables « as:

9
o(t) = ﬁa—‘f
a(t) = f*(e(e), a(t))

The second equation involves with the evolution of the internal variables, in which the

(2.44)

rate of the internal variable ¢ is described by a function f*. Finding the weak form of the
above problem using for instance the principle of virtual work is the initial point for
performing the finite element method. Herein the displacement-based finite element

framework is briefly reviewed.

The stress as a function of the displacement field enters the following initial boundary

value problem in weak form as:
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f [o(e(w)): Véu — bsuldq — f tds=0 (2.45)
N N

being du the virtual displacement. The spatial discretisation of the above problem is
performed by determining the discretised displacement field u” by interpolating the
displacement field u, using interpolation functions, i.e., at the element level the shape

function N{ (x;), such that:

Nnode

ul = Z Nfu; (2.46)

i=1
where Nf (x') is associated with the node i of element e whose coordinate is x*, and the
total number of the nodes for the element is denoted by n,,,4.. The shape function Nf (x%)
is defined in a way that its value at node i is unity, i.e. Nf(x‘) = 1, and zero at other
nodes of the element, means N¢ (x/) = 0 for j # i. Over the entire problem domain Q,
the finite element discretisation is conducted with a mesh consisting of total number of

elements denoted by n,;em, Such that:

Nelem
Qn = U Qe (2.47)
e=1
The discretised displacement field thus defined globally as:
Npoint
W= N (2.48)
i=1

where Nl.g is the global shape function and 7, is the total number of the nodal points

in the mesh topology. The global shape function matrix is given by:

N 0 .. 0
g
[N?] = 0 N i 0 (2.49)
0 0 .. N/

L

Having defined the global displacement field vector as

T
_ 1 1 Npoint _, Mpoint
{u} = {ul, oy Upy gy e e y Uy Uy } (2.50)
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where ngy;,,, is the number of the element dimensions and uij being the ith component of
the displacement vector at the global node j, the discretised displacement field and its

virtual counterpart can be represented by:

W} = [N9]{u} ,  {6u} = [N9]{6u} (2.51)
where
. . \T
{ou} = {8ul, .., 6ub s oo, UL, B2 ) (2.52)

To determine the gradient operator, the global displacement symmetric gradient operator

or B matrix is written as:

[Nfl 0 Ny 0 .. Ny ... 0 ]

B9l=| 0 NI, 0 NI, .. 0 g 2.53

[ ] 1,2 2,2 nPanzl ( . )
INJ, NI N, NJo.. N,fpombz proim,lj

where (.);; = Z(J'C)j". it should be noted that the above gradient operator is applicable for

2D problems of plane stress or plane strain and axisymmetric configurations. With the
above definitions, the initial boundary value problem of Eq. (2.45) is written in discrete

form as:

f (67 [BI](Su} — b. [N9]{5u }]de — f £ N9 (Su)ds =0 (254)
oh anh

By rearranging the above expression one can obtain the following equation:

T
{ j [[B9]"6 — [N9]"b]dQ — f [Ng]Ttds} {(bu}=0 (2.55)
oh

anh

Where one should bear in mind that the stress tensor is a function of strain tensor and thus

the displacement field. By determining the global internal force (f**) and external force

(fe<t) as:

fint = J [B9]"odQ |
o (2.56)
¥t = [N9]"bdQ N9"td
pore= | INTbda+ [ veyTeas

the finite element problem is established based on the following boundary value problem:

17



fint _ fext =0 (2.57)
where the internal force is the function of the displacement field. In subsequent chapters,
the above finite element procedure is utilised for the solution of the phase-field evolution

equation.
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3 Local approaches to ductile fracture

3.1 Physical background

At the microstructural scale, the ductile fracture phenomenon is characterised by a
sequential material degradation, consisting of nucleation, growth and coalescence of the
micro-voids or micro-cavities in the material bulk, as illustrated in Figure 3.1. Nucleation
of the voids occurs at the inclusions or second-phase particles, due to the particle cracking
or decohesion of the matrix/inclusion interface. Increasing the level of plastic
deformations in the surrounding matrix propels the micro-voids growth, through the
dilatation or elongation of the voids, respectively predominant in high and low levels of

triaxiality.

In shear-dominated loading situations connected to low stress triaxiality, void nucleation
is more commonly observed at the secondary voids, i.e. a smaller population of the voids
created between the primary voids, which coins the term “void-sheeting” for this type of
failure. This mechanism is described as one of the primary causes of void coalescence in
low triaxialities, which is associated with the accelerated internal material deterioration
through the formation of shear bands. In high triaxialities, the void internal necking is
typically observed, whereby two adjacent voids are merged following the reduction of
inter-void ligament, driving the micromechanical failure process to the final material
rupture. For further details in this subject, readers are referred to [43] that gives an
extensive review over the continuum approaches to fracture including the discussions on

the micromechanical description of material failure.

Despite the fact that several physical aspects of fracture such as void shape, size or
orientation could be of importance in the crack analyses, the mathematical models are
often established based on simplified assumptions and approximations that can reduce

the computational costs and complexity of the models.

Early material models described failure process via linking the cavity growth to the
hydrostatic pressure, hence referred to as void growth models (VGM) in literature. The
models by McClintock [44] and Rice & Tracy [45], respectively developed for isolated

cylindrical and spherical cavities in an infinite rigid perfectly plastic material matrix.
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These models were defined based on definition of a critical value for cavity growth rate
which is considered as a characteristic of the material model. Rice & Tracy [45] found
that the spherical cavity growth in a non-hardening material and under high levels of

triaxiality can be approximated by the following relation:

I (r)—0283f (30’”)01“10 3.1
n w) =0 exp 24 I3 (3.1)

where r is the mean radius of cavity, r, is the initial radius of the cavity, the ratio a,,/q
defines the stress triaxiality and €7 is the equivalent plastic strain. The above relation
essentially constructs a linear relation between the cavity growth and the equivalent
plastic strain rate. However, the constant value of 0.283 was found to be not an optimised
value, as it was reported in subsequent efforts that it underestimates the crack growth.
Also the lack of nucleation and coalescence mechanisms led to several other modified

versions of this model thereafter.

The VGM models are essentially characterised under the category of uncoupled fracture
criteria, hinting that there is no coupling between plasticity and damage at any level, and,
therefore, the influence of damage on the yield surface of the material model is neglected.
However, these material models are widely accepted in the engineering community due

to its simplicity in mathematical description and calibration procedure.

Later on, more physically-sound ductile fracture criteria were proposed at which the
internal material degradation could be quantified via a scalar internal variable interpreted
as the damage variable. These coupled models are often categorised either as the
phenomenological approaches in ductile damage within the continuous damage

mechanics framework or the micromechanically-motivated approaches.

The former class of models, such as the one developed by Lemaitre [46] or Lemaitre and
Chaboche [47,48], are typically classified under the theory of continuous damage
mechanics (CDM). These models are based on a continuous description of the damage
and internal variables that are defined at the microscopic scale.
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Figure 3.1 Micromechanical evolution of ductile fracture

Micromechanical approaches on the other hand were developed in the context of porous
materials in the early work of Gurson [19] and its subsequent extended version [49],
through analysis of a finite sphere containing a spherical void in a medium of a perfectly
rigid plastic material matrix. In this family of material models, value of void volume
fraction, i.e. porosity, quantifies the internal material degradation and thus the level of

material loss of load-carrying capacity.

Coming from termodynamical backgrounds, the pressure-dependent plasticity model by
Rousselier [23,24] modified the yield potential of the classical von Mises plasticity in a
similar manner to the Gurson-based models, at which a damage dissipation term based
on the cavity growth is added to the flow potential. Unlike the Gurson model, the damage
is still generated in Rousselier model even under pure shear condition the vertex of the
its flow potential confirms a non-zero shear component for the plastic deformation under

high levels of triaxiality.
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This chapter discusses the main ingredients of the local damage models used in the
present work, by discussing their thermodynamical description and mathematical
framework of their constitutive modelling. The model of Lemaitre and its integration
procedure in finite element framework is explained briefly in the following section. Next,
the Rousselier damage criterion as the mostly used ductile fracture framework herein is

revisited.

3.2 Mathematical models in ductile failure

The models that are based on the physical description of fracture are often referred to as
the local approaches to fracture, are defined, at each material point, on the basis of a
fracture criterion resulting from micro-crack/meso-crack analyses. Within this context,
the coupled approaches, where a coupling between the plastic deformations and the
damage softening is established, are of main concern in this study. The constitutive model
of these approaches is typically derived from thermodynamical considerations and the
definition of the free Helmholtz energy and it is accompanied by evolution of the internal

variables and macroscopic criteria.

Within the framework of continuous media, the material progressive degradation may be
characterised by introducing an evolving scalar damage variable at the macroscopic level
representation and material failure is then described in a phenomenological way, in the
field of continuous damage mechanics, one of the most popular frameworks for the

assessment of material internal degradation through the course of last three decades.

Since the early work of Kachanov [50] in creep rupture, several authors made a
connection between a scalar damage variable and the reduction, at the mesoscale, of the

material load resisting area, defining the effective resisting area, S, as:

S=5-Sp (3.2)
where S, is the area of cavities with S as the area of the intact material. Figure 3.2
schematically represents the effective area in a damaged element. An effective stress @ ,
a concept originated from the early work of Kachanov, is thus defined as:
g
1-D
and the isotropic damage variable is given by:

(3.3)

g =
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S
The material internal degradation in this context is described as the density of micro-

D= (3.4)

cavities and micro-voids, based on the above isotropic scalar damage parameter, 0 <D <
1, evolving continuously from zero (intact material) to one (fully damaged material). This
class of models are referred to as phenomenological as the internal damage variable
affects the macroscopic material properties, such as the elastic moduli.

3.2.1 Constitutive framework of the Lemaitre’s damage criterion

The constitutive relations for the Lemaitre and subsequent damage models are mostly
derived based on the thermodynamic principles and rules of the continuous media as
described in the previous chapter, at which the state of the material can be determined by

a set of observable and internal variables.

The Lemaitre’s ductile damage framework is established based on coupling between the
material elastoplastic deformation with the degradation mechanism induced by the
damage softening term. This model uses the concept of effective stress and the hypothesis
of strain equivalence, in which the effective stress tensor substitutes the usual stress tensor
at the constitutive equations. In the following, the mathematical descriptions and standard

notations are used, in a close agreement with the ones in [51].

The derivation of the constitutive model in elastoplastic solids is commonly described by

the additive decomposition of the strain tensor as follows:

e=¢g°+¢v (3.5)
where £° and &” are the elastic and plastic strain tensors, respectively. Following the
thermodynamic principles of irreversible processes, the Helmholtz free energy of the
damaged material can be expressed by the elastic-damageable (y.4) and plastic (y,)

components as:

Y =1q(e%D) + l/)p (a) (3.6)

The elastic-damageable contribution reads:
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Yea(e%,D) = %ee: (1—D)De: & (3.7)
where D¢ is the fourth order elastic tangent matrix given by:
D¢ = 2Gl, + KI: 1 (3.8)
where G and K are the shear and bulk moduli, respectively and I; = I — %I:I is the

fourth order deviatoric projection tensor based on the symmetric identity tensor, at which

for 2D plane problems it is expressed by:

1 0 0
1 0
sym >
The Cauchy stress tensor may be obtained as:
o =0.,.)) =(1—D)De:&° (3.10)

being d.e the derivative with respect to the elastic strain tensor, €. The material plastic
admissibility condition is verified by the following yield limit:

¢ =$—R(a) =0 (3.11)

where g is the von Mises equivalent stress and R () is the hardening function based on

the internal hardening variable denoted by a.

The material isotropic hardening curve is characterised by R(a)and the hardening
variable is commonly chosen as the equivalent plastic strain denoted by &P herein. This
variable can be determined based on the rate of the plastic multiplier, y, at which the
plasticity flow rule gives ¢ =y . The force conjugated to the damage variable is

calculated as:

1
Y =0p(p) = —Ese:De: &° (3.12)
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Figure 3.2 Illustration of a damaged element

The variable —Y is more commonly known as the damage energy release rate and one

can alternatively obtain the following expression:

3 1 _q2 pZ
r= (1 — D)2 ( 6G ﬁ) (3.13)

where the product YD is described as the dissipated power due to the damage evolution,

which can be given by the following rate form:

T2+1

. 1 Y
P=U-D)a+n (_ r_l) (3.19

In the above relation, r; and r, are model parameters that affect the level of material

degradation and require calibration based on the experimental observations. This model

is complemented by the following loading/unloading conditions:

<0, y=20;, yo=0 (3.15)

The above constitutive model relations are summarized in Box 3.1.
Characterisation of the stress states

The concepts that are revisited in this section are applicable to the following material
models of this study. It is a common practice in most of the constitutive models that the

state of stress is determined based on the invariants of the Cauchy stress, given by:

I ==-3p =0, +0,+03
1 1
—8§:§=—
2 6

13 = det(S) = 515,83

I; = %qz = [(0y — 02)% + (0, — 03)% + (03 — 0,)?]  (3.16)
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where for i=1,2,3, I; values are the invariants of the stress tensor, o; and s; are

respectively the principal values of the total and deviatoric stress tensors, p = —%a: Iis

the hydrostatic pressure, g = Es: s is the equivalent von Mises stress and the vector

normal to the von Mises yield surface is defined as N = %s. The hydrostatic and

deviatoric invariants of the stress tensor are respectively correspond to the material

deformation due to dilatation and distortion, such that:

o=s+pl (3.17)

In the context of ductile metallic materials, new studies suggest that apart from the
hydrostatic pressure, the influence of the third invariant of the deviatoric stress, through
the designated Lode parameter, specially at low stress triaxiality states, should be
considered in the models of ductile fracture [52]. In regards with this, a relation between
the stress triaxiality, n*, or often referred to as triaxiality, the Lode parameter ¢ and the
equivalent strain to fracture can be established. The interaction of the void volume
fraction and the stress triaxiality in a peak-aged 6061 aluminium alloy was initially
defined through establishing an empirical damage evolution law in [53]. Among other
studies, the influence of triaxiality on the damage evolution and strain to rupture was
shown in [45,54].

The triaxiality parameter is defined as:

P _Om
q q
where g, is the mean stress that is positive in tension as opposed to p that is positive in

U] (3.18)

compression. The Lode angle 6 is linked to the normalized third invariant of the

deviatoric stress by:

_ 27 30 3.19
f—;a—cos( ) (3.19)

Having defined a possible variation for the Lode angle such that 0 < 6 < m/3, the
normalized third invariant varies between —1 < ¢ < 1. Inalarge body of research studies
such as [52], a normalized Lode angle parameter —1 < 8 < 1 is used instead of Lode

angle, that reads:
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s

G=1-

Though the influence of triaxiality is not directly introduced into the damage model

description of the present research, the variation of this parameter is addressed very

briefly in numerical analysis of round bars in chapter 5 due to comparison with the

literature data.

Box 3.1. Constitutive relations of the Lemaitre ductile damage model

Elastoplastic decomposition of the strain rate:
g =de® +def
Elastic damage law:
o= (1-D)D¢:¢°

Yield potential to verify plastic admissibility condition:

#(0,0) = 17— R(@)

Plastic flow rule:

o = >
deP :d]/%: dyN where N = 2(1—=D)|sll

Evolution of the internal variables:

dR = dy

d o &
dp:-l;Q—)
1-D n

2

Loading/unloading conditions

dy=0; o<0;dy.¢=0

Integration procedure of the Lemaitre’s damage criterion:

The numerical integration of the above constitutive equations may be expressed via a

fully-implicit return mapping algorithm. In this work, the simplified and efficient one-

equation return mapping procedure proposed in [51] is used which requires rather lower

computational cost, compared to the algorithm in [55] where 15 equations were required

to be solved. By performing the temporal discretization of the problem, the algorithm

starts with an elastic predictor stage and by reaching the prescribed yield limit, the return

mapping solution strategy is applied.
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Considering a pseudo time interval At = t,,,, — t,, the values of internal and state
variables (o, €8, a,,, D,,) should be updated to the values at the end of the time increment
(Ons+1, €L 1 it Dnyq) Using the constitutive relations discussed in the section 3.2.1.
Given the value of the strain increment (Ag) corresponding to the time interval, the trial

elastic strain tensor (the superscript tr refers to the trial material state henceforth) is
defined by:

e =g + Ae (3.21)

The trial stress tensor is calculated as:

oy = (1 - D)DST, (3.22)

which can be split into the following form:

sip1 = (1= Dn)2GE5511 5 Prva = (1 —Do)Keg sy (3.23)
where €55, and €27, , are respectively the trial deviatoric and volumetric parts of the
elastic strain tensor at the current time increment, where p,,,; = K&, ;. By defining the
trial von Mises equivalent stress as:

tr éstr . Str
g = Gny1 _ N2 nt1 7 ndl (3.24)
n+1 " 1-D, 1-D,
the corresponding yield function is given by:

9" =gyt — R(@) (3.25)
at which the material experiences purely elastic regime for ¢ < 0 and hence, the
updated values of the state variables are chosen to be those at the beginning of the time
increment. Upon the state where ¢ > 0, the return mapping algorithm is activated based

on the following set of evolution equations:

3 S

. _etr A 2 n+1 (326)
£n+1 £n+1 y\/; (1 - Dn+1)|lsn+1“
Eni1 = & + Ay (3.27)
Ay —Yni1)" (3.28)
D D ( )
n+1 n T 1-— Dn+1 141

dn+1 =P (329)

—R =

1- Dn+1 (Sn+1
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Following the procedure adopted in [51], a material integrity is defined as:

w=1-D (3.30)

The initial guess for the variation of the plastic multiplier is given by:

Ay© = a7 - asyG(gz)‘“"] (3.31)

The single equation implicit return mapping functional for solving Ay is expressed as:

Ay (-Y(ap)\”
_ = 3.32
with
3GAy
Wny1 = W(Ay) = = = 3.33
i ar1 — 0y (&, +4y) (539
and
- 2 2
_Y(Ay) = [Uy(gn +4y)] + Pn+1 (3.34)

6G 2K
The above integration algorithm is summarized in Box 3.2.

The nonlinear function expressed in Eq. (3.32) is solved using the Newton Raphson
iterative scheme and upon the time that the algorithm is converged, the updated value of

plastic multiplier is used to in the evolution equations for the state variables.

In the present material model, the inclusion of the damage threshold is considered. This
can be evaluated based on a critical value of the equivalent plastic strain denoted by &7,
which is introduced to the model as a material parameter. Accordingly, the above return
mapping procedure is applied only for &7 > 7. Therefore, the von Mises plasticity
algorithm is considered for the material state before the critical plastic strain. The
mathematical description of the von Mises plasticity as well as the derivation of the plastic
tangent modulus consistent with the isotropic plasticity or the above return mapping
algorithm are not discussed herein and interested readers are referred to [51] for a detailed
representation of these subjects. Implementation of the above return mapping algorithm
is coded implicitly in user material module (UMAT) in ABAQUS that includes the stress
update procedure and determination of the consistent tangent modulus. The calculations
are carried out at in an incremental manner, where the updated values for state variables

including the stresses and internal variables (hardening and damage variables) are
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obtained at the material point level. In the subsequent chapters, this model is used for

evaluation of the internal damage and fracture in a limited number of examples

Box 3.2. Integration procedure for solution of the Lemaitre ductile damage model

1. Determine the elastic trial strain
Bl =& 4 AE
2. Coupled elastic-damageable equilibrium equation
oy = (1- D)LY,
3. Deviatoric/hydrostatic stress components
smr1 = (1= Dn)2Geg 1 5 Py = (1 —D)Kef iy
4. Determine the von Mises equivalent stress

= =St st
7 5n+1" n+1
=tr

q71+1 1 _ Dn
5. Verify the plastic admissibility condition through the following yield limit:
If (751 — ",’:_frl) < 0) then

(-)n+1 = (-)%T+1

Elseif ( +1 > ‘p) then von Mises isotropic plasticity problem to solve for
the unknown Ay using Newton Raphson iterative scheme

F(ay) = a7, — 368y —R(41) = 0
Else go to 6

6. Solve the following return mapping for the unknown Ay using Newton Raphson:

o s ~ Ay [(-yv(ap\®
F(Ay) = w(dy) — w, +(u(Ay)( =y ) =1

3GAy
where w =wy) Eo————
w1 = 08 = o

[Gy(g +AV)] +p;zz+1

—Yan = 6G 2K

7. Update the state variables:

By =& Tly

Prs1 = WAV)Pnt1 5 Gus1 = 0(BY)ay (&, + Ay)
In+1

" sy 5 Onta = Snta + Pgal

1
8$z+1 6 5~ 5n+1 e 3 gv n+1I

Sn+1 =
n+1
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3.2.2 Gurson-based damage models

The early development of the ductile fracture in the framework of porous solids is traced
back to the work of Gurson [19], based on the growth of an isolated finite spherical cavity
(or void) inside a plastically incompressible matrix of material. According to this
criterion, a coupling between the macroscopic stresses and the volume fraction of the

voids is established based on the following plastic potential:

¢::T22+ chosh(;—fo)—l—f2 (3.35)
where g, is the current equivalent stress representing the flow of the undamaged matrix
of the material and f is the void volume fraction representing the damage parameter in
this context. The material softening is driven by the growth of the void volume fraction
until £ = 1, which can be determined from the above yield surface by having zero stress

carrying capacity, i.e. o = 0.

This model is only applicable for the problems with pre-existing cracks, where the rate of
void volume fraction can be described under the premise of material matrix

incompressibility as:

f=01—=tr(eP) + AP (3.36)
where £P is the rate of the plastic strain that will be discussed more in the subsequent
section. In the above relation, the first term corresponds to the growth of the voids,
whereby the nucleation is primarily driven by the rate of the equivalent plastic strain in

the second term multiplied by the coefficient A given by:

A= sNI:I/VE exp [_71 (E_ps_lvg”)] (3.37)

where fy is the volume fraction of the nucleating voids, ¢y is the mean equivalent plastic

strain and sy is the standard deviation of the distribution. The Gurson model was
enhanced by Tvergaard and Needleman [49], where nucleation and coalescence void
mechanisms were added to the model according to phenomenological considerations.
This criterion commonly known as GTN damage criterion can be expressed by modifying

the yield potential expressed in Eg. (3.35) as:
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q° <3qu> 2
= * -1- * 3.38
0} o + 2q,f*cosh 20, 1—qsf (3.38)

with g4, g, and g5 as the GTN model parameters in which they were introduced to take
into consideration the void interaction effects. Although these parameters have to be
identified following the experimental observations, it is a common practice to use q; =
1.5, g, = 1.0 and g3 = q% = 2.25 based on the study in [56] where authors obtain the
values by fitting the results with the unit cell model. The definition of flow stress in the
yield surface expression may provide the link to the isotropic plasticity hardening and

hence the evolution of the equivalent plastic strain.

The coalescence mechanism has a major influence in the material loss of load-bearing
capacity and is modelled via definition of the effective porosity value, f*, through the

following failure criterion:

( i fiffsf
fr= ﬁ+ﬁ:ﬁﬁ—ﬂ)#ﬁ<f<ﬁ (3.39)
fr—fe
fr if f=2f£

being ﬁc = , J the critical void volume fraction and fr the value of void

q:+ /Q%_%
a3

volume fraction at which the material is fully broken. Notice that for f* = 0, the standard

isotropic plasticity model is recovered.

The above mathematical model can be implemented via finite element method where with
the above definitions, the total number of 9 model parameters may require to be identified,
including the void interaction parameters. Several enhanced versions of the GTN model
have been proposed by different authors as there are some limitations of the original
model posed in numerical modelling of fracture. Among these, the model is extended to
capture damage localisation in low triaxialities by adding a shear term in the void volume
fraction rate description in [20]. Nevertheless, the GTN model has been highly regarded
in the scientific community to date and the in its original format can be traced and utilised

in finite element packages, for instance in Abaqus material library.

3.2.3 Rousselier damage model

The phenomenological ductile damage model of Rousselier [23,24] is developed based

on the generalised continuum mechanics and thermodynamical considerations. This
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model bears a resemblance to the micromechanically motivated Gurson-based models
[49,57], whereby the volume fraction of the voids is taken as the main source of internal
degradation. It is worth highlighting the advantage of this damage law over the Gurson-
based models, as less material parameters are required to capture the material softening
behaviour. This model also benefits of preserving a nonzero value of shear component
for the plastic deformation tensor even under high triaxiality levels, a feature mainly
attributed to the vertex of its yield surface. Using this framework, the material constitutive
law is established by defining a potential that associates the macroscopic stresses and
hydrostatic stress, hence, this model is classified under the family of pressure-dependent

plasticity models. Following the thermodynamics of irreversible processes (TIP), the

specific dissipated power is written based on a set of thermodynamical forces {%,R,F}

conjugated to the internal variables {e,, a, f}, such that:

o .
~iép— Ra+Ff 20 (3.40)

where p is the relative density of the deformed material, R is the force conjugated to the
internal variable a, i.e. the material hardening function, and F is the force associated with

the damage variable f. By defining the specific free energy as:

lp = lpe(ge) + l/)p (Cl) + lpd(f) (341)

the conjugated forces are given by:

o__op_op 0P

p__asp_a_ee P K=o —ﬁ (3.42)

where ., ¥, and Y4 are respectively the energies associated with the elastic, plastic and

damage mechanisms. The plastic potential is determined based on the invariants of the

stress tensor, g,, and g and reads:

b= (%.R) + ¢, (%’“,F) (3.43)
with

q Om
¢p=——-R, $=F (—) 3.44
1 P 2 9 P ( )
Assuming the mass preservation law and incompressibility of the material matrix, the

relative density is written as p = % with f,, being the initial void volume fraction
—Jo

attributed to the volume fraction of the inclusions. This function is indicative of the

33



density of the damaged material to its undamaged state that contains the inclusions.

Rousselier showed that the function g takes the form, g = D exp (ZT"‘) and therefore,
1

the common form of the plastic potential corresponds to this damage model is written by
the following expression:

q Om

¢=-- R(a)+0fDeXp(—) 3.45

p ! poy (3.45)

Based on the normality rule, one can obtain the rate of the macroscopic plastic strain as:

P = /.16_4) = i<§£+lfD exp(a—m>1)
9 (%) 2qg 3 PO, (3.46)
in which it can be decomposed into the volumetric (¢7) and deviatoric (£5) parts:
=4, &= 2ifDexp (G—m) (3.47)
3 yolegt

with 1 as the plastic multiplier. The rate forms of the internal variables are given by:

. 09 . Om
a——/lﬁ—l , f—lDexp(p(;l) (3.48)

where o; and D are the Rousselier model parameters that require to be calibrated relying
on experimental observations. The former model parameter defines the material
resistance to growth of the cavities and can be proportionately associated to the material

flow stress.

In a similar manner to the Gurson-based models, the evolution of the void volume fraction
due to growth of cavities in the original Rousselier model serves as the primary source of
damage accumulation that is described through rate of the void volume fraction.

Therefore, we have:

f=Q0Q-Hr@E) =QA-NE (3.49)
Due to the utilisation of an enhanced version of the model in the subsequent chapters, the
numerical integration of the above constitutive framework is left to be discussed in
chapter 4. As for the numerical aspects of Rousselier model and for comparison purposes,
several aspects are highlighted as follows:

1. The role of the relative density should not be neglected in the present model, as%

has been considered in derivation of the constitutive relations. This is linked to the
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hypothesis of incompressibility and the fact that in the present ductile damage
model the variation of density due the void growth is not negligible [23].
Differently than other modelling procedures put forward by some authors in which,
as fy < 1, is assumed that p = 1 — £, in this study the initial porosity f, takes a
nonzero value, as in the original Rousselier model. This scalar value is treated as a
material parameter and in case of (f; = 0), no damage is generated and material
model will be the same as the von Mises plasticity model.

The hardening function R («) is determined via true stress-true plastic strain prior

to the material softening regime. Henceforth, the internal variable a will be

considered as the equivalent plastic strain, given by &, = Ee’g: el

In the present work and following Eq. (3.49), the volume changes due to the growth
of the voids is considered as the sole mechanism of the material deformation due
to damage. However, several enhanced versions of the model based on addition of
the nucleation and shear mechanisms through the modification of porosity rate
were developed in literature, for instance in [20].

. Apart from the material hardening determination which is typically carried out
based on the laboratory test data, the phenomenological parameters of the
Rousselier model are also required to be identified. Interestingly this process is
easier as fewer model parameters than the GTN model need to be calibrated.

The vertex of the yield surface is considered as another important feature of the
Rousselier damage model which makes it possible to utilise the model under wide
range of triaxialities, i.e., even for tensile-dominant loading situations the plastic
deformation tensor retains a non-zero shear component.

Despite the extension of the damage accumulation modelling by adding shear term
to the evolution of porosity [20], under pure shear loading (o,,, = 0), the Rousselier

model still generates damage growth as opposed to the Gurson-based models.

35



4 Gradient regularisation of ductile

fallure models

Numerical modelling of fracture has been one of the grand challenges in the engineering
community throughout the decades. Some of the early computational predictive tools
pursued the energetic Griffith theory in brittle fracture, at which a critical value of energy
was introduced for creating a unit area of a crack interface. This discrete definition of
discontinuities often requires an explicit tracking of the cracks which makes the numerical
treatment cumbersome for more complex crack geometries. Several strategies were put
forward by scientists to circumvent the difficulties of the discrete crack approaches, such
as remeshing strategies [58,59] or extended finite element method [1], where the latter is
based on the local enrichment of the finite element shape functions to deal with the

displacement field jumps and stress singularity at the crack interfaces.

The computational load of these approaches, more specifically in dealing with complex
crack geometries and 3D solids, gave rise to the smeared crack approaches, including the
gradient and phase-field methods. The nonlocal and gradient regularisation of fracture
was primarily originated from the continuous description of material degradation which
has roots in continuous damage mechanics. The problem of ill-posed boundary value
problem (the loss of ellipticity or hyperbolicity of differential equations in static and
dynamic analyses) and spurious mesh sensitivity of the solution could lead to unrealistic
and non-physical prediction of the fracture behaviour. These issues have been commonly
reported in the local approaches to damage, such as the GTN or Lemaitre damage models
which have been considered as two of the advanced material models in failure analysis

of ductile metallic materials.

Stemming from the variational approaches to fracture, the phase-field diffusive method
has been a topic of interest for the last two decades. This approach benefits from the
ability to predict the initiation of cracks and analysing the crack development on a
constant mesh without the need for any ad-hoc criteria, making this method a suitable
choice for assessment of intricate crack patterns such as branching, merging or bifurcating
topologies. The mathematical basis of the phase-field approach herein is in line with the
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thermodynamically-consistent framework in [6] that is widely accepted in the fracture

community and originally introduced in brittle solids.

In what follows, the gradient nonlocal methodology with the application in continuous
damage mechanics is described and an efficient numerical strategy is discussed for finite
element implementation of the coupled boundary value problem. Next, the primary
ingredients of the phase-field mathematical framework in the brittle solids are revisited
and the extension of the approach in the context of ductile fracture with the emphasis on

micromechanical damage criterion is elucidated.

4.1 Nonlocal regularisation approaches

4.1.1 Mathematical background

The alleviation of the spurious mesh sensitivity through use of nonlocal regularisation
was pioneeringly addressed by Pijaudier-Cabot et al. [60] in a practical sense, where a
local field quantity, F, may be spatially averaged over the problem domain Q, with its

nonlocal counterpart at point x, using the following relation:

F(x) = fﬂﬁ(x. OF(Q)d @.1)

with ¢ as the position of an infinitesimal volume dQ and B(x,{) as the weighted
averaging operator which should not modify the uniform field by satisfying the following

normalizing condition

Lﬁ@imﬂ=1 (4.2)

The above operator often assumed to be homogenous and isotropic. The nonlocal field is
considered as a weighted sum over the local values at all element integration points
within a nonlocal radius which characterises a domain of applicability or the so-called
influence domain. Normalisation can be achieved by using the following typical

weighting function:

Boo(R)
[ B (®)d0(Q)

B(x,0) = (4.3)
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where R = ||lx — (|| is the distance between x and ¢, and where in B, (R) is often
employed a non-negative, bell-shaped function. Interested readers are referred to [61] for

an in-depth study of this methodology which is out of the scope of the present work.

The above conventional integral-type nonlocal kernels has always been followed by
several issues such as the difficulty to achieve the quadratic convergence rates arises from

inconsistent tangent operators as addressed in [63].

The gradient-type localisation limiters proposed pioneeringly in [62] via expanding the

local field presented in Eq. (4.1) into a Taylor series, such that:

oF 1 0%F
FQ) = F0) + 50 (= x) + g (6= %G —x) y
1 8%F (44

+§W(Q —x)(8 = %) (G — xp) + -+

Substituting the above relation into (4.1) and truncating the fourth and higher order terms

yields the following explicit relation:

F=F+1,V2F (4.5)
With this definition, a length scale parameter I is introduced, which can be linked to the
spatial interactions and the microstructure of the material. Thus, this parameter is often
referred to as the material intrinsic length scale and numerically it is treated as a material
parameter. The above relation can be further enhanced by differentiating it twice, yielding

the following Helmholtz type PDE:

F—IyWV2F=F (4.6)

with the corresponding boundary condition:

VF.N=0 (4.7)
Clearly, Eq. (4.6) gives a more practical representation as different from Eq. (4.5), the
nonlocal field is related to the local field in an implicit manner. This can be explained by
considering the strain field as the local quantity, at which its second gradient implies a
third order derivative of the displacement field. The nonlocal formulation described by
Eq. (4.6) is often considered to has a truly nonlocal nature and it has the flexibility to be
introduced based on different local fields, including internal material degradation

quantities such as plastic strain or damage variable. Following the context of the present

38



study, this gradient treatment has been successfully applied to the ductile damage

frameworks, for instance in [64—66].

In the next section, the above nonlocal treatment is applied to the continuous damage
description based on the Lemaitre ductile damage criterion and a novel strategy following
the similarity of the equation with the heat conduction equation is introduced for

implementation of the coupled problem within the finite element framework.
4.1.2 Nonlocal gradient regularisation of ductile damage

By recalling the material framework of Lemaitre’s ductile damage model and its
numerical integration addressed in chapter 3, the nonlocal implicit gradient methodology
can be utilised as a localisation limiter by choosing the damage field as the local quantity

in this context.

As a point of departure, the following set of governing equations establishes the coupled
multi-field boundary value problem over the problem domain £2, consisting of the stress

equilibrium and gradient equations that are given by:

dive + pb = 0
{“’a P in O (4.8)

D —Iy°V*D =D
with the boundary conditions:

o.N=t ond,
u=u ondQ, (4.9
VD.N = 0 on dQ

The first two conditions are applied to the stress equilibrium equation imposing the

Neumann and Dirichlet boundary limits respectively on dQ; and dQ,, where t is the
external boundary traction forces. The third condition is a Neumann type boundary
condition linked to the gradient implicit equation. The influence of the nonlocal field thus
can be considered in the model by modifying the constitutive material model framework

accordingly, gives the following set of relations:

0 =125 —R@=0 (4.10)
o= (1—-D)D%: & (4.11)

__ 1 (@ P 12
Y_(l—T))2<6G 21{) (4.12)
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H = ) RAYE 413
b= (1—5)(1+r2)( rl) (4.13)
3 S
P — N withN <= 12 (4.14)
& =yN with N \/;(1 —Dy2ls]]

The numerical integration of the above system of equations is followed by the one-
equation return mapping procedure that described in section 3.2.1 with minor differences
coming from the replacement of the local damage field by its nonlocal counterpart in the
relations, which will be skipped in this text.

4.1.3 A simple and unified solution strategy for the coupled problem

This section addresses a simplified methodology for solving the diffusive equation of
gradient-enhanced nonlocal damage model in regards with its numerical implementation.
This strategy which has also been recently used in [39], takes the advantage of built-in
heat equation solver in commercial software ABAQUS, which offers an ability to bypass
the need to mathematically establish the weak form of the governing equations containing
the momentum balance and the diffusive equation and in the context of commercial
software in use, it gives the possibility to utilise the user material code (UMAT) for
coding the underlying constitutive material model. This is particularly efficient in
computational terms compared to software procedures defined in the element level

(UEL), where forces and tangent matrices are required to be determined precisely.

The attention is drawn to the transient heat equation problem that describes the local heat

flux, Q, by the following relation:

Dc,0,T —KVT = Q (4.15)
where 0,T is the time derivative the temperature field T and VT is the gradient of the
temperature field. This can be rewritten, for the steady-state case, giving the following
boundary value problem:

{KVT+hS =0 inQ

Q.N=D onadQ

where h, is a heat source term, and Neumann type boundary condition for the heat flux

(4.16)

are applied and based on a heat source term, hg, on the boundary 9Q.
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By observing the similarity of the above gradient equation with the nonlocal equation in
PDE of Eq. (4.6) , the above heat conduction problem and its built-in software capability
can be suitably used for the implementation of the nonlocal gradient approach. Thus, the
conductivity value and temperature are respectively served as the root squared of the
intrinsic length parameter I, and the nonlocal damage field D. The heat source is simply
taken as hy =D — D, which can be introduced into the coupled temperature-
displacement subroutine HETVAL in ABAQUS software. This user routine can be
processed along the UMAT routine, in which the local damage field is transferred through
the common block. At each load increment, the calculated value of the nonlocal field
(temperature in HETVAL) which is commonly smaller value than its local counterpart,
is retrieved in the UMAT module and the calculations of the stresses and consistent

tangent operator are carried out based on that value.

4.2 Phase-field modelling of fracture in brittle solids

The problem of the crack analysis has been exposed to a great number of theoretical and
computational investigations since the advent of the phase-field approach in fracture.
Coming from variational backgrounds in the late 90s, the phase-field diffusive
methodology has been well received by the engineering community in a variety of
applications. Compared to the classical theories within the framework of discrete crack
approaches, phase-field crack concept carries the advantage of analysing discontinuities
without the need to explicitly or implicitly track the propagating cracks, whereby it has
the ability of predicting the evolution of a crack on a fixed finite element mesh. This
feature competitively reduces the excessive computational costs linked to the utilisation
of remeshing strategies or methods based on enriched shape functions such as XFEM,
which is more significant in 3D problems, involving complex crack geometries, both in

brittle and ductile fracture of solids.

Since its development on the basis of the variational approach to fracture proposed by
Frankfort and Marigo [67], phase-field fracture concept has been utilised in the quasi-
static and dynamic problems, with the application in brittle or ductile fracture. Though
departing from the different mathematical basis, this formulation bears a resemblance to
the gradient nonlocal concept discussed in section 4.1, due to the gradient format of the

evolution equation, as addressed in comparative studies in [36,37].
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The thermodynamically-consistent framework put forward by Miehe et al. in [68] is
known as one of the early firm studies in this line of research, in theoretical and
computational terms. In that work, in a pioneering move, the authors proposed a history
field parameter based on a maximum positive reference energy to naturally impose the
irreversible evolution of the crack discontinuity. This feature also provides an important
basis to the implementation of the multi-field boundary value problem by an algorithm
based on a staggered solution scheme, which evaluates displacement and phase-field in

an alternate and uncoupled fashion.

The mathematical background of the present work falls under this line of research, where
we start by revisiting the phase-field diffusion approach in brittle solids conforming to
the formulation in [69] and, subsequently, the extended model framework with
application to the ductile fracture concept is discussed with focusing on micromechanical
damage criteria. Throughout the study, we confine ourselves to quasi-static problems and
the mathematical notations are close to the adopted in the cited reference.

4.2.1 Regularisation of the sharp crack topology

Starting from a 1D setting, an infinite bar with problem domain Q = I" X L is considered,
where I and L € [—oo, + 0] are respectively the cross section and length of the bar as
depicted in Figure 1.1(a). A sharp crack at x = 0 is treated in a diffusive manner by an

auxiliary, scalar field variable or the so-called crack phase-field as:

d:{ Qxt-[0,1] (4.17)

(x,t) > d(x,t)
that distinguishes between the intact (d = 0) and cracked (d = 1) material states. In one
dimensional problem, this parameter can be expressed by the following exponential

function:
d(x) = e ¥/l (4.18)

The order parameter defined by Eq. (4.18) is governed by a length parameter, [, that
defines the width of the crack diffusion area, and follows the properties d(0) = 1 and
d(+o) = 0. The above expression is the solution of the following homogenous

differential equation:
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d(x) = 1,°d"(x) =0 (4.19)

Notice that the sharp crack description of Griffith theory may be recovered in the limit of

ld—>0.

| —
x=0
(a) ®)

Figure 4.1 a) One-dimensional bar with a crack at x = 0, b) variation of the

phase-field with the length scale

The solution of the strong form of Eq. (4.19) can also be obtained by the variational
principle associated to:

d = Arg{ inf 1)} (4.20)

with w = {d|d(0) = 1, d(+o) = 0} and the functional I defined as:

I1(d) = % Jﬂ(d2 +1,2d%y dv (4.21)

By integrating over the volume dV = I'dx and for d = e~1*l/la, one can obtain I = I,T.
The above relation expressed in the structure of the functional as introduced in [69] as

follows:
1 1/1 , ,
L, =7 1) = T(Ef (d2 +1,%d 2) dV) = fy(d.d )av (4.22)
d d Q Q

where the function y(d, d') serves as the primary relation in constitution of the crack
diffusion framework in this context. In a rather straighforward manner, the above

expression can be generalised to higher-dimensional problems, where Q c R? is the
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domain of the multi-dimensional body with D € [1,2,3], dQ < RP~! defines the
boundary of the body, consisting of the union 9Q, and 9, , where tractions and
displacement are prescribed, respectively, and the existing sharp crack discontinuity in

the reference configuration, I'(t) € RP~1, as depicted in Figure 1.2(a).

Regularisation of the crack geometry is performed using the following crack density

functional per unit volume:

1 l
y(d,Vd) = —d? + 2 |Vd|? (4.23)
21, 2

being Vd the spatial gradient of the phase-field order parameter. Accordingly, the

regularised phase-field crack can be represented by:

d(x,t) = Arg {d inf de} (4.24)

EWr(t)

that follows the Dirichlet boundary condition of Wy = {d|d(x,t) = 1 at x € ['(t)}.

Likewise the one-dimensional case, the Euler equation of the variational form in Eq.

(4.24) is expressed as:

d—1,2Ad=0in Q s.t. Vd.N =0 on dQ (4.25)

where N is the unit outward vector normal to the surface boundary dQ and Ad represents
the Laplacian of the phase field variable that should satisfy the above Neumann boundary
condition. Figure 1.2 illustratively shows the diffusion of crack I'(t) € RP~! evolving

irreversibly through time t.

4.2.2 Constitutive relations in a fractured solid

The above diffusion concept is used as a basis to develop the coupled phase-field
deformation problem. The total energy dissipated in a cracked brittle solid can be
described as a competition between the stored elastic energy W€ and the surface (fracture)

energy W/, and reads:
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E(wd) =ve+9¥/ = f Yo (e(u),d) dV + f Gey(d,vad)dv (4.26)
0 r

where 1, is the elastic strain energy written as:

d
Ve = g(ho = # [ge: O'yo] (4.27)

719

N

(a) (b)

Figure 4.2 a) Sharp crack versus b) diffused crack topology using phase-field

regularisation method; width of the diffused region is characterized by I,

being 1, is the reference elastic energy, ., = D®: £° the reference elastic stress tensor,
G the Griffith-based critical value of the energy released from the formation of crack
interfaces and g(d) the phase-field degradation function that is commonly expressed by

the following quadratic form:

gd)=1-d)?*+« (4.28)

being Kk << 1 a small dimensionless parameter to avoid difficulties in numerical
implementation. The above expression assures monotonic decreasing of the stress-
carrying capacity of the material and has the properties g(0) = 1,g(1) = 0and g'(1) =
0, in which the first two conditions describe the limits for the undamaged and damaged
material states respectively and the third property guarantees that a finite value of bulk

energy for a fully damage state at d = 1 may be achieved. To impose the irreversibility
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of the crack evolution (d > 0), Miehe et al. [69] proposed a history field that is specified

based on the maximum reference energy value! as:

H = max Yo(x,7) (4.29)

In a similar manner to the gradient approach discussed in the previous section, the global
problem of fracture is described based on the crack field of Eq. (4.17) and the
displacement field:

{ Oxt->RP

(x,t) = u(x,t) (4.30)

Therefore, the problem solution is essentially addressed with the following boundary
value problem that is obtained by taking the variation of the bulk and fracture energies
expressed in Eq. (4.26), such that 8%¢ = 0 and 8%/ = 0, consisting of the bounded

stress equilibrium equation:

V.o=0 on Q
{a.n =t ond, (4.31)
u=u ondQ,

and the phase-field evolution equation:

Ge 2,0\ _
{E (d—1,°Ad) =2(1 - d)H on Q (4.32)
Vd.N =0 ondQ
where o is the Cauchy stress and defined as:
o=[(1-d)?+«k]o, (4.33)

4.2.3 Weak form of the boundary value problem

The above initial boundary value problem described in Egs. (4.31) and (4.32) are adopted

as the basis for the following numerical analysis of fracture. Starting from the calculation

L In the work of Miehe et al. [68] and based on degradation under tension only (positive reference energy)
Y. = g(d)Yd + g, the history field is assigned to the maximum positive reference energy written as
H = max Vi (x, 7).

T )
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of the weak forms of the mechanical and the phase-field equations, the test functions, du
and dd, respectively for displacement and phase-field are defined. By multiplying the test

functions with Egs. (4.31): and (4.32) 1 and integration over the problem domain, one can

obtain:
f o:VéudV =0
: . (4.34)
f ((l—c + 2%) d— G.lyAd — 2}() sddvV =0
[0} d

Performing the integration by parts on the phase-field equation, after some algebraic
calculus, gives:
d
j 2H(d —1)6ddV + j Ge (l_ +1,Vd.véd — ldV(SdVd)) dV =0 (4.35)
0 X0} d

Neglecting the second order gradient terms on the second equation, the final weak form

of the problem is given by:

(
]0': véudV =0
@ P (4.36)
] 2H (d — 1)6d dV + j Ge (z_ + 1,Vd. \7&1) dvV =0
0 0 d

The above system of equations can be comfortably implemented within the finite element

framework as is described in what follows.

4.2.4 Finite element implementation using a staggered solution strategy

Following the staggered integration procedure that was grounded by Miehe et al.in [69],
the solution of the multi-field boundary value problem described in Egs. (4.31) and (4.32)
can be obtained based on alternate calculation of the crack and displacement fields, i.e.
solving the displacement field for the frozen value of the crack field and vice versa. The
commercial software ABAQUS package offers several modules that can be utilised for
user coding in this context, as used by different authors in [9-11,70], among others. For
this purpose, the weak form of the phase-field evolution equation expressed in Eg. (4.36)2
is discretised by using the standard finite element shape functions N; associated with node

number i, written as:
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nnode

d= Z N, d; (4.37)

with nnode as the total number of the nodes per element. Accordingly, the derivatives

and the gradients in 2D problem correspond to the phase-field are given by:

=1
Ni
nnode nnode (4.38)

vd = Z BAd, ; Vod = 2 BA5d,
i=1 i=1

By substituting the Eqgs. (4.37) and (4.38) into Eq. (4.36)2, one can obtain R¢ = 0 with

R? as phase-field residual force given by:

R% = j —2(d — 1)N;HdV — f gc( N;d + 14[Bf] [Bd]> dv =0 (4.39)
02

Given the time interval At = [t,,, t,+1], the solution is obtained by having the known
value of the state variables at the beginning of the time increment t,, and updating their
values at the end of the time increment t,,,,. The phase-field nodal values may be

determined by solution of the following linear relation:

din+1 = din — [K47f: (4.40)

with the corresponding phase-field tangent expressed by:

[K?]; = j Gela[B2] [BY] av + f (27—[+gc)NiTNi dv  (4.41)

0

where

[f%]; = f 2H N;dQ (4.42)
n

The numerical implementation of the above phase-field problem in ABAQUS through
the use of a multi-layer user element module (UEL) is addressed in brittle solids [9] and
elastoplastic solids [70]. In this work, the above definitions are introduced into the UEL
routine and a direct sparse equation solver from the Intel Math Kernel Library (MKL) is

embedded to solve the Eq. (4.40) for the phase-field nodal values. Once calculated, the
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phase-field is interpolated to the integration points using Eq. (4.37) and is stored in a

common block.

The stress equilibrium equation in Eq. (4.31) is treated in a parallel way via a user material
routine (UMAT), whereby the phase-field values are retrieved to influence the stress
update procedure following the Eq. (4.33). The history field of Eq. (4.29) is determined
at the material point level using the elastic stress and strains and is stored through the
common block to be utilised in the phase-field equation solver. This method, unlike the
monotonic implementations for instance in [10], simplifies the user coding and bypasses
the need to calculate the displacement tangents and cross term tangents in the UEL
module. Moreover, it provides a basis for parallel utilisation of the sophisticated material
models through the coding in the user material (UMAT) routine, which can be efficiently

employed in the following sections.

4.3 Phase-field diffusion model in ductile fracture

4.3.1 General description

The diffusive phase-field models in ductile fracture emerged in the last few years,
following the fact that mere representation of the crack with phase-field order parameter
is not a sufficient modelling framework in most metallic materials, in which an extensive
level of plastic deformation occurs prior to the meso-crack formation. Based on the type
of coupling between the plasticity material model and the fracture energy, several
different formulations were developed, to name a few, in [13,71-73]. The model of
Borden et al. [72] is one of the most common adopted models, in which the influence of
the plastic dissipation is embedded in the energy description in Eq. (4.26). This requires
to consider the plastic strain effects in the definition of the bulk energy, i.e. replacing the
elastic energy in Eq. (4.27) with the following relation that is expressed based on the
plastic strains:
g(d)

e = —[(e— &) 0]

2 (4.43)
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The phase-field parameter in [72] is characterised by the micro-force balance law and the
measure of the stress triaxiality is employed in the plastic work expression which is served
as a driving force for initiation and propagation of the cracks.

In [13], authors followed a purely geometric approach to generalise the phase-field
energetic concept towards the stress-based criteria, at which the influence of the inelastic
deformation could be considered through the use of an alternative crack driving force.
Using this approach, the influence of the bulk response in multi-physics problems can be

expressed by the following constitutive relation for the evolution of the crack field:

d

—T
dt

1 .
=—j(1—d)}[—R)ddV
d ld Q

(4.44)

where R is the local viscous crack resistance that can be directly related to the rate of the
phase-field crack. This approach provides a basis for the phase-field problem to be
coupled with various constitutive models, which has been addressed recently in the
context of von Mises plasticity [38] and GTN damage model [15]. In the following
section, the extension of the described phase-field approach to ductile fracture pursues

this line of research which is directed towards a micromechanical damage criterion.

4.3.2 Extended formulation to the micromechanical damage

framework

In this study, the generalisation of the phase-field approach to the ductile fracture concept
is performed in a novel fashion using the micromechanical damage concept based on the
Rousselier criterion. A crack initiation criterion thus needs to be defined, which
distinguishes between the material deformation before and after a threshold value
characterised on the basis of a critical value of porosity. The coupled problem is
determined at the material level by utilising the phase-field degradation function within

the constitutive relations, including the stress update and the consistent tangent operator.

Recalling the phase-field evolution equation expressed in Eq. (4.32), an alternative form
of the crack driving force could be defined to establish a link between the phase-field

crack problem and the inelastic damage law in use. Accordingly, a new crack driving
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force is introduced based on the maximum value of a crack state function, S, which

appears in the following expression:

T€[

else H=0

{f 2 fo 3= maxS(x7) (4.45)

being £, the critical value of the void volume fraction which is considered as a threshold
value at which void coalescence and material accelerated softening occurs thereafter. The
state function can be defined, within a purely ductile context, based on the evolution of
the state variables of the local constitutive model processed at each material point x. The
above crack driving force postulates the irreversibility of the crack phase-field d > 0 and
it gives us the possibility to link the diffusive crack concept to a wide range of constitutive
frameworks, including the continuous damage models. In accordance to the pressure-
dependent damage law of the present contribution, the state function may be defined
based on the description of the damage dissipation, written as:

( Op ) 6
S = no: ? D ex e 4.4
1 P 1 ( )

in which the phase-field crack starts to evolve based on the accumulation of damage after
the criterion of Eq. (4.45) is met. In the above relation, n is a dimensionless numerical
parameter to control the post-critical material softening and will be referred to as fracture
coefficient henceforth.

Therefore, such critical state is being used herein as the onset of crack propagation,
induced by the phase-field model, so that the material failure after this point is no longer
characterised by the sole role of void volume fraction. The loss of material load-carrying
capacity is, thus, influenced by the additional induced degradation given by the phase-
field crack model, which could lead to an accelerated material degradation in the post-
critical range. This can be, in another perspective, viewed as an alternative approach to
model the void coalescence, which was addressed using different explicit criteria in
literature such as Thomason coalescence criterion [35], as was investigated for instance
in [34] in the context of Rousselier model. In theoretical terms, such representation can
avoid the conflicting role of the damage fields, volume void fraction and the phase-field
crack, by obeying to the specified crack initiation criterion.
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4.3.3 Numerical implementation of the coupled multi-field problem

The solution of the coupled problem defined above is obtained through the global
staggered integration (discussed in section 4.2.4) of the multi-field boundary value
problem described in Egs. (4.31) and (4.32), and the local integration of the constitutive
micromechanical material framework. The latter solution is obtained via an implicit
integration algorithm adopted for the class of pressure-dependent plasticity models in
[74]. This procedure is defined in the UMAT interface in ABAQUS which gives the
updated state variables and the crack driving force on a material point level at each load
increment. This routine is processed in parallel with a direct sparse solver defined in an
element level (UEL) to obtain the phase-field crack development as already clarified
before, with the exception that the alternative form of the crack driving force in Eq. (4.45)
is calculated in the material routine and transferred to the UEL interface through the

common block. This procedure is schematically described in Figure 4.3.

In what follows, first the constitutive material description relevant to the class of pressure-
dependent plasticity models including the Rousselier damage criterion is discussed. Then
the integration procedure of the phase-field diffused damage model is explained, which
is based on the local constitutive description integration of the damaged material using
backward Euler method addressed in [74]. As for the numerical model implementation in
the UMAT code, the determination of the tangent moduli consistent with the stress return
algorithm is inevitable. In this regard, the explicit tangent formulation by Zhang [75] is

utilised.
Elastoplastic constitutive framework

The constitutive material description in this section follows the thermodynamic principles
and is formulated based on the internal variable approach, similar to the model described
for the continuous damage criterion discussed in section 3.2.1. The additive
decomposition of the strain tensor into the elastic (d&®) and plastic (d€P) components is

written as:
de = de€ + deP (4.47)

By considering infinitesimal deformations, the Cauchy stress tensor is obtained based on

the elastic strain energy (y.), given by:
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_ 9.

a' =
oee

= DE€: g€ (448)

The plastic admissibility of the material is verified by the yield function ¢:

o(p.q,H) =0 (4.49)

at which for ¢ < 0 the material is in the elastic regime and for ¢ > 0 the material
experiences the plastic deformations. The above yield function is represented in terms of
the stress invariants and the set of the internal variables H', i = 1,2, ..., and within the
context of the current damage model framework, the plastic hardening-related variable
and the void volume fraction are considered as these variables. Bearing in mind that the
constitutive model derivation herein is based on the internal variable approach, the rate

of the plastic strain and the internal variables are given by:

0P

deP? = dl— (4.50)
do

dH = h(deP,0,H) (4.51)

Figure 4.3 a) Schematic representation of the staggered solution procedure

using Abaqus/Standard routines
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where @ is the plastic potential, d4 is a positive scalar representing the plastic multiplier
and H is the set of internal variables. The rate of the plastic strain in Eq. (4.50) can be re-

written based on the contributions of the stress tensor as:

100 9
) (4.52)

P — 4+ =—=
de d/l( 3apl+6qN

where N is the unit vector normal to the yield surface. Alternatively, the above rate can

be decomposed to the volumetric (d&b) and deviatoric (d&h) components, such that:

de? = deb) + del) (4.53)
where
dA oo
p_ _ """
de, = 3 9 I (4.54)
od
deh = dA%N (4.55)

The set of expressions given in Eqs. (4.47), (4.48), (4.49), (4.50) and (4.51) are the core
ingredients of the constitutive description that is expressible for the class of pressure
dependent plasticity models including the Rousselier damage model herein. The above

constitutive model is summarised in Box 4.1.

4.3.4 Integration algorithm of the phase-field diffused pressure-
dependent plasticity model

The detailed integration of the above model coupled with the phase-field diffusive model
is discussed in this section, which is based on the radial return algorithm addressed for
the family of pressure-dependent plasticity models in [74] and under the premise of
infinitesimal deformations. The influence of the phase-field degradation function is
included in the expressions for the stress update and the plastic consistent tangent operator

accordingly.

Within the framework of finite element method, the solution is achieved by updating the
state variables at the integration points. By recalling the temporal discretisation described

in integration algorithm in section 3.2.1, a pseudo time increment At = t,,,.; — t, IS
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considered and the problem is to update the set of stresses and state variables at the
beginning of the increment (o, €,, Hy,) to their corresponding values at the end of the
increment (6,41, €n+1, Hnt1)- By simplifying the notation, the subscripts of the variables
at the beginning of the increment are omitted henceforth, unless otherwise stated. Given
the strain increment (Ag) and elastic strain tensor (&3.,.,), the elastic constitutive relation

IS given by:
Ont1 = gaD: €541 = 071 — gaD°: AP (4.56)

where ¢l ; = g,D®: (€° + Ag) is the degraded elastic stress tensor which is linked to
the elastic predictor step in the algorithm. Notice the diffusive field degradation function,
Ja, 1s computed based on the information of the phase-field from the last converged
increment that is retrieved from the UEL routine. The plastic admissibility limit is recalled
from Eq. (4.49):

q)(pn+1: qn+1'HriL+1) =0 (4-57)

The increment of plastic strain in Eq. (4.50) may be rewritten in the following form:

1
Ag? = 2 A6yl + AegNny (4.58)
where
A Az(a¢) (4.59)
€, = —AA|— .
P 0P/ iy
A Al<a¢) (4.60)
€, = - .
! 09/ 44

yielding the following relation:

P b
AEp (E) + AGq (a—) =0 (461)

n+1 p n+1

being ®(p, q, HY) the plastic potential and for an associative flow rule, it will coincide

with the yield function, i.e., ® = ¢. Next, the evolution of the state variables is given by:

2
Ont1 = —ZGabn+l + §gdqn+1Nn+1 (4-62)

AH' = h'(Ag?, 0,41, H) ) (4.63)
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Box 4.1. Constitutive description of the pressure-dependent plasticity models

1. Elastoplastic decomposition of strain rate:
de = de® + deP
2. Elastic stress constitutive relation in an infinitesimal deformation analysis:

e
T = D%

3. Yield condition to verify the plastic admissibility condition:

g

o, qH) =0

4. Plastic flow rule:

5.  Evolution of the internal variables:

dH = h(d&”,a,H)

By substituting (4.58) into Eq. (4.56), the updated stress is calculated as:
On+1 = a;lr+1 — gaKAepl —294GAEGN 44 (4.64)

By linking Eq. (4.62) with Eq. (4.64), one can obtain:

2
_pn+1I + § Qn+1Nn+1

(4.65)

2
= =PI +5q"N7 = KAepl — 260eqN s

Subsequently, the updated values for the state variables are computed based on the

following expressions:

Pne1 = P+ KAe, (4.66)
Gn+1 = @7 — 3G Ag, (4.67)
2
On+1 = —ZGaPn+1l +§ngn+1Nn+1 (4.68)
AHi = hi(Aep'AEqr Pn+1s qn+1rHy) (469)
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The above update procedure, alongside the Eq. (4.61) and the yield limit in Eq. (4.57),
compose the overall nonlinear system of equations governing the class of pressure-
dependent plasticity models. According to Aravas [74], the solution of the above problem
is addressed by solving the nonlinear Egs. (4.57) and (4.61) using Taylor series expansion

as follows:

rone, |22 44 0% +A 0" (4.70)
€q ap p dqoAe, €q dpdAe,

N JdHY |A —anp A —an)
+Z l v <aqa<HV>> T (apawm)l
=0

®+ ad® adp +0CI> dq dAe. + d® Jdp +6¢ dq JA
dp 0he,  0q dhe,) P T \@p 0he, ' 0q dhe,)

- (4.71)

+ E oo dHY =0
OHY N
y=1

where ny = 2 is the number of internal variables that in the above introduced for the
present material model. Following Eq. (4.69) the describe two internal variables in this

material context, one can define the following functions:
k' = AH' — h'(Ae,, A€y, Prvts Gnvr, HY H?) (4.72)
k* = AH? — h*(A€p, Aeg, Pnia, Gner, HY H?) (4.73)

The derivatives of the internal variables thus can be calculated as:

dHl:—l(/ dAe, + J120A¢,)
w 11 p 12 q

f(op o (4.74)
w (?Aepjz1 “p 0Ae¢,

]226A6q>
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1
dH? = - (L1,0A€, + L1,0A€,)
(4.75)

L(OP , ane + %% 1 an
w \ A€, 2198€p dA¢, 220864

where the coefficients J;;, L;; and w are given in Appendix A.

By substituting Eq. (4.51) into Eq. (4.70), the above problem can be re-casted into the
following nonlinear equations which may be solved by the Newton iterations for the

correction values ¢, and c,:
A11Cp + A12Cq == bl (476)
A21Cp + Azch = b2 (477)

The constants A;; and b; are given in the Appendix B. Subsequently, Ae, and Ae, are

updated using the following equations:

A, = A6, + ¢, (4.78)

Ae, ' = Ae* + ¢ (4.79)

which will be used in the evolution equations stated in the update procedure described
beforehand. In the above relations, k is the Newton iteration number and the radial return
algorithm converges when the correction values satisfy a prescribed tolerance. Upon
convergence achievement, the state variables and the crack driving force are updated. The

above integration procedure is summarized in Box 4.2.

4.3.5 Derivation of the consistent tangent moduli

The above integration procedure including the stress return algorithm is implemented via
FE-based implicit user material (UMAT) code in ABAQUS. This essentially defines the
task to determine the tangent matrix consistent with the algorithm which has a direct
influence on convergence of the solution. Herein, an explicit definition of consistent
tangent moduli based on [75] is adopted and revisited. The notations in this section and
the complementary relations in Appendices are chosen to be close enough to the notation
in the cited reference. This approach has also been used by recent studies such as [32] in

which authors developed an enhanced Rousselier model coupled with XFEM.
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In the derivation process of the linearization moduli, this approach avoids matrix
inversions which is reportedly problematic specifically in 3D problems and the
micromechanically-motivated models. This procedure is particularly more efficient than
the Euler backward scheme such as the one proposed by Aravas [74], where one matrix

inversion is inevitable.

Based on the decomposition of stress tensor into hydrostatic and deviatoric parts, the

deviatoric stress may be written as:
Sni1 = 2G(&§ + Ae — Agh) (4.80)

where €5 = €517, | = &5 + Ag, is the elastic deviatoric strain component. By recalling

N = %s and substituting the Eq. (4.58) into the Eq. (4.80), one can read:

tr 3G e
Spi1 = (1 + FAeq) Sn+1 = 2GE, (4.81)

The inner product of the above relation with itself yields:

/3
Gner +3GAeq = 26G |- 55 (4.82)

By defining the right hand side of the above equation as g, = 2G /gsg:sg and
differentiation, one can obtain:
0qn+1 — 0qyy1 — 3G0Ae, = 0 (4.83)

which can be written as:

tr

S
dqn+1 — 3G <”—+1 des — BAeq) =0 (4.84)

tr
n+1

The variation of the above equation with respect to all variables gives:

3G 3GS,44 Ae,
(1 2 Aeq) 0841 + —(aAeq - —6qn+1) — 2695 =0  (4.85)
n+1

qn+1 qn+1
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Box 4.2. Integration procedure of the Rousselier damage model coupled with the phase-

field fracture approach

1. Given the value of strain increment Ag and the set of state variables (o, £°, €°, P, f) at
time ¢, compute the value of strain at time £, 1.

2. Determine the elastic trial stress: " = D°:€°, 4.

. . . 1 [3
3. Determine the invariants of stress tensor: p'" = 50": I, g% = Es" st

4.  Determine the value of Af using Newton Raphson iterations and update f.

bl

Retrieve phase-field crack from common block and determine the stress degrading
function g; = (1 — d)? + k.

Compute the yield function: ¢ = @(p',q"", &%, f,)

Plastic admissibility condition; if ¢ < 0 go to 8, otherwise go to 9.

Store the state variables (. ),+1 = (.)*" and go to the next load increment.
n+ g

o 2 NS

Plastic corrector stage; set Newton Raphson iteration counter k = k + 1 with ki =

0 to solve set of nonlinear equations:

(p(pk+1) qk+11 Epk+1; fk+1) = 0
do do
k+1 k+1 —
Aey (6q)+A6q (6p) 0

10. Upon the convergence achievement go to 11. otherwise go to 9 until k =k, .

/1. Update state variables and the crack state function;
p=p" +A4e, , q=q" —3GAe, , s" =5s"T (C;%)
Opni1 = ga(s —pl)

PGP P
Enq1 =&t |, & =& tAg,

fn+1 = (1 _ﬁl)AEp

4
s=naf Dn (2]
no1fns1 D exp 0o,

12. Ifn < ny thenn = n + 1 with ny as the maximum number of load increments.

By replacing the Eq. (4.84) into Eq. (4.85) and re-arranging, the following relation is

obtained:
9G?Ae 3Gs
0Spi1 = 20%083 + trq 5 St Sy |1 085 — —nﬂaAeq (4.86)
n+1 An+1(Grpq dn+1
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By introducing J = I: I as the fourth order identity tensor and recalling the relation for

N, 1, the above relation may be re-grouped as:

Qn+1 G A’Eq e
asn+1 = |2G ] + N‘I’l+1:NTl+1 :agd - ZGNn+1aAEq (487)

n+1 An+1

For cases with three direct strain components, one can read:
1
o€ = (] —§I:I):6£ (4.88)

and

(4.89)
0(Omnsrl) = (KI:1): 0,4, — KI0AE,
By differentiating the Eq. (3.17) and combining Egs. (4.88) and (4.89); into Eq. (4.87),

we obtain:

0011 = Z: 0€nyy — KIDAE, — 2GN ., 0A¢, (4.90)
where
G 4G?Ae
Z =2 qn+1 J+ <K—?q?:1> I-I+Tan+1:Nn+1 (491)
n+1 qn+1 qn+1

For simplicity in notation, the subscript of the variables are omitted from now on in this
section unless otherwise specified. Taking the variations of nonlinear Eqgs. (4.57) and

(4.61) with respect to 6,1, gives:
A (GCD)_I_aA (6¢)+A RO ap+62d> aq 5
v\ 3q “a\ap) " 2 \apaqae " aq% a5 )°°

A 02 CDap_l_ 90%2d 0q 5
€ dop% 0o  0pdq oo g

(4.92)
+{A o' + A o' oH?
v oqoHt " "1 9paHT
+(A 0" + A 0% 0H? =0
v 3qoH? " "1 9paH? -
(aq) L aq) o0+ 22 o1 + 22 ahz = o (4.93)
dp do  dq do aHl 0H? '
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The differentiations of the internal variables may be written based on the Egs. (4.72) and
(4.73) as:

1 1 dp dp
1_ _ I it = 4.94
dH . (J11dle, + J1,dAey) e (]21 5 22 60) do (4.94)
1 1 dp dp
2 _ _ I S -z 4.95
dH ” (Ly1dAe, + LypdAe,) e (L21 5g T L2z 60) do (4.95)

Substituting Eqgs. (4.94) and (4.95) into Egs. (4.92) and (4.93) leads to a set of two

nonlinear equations as:
Ay10A€, + A1,00€, = (ByyI + By;N): 00 (4.96)
dAZlaAep + 14_220A6q = (3211 + BzzN): 00' (497)

where the coefficients A;; and B;; are given in Appendix C. By substituting Eq. (4.90)
into Eqgs. (4.96) and (4.97), one can read:

aAép = (Clll + ClzN):Z: 08 (498)
aAEq = (Cle + ClzN):Z: 68 (499)

where the coefficients C;; are given in Appendix D. To link the variation of the stress

with strain and obtain the desired expression for the consistent tangent moduli, the set of
Eqgs. (4.98) and (4.99) is inserted into Eq. (4.90), gives:

0o =M:Z:0¢ (4.100)
where
M=J]-M —-M"
M! = K(Cy1I: 1+ Ci,I:N) (4.101)
MV = 2G(C, N:I + C,,N: N)

By multiplying M and Z, the following explicit form of the consistent tangent moduli for

family of pressure-dependent plasticity models is obtained:
DP =d,J+d,I:1+d,N:N+d;I:N+d,N: I (4.102)

where
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th
dy =K — %qq? —3K2Cy,
G2 (4.103)
d, = Pl 4G2C,,
ds = —2GKCy,
d, = —6GKCyy

It worth to note that the tangent is symmetric if C;, = 3C,,. To take into consideration
the influence of the phase-field evolution within the mechanical problem solution, the

degradation of the phase-field is multiplied by the above tangent.

In this study, the above formulation for the tangent including the derivatives of variables
are coded into the UMAT routine, which is essential to obtain a converged solution of the

implicit algorithm.

63



5 Numerical results

The main body of the numerical simulations and results corresponding to the material
models described in the previous chapters are presented in this chapter. Several popular
benchmarks are adopted from literature to analyse the predictability and performance of
the discussed algorithms, with the emphasis on the crack initiation and propagation. These
fracture benchmarks are selected in a way to cover a wide range of stress states, based on

the type of loading conditions and geometrical aspects.
The primary aspects of the numerical modelling hereinafter could be described as follows:

1. ldentification of the material parameters using the literature/laboratory-based data
from the experimental tests.

2. Determination of the material hardening following the provided laboratory data
of engineering stress versus strain curves.

3. Monitoring the material plastic deformation and damage localisation during the
loading process.

4. Observation of the initiating crack zone due to the extensive localisation of plastic
deformation and damage accumulation.

5. Topological observation of the crack propagation, which can include crack
branching/merging until the final material rupture.

6. Quantitative analysis by comparing the global material response of the finite
element simulation with the experimental data tests.

7. Mesh objectivity study in regards with the nonlocal gradient regularisation

method.

The numerical study in this chapter first starts with validation of the phase-field staggered
solution strategy that is described in the previous chapter in the absence of ductile damage
material coupling. Then a series of numerical simulations are carried out to evaluate the
performance of the coupled phase-field diffusive ductile fracture model and, at some
points, relevant comparisons with the results from local approaches to fracture are

highlighted. Last section is devoted to numerical assessment of the nonlocal gradient
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regularisation method implemented using the thermo-mechanical finite element

procedure discussed in section 4.1.3, focusing on mesh sensitivity analysis.

5.1 Phase-field solution method validation in brittle setting

As it was described in the previous chapter, the multi-field solution of the phase-field
problem is obtained using a staggered solution strategy by considering a competition
between the phase field and displacement field. A combination of UEL and UMAT
modules in ABAQUS is utilised, where the phase-field equation is treated via a direct
sparse solver embedded in the Abaqus UEL code and the mechanical field as well as the
history field is computed using the UMAT subroutine. A common block is served to

transfer data including the history field in between the codes.

To initialise the code and verify the performance of the staggered algorithm, we confine
ourselves to the brittle setting at this point with the focus on the comparison between the

numerical and analytical solutions based on a simple one-dimensional example.

5.1.1 Verification of the solution on a single element

A single 2D plane strain 4 node quadrilateral element formulated with reduced integration
method (CPE4R) is considered. The dimensions of the element are 1 X 1 mm? in x and
y directions, where it is subjected to tensile and shear loading conditions, as depicted in
Figure 5.1. The elastic properties are taken as E = 180 GPa and v = 0.28. The phase
field length scale parameter [; = 0.005 mm and the critical energy release rate G, =
20.9 N /mm are adopted which are given as the entries for the material input property in

the UEL code. Concerning tensile loading, &, = &, = 0 and &, # 0, one can obtain the

E(1-v)

———— is obtained based on the
A+v)(1-2v)

reference stress as oy = D,,&), Where D, =

Hooke’s law. Having the reference elastic energy ¥, = %aoey, the phase field parameter

may be analytically obtained via solution of the minimisation problem in Eq. (4.20), given

by:
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(5.1)

Using the quadratic phase-field degradation function in Eq. (4.28), the stress tensor and

the elastic tangent are degraded, respectively determined by o, = g(d)oy, and D¢ =

g(d)D? and are introduced in the user module (UMAT). The numerical simulation is
carried out using static analysis and displacement-controlled boundary condition with the
axial displacement increment Au, = 0.001 mm per step (total number of 1000

increments).

The force E, = 0,,A, versus displacement graphs for the analytical solution and the

simulation are given in Figure 5.2 and a very close agreement is observed. Figure 5.3
depicts the successful validation of the algorithm through high accordance between the

numerical and analytical solutions for the phase field evolution history.

A A

}, 1,

(a) (b)

Figure 5.1 Single plane strain element under a) tensile and b) shear loading

The same procedure is followed for the simple shear case on the same element (Figure
5.1(b)), and the verified force-displacement results are presented in Figure 5.4. Attention
is drawn to the adequately small size of the time increments to obtain the accurate
solution. The length scale sensitivity of the model is illustrated in Figure 5.5 for the
element under tension via the stress-strain and phase-field history curves. These results
are in conformity with the critical stress (o) and its corresponding strain (&) values in
the following expressions for the used quadratic degradation function, as a decline in the

maximum force is observed for a larger length scale value:

66



9 [EG. Gc
—_— — = 5.2
%~ 16 /610, r e /6sz (6.2)

Based on these expressions, the phase-field diffusive problem coincides with the Griffith

discrete crack approach in the limit of ; — 0, where the stress goes to infinity.

5.1.2 Phase-field crack in 2D analysis

The numerical analysis of the phase-field crack solution in the brittle setting is pursued
in this section. Two of well-known 2D fracture benchmarks are analysed through the
evolution of phase-field crack and the performance of the staggered solution algorithm is
verified by comparing to the crack propagation patterns that were reported in literature.

Single edge notched tensile specimen:

A single edge tensile notched specimen is analysed under the tensile loading conditions.
The elastic properties and the critical energy values used in the simulation are chosen as
E =210 GPa,v = 0.28 and G, = 20.9 N/mm. The geometry and boundary conditions
of the single edge notched tensile (SENT) specimen is depicted in Figure 5.6 (a), where

a horizontal notch with half size of the squared plate is considered.

The part is discretized with plane stress quadrilateral elements (CPS4) whereby the
minimum element edge size of b, = 0.005 mm is assumed in the vicinity of the areas
prone to crack development. The phase-field crack length parameter value of [; =
0.01 mm is adopted. Displacement-controlled monotonic loading is imposed on the top
edge of the specimen at the first step with Au,, = 0.01 mm for 60 increments and then
Au,, = 0.001 mm for the second step until the end of the loading in order to precisely

capture the fracture process.

The evolution of the crack consisting of initiation, propagation and branching/merging is
illustrated via the contours of phase-field in Figure 5.6 (b-d), showing a horizontal crack

propagation path, similar to the results presented in [69].
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Figure 5.3 Analytical versus numerical phase field history for the single tensile element
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Au=ul

(a) (b)

(o) (d)

Figure 5.6 Single edge notched tensile test a) geometry and boundary
conditions and crack development at b) u; =0.005mm , ¢) u; =
0.00622 mm and d) u; = 0.00705 mm

Double asymmetrical notched specimen:

The second fracture benchmark is the double asymmetrical notched specimen, loaded on

the vertical direction with a monotonic incremental displacement of Au,, = 0.001 mm

throughout the process. The misaligned pre-cracked solid geometry and boundary

conditions are shown in Figure 5.7 (a), as previously tested in [76,77], among others.

The crack development, branching and merging pattern is of interest in this benchmark
considering the geometrical aspects. The set of parameters are chosen as the same of the
previous example, namely E = 210 GPa, v = 0.28 and G, = 20.9 N/mm. The spatial
discretisation is performed using plane strain quadrilateral elements (CPE4R) with

minimum edge size of b, = 0.1 mm near the critical areas, resulted in 44751 total
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number of elements. The length scale is opted as [; = 0.2 mum that is large enough having

in view the finite element mesh discretisation.

The contour plots of the phase-field are depicted in Figure 5.7 (b-d) at three sequential
displacements, showing the initiation of cracks at the notch tips, evolution of the cracks
horizontally and their clockwise extension in a curvilinear pattern. The obtained crack
topology is in a high accordance with the simulated results in the literature, for instance
in [76].

Au=ul

20

fleer

Tt st

20

40

A
\

(@) (b)

© (d)

Figure 5.7 Double asymmetrical notched sample a) geometry and boundary
conditions and crack development at b) u; = 0.0296 mm , ¢) u; =
0.0386 mm and d) u; = 0.05 mm
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5.2 Numerical modelling of fracture using the phase-field coupled

ductile fracture model:

In this section the analysis of the performance of the phase-field model coupled with
ductile damage law is assessed. The validation procedure on several benchmark tests from

literature consists of the following steps:

1. Identification of the parameters related to the local damage model description.

2. Adoption of suitable parameters related to the phase-field diffusive equation.

3. Monitoring of the accumulation of damage through the evolution of the void
volume fraction until the initiation of crack upon the limit to the critical value.

4. Observation of the crack propagation in the post-critical regime through the
evolution of the phase-field crack parameter.

5. Comparisons with the literature data via crack trajectory analysis and qualitative

assessment of the global material response.

The benchmarking samples are chosen to cover wide range of stress states based on the
type of loading and geometrical aspects. The plane problem configuration is considered
throughout the simulations. As a standard procedure, the performance of the coupled

model algorithm is initially verified on a single plane element in the following section.

5.2.1 Verification of the coupled model on a single element

A single quadrilateral plane strain element (CPE4R) under tension is adopted ( Figure 5.1
(@)). A monotonic tensile loading condition is considered as the bottom edge of the
element is fixed and a displacement of 0.01 mm/sec is applied on the top edge of the
element. This test runs for initial validation of the code and more importantly the role of
the fracture coefficient in the material softening regime. Since the actual crack
propagation is not of interest, the phase-field length scale parameter does not need to

follow the common criterion to be essentially larger than the element size.

The structural response is analysed through the axial stress versus strain curve variations,
for different fracture coefficient parameters, in the plots of Figure 5.8. The elastoplastic
plot refers to the graph that is obtained via the built-in standard von Mises plasticity model
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available in ABAQUS material library and the non-diffusive response is attributed to the
local Rousselier damage model, in which local term henceforth represents to the
procedure in which the damaged material model is processed without the activation of

the phase-field diffusive solver.

One can clearly observe the higher ductility of the local model against the diffusive
model, whereby in the coupled model the softening is accelerated as the fracture
coefficient is increasing. This behaviour is visible in the post coalescence regime starts
from the point where vertical displacement reaches u, = 0.49 mm. This point is
associated with the prescribed crack initiation criterion based on the critical value of the

void volume fraction f, = 0.01.

1200 = Elastoplastic

--------- Non-diffusive
1000
- = = Diffusive; 77= 0.05

800 —@— Diffusive; n=02

--e-&--- Diffusive; 1=1.0
600 n_

= . = Diffusive; T]= 10.0

400

Axial Stress (MPa)

200

0 0.2 0.4 0.6 0.8 1 1.2
Axial Strain

Figure 5.8 Influence of the fracture coefficient on the material response of the

single element using the diffusive ductile fracture model

5.2.2 Tensile test on round bars

The coupled and local damage models are assessed on a smooth round bar (SRB) and a
notched round bar (NRB) with notch radius of 20 mm under tensile loading, as have been
experimentally and numerically addressed in Li et al. [78]. The geometry and dimension
of the samples are depicted in Figure 5.9. The material behaviour is first addressed with

the utilisation of the CDM-based ductile damage laws, including the Lemaitre and
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Rousselier models. The intention here is to evaluate and compare the predictive ability of
these material models in the softening regime until the material rupture, primarily through
the observation of the stress response.

The material data of AlI-6061(T6) that is chosen for both samples is presented in Table
5.1. The experimental procedure in [78] is performed under the velocity of 1 mm/min
to obtain the rate-independent material response, which ensures the applicability of the
material models of our study in these samples. The isotropic material hardening is
assumed using the power law R = 561(0.015 + £P)%1 'which is obtained based on an

inverse finite element procedure in [78]. The parameters of Rousselier damage are chosen
asD=2and o; = 2% ~ 236 MPa as suggested in [79] in both examples. Only one

quarter of the specimens are simulated by defining proper symmetries. The spatial
discretisation is performed using four-node quadrilateral bilinear axisymmetric elements
with reduced integration method (CAX4R) where structured mesh pattern is assumed and
the finest element distribution is considered in the areas of crack with the edge sizes b, =

0.2 mm and b;, = 0.16 mm, respectively for SRB and NRB samples.

The simulations that correspond to the Rousselier local material model are carried out to
reveal the influence of the initial porosity on the material global response. Considering
that this study concerns the phase-field model ductile description based on the Rousselier
model, the graphs related to the implemented Lemaitre damage model are solely
presented for comparison purposes at this step, whereby the version of the model that is

accompanied with the damage threshold definition is considered.

The stress response based on the Rousselier and Lemaitre local damage models (indicated
by “RSL” and “LM” in plots respectively) are demonstrated via the force-displacement
graphs for the SRB and NRB samples in Figure 5.10 and Figure 5.11, respectively. By
comparing the results with the experimental data, the effect of the initial porosity on the
material softening behaviour may be clearly observed. In the post critical regime, the
Rousselier damage model response is in closer agreement with the experimental curve for
the value of initial porosity f; = 0.0001. This can be closely related to the graph obtained

by Lemaitre model for € = 0.5.
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Table 5.1 Material parameters of Al-6061(T6) used for the numerical modelling of tensile

samples
Parameter Symbol Value unit
Young’s modulus E 68.9 GPa
Poisson’s ratio v 0.33 -
RSL parameter o) 236.0 MPa
RSL parameter D 2.0 —
LM parameter 21 6.0 -
LM parameter n 1.0 -
LM parameter 34 0.05,0.1,0.3,0.5 —
Initial porosity fo 0.0001,0.002 -
Critical porosity f- 0.043 -
Critical energy release rate G, 0.018 kN /mm
length parameter ly 0.3 mm
Fracture coefficient n 0.1,1.0,5.0 -
P
1
|
—
i —o | I P
" e
|
|

(a) (b)

Figure 5.9 Tensile test on a) smooth round bar and b) notched round bar with

notch radius of 20; dimensions are in mm
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By performing similar simulation procedure for the NRB sample, one can see the good
accordance of the Rousselier material response to the experimental one for the initial
porosity of f, = 0.002, where the Lemaitre model could not capture the accelerated
material softening after the displacement of u; = 1 mm. Therefore, the identified values
for the initial void volume fraction are f;, = 0.0001 and f, = 0.002 and are being used
in the following simulations for the SRB and NRB samples, respectively. From the
experiments in [78] and image analysis, the latter value for f, and the critical value of
f. = 0.043 were determined to be used for simulation using porous damage criterion

therein.

The global response obtained by the phase-field ductile fracture model is indicated in
Figure 5.12. The variations of the results are compared in terms of the fracture coefficient,
whereby increasing its value significantly induced more material degradation due to a
higher value for crack driving force, hence a larger phase-field value. Also in both
samples, an acceptable correlation between the simulated results with the unit value of

fracture coefficient and the experiments of Li et al. [78] can be found.
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Figure 5.10 Force vs. displacement using local damage models for the SRB

sample
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Figure 5.11 Force vs. displacement using local damage models for the NRB

sample
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Figure 5.12 Influence of the fracture coefficient on the global response of the

SRB and NRB samples using the coupled phase-field ductile fracture model
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The contour plots of the NRB tensile test are indicated in Figure 5.13, where the evolution
of the equivalent plastic strain (&P), void volume fraction (f) and the phase-field (d) are
presented for different load increments. The void volume fraction evolves from the
prescribed initial value, f; = 0.002, alongside the plastic deformation throughout the
simulation. Upon the time increment that it coincides with the prescribed critical value,

f- = 0.043, the crack initiation criterion is met.

Subsequent to this point, the crack propagation is modelled by the development of the
phase-field crack that is induced by the evolution of the void volume fraction that takes
effect in the crack driving force. Accordingly, the crack grows from the centre of the
specimen towards the notch roots horizontally. This may be in conformity with the
observations in [78] in which a large distribution of voids were identified in the centre of
the specimen by fractographic analysis. The plots of the void volume fraction are
presented from the initial value to the critical value, in this example within the increments

of u; = 0.842 mmtou; = 0.992 mm.

The variation of the triaxiality along the bottom edge of the quarter of specimens is
represented in Figure 5.14. The graphs are taken when the deformation reaches the critical
level, i.e. when crack initiates, showing the highest value in the centre of the specimens.
The curves of Figure 5.15 depict the stress triaxiality changes against the equivalent
plastic strain. One can see that it initiates from around 7 = 0.33 and 7 = 0.66,
respectively for the NRB and SRB samples and that it increases rapidly during the
localisation of the plastic deformations. This can be closely related to the graphs of

triaxiality that were reported in [78].
5.2.1 Tensile test on asymmetrical notched specimen:

Crack propagation and merging is investigated in the asymmetrical notched specimen
under tension, which was studied in [80], among others. The geometry and boundary
conditions of the specimen are illustrated in Figure 5.16, where a monotonic
displacement-controlled load is applied on the upper part of the specimen in the vertical
direction as the horizontal movement is prohibited. The lower part of the specimen is
fixed. The thickness of the specimen is 3 mm. The material parameters and the elastic
properties and hardening function are chosen in conformity with Al-5005 and a nonlinear
hardening function used according to [80]. The set of material data is given in Table 5.2.

Regarding the value of the critical energy release rate, authors therein conducted several
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tests on a compact tension (CT) specimen for the aluminium samples and obtained the

value based on the initial crack length until the onset of the crack propagation.

The simulation herein is carried out with two-dimensional plane stress quadrilateral
elements formulated with reduced integration method (CPS4R), in which a structured
mesh with higher density is adopted within the potential region for fracture (with element

edge size b, = 0.4 mm). The non-diffusive i.e. the local Rousselier model is initialized

20

by adopting o, = Ty ~ 75 MPa and D = 2 inasimilar manner to the previous example.
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Figure 5.13 Contour plots of the equivalent plastic strain, void volume fraction
and phase-field at different load increments
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Due to the lack of experimental data to identify the initial porosity value, at an initial step,
this parameter needs to be determined. According to the graphs presented in Figure 5.17,
the simulation results from the value of f;, = 0.0005 produced the closest material
softening response compared to the experimental data and hence will be used for the
phase-field-coupled simulations on this specimen. Following this, the phase-field related
parameters are introduced as an input to the UEL module according to the reference,
whereby the length scale is chosen [; = 1.3 to be large enough according to the smallest

element size.
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Figure 5.16 Asymmetrical notched specimen under tensile loading; geometry,
boundary conditions and the mesh discretization of the critical region; dimensions

are in mm
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Using a unit fracture coefficient, the influence of the critical void volume fraction is
represented in the plots of Figure 5.18, where the graph related to the value of f. = 0.02
Is in a closest agreement with the reference results. Using this value, the damage initiated
once the plastic deformation starts and accumulates around the displacement of u; =
0.82 mm (point A). Then the void volume fraction reaches the critical value of f, at u; =
1.5 mm (point B), where it is determined as the point of crack initiation and onset of the

phase-field evolution process.

The damage profile is indicated via the contours of Figure 5.19, whereby the initiation,
accumulation and critical damage states are spotted at the notch tips. The contour plots of
Figure 5.20 demonstrate the evolution of the equivalent plastic strain and phase-field
crack in the post-critical material deformation level (f > f..). One can see the progression
of the crack profile along the 45 degrees shear band, in which closely resembles the
fracture patterns after tensile test in Figure 5.21 as was observed in [80]. The stress
concentration is depicted through the contour plots of axial stress and the equivalent von

Mises stress in Figure 5.22 at various stages of the failure in deformed configuration.

Table 5.2 Material parameters used for the numerical modelling of asymmetrical notched

tensile test
Parameter Symbol | Value unit
Young’s modulus E 70.9 GPa
Poisson’s ratio v 0.34 —
Hardening function R(a) 113 — (113 — 135)e~245¢ MPa
RSL parameter 01 75.0 MPa
RSL parameter D 2.0 —
Initial porosity fo 0.0005 -
Critical porosity f- 0.02 —
Critical energy release G, 254.66 N/mm
rate
length parameter ly 1.3 mm
Fracture coefficient n 1.0 —
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Figure 5.20 Evolution of equivalent plastic strain and phase-field crack in

asymmetrical notched specimen in the post-critical deformation regime

84



Figure 5.21 Experimental observation of fracture in asymmetrical notched

specimen conducted in [80]

5.2.1 Shear sample

The material failure on a shear specimen is investigated in this section. The specimen
shape is built using electrical discharge machining (EDM) to favour a shear localisation
at the deformed area with low level of triaxiality, as addressed in [28,81]. The sample
geometry and boundary conditions are depicted in Figure 5.23 (a). In the reference work,
the specimen is cut from a sheet with thickness of 2.0 mm and this value is used in the

numerical simulation herein.

The material parameters used in the numerical simulation are given in Table 5.3, which
are based on Al5052P-H34 and in conformity with data provided in [81]. Observation
through the scanning electron macroscopic images therein showed a highly elongated set
of voids in the reference work, which confirms the shear fracture in the resisting area of
the sample at the central region. The failed specimen after tensile loading is shown in
Figure 5.23 (b).

The simulation is carried out using plane elements in order to circumvent the excessive
computational effort of the 3D analysis. The specimen is discretised with the total number
of 2658 plane stress quadrilateral elements with reduce integration method (CPS4R). As
before, the mesh discretisation follows with adopting a larger population of elements in

the area of fracture. The elastic properties and material hardening data are chosen
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according to the reference data. By adopting a unit value for the fracture coefficient and
length parameter of the value [; = 0.08 mm, the force-deflection results from the phase-
field coupled model are plotted in Figure 5.24 for different values of the initial porosity
against the experimental curve from [81], which clearly shows a better accordance of the
results to the initial porosity of f;, = 0.0005.

T2 (MPa)
191.7

q (MPa)
171.3

17=0.93 mm u1=1.485 mm u4=2.415 mm u1=2.835 mm

Figure 5.22 Contour plots of the axial and equivalent stresses at different
deformation levels
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Figure 5.23 a) Geometry and boundary condition of the shear sample; b)

fractured specimen [81]

The length scale sensitivity of the model is depicted in the graphs of Figure 5.25 for three
values of the phase-field length parameter, [; = 0.03,0.08,0.12 mm. The smallest
adopted value led to the least material softening in the post-critical state, as the
consequence of the crack driving force decrease and hence the smaller degradation
induced by the phase-field crack order parameter. Similar behaviour can be observed from
the graphs related to different values of the fracture coefficient that are given in Figure
5.26, as the highest value n = 2.0 essentially yielded a steeper softening curve after the

initiation of cracks.
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The contour plots of the equivalent plastic strain and the phase-field parameter are
illustrated in Figure 5.27. The final pattern of the propagated crack is in a good accordance
with the failed specimen after the tensile test, which proves the predictive ability of the
algorithm to handle shear-induced failure situations. This could be attributed to the
characteristic of the yield surface that corresponds to the underlying damage model based

on the Rousselier criterion.

Table 5.3 Material parameters used for the numerical modelling of shear sample

Parameter Symbol | Value unit
Young’s modulus E 62.735 GPa
Poisson’s ratio v 0.33 -
Hardening function R(a) 264.5 — (264.5 — 182.8)e 245 MPa
RSL parameter 01 177.0 MPa
RSL parameter D 2.0 —
Initial porosity fo 0.0002, 0.0005, 0.001 —
Critical porosity f- 0.05 -
Critical energy release rate G 10.0 N/mm
length parameter ly 0.03, 0.08, 0.12 mm
Fracture coefficient n 1.0 -

The stress distribution in different material deformation levels are demonstrated in the
contour plots of the equivalent von Mises and axial stresses in Figure 5.28, which show

the stress concentration in the central region of the specimen.
5.3 Nonlocal gradient regularisation analysis

The primary numerical results to verify the performance of the nonlocal gradient
approach in damage regularisation are presented in this section. The finite element
implementation in this part is based on the solution strategy in the context of
thermomechanical problem that was discussed in section 4.1.3. Following the discussions
therein, the efficiency and simplicity of the numerical implementation of the temperature-
displacement problem could be beneficial in such gradient regularisation methods,

whereby the heat conduction equation is made compatible with the diffusive equation in
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gradient problem and the calculations of the stresses and internal variables are primarily
followed in the material point level in the UMAT module.
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Figure 5.24 Force vs. vertical displacement using diffusive Rousselier damage
model for the shear specimen
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Figure 5.25 Length scale sensitivity of the diffusive Rousselier damage model
for the shear specimen
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Figure 5.26 Influence of the fracture coefficient on the global response of the
diffusive Rousselier damage model for the shear specimen
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Figure 5.27 Contours of the equivalent plastic strain and phase-field profiles
in the material post-critical regime for the shear specimen at different

deformation levels
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Figure 5.28 Contours of the equivalent stress and the axial stress in the
material post-critical regime for the shear specimen at different deformation

levels

Numerical simulations in the present section are carried out based on the local Lemaitre
ductile damage model that is coded in the material routine. The nonlocal Helmholtz type
equation is defined in the HETVAL routine as the conductivity is set to the length
parameter in the gradient problem and the coupling of the mechanical problem with the
nonlocal field is performed based the modified constitutive model described in section
4.1.2.

5.3.1 Flat grooved tensile specimen

To show the numerical capabilities in reducing the influence of the mesh topology on the
material global response, a flat grooved tensile specimen with the notch radius of

2.58 mm and out-of-plane thickness of 50 mum is considered following the numerical
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analysis that was discussed in [82]. The in-plane sample geometry is represented in Figure
5.29 (a). Only one quarter of the specimen is modelled using proper symmetries. Three
different structured mesh densities with the size of b;, = 0.25 mm, b, = 0.125 mm and
b, = 0.094 mm are adopted in numerical simulations which are depicted in Figure 5.29
(b-d). The element type is of quadrilateral thermal plane strain elements (CPEA4T) is used.

The material parameters used in the simulations are given in Table 5.4.

Assuming the imposed displacement of u; = 0.2 mm and setting the value for the
conductivity keyword in ABAQUS input file to the length parameter value, the
simulations are carried out on all meshes. The local and nonlocal damage profiles are
illustrated in Figure 5.30. The localisation of the damage occurs at the center of the
specimen and it evolves along a 45° shear band. In the plots nonlocal damage field is
found to be more broadened than the local counterpart, whereby expectedly the numerical
simulation yields lower values for nonlocal damage field than the local ones. The
resolution of the mesh dependency can be better revealed in the graphs of Figure 5.31 and
Figure 5.32.

Clearly the performance of the adopted nonlocal algorithm could be approved where a
less discrepancy found between the graphs correspond to the nonlocal damage model than
those related to the local one. The force versus deflection curves are plotted against the
numerical results in [83] where authors investigated the performance of the integral-type
nonlocal damage methodology.

Table 5.4 Material parameters used for the numerical modelling of flat grooved sample

Parameter Symbol | Value unit
Young’s modulus E 210. GPa
Poisson’s ratio v 0.3 —
Hardening function R(a) 700 + 300(a)?3 MPa
LM parameter 7 3.0 MPa
LM parameter Ty 1.0 -
Nonlocal length parameter Iy 0.1 mm
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Figure 5.29 a) Flat-grooved sample geometry and discretisation of the quarter
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6.Experimental and numerical modelling
of fracture in additively manufactured

steel components

Through the course of last few years, the application of the laser-based manufacturing
processes became more significant in wide range of industrial sectors, including
automotive, biomedical, aerospace, among others. To date, one of the most regarded
forms of these processes namely the additive manufacturing (AM) or commonly known
as the three-dimensional (3D) printing, has marked a significant influence in production
of metal components with better mechanical properties and improved thermal stability
than the conventional metal alloys. However, the issues arisen from the material
development or processing perspectives have led to an extensive scientific research in

this area in recent years.

Directed energy deposition (DED) is addressed in the literature as one of the efficient
laser-based additive manufacturing processes. Its origin can be traced back to the welding
technology where the material deposition is conducted by flowing an inert gas over the
melt pool. The fabrication of the metallic components using this process is performed by
deposition of feedstock, in the form of either powder or wire, directly into a molten pool,
at which the 3D component is built layer by layer. The powder-fed DED was first
introduced by the Sandia National Laboratories back in 1995 and it became more popular
since the advent of laser engineer net shaping (LENS) technology, where the parts can be
directly produced from the computer aided design (CAD) software. The superiority of
this technology over the other laser-based manufacturing processes is linked to its fast
stacking speed and ability to build materials with high strength and melting points.

Nevertheless, some limitations are still felt at the industrial scale regarding laser-based

manufactured processes in what concerns process parameters and their effect on the
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microstructure and consequently on the overall behaviour of the parts produced. In
particular, mechanical properties and microstructural study on stainless steel 316L laser-
based manufactured components were addressed in [84-87]. Properties of directed energy
deposition processed materials were analysed [88], showing the influence of laser power,
powder flow rate, scan speed and molten pool size on the morphology of porosity and
anisotropy, where authors found significant effect of the location and orientation of the
fabricated samples on the mechanical properties and fracture behaviour after tensile
testing. In another effort, among many other research activities, the influence of the
building direction on the mechanical properties, microstructure and machinability of the

AM processed stainless steel 316L was addressed in [89].

At this stage, it is also important to assess if existing models used for ductile failure in
metals can be used for additive manufactured components. In that direction, an
assessment is attempted in this work, having in mind that a similar pattern of internal
degradation in ductile metallic materials is observed, characterised by a sequence of
growth and coalescence of micro-voids that precedes macro-crack propagation and final

material rupture.

In this section, the microstructural study of SS 316L alloys fabricated with DED
manufacturing process is studied. The main body of research in this section is two-fold.
The experimental aspects of the manufacturing process are briefly discussed in the first
part of the chapter which has been totally performed at COMTES FHT a.s. research
organisation in Czech Republic. This part includes concise explanation of the DED
fabrication process for the steel components herein and discussion on fractographic

images taken from the failed tensile samples.

The second part is devoted to the numerical analysis on the manufactured samples for
tensile testing with emphasis on the porosity growth and accumulation of damage upon
loading the structure. After determination of material model parameters, including initial
void volume fraction using inverse FEM and generalised mixture rule (GMR) approach,
the coupled phase-field fracture model that was discussed in chapter 4 is utilised due to
its verified predictive ability to address failure of ductile materials. Several discussions
are made by concentrating on the microstructural aspects of the processed components

and the performance of the finite element algorithm in the post-critical material regime.
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6.1. Experimental procedure

DED manufacturing process is classified under seven AM technologies, which according
to ASTM F2792-12a, defined as a process in which a “focused thermal energy is used to
fuse materials by melting as they are deposited”. The heat source is typically either a
laser, electron beam or plasma arc to produce a melt pool on a substrate, at which the
feedstock in the form or powder (powder-fed) or wire (wire-fed) is injected through the
nozzle on the molten pool. Through the material deposition, the components are fused
layer by layer. The possibility to obtain heterogeneous processed components, due to the
flexibility in changing materials' compositions at each layer by simply adjusting feeding
materials and process parameters, is one of the pivotal features of DED manufacturing
processes [90,91]. The microstructure of DED fabricated components is in general highly
dense with minimum flaws and high cooling rate due to solidification [90]. The thickness
of the deposited layer of material may vary between 0.1 to a few millimeters in thickness
[92].

In this study, Powder Blown (PB) DED process is utilised for fabrication of the metallic
components fed from an austenitic AISI 316L stainless steel in powder form. A scanning
electron microscopy (SEM) image of the powder used is shown in Figure 6.1. A
deposition system, printer InssTek MX600 3D was employed to fabricate a cube with
dimension 35 mm X 35 mm X 35 mm, at which the miniature tensile specimens were
excised. A fiber laser beam with the diameter of 800 um which carries Argon gas as the
shielding inert gas is used. The fabrication parameters that are used in the DED procedure
are specified in Table 6.1. Chemical composition through the weight percentage of the
substances (wt%) and thermo-physical properties of initial powder are given in Table 6.2

and Table 6.3, respectively.

In order to build the specimens layer by layer, metal fabrication procedure follows the
patterns (orientations) that are depicted in Figure 6.2. The miniature-sized specimens
were machined by wire electrical discharge machining (EDM) from the cube. A total of
15 specimens in 3 orientations (5 specimens per orientation) as shown in Figure 6.3 were
extracted. To distinguish the samples based on their distance from the cube surface,
henceforth, the samples are named for each orientation as T'1i, T2i and T3i, where i =
1,5.
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Figure 6.1 SEM image of stainless steel 316L powder feed material used in

DED process

Table 6.1 Fabrication parameters employed in the DED process

Parameters Value Unit
Laser spot diameter 0.8 mm
Laser power 417 w
Scanning speed 14.166 mm/s
Layer thickness 0.25 mm
Track overlap 0.5 mm
Powder feeding rate 3 g/s

Table 6.2 Chemical Composition of stainless steel 316L

Element C Cr Cu Mn Mo N Ni p S Si

(wt%) 0.009 16.82 0.31 1.74 2.08 0.029 10.26 0.03 0.024 0.27
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Table 6.3 Thermo-physical properties of stainless steel 316L initial powder

Parameters Value Unit
Liquidus temperature 1723 K
Solidus temperature 1553 K
Density 7966 Kg/m3
Latent heat 256400 J/Kg
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Figure 6.2 Metal filling patterns during the fabrication process

Schematic of the coupon fabrication based on the building direction is depicted in Figure
6.4. One can see for the building direction of 0° for sample groups T2i and T3i, the
loading direction is parallel to the sliced layer in contrast to the building direction of 90°
conducted for samples T1i, where the loading is applied perpendicular to the layers. This
property has been revealed to be influential in tensile properties such as ultimate tensile

strength or elongation [89].

The geometry of the tensile test sample is depicted in Figure 6.5. Strain is measured by
an optical extensometer which is fixed to the specimen and the gauge length in all samples
was considered 11 mm. The failed specimens after the tests are represented in Figure 6.6,
which shows the fracture within the gauge length range for all the samples, considering
some discrepancy in fracture locations. This can be related to the diverse patterns of pre-

existing voids which will be addressed in the next section.
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Figure 6.3 DED-processed 316L cubic component with test specimens in

three orientations

The material engineering stress-strain data for all samples are illustrated in Figure 6.7. A
higher yield and ultimate tensile strength can be observed for sample groups T2i and T3i
that are fabricated perpendicular to the loading direction, i.e. building direction of 0°, than
the T'1i sample group. The latter group with the building direction of 90° exhibits lower
yield and ultimate tensile strength and highest value of elongation than the other two

groups. The mechanical properties of the samples are given in Table 6.5.

(a) (b)
Figure 6.4 Schematic of the building directions during the fabrication process

for a) sample group T1i and b) sample groups T2i and T3i
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6.1.1. Microstructural observations

Micro-void defects or porosities have been found as one of the common causes of
degraded mechanical properties in additively manufactured samples, which were studied
in different types of powder including steel alloys, for instance in [87,93-95]. Interlayer
and intralayer defects are two common types of porosity that may occur respectively due
to an insufficient power delivery during the melting process, which leads to lack of fusion
and gas entrapment throughout the deposition process (vaporization porosity), in which
spherical gas pores transfer to the as-fabricated component. While the former porosity
type can be controlled by adjusting the process parameters, the latter is typically
associated with the inert shielding gas, herein the Argon gas, and is distributed in random

locations within the fabricated component.
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Figure 6.5 Geometry of the tensile test samples (dimensions in mm)
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Figure 6.6 Deformed and fractured tensile test specimens
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Table 6.4 Mechanical properties of the samples

. Temp.] ag bo ay by RpO,Z Rm Ag Asg Z
Specimen
°C mmilimmjimm][mm] MPa ] MPa | % | % | %
T11 23 2,001 2,00]1,08] 1,10 | 453,3] 657,4 43,4]63,9]70,1
T12 23 2,00]1200] 1,18 1,11 | 452,0 ] 650,5 |45,2]62,7]67,3
T13 23 2,001]11,99]1,08]1,05] 461,4] 654,1 §44,7]65,9]71,3
T14 23 2,011200]1,02]1,11] 467,6 | 652,3 |45,1}67,2]72,0
T15 23 2,001 2,00]0,98] 1,02 460,1 ] 654,3 |45,3]64,8]75,1
Average 458,9 | 653,7 |44,7]64,9]71,2
St. Dev. 6,3 26 108]18]29
T21 23 2,00]1201]1,22]1,07| 457,2 ] 654,3 |37,7]52,5]67,5
T22 23 2,00]1200]1,06]1,02] 475,3] 666,6 |35,9]53,4]72,9
T23 23 1,99 12,00 ) 1,07 ] 1,17 ] 464,9 | 671,2 §36,0]53,0]68,5
T24 23 2,0011,99]1,10] 0,98 ] 468,4 ] 671,9 |35,0152,1}73,0
T25 23 1,99 1201)114]1,12] 485,2 | 672,0 §34,9]50,9]68,2
Average 470,2 | 667,2 |35,9152,4170,0
St. Dev. 10,6 75 11,1109] 2,7
T31 23 2,001 2,00]1,08]1,14] 464,2] 669,6 |34,5/51,3]69,1
T32 23 1,99 12,00)1,18] 1,24] 492,1 | 674,5 }35,4]50,7]63,0
T33 23 2,001 200]1,03]1,08] 507,9] 677,9 |35,9]56,1]72,3
T34 23 1,99 11,99 1,10 ] 1,22 ] 523,1 | 686,8 |34,4]53,7]66,0
T35 23 2,001200]0,95]1,04] 514,1] 678,3 |33,9]56,8]75,5
Average 500,3 | 677,4 §34,8]53,7]69,2
St. Dev. 23,1 6,3 ]108]28]5,0

The global energy density (GED) is referred to as a useful measure that establishes a link
between the interlayer and intralayer porosities in DED processes. This parameter is
quantified through a combination of several process parameters [95,96]. Figure 6.8

schematically represents the link between the GED and porosity in DED manufacturing

processes.

Regarding the micromechanical observations herein, the test specimens were hot
mounted in resin under heat and high pressure, and polished porosity analysis by
microscopy. Microscopic images were captured, stitched, and analyzed using a NIKON

ECLIPSE MA200 in SW NIS-elements AR as is illustrated in Figure 6.9.
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After the tests, the fracture surfaces were observed through the post-mortem micrographs
on all broken specimens. Using fractographic images from, for example, T11 sample that
is depicted in Figure 6.10 (a, b), where one can see cup-cone like fracture pattern, where
the crack initiation region is spotted around the center of the sample as shown by the red
dotted circle. The SEM micrograph of this region is demonstrated in Figure 6.10 (c),
exhibits small dimples that are distributed all over the fracture surface. Following this
image, a distribution of equiaxed dimples are observed which reveals the porosity growth
under high level of triaxiality that could be linked to the mode I fracture in the central

region of the sample.

6.2. Numerical analysis of fracture in DED processed samples

The numerical study in this section follows the coupled phase-field ductile fracture
material model that was discussed in section 4.3. The numerical implementation of the
coupled multi-field finite element problem is based on the staggered solution method
described in section 4.2.4 where the finite element solution is obtained using ABAQUS

package.

In what follows, the simulation results correspond to the tensile test samples of T11 and
T31 are of the main concern. Due to the comparison purposes and brevity, the sample
group of T2i is left out from the numerical simulation, as they are fabricated on the same

building direction as sample group T3i based on Figure 6.4.

Figure 6.9 Porosity observation in the fabricated samples before the test
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Figure 6.10 (a, b) Fracture surfaces, (c) Identified defects dominated by crack

initiation
6.2.1. Determination of the material parameters

Following the Rousselier flow potential expressed in section 3.2.3, a set of parameters,
corresponding to the material hardening and softening, needs to be determined. The
material hardening data is characterised based on the engineering stress-strain laboratory
data, as was given in Figure 6.7. In this regard, the true strain and true stress for the
samples T11 and T31 are calculated using the relations e; = (1 + ey) and or = oy (1 +
ey) Where gy and ay are, respectively, the engineering strain and stress. Using this

information, the effective plastic strain can be computed by the following relation:
a=¢r—or/E (6.1)
The desired hardening data suitable for ABAQUS implementation could be obtained by

fitting the hardening curve with the graph of the true stress versus plastic strain making

use of the following Ludwik’s law:
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R(a) =0, + Ka™ (6.2)
where g, is the material yield stress from the provided experimental data, « is the internal

hardening variable, i.e. the equivalent plastic strain, K is the strength coefficient and n is
the hardening exponent.

Based on [97], the Rousselier model parameters are set to D = 2.0 and o, = 2% for all

numerical simulations. Therefore, 6; = 302.2 MPa and o; = 309.5 MPa are used in the
simulation of T11 and T31, respectively. The set of the material parameters for both

samples are given in Table 6.5

The simulation is carried out with 2D four-node quadrilateral plane stress elements
formulated by reduced integration method. A higher mesh density with unstructured
distribution is used in the central area prone to the cracking, with the element edge size
b, = 0.08 mm, amounting to 3622 total number of the elements. The boundary condition
settings are considered as follows: the bottom edge of the specimen is fixed and a
displacement-driven boundary condition is applied at the top edge of the sample as its

horizontal movement is prohibited.

The initial value of void volume fraction can be associated with the shape, size or distance
of the voids. In this study, the numerical model without the influence of the phase-field
diffusion is used to calibrate initial porosity value by comparing against the laboratory
data.

Considering the gauge length of 11 mum for all tensile test experimentations, variation of
the force-displacement is compared with the experimental data from T11 and T31
samples in Figure 6.11 and Figure 6.12, respectively. Clearly, a faster growth rate of the
voids can be observed from the graphs of the evolution of void volume fraction for higher
value of their corresponding initial value, which is also addressed in [98]. As expected,
the lowest displacement at fracture is obtained for f, = 0.001 and f, = 0.0009 from
samples T11 and T31, respectively. Following this, the values of f, = 0.00025 and f, =
0.0009 are in the closest agreement with the experimental test data for T11 and T31
specimens, respectively. Therefore, these values will be used in the following phase-field

model simulations.
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Table 6.5 Material parameters for the DED-processed AlSI 316L steel alloy used for the

numerical modelling of tensile test on T11 and T31 specimens

Parameter Symbol Value unit
Young’s modulus E 192.0 GPa
Poisson’s ratio v 0.33 —
Model parameter o 302.2 MPa
Model parameter D 2.0 —
Initial porosity fo 0.00025, 0.0005, 0.001 —
T11 Initial yield gy 453.85 MPa
Strength coefficient K 1078 MPa
Hardening exponent n 0.81
Initial yield oy 464.2 MPa
Strength coefficient K 1036 MPa
Hardening exponent n 0.76
T31 Model parameter 01 309.5 MPa
Model parameter D 2.0 —
Initial porosity fo 0.00025, 0.0005, 0.0009 —

6.2.2. An approach to identify initial porosity values using Generalised
Mixture Rule (GMR)

In this section, an approach based on the generalised mixture rule (GMR) is utilised to
determine and verify the values of initial void volume fraction that were obtained in the
section 6.2.1. The GMR provides a rigorous, unified expression that relates the poly-
phase composite structures and the respective component properties, which has been
addressed in solid materials [99], rocks [100] and in DED manufactured components [88],
among others. Within the scope of the present work, this approach could reflect the link
between the overall mechanical property of the produced components and the volume
fraction of the voids in each sample, considering the porous structure as a special case of

a two-phase composite. The GMR expression for a two-phase composite is given by:

M =@ -v)M +v,Mm] (6.3)

C
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where M, is the mechanical property of the overall composite that is written as a
monotonically, increasing function of the ¥, as the volume of the porous phase and M,
and M,,, which are respectively the mechanical properties of the nonporous (bulk) phase
and the second phase (herein air). The J fractal parameter contains information about the
microstructure of the component and is controlled by shape, size and distribution, i.e.
connectivity and continuity of the pores. It has been found that the J-factor parameter
value is dependent on the microstructural description of the cavity pores, and thus
mechanical properties which makes it an intriguing topic of research in material design.
Interested readers are referred to [99] for more discussions on this matter.

The porosity volume fraction can be related to the mechanical properties of porous

materials through the following linear relation:

pc>1/ J
Ps
being V;, = 1 — V,, the volume of the bulk and p. and p, are the density of the composite

M. I
= a-pY=v=( (64)

and bulk phases, respectively. After expanding Eq. (6.164) into power series and
considering low porosity values f < 0.1 applicable for the DED processed samples of

the present study, this equation can be approximated by

D12y 65)
M; J

Calculation of the J-factor parameter is carried out based on the procedure that was
elaborated in [88]. This process requires calculating the melt pool cross section in
different directions and thermal strains derived from different thermal gradients in every
direction. The influence of process parameters such as laser power (W) has to be taken
into account, while throughout the process, distribution of ellipsoid pores with

dimensions a, b and c are considered as are shown in Figure 6.13.
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Figure 6.11 (a) Force versus displacement and (b) void volume fraction
evolution for sample T11 using the local Rousselier model
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The dimension of the melt pool cross sections can be determined using the following

relations:
Q
Agx = (m - ’t') (66)
_ _ Q _ (6.7)
4s, = @2L=h) (v(Zl —h) t)
Ag, =12l —h) (6.8)

With @ = q*/ppowaer as the volumetric powder flow where g* is the mass powder flow
(mm/s), v isthe scan speed of the laser beam (mm/s), ppowaer iS the density of powder
and 7 is the layer thickness. In the above relation, 21 — h is the width of the melt pool in

the hatch direction, with h being the hatch spacing as is depicted in Figure 6.14.

Figure 6.13 Ellipsoid pores with dimensions a,b and c in the fabricated

component microstructure

113



RS
o8

2
> Zm);ﬁ
4#» 100 pm
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Calculation of thermal strain parameter:

As previously discussed, lack of fusion during manufacturing process is known as a
common cause for porosities in the as-fabricated components. This can be linked to the
thermal distortions which could be characterised by a non-dimensional thermal strain
parameter, £*, which can be calculated at each direction &; based on the Buckingham 7

theorem and using process parameters [101] as follows:

g = XST—\/W/LB/Z (6.9)

' OEL/ppowder
where y is the volumetric thermal expansion coefficient, 8T is the temperature difference
between the liquidus and solidus temperatures, V is the volume of the melt pool, 9 =
N4 /(ppowdercp) is the thermal diffusivity with X and c,, respectively as the thermal
conductivity and specific heat of SS 316L. In the above definition, heat input parameter,

#, can be expressed by:

LS (6.10)
v

where Y is the absorption coefficient (to not be confused with the fracture coefficient in
chapters 4 and 5) and P is the laser power (W). The variable I in Eq. (6.9) is the total

moment of inertia of the porous media that is given by:
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where m is the mass of the nonporous material and N;, N, and N5 are the number of pores,
respectively in é,, é, and é, directions, which are derived by dividing the length, width

and height of cube to the hatch space values in every directions.

Calculation of the J-factor parameter:
The mathematical relation between thermal strains and size of the pores in each direction

can be obtained by curve fitting and written as:

Crej " + Coel + C3 = (b + c?); (a? + ¢2); (b? + a?) (6.12)

By using the following relation:

N. N. N
7#.[1].8;= _?3(192 + a?); —?1(192 + c?); —?Z(az +c2)  (6.13)
the J-factor parameter can be associated with 7.[I].€; via curve fitting, yields the

following expression:

J:. = exp (Cyn.[1].€) (6.14)
In the scope of the present research, the value of C, is found to be the sum of C;
coefficients presented in Eq. (6.12). Taking the sample group T3i, at which based on the
Figure 6.7 captures higher yield strength and moderately wider range of ductility
compared to the other sample groups, the value of the J-factor can be associated to the
material yield stress. The GMR relation expressed in Eq. (6.5) thus can be rewritten by
using the initial porosity value instead of porosity and based on the values of yield stress

as follows:
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2 (1 - ifo) (6.15)

Oy1 Js,
where o, and o, are respectively the yield strength of each sample and a nominal
strength value. In this regard, the values of the initial porosity are identified for each
sample of group T'3i using inverse finite element method based on the Rousselier damage
model. Subsequent to the result of sample T31 presented in Figure 6.12, the simulated
curves of force-displacement for the remainder of samples of the group are graphed
against the experimental curves and are illustrated in Figure 6.15, Figure 6.16, Figure
6.17 and Figure 6.18. Following the determination of the initial void volume fraction
value based on these graphs, the identified values for all the sample are plotted against
the yield stress of each sample from Table 6.5 as depicted through the scattered data in
Figure 6.19 and the nominal stress value of o,,; = 524.5 MPa is obtained using linear
regression of this set of data for sample group T3i. The J factor parameter value is
calculated using Eq. (6.14) as J; = 0.00812. By substituting this value in Eq. (6.15) and
based on the yield stress of each sample, the values of initial void volume fraction are
determined using GMR approach and given in Table 6.6. The estimated values are in a
close agreement with the ones that were identified using the finite element simulations

with the Rousselier damage criterion.
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Figure 6.15 Force vs. displacement graph obtained from Rousselier damage
model against experimental data for sample T32
116



3000

2500
2000
z
¥ 1500 e e ¢ o [Experimetal
£ fo=0.0002
R0 fo=0.00035
500 — — f,=0.00045
O & 1 1 1 J

0 2 4 6 8

Displacement (mm)

Figure 6.16 Force vs. displacement graph obtained from Rousselier damage

model against experimental data for sample 733

3500
3000
TR
2500 ot
Z 2000 |
CU e e o o Experimetal | :
: :
S 1500 p .. fo=0.00045 1E
| M
1000 fo=0.00055 ' :
00 | — — f0=0.00085
' .
) ...
0 ' ' I I
0 2 4 ° °

Displacement (mm)

Figure 6.17 Force vs. displacement graph obtained from Rousselier damage

model against experimental data for sample T34

117



Yield stress (MPa)

520

510

[8)]
o
o

490

480

470

Force (N)

3000

2500

2000 I

1500 e e o o Experimetal | :
. fo=0.0001 |

1000 |
» fo=0.00015

500 b — — f0=0.0003 ‘\\
3 \

0 : : ' '

0 2 4 6 8
Displacement (mm)

Figure 6.18 Force vs. displacement graph obtained from Rousselier damage

model against experimental data for sample T35

° ® Scattered data from FEM
—Fitted curve

®

|
1 4 8 4 5] 6 ¥ 8 9
Initial void volume fraction

Figure 6.19 Linear regression of the scattered data of identified initial porosity

values at yield strength of each sample of group T3i

118



Table 6.6 Comparison of identified values of initial porosity using FEM and GMR methods

Sample ID Yield strength (MPa) fo (FEM) fo (GMR)
T31 464.2 9.0 x 10~* 9.5 x 10~*
T32 492.1 6.0 x 10~* 5.2x 107
T33 507.9 2.0x107* 2.73x 1074
T34 523.1 45x107* 3.58x 1074
T35 514.1 1.0 x 107* 1.76 x 10™*

6.2.3. Crack analysis using phase-field ductile fracture model

The performance of the numerical approach using the coupled phase-field ductile fracture
model is investigated in this part of the work. Using the finite element mesh discretisation
and the model parameters that are determined in the previous section, the simulations are
performed for T11 and T31 samples. The following parameters corresponding to the
phase-field model are adopted: phase-field length scale [; = 0.04 mm, critical energy
release rate G. = 12.0 N/mm and f, = 0.03. The fracture coefficient in the crack state
function of Eq. (4.46) is set to n = 1 for all simulations. Regarding critical porosity
parameter, this value was chosen rather empirically (some researchers proposed that this
value should be at least one order of magnitude higher than the initial porosity) as its
variation produced less discrepant force graphs in this particular example. Thus, apart
from inverse FEM procedure that previously triggered for identification of the initial
porosity, determination of this value needs more in-depth research which is out of the

scope of this study.

The force -displacement graphs obtained from the phase-field ductile fracture model are
plotted against experimental data in Figure 6.20 where a good agreement is achieved
between the results. The contour plots of the state variables including the equivalent
plastic strain and the phase-field are demonstrated for sample T11 in Figure 6.21. The
phase-field crack is initiated when the axial strain reaches ¢,, = 0.63, spotted at the upper
half and roughly 2.62 mm away from the center of specimen. Then the crack grows
directed outward to the side edges along the angle of about 80° with respect to the loading
direction. This is in line with the fractography observation in Figure 6.10, where the crack

initiated at the center of the upper half of the sample.
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Figure 6.21 Distribution of equivalent plastic strain, phase-field crack, axial
stress and von-Mises equivalent stress in the post-critical regime for sample
T11 and at different deformation levels: a) €,, = 63%, b) &,, = 63.8%, C)
&5 = 64.3% and d) &,, = 66.8%
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7 Summary and conclusions

The numerical modelling of ductile fracture through the analysis of damage accumulation
that precedes initiation and propagation of cracks was studied. Gradient regularisation of
the internal damage variable was addressed by utilising a diffusive gradient equation that
has roots in continuous damage mechanics and fracture mechanics. In this regard, the
major contribution of the present study was to blend the concept of phase-field diffusive
approach in fracture with a micromechanically-motivated damage model, at which an
alternative form of crack driving force was introduced based on the state variables that
governs the material bulk softening response. This feature and the use crack initiation
criterion based on a condition of a material parameter were addressed as key

modifications to generalise the phase-field conventional concept to a stress-based criteria.

The pressure-dependent plasticity model based on the Rousselier criterion was employed
as an underlying damage model and the main assumptions to perform the coupling
between the damage in material bulk and the phase-field diffusion were presented,
alongside with the finite element implementation and numerical integration of the multi-
field problem. Apart from the importance of this treatment of fracture, in line with
extending the conventional phase-field concept to the ductile fracture, this can be
regarded, alternatively, as an generalisation of the micromechanical ductile damage
framework to model the macro-crack propagation by accelerating the material softening
in the post-critical regime. By the same token, this may viewed as the development of
void coalescence criteria that are associated with the ductile damage modelling, as for

instance in [34].

Following another path, the gradient nonlocal damage methodology was applied to a
continuous damage model, in order to alleviate the mesh-dependent issues coming from
the PDEs governing the mathematical model. A strategy, in the finite element framework,
was utilised to simplify the numerical implementation of the coupled problem by taking
advantage of the analogy between the gradient nonlocal equation with the heat conduction
equation. Using this strategy, the heat conductivity takes the role of the length parameter
in the structure of diffusion equation and the built-in thermo-mechanical coupled finite
element procedure in Abaqus is responsible for solution of the diffusive equation for the

nonlocal damage value.
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7.1. Concluding remarks

The performance of the above material models was investigated through numerical
analysis on several fracture benchmarks. The reliability of the phase-field ductile fracture
model was further assessed via post-critical damage analysis on additively-manufactured
steel components with the emphasis on porosity growth. The following conclusions can

be drawn:

1. The problem of mesh dependency was analysed on a tensile plane strain specimen
using the nonlocal gradient model based on the Lemaitre damage criterion. Less
sensitivity of the nonlocal problem solution to the finite element discretisation
using three different meshes was recognised through the graphs of force-
displacement and damage evolution.

2. The phase-field ductile fracture model was analysed via simulations based on
several fracture benchmarks that cover a wide range of triaxialities. Throughout
the validation process, the role of the fracture coefficient that appears in the crack
driving state function, the phase-field length scale parameter, the accumulation of
damage and plastic deformations and the crack propagation patterns were
addressed.

3. The material global response in notched round bars was found to be sensitive to
the choice of the initial porosity value and the fracture coefficient, which controls
the softening behaviour in the post critical material regime. In most numerical
results, the critical porosity value had a minor influence in this material phase.

4. As for the numerical tests on the plates with notches, the predicted fracture pattern
by the phase-field ductile fracture model in the asymmetrical notched plate was
in high accordance with the experimental observations in [80]. Regarding the
shear sample test, the crack propagation pattern was verified by comparing the
shear band formation with the provided experimental observations in literature.
The influences of the fracture coefficient and the phase-field length parameter
were also investigated, showing how the increase in either of parameters directly
induces more material softening in the post critical regime.

5. The simulation results of the additively-manufactured miniature-sized tensile

samples were found to be in good agreement with the experimental observations.
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The modelling of the global material response was approved by comparing
experimental data for two of the samples that were excised from the component
cube in different orientations. The qualitative performance of the model presented
through comparisons of the FEM-based contour plots with the actual fracture
location in one of the samples and the outcome was acceptable. However, it was
observed some dependence of numerical fracture pattern on the choice of finite

element mesh discretisation.

7.2. Future work

The overall objectives of the study including the acceptable numerical predictive ability
to monitor initiation and propagation of cracks using the gradient approaches in ductile

fracture modelling were achieved.

Nevertheless, the following recommendation in the scope of future model development
could be taken into consideration:

1. Throughout the study, material models were established based on isotropy of
damage and plasticity. However, the micromechanical damage material
framework herein may be extended to include the anisotropy of plasticity and
Lode angle effects within the constitutive material modelling, making it more
appropriate to be utilised, for instance, in the context of sheet metal forming
processes.

2. The computational performance of the phase-field ductile fracture model was
verified in two-dimensional problems including plane and axis-symmetric
settings. Some difficulties were felt during the simulation of three-dimensional
structures related to poor convergence of the integration algorithm. This issue
could be associated with the local Rousselier damage model integration and needs
more investigation.

3. Modelling the Rousselier damage evolution in this study followed the original
version of the model where solely the cavity growth drives the material
degradation through damage softening. Despite the good predictive ability of the
coupled model in the presented shear sample, this model can be extended by
adding a shear term to the void growth rate and its possible improvement should

be analysed with more sophisticated benchmarks. Utilisation of other damage
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model frameworks such as Lemaitre or GTN models for coupling with the phase-
field fracture problem could be another perspective to pursue in future studies.

. As for the numerical study of fracture in additive manufacturing samples, further
investigation is required regarding the void inclusion analysis and the influence
of the electro-discharge machining orientation on the structural response.

Several mesh-biased issues were observed in the numerical simulations
correspond to the phase-field ductile fracture model. This problem requires further
investigation and possibly this could be alleviated by utilising alternative phase-
field available formats, such as the one proposed in [102], at which it has an elastic
domain unlike the phase-field model of Miehe et al. [6]. In [103], it is claimed
that the former model is also moderately less mesh sensitive than the phase-field
format used in this study. Nevertheless, it has been widely accepted that phase-
field models are not mesh sensitive for sufficiently refined meshes, what comes
at the cost of large computational efforts. Achieving a balance on this respect

could be an issue of further research.
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Appendix A

Coefficients in Eq. (4.51):
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Appendix B

Coefficients in Egs. (4.76) and (4.77):
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Appendix C

Coefficients in Eqgs. (4.96) and (4.97):
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For ny = 2, the derivatives of internal variables H* and H? are given by:
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oH' ohl . dh? c o
aAeq_e“ dAe, €12 dAe, (C.9b)
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dAe,
OH? <
=€
dAe,
0H?
6_ = €11
0H?
6_ = €11
OH?
0_ = €2
OH?
0_ = €2
where
€11 =
€22

oh!
.8= 111‘@ Izz_m

being I;; the components of the identity tensor I.

)-(
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Appendix D

Coefficients in Eqgs. (4.98) and (4.99):

1
C11:/_§
1
C21=E
1
C12:[_§
1
C22:[_§

where

B_ = (A_ll + 3I(Bll)(A_ZZ + 3GBZZ) - (AIZ + 3GBll)(1421 + 3I(B21)

[(A2; + 3GBy;)Byy — (A1, + 3GB13)By]

[(All + 3I(Bll)BZI - (1421 + SKBZI)Bll]

[(A2; + 3GBy3)By; — (A1, + 3GB13)Bys]

[(A11 + 3KB11)By; — (431 + 3KB,1)By,]
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