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1 – Introduction 

The Organizing Committee of SYMCOMP2019 – 4th International Conference on Numerical 

and Symbolic Computation: Developments and Applications, welcomes all the participants 

and acknowledge the contribution of the authors to the success of this event.  

This fourth International Conference on Numerical and Symbolic Computation, is promoted 

by APMTAC - Associação Portuguesa de Mecânica Teórica, Aplicada e Computacional and it 

was organized in the context of IDMEC - Instituto de Engenharia Mecânica, Instituto 

Superior Técnico, Universidade de Lisboa. With this ECCOMAS Thematic Conference it is 

intended to bring together academic and scientific communities that are involved with 

Numerical and Symbolic Computation in the most various scientific areas 

SYMCOMP 2019 elects as main goals: 

To establish the state of the art and point out innovative applications and guidelines on the 

use of Numerical and Symbolic Computation in the numerous fields of Knowledge, such as 

Engineering, Physics, Mathematics, Economy and Management, Architecture, ...  

To promote the exchange of experiences and ideas and the dissemination of works developed 

within the wide scope of Numerical and Symbolic Computation. 

To encourage the participation of young researchers in scientific conferences. 

To facilitate the meeting of APMTAC members (Portuguese Society for Theoretical, Applied 

and Computational Mechanics) and other scientific organizations members dedicated to 

computation, and to encourage new memberships. 

We invite all participants to keep a proactive attitude and dialoguing, exchanging and 

promoting ideas, discussing research topics presented and looking for new ways and possible 

partnerships to work to develop in the future. 

The Executive Committee of SYMCOMP2019 wishes to express his gratitude for the 

cooperation of all colleagues involved in various committees, the Scientific Committee, the 

Programm Committee, Organizing Committee and the Secretariat. We hope everyone has 

enjoyed helping to consolidate this project, which we are sure will continue in the future. Our 

thanks to you all. 

o Amélia Loja, Chairperson (IDMEC/LAETA, CIMOSM/ISEL) 

o Paulo B. Vasconcelos, Chairperson (CMUP/FEP-UP) 

o António J. M. Ferreira (FEUP/INEGI) 

o Joaquim Infante Barbosa (IDMEC/LAETA, CIMOSM/ISEL) 

o José Alberto Rodrigues (CIMOSM, ADM/ISEL) 
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Keywords: isogeometric analysis, CAD, GIFT, NURBS 

Abstract We present recent advances in geometry independent field approximations. The 

GIFT approach is a generalisation of isogeometric analysis where the approximation 

used to describe the field variables no-longer has to be identical to the approximation 

used to describe the geometry of the domain. 

As such, the geometry can be described using usual CAD representations, e.g. NURBS, 

which are the most common in the CAD area, whilst local refinement and meshes 

approximations can be used to describe the field variables, enabling local adaptivity.  

We show in which cases the approach passes the patch test and present applications to 

various mechanics, fracture and multi-physics problems. 
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Abstract  

 

SLEPc is a parallel numerical library for computing eigenvalues and eigenvectors of large 

matrices. It is being used in many scientific computing projects around the world. In this talk 

we present its main features, for both linear and nonlinear problems. The latter appear less 

often in applications, but they are more challenging in terms of algorithms. We illustrate the 

description with results from real applications. 
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Abstract Dance is an art form considered a language since it can sometimes reflect a 

population’s culture or even a celebration that accompanies humanity from its earliest 

times and which requires from performers a high physical and emotional dexterity. It is 

expected that the dancer performs rigorous and repetitive technical movements that often 

lead to painful injuries, resulting in 56% of classical ballet dancers will suffer from some 

type of musculoskeletal injury. 

Due to this high number of injuries, it is essential to study and analyse base movements 

for this type of dance in order to prevent injuries and to optimize the dancer's 

choreography and productivity. These movements are precedents of more complex 

movements. In this work, the study of a base dance movement, the Echappé Sauté, using 

biomechanical techniques is carried out to study the kinematics of the movement. 

For the data collection, three dancers voluntarily participated and the movements were 

capture using a 2nd Generation Kinect camera that allows the capture of 3D movement. 

The biomechanical analysis was performed using the IpiSoft software and a manual 

procedure was used to perform a 2D biomechanical analysis based on the assumption that 

the dance movements for this study occur only in one plane. The results were compared to 

show the adequacy of the use of the Kinetic sensor for 3D dance movement analysis.  
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1. INTRODUCTION 

Dance is an art form considered as a language because it can reflect the culture of a 

population or even a celebration that accompanies humanity from its earliest times [1]. In the 

sixteenth century, the Classical Ballet emerges in France, which marks the Renaissance period 

and leads its practitioners to acquire demanding physical and emotional skills. Over time, 

these abilities have revealed certain damaging aspects since they can lead to painful injuries 

for the dancers. Performing a choreographic piece requires the dancer to have a very 

demanding physical and emotional dexterity. The dancer must be able to perform technical 

movements in a rigorous and repetitive way, which can cause painful injuries, admitting that 

56% of classical Ballet practitioners will suffer from some type of musculoskeletal injury [2]. 

Due to the high number of injuries, using Biomechanics in the study and analysis of base 

movements that are precedents of more complex movements in this type of dance may 

provide relevant information in order to prevent injuries and to optimize the dancer's 

productivity. 

Also, the success of a performance depends on a subjective appreciation of the audience but 

the act of the performance depends on the physical and mental form of the dancer as well as 

its preparation and training to perform and interpret the choreography. In this sense, 

alternative forms of dance assessment may serve to support the training and preparation of the 

dancers. 

Biomechanics combines principles that govern mechanics in the study and characterization of 

a movement. In the study of human movements, capturing images of movement and 

measuring forces and muscle function allows conclusions to be drawn about the way the 

movement develops. In the case of dance, this information can be used by the dancer to 

understand its weaknesses, enhance their technical abilities and / or promote the prevention of 

injuries that affect these professionals and are responsible for shorter careers. On the other 

hand, on the teachers' side, it allows to plan and develop specific exercises and training 

programs to overcome the physical difficulties, improve technical execution and predict the 

occurrence of injuries of an aspiring dancer. The articulation of the movements performed 

with the correct technique will be closer to the artistic and choreographic ideals and a smaller 

number of injuries will represent a greater availability of the dancers to the realization of a 

greater number and more diversified style of performances and, possibly, a more versatile 

dancer. 

For the biomechanical analysis, it is usual that the movement in study is recorded using 

several cameras such that all the relevant points on the body are present in the recording. 

Nowadays, a single camera can be used if it also uses an infrared sensor and an infrared light 

emitter. The Kinect sensor was developed by Microsoft Company as an accessory to XBOX 

360 [3] and its main function is facial recognition and the ability to recognize the user’s joints 

[4]. The Kinetic sensor combines the high definition images with the information from the 

infrared sensor and emitter to obtain the depth of the space where the object moves [5]. Thus, 

it is possible to reconstruct a movement in three dimensions. 

In this work, a Kinetic sensor is used to record a ballet movement that is considered to exist in 

a plane, such as a vertical jump. The movie is digitized and a biomechanical analysis of the 
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whole body is performed using iPi Mocap Studio [8] and its Biomech Add-On [9]. The 

position data obtained is used to compute the velocity vector with two- and three- coordinates. 

The objective is to compare the results obtained by considering the depth or disregarding it. If 

the movement in study evolves in plane, the depth could be disregarded. However, if there is 

movement on the third axis, considering only the other two will lead to loss of information 

and the results will not be able to accurately obtain the correct body information.   

2. METHODS 

2.1. Selection of the movement 

To perform a Ballet movement, a dancer is required to perform technically demanding 

movements and challenging training sessions. It is important to understand each 

movement in detail from the beginning to its completion and it may be accomplished 

using biomechanics. The variety of movements in Ballet is a combination of basic 

movements and positions that follow certain rules: each movement of the arm is 

constructed from a basic position of arms and each movement of the leg is developed from 

one of the five fundamental positions of the feet [6]. 

The jumps in the Classical Ballet are of most importance in terms of biomechanical 

analysis, not only for their repetition that sometimes leads to the appearance of associated 

injuries, but also for the magnitudes of forces that are produced that can surpass in a large 

scale the body mass of the subject. To perform a jump, it is required that the dancers have 

extreme joint amplitudes and large muscular capabilities that result in mechanical stress  in 

the soft tissues and adjacent bones. This is reflected in ligament and joint lesions that 

occur more frequently in the lower limb [6].  

The progression of a jump in Ballet can be divided in three components: the Ballon, which 

is related to the resistance of the jump actions; the turn-out, described as the maximum 

external rotation of the leg in relation to the hip joint; and finally, the demi-plié, which 

results from a semi-flexion of the knees with the heels on the ground. The jump is then the 

result of a combination of force and elasticity in order to facilitate the impulsion and 

reception with respect to the ground [6]. 

The Echappé Sauté is one of the basic jumps in the Classical Ballet where the dancer 

jumps into the air by pushing both legs from the ground in a closed position (the first or 

fifth position) and slides both feet out and lands in an open position of the feet (the second 

or forth position) [6]. As the movement of this jump involves the whole body and is 

mainly a vertical jump, it was selected for this study.  

2.2. Participants 

For this study, three participants, students of the School of Dance of the Polytechnic Institute 

of Lisbon, performed the Ballet movement. The participants were asked to execute a sequence 

of jumps. The requirements for the selection of the participants were defined as: 

 Age between 18-21 years old  

 Practitioners of artistic dance for at least 5 years  
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Table 1 presents the characteristics of the participants. 

Participant Gender 
Height 

[m] 

Weight 

[kg] 

Shoe Size 

[EU size] 

1 Female 1,60 59 36 

2 Female 1,63 55 37 

3 Male 1,77 70 43 

Table 1. Characteristics of the participants. 

2.3. Motion Capture 

The Microsoft Kinect sensor was launched in 2010 as an accessory to the Xbox 360 with the 

goal of making the most appealing and interactive gaming experience [3]. It consists of an 

RBG colour camera, infrared sensor, an infrared light emitter and four microphones, since it 

also allows voice recognition, and in its main functions are the ability to recognize joints of its 

user and facial recognition [4]. With the infrared sensors and emitters it is possible to 

establish a relationship between a point of the image collected and its distance from the 

sensor, thus providing coordinates in three-dimensional space (introduction of the Z 

coordinate in relation to the X and Y -coordinates already achieved with RGB camera) [3,4]. 

The participants performed a sequence of four jumps of the type selected for the study and the 

movement was captured by using the Kinetic sensor and the iPi Recorder software [7]. To 

analyse the images from the Kinetic sensor, a specialized software was used, iPi Mocap 

Studio [8] and its Biomech Add-On [9]. With this software, it is possible to obtain the 

information of position, velocity and acceleration over time for the movement. Because the 

movement chosen is performed mainly on the sagittal plane, it is possible to analyse the 

movement considering only one plane. Thus, this study focused on the positions and 

velocities of some chosen points on that plane, considered relevant for the analysis of the 

movement. The software obtained the velocities using the three axis and with the manual 

method, the velocities were computed using the information of the positions of the points 

considering only the two axis of the principal plane of motion. 

3. RESULTS 

Taking in consideration that the Echappé Sauté is one of the basic jumps in the Classical 

Ballet, and that besides the legs, also the arms and the torso are contributing to the jump, 

the biomechanical analysis was performed to the whole body. The results presented in this 

work focus on the movement performed by the male participant and correspond to the 

movement analysis of the ankle, the elbow and the top of the head. Due to the behaviour 

obtained for those points, it was decided to obtain the information regarding the 

movement of the body’s centre of mass and of the lower leg segment to further improve 

the knowledge about the influence of the depth in this jump.  

3.1. Top of the head 

As it is considered that the Echappé Sauté is a jump on a plane, the highest point on the head 
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will have a motion that is mainly vertical and on the plane of the jump. The positions of the 

top of the head point obtained by the iPi Mocap Studio software on the plane of the jump are 

presented in Figure 1 and it shows that the movement of this point is primarily on the vertical 

axis, although there is a dislocation of about 10 cm on the horizontal axis. This reflects the 

fact that during the performance of the four jumps the participant actually did not keep in 

place and moved on the plane of motion. The evolution of the positions of the top of the head 

point over time is presented in Figure 2 for each individual axis. The movement on the 

horizontal axis, the x-axis shown in red, is not completely linear as was discussed on the 

previous figure. The evolution on the vertical axis, the y-axis shown in green in Figure 2, has 

the expected oscillatory motion for the type of jump with slight variations on the peak value 

obtained for each jump. If the z-axis is considered, in blue in Figure 2, the evolution over time 

of this point reflects the fact that, in the performance of these jumps, there will be movement 

in the z-axis, and the motion will not be exactly in plane. 

Regarding the speed of the top of the head point, the values obtained by the iPi Mocap Studio 

software are presented in Figure 3 in blue and the values obtained from the positions on the 

xy-plane are shown in red. There is a good correlation between the two methods and 

apparently only in the beginning of the motion is there a significant difference between the 

two curves, but if the difference between the speed obtained from the two methods is plotted 

as presented in Figure 4, it is possible to observe that the difference can take values of up to 

0.6 m/s to the value of the speed obtained using the three coordinates of the point. However, 

there is a small delay between the two curves that might be responsible for the observed 

differences. 

 
Figure 1. Trajectory of the top of the head point in 

plane xy. 

 
Figure 2. Trajectory evolution of the top of the 

head point on each 3D axis. 
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Figure 3. Speed of the top of the head point. 

 
Figure 4. Difference of speed of the top of the head 

point obtained by the two methods. 
 

3.2. Elbow 

During the jump, the arms perform a motion that contributes to the impulse for jumping and 

the elbow has mostly a parabolic movement in the xy- plane, as it is possible to observe in 

Figure 5. Observing the movement of the elbow on each axis in Figure 6, the movement out 

of plane is seen by the evolution on the z-axis that has a variation of about 0.6 m between the 

smallest and the highest points. Also, the motion is not exactly in plane as the movement on 

the x-axis shows with deviations of about 0.3 m. On the vertical plane, the elbow point 

follows the expected pattern for a series of vertical jumps. This behaviour of the elbow is 

expected as the arms are the body segments that perform most movement out of the xy-plane 

in this jump.   

In terms of the speed, the overall evolution is similar as can be observed in Figure 7 but on 

closer inspection there are considerable deviations between the speeds computed using the 

velocity components on the x- and y- axes and using the three axes. The maximum deviation 

is about 5 m/s as can be observed in Figure 8.   

 
Figure 5. Trajectory of the elbow point in plane xy. 

 
Figure 6. Trajectory evolution of the elbow point on 

each 3D axis. 
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Figure 7. Speed of the elbow point. 

 
Figure 8. Difference of speed of the elbow point 

obtained by the two methods. 

3.3. Ankle 

The jump performed is divided in two stages, the first is a vertical jump during which the 

legs open and land with the feet apart; the second is a vertical jump starting in the end 

position of the previous stage and closing the legs during the jump and landing with the 

feet close together in a similar position as the starting position. This motion of the feet is 

reflected in Figure 9, where the repetition of the jump is also observed. Considering the 

different axes, the movement of the ankle point, presented in Figure 10, shows clearly that 

for this point the motion was not performed in plane as the z-axis has an irregular 

behaviour and a maximum deviation of 0.5 m. In the x-axis, there is also increased 

movement with a maximum deviation of 0.5 m. 

The computed speed, presented in Figure 11, has a similar evolution but there are several 

occasions where the dissimilarities are clear. Figure 12 shows the deviation is at times 

about 1.2 m/s, showing that effectively the movement of the ankle point is considerably 

influenced by the z-axis.  

 
Figure 9. Trajectory of the ankle point in plane xy. 

 
Figure 10. Trajectory evolution of the ankle point 

on each 3D axis. 
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Figure 11. Speed of the ankle point. 

 
Figure 12. Difference of speed of the ankle point 

obtained by the two methods. 

3.3. Depth influence 

The jump performed is a sequence of two vertical jumps, in the first of which, the 

executer opens the legs and lands with the feet apart, and in the second, the executer 

closes the legs and lands with the feet close together, returning to the starting position. 

This should be a jump where most of the motion is performed on a plane, but there is 

effectively movement on the perpendicular to the plane where the jump is executed, as the 

results presented show. 

Looking at the movement of the centre of mass of the body, presented in Figure 13, the 

motion that occurs in the z-axis clearly shows that this is a three- dimensional motion and 

not a motion in plane. Thus, although the general representation of the movement can be 

obtained using two dimensions, there is information being lost. This is even truer if the 

body segments are considered. To exemplify, the length of the forearm segment was 

computed using the position information of its extremities for each frame. Figure 14 

shows the results of the computation if the depth is considered (Lxyz) or not (Lxy). It is 

clear that while the segment maintains its length when using the three dimensions, the 

length of the segment varies greatly when only two dimensions are considered. 

 

Figure 13. Trajectory evolution of the centre of 

mass on each 3D axis. 

 

Figure 14. Length of the forearm segment obtained 

by the two methods. 
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4. CONCLUSIONS 

When a movement is considered to develop in a plane, it is usual that its study focus on the 

information on that plane. If only two- dimensions are considered in the analysis, information 

regarding the third axis and its influence on the overall motion is lost. The influence of 

considering the biomechanical analysis of movement using two- or three- dimensions is 

explored in this work. 

For this study, a basic Ballet jump was considered, the Échappé Sauté, as it is mainly a 

vertical jump with movement of the arms and legs. Three participants were asked to perform a 

sequence of Échappé Sautés and the motion was captured using a Kinetic sensor and the iPi 

Recorder software. 

The motion was digitize and analysed using the iPi Mocap Studio and its Biomech Add-On, 

and the positions, velocities and accelerations of several body points were obtained. Using the 

position’s information, the coordinate on the vertical plane were considered to compute a two- 

dimensional velocity vector. Using this vector, a comparison was made with the velocity 

vector obtained by the software.  

The results for three body points were presented, the top of the head point, the elbow and the 

ankle. The movement of all these points show that although the movement in study is 

executed mainly in the vertical plane, there is considerable movement on the third axis, 

leading to a loss of information when the study only takes into account the information on two 

axes. Also, there is some movement on the horizontal axis, especially relevant when 

considering the top of the head point, showing that although this point should have only a 

vertical motion, during the execution the participant was not able to maintain the same 

position.  

To further investigate the influence of the third axis, the motion of the centre of mass was 

considered. On a vertical jump, the centre of mass has a vertical motion and it does not show 

movement on the horizontal plane. However, in the motion in study, the centre of mass 

showed movement in all axis, revealing that in this jump there is considerable motion out of 

plane and that disregarding the depth, contributes to a loss of information on the overall 

motion. 

To illustrate the effect of the loss of information, the length of the forearm segment was 

computed for the motion. This study showed that if the computation uses only the information 

of the vertical plane, the segment does not maintain the same length during the motion 

analysis, which is not accurate. Using the three coordinates of the points, the segment does 

not change its length during the motion analysis. 

This study illustrates that even when the movement in analysis is considered as a movement 

in plane, there is information to be obtained by considering the three-dimensional motion. The 

two- dimensional motion analysis is simpler and may be useful for generic overall 

information of the movement, but using the information on the three axes will obtain more 

accurate results, as expected. Thus, the three- dimensional analysis of movements is more 

adequate even when the movement occurs in one plane. When considering the two- 

dimensional analysis of such movement, it may be considered adequate as long as the spatial 

uncertainty is presumed as part of the analysis.  
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Regarding the application to dance, the plane information is relevant as it can give a general 

idea of the performance. If the aim is to obtain information on the individual performance to 

analyse the positioning and deviations from the considered correct execution, the analysis 

should take in consideration all axes to ensure all motion is accurately obtained.  

On an overall perspective, the use of the Kinetic sensor allows for a simpler configuration of 

the motion capture apparatus, as it is able to capture the motion considering the depth, thus 

exempting the use of more cameras.    
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Abstract In this paper, the advanced and simplified calculation methods are used to 

evaluate the fire resistance of eccentrically loaded partially encased composite columns 

(PEC). The work consists in developing an efficient Non-linear 3-D finite element model 

(ANSYS) to investigate the behaviour of Pin-ended PEC eccentrically loaded at elevated 

temperature. The columns were tested under standard ISO834 fire. The buckling load is 

determined for several column heights 3; 4.5 and 6 m, by considering an eccentricity around 

the minor axis equal to 0,5.B ; 1,0.B and 1,5.B (B base). The numerical method presented 

here is compared with the simple calculation method Annex G of EN 1994-1-2. The results 

show that after 50 min of fire exposure, the axial load capacity of PEC is reduced to more 

than half, which is a fair conclusion to take into consideration in structural fire design. The 

comparison results show a good agreement between the two methods at high fire ratings 

(R90 and R120), however at low fire rating (R30), the simple calculation method presents 

conservative results. It is to be concluded that the eccentricity of loading reduces the 

loadbearing capacity of the composite column. The shortest column (3m) presents the 

higher reduction in load bearing. 
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1. INTRODUCTION 

Composite columns made with partially encased concrete column (PEC) are among the most 

commonly used composite members in modern buildings due to their high stiffness, ductility, 

simple use and in particular excellent fire performance. The composite section in PEC is 

responsible for increasing the load bearing capacity and the fire resistance compared to the same 

section of the steel bare profile [1]. There have been some studies of composite columns 

investigating the behaviour of eccentrically loaded. Yu-Feng and Lin-Hai Han [2] studied the 

performance of concrete-encased CFST column under combined compression and bending, 

using a finite element analysis (FEA) model, and they found that the composite columns may 

suffer the outer concrete failure. Ana Espinós [3] present a simplified design method for 

evaluating the fire resistance of eccentrically loaded concrete filled steel tubular (CFST) 

columns. In 2015 Milivoje Milanović et al [4] analysed the cross-section load-bearing capacity 

of three types of fire exposed steel-concrete composite columns. The highest loss of the M–N 

bearing capacity was observed in the cross sections where the steel profile is directly exposed 

to heating, as in PES - Partially Encased Sections. A minimum reduction in the M–N bearing 

capacity was observed in sections where the steel profile is protected with concrete lining (FES 

section). In 2010 Xiaoyong Mao, V.K.R. Kodura [5] present results from seven fire resistance 

experiments on concrete encased steel (CES) columns under standard fire exposure conditions. 

The test parameters include column size, 3- and 4-side fire exposure, load intensity and load 

eccentricity. Test results show that CES columns have higher fire resistance under 3-side fire 

exposure than that under 4-side fire exposure. Also, load ratio and load eccentricity have a 

noticeable influence on the fire resistance of CES columns. In addition, spalling of the concrete 

decreases the fire resistance of CES columns. A comparison of measured fire resistance of CES 

columns with those predicted using current code provisions indicate that the current provisions 

may not be conservative in some situations. 

The main objective of this study is to develop an efficient Non-linear 3-D finite element model 

to investigate the behaviour of eccentric loaded partially encased column PEC and compared 

with the simple calculation method from Annex G of EN-1994-1-2 [6]. The model was 

developed using the software ANSYS [7]. This numerical analysis enables to assess the effect 

of eccentricity in the mechanical behaviour of composite columns under fire. 

2. COMPOSITE COLUMNS AND MATERIALS 

In this work, a numerical model was developed to simulate the fire behaviour of PEC, HEB300 

profile. These columns were tested under fire ISO834 [8] for deferent fire rating class up to 

R120. The load bearing capacity has been compared for columns with 3, 4.5 and 6m, pinned- 

pinned ending boundary condition. Properties for steel were assumed from S275 grade and 

B500 grade for rebars, while C30/37 was assumed for concrete, and a relative eccentricity about 

the week axis (e function of b) tested, e=50%*b; e=100%*b and e=150%*b. Where e is the 

applied load eccentricity, and b is the dimension of the section flange, see figure 1. 
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Figure 1. Cross section example of PEC column. 

3. SIMPLIFIED CALCULATION METHOD 

The fire resistance of partially encased composite columns under eccentricity of loading 

can be found using the simplified method given in Annex G [6]. This method leads to 

determine the load bearing capacity of PEC column, being calculated from the following 

expression:       

)/( ,,,, RdRdRdfiRdfi NNNN    
(1) 

Where: 

RdfiN ,  Buckling resistance of PEC at elevated temperature; 

,RdNN  Buckling resistance of PEC under eccentric loading at ambient temperature; 

RdN    Buckling resistance of PEC at ambient temperature. 

The different steps to determine the load bearing capacity of PEC are illustrated by the 

following chart represented in figure 2. 
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Figure 2. Organogram chart for evaluation of load bearing capacity of PEC under fire. 

This diagram includes three sequentially parts, it begins with the evaluation of the load bearing 

capacity under axial compression. Then the fire effect is introduced to determine the reduction 

coefficients for the resistance and stiffness in each component (Steel; Concrete; Rebars). The 

eccentricity of the load is considered in the last step, in which the applied load is incremented 

with 50 N until to find the resistance moment less than soliciting moment (see Equation 2). The 

outcome of this chart results in to determine the load bearing capacity of composite column 

under fire. 
 

 RdplRdeRdsd MMekNM ,, ..9,0     ..   (2) 
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M-N interactive curves were developed to present the combined compression-bending 

resistance of columns in a single figure. The load (N) versus moment (M) interaction curves for 

the PEC HEB300 was determined by the simplified method in EN-1994-1-1 [9] and is presented 

in figure 3, in comparison with the load bearing capacity for different eccentricities (e0; e150; 

e450 mm). It can be seen that in general, when the eccentricity of loading is involved, the 

bearing capacity of the column is decreased. 

 

Figure 3. Interaction N-M curve for uniaxial bending PEC HEB300 3m. 

As can be seen, when the eccentricity of loading is considered, the method of EC 4 is somewhat 

relatively complex for an everyday practice and it needs necessarily the computer 

programming. An advanced calculation method is developed based on finite elements 

approximation using ANSYS 18.2 [7] to determine the thermal behaviour of PEC under 

eccentric loading. 

4. ADVANCED CALCULATION METHOD 

The thermal behaviour of composite columns under eccentric loading was presented in various 

finite element studies [10-11-12]. In this study, ANSYS 18.2 was used to perform the numerical 

modelling analysis [6] [6]. The mesh size used for finite element approximation is defined 

between 20 mm to 30 mm (see figure 4-a). The standard fire ISO 834 [8] was used as a fire 

source. 
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Figure 4-a. Finite element model. Figure 5-b. Non-linear analysis discretization. 

A three-dimensional finite elements type was considered for the thermal analysis: SHELL 131 

is used to model the steel profile, SOLID70 is used to model the concrete and LINK33 is used 

to model the reinforcement. The thermal solution was considered transient and nonlinear, using 

an incremental procedure with a time step of 60 s up to 7200 s. Figure 5 shows the temperature 

field for the critical time of the PEC. The thermal results are used in the buckling analysis as 

thermal load. 
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Figure 6-a. Time temperature history for different 

points in PEC. 

Figure 7-b. Temperature in the cross section  for a 

critical time of 120 min. 

 

For the non-linear analysis, an imperfection is taken from the eigen buckling analysis and 

applied to update the geometry of the column. In this model, an incremental eccentric load is 

applied on the top and the bottom of a rigid plate equal to (Nrd / 2) / 1000, as shown in figure 

4-b. To model the pin-pin ended boundary condition for the composite column, two mid line 

nodes of the rigid loading plate are restrained in X and Y direction, and the mid height node of 

the PEC is restrained in the Z direction to prevent any displacement of the column 

(displacement controlled). Based on a nonlinear material model, the Arc-length solution method 

is used in this study with a minimum and maximum incremental load of 0.01*N and 10*N, 

being the convergence criterion based on displacement, with a convergence tolerance of 5%.N 

5. RESULTS AND DISCUSSION 

Figure 6-a shows the variation of buckling resistance of PEC columns depending on the fire 

exposure time and eccentricity of the load, using both analytical and numerical method. The 

buckling load decreases with the increase of fire exposure time and the level of eccentricity. It 

is known that the high temperatures, caused by fire effect, affects considerably the mechanical 

properties of the materials component. Consequently, the region limited by the axial force and 

by the bending moment bearing capacity of the columns is reduced, resulting in a change of the 

M-N interaction diagrams. It is clear from figure 6 that EN-1994-1-2 results agree fairly with 

the results of the finite elements model, particularly at higher temperatures (R90-120), however 

at low temperature (R30) the analytic method presents conservative result of approximately 

45% when applying an eccentric loading. 

The effect of the buckling length on the M-N interaction diagram evaluated with both methods 

is illustrated in figure 6-b. As expected, the M-N values decreased with the increase of the 

buckling length of composite column. Especially for the column high with 3m the moment 

resistance decreases after reaching its maximum value.    
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Figure 8-a M-N interaction diagram for different fire 

rating class. 
Figure 9-b M-N interaction diagram for different 

column slenderness. 
 

 

The variation of compression load with the lateral displacement in the mid-height of the column 

is represented in figure 7-a and b for high fire rating (R120). It is shown in figure 7-a that the 

lateral displacement increases with the increase of the compression load, for the same buckling 

length. When increasing the buckling length of the column, the load capacity is reduced and the 

displacement is decreased. The effect of varying the eccentricity of the load for same high (3m) 

is plotted in figure 7-b. It is to be noted that the variation of eccentricity has a significant 

influence on the load capacity, however, it’s effect is less pronounced in the displacement. The 

comparison of the two figures indicate that the eccentricity has more influence in the load 

capacity then the buckling length. In practical design of composite structure, it is more 

interesting to consider the effect of eccentric loading then the effect the slenderness.    

  

  
Figure 10-a. Disp versus load capacity with 

e=450mm                       
Figure 11. b- Disp versus load capacity with column 

height of 3m 

 

Figure 8-a shows the variation of the axial compression of the composite column (3m) as a 

function of fire exposure time. The buckling load decreases with the increase of the fire 

exposure time as a result of the degradation of the mechanical properties of the materials. The 

fire effect reduced the load capacity of column with 85% after 120mn. The variation of loading 

eccentricity versus the load capacity at fire rating class R120 is represented in figure 8-b, when 
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calculating the loss of the bearing capacity of the column, the presence of bending moment on 

the head of the column may have the same effect as the fire.  

 

  
Figure 12-a. Fire time versus load capacity in PEC. Figure 13-b. Eccentricity versus load capacity in 

PEC. 
 

6. CONCLUSIONS 

The fire resistance of partially encased composite columns under combined compression 

and bending moment was investigated with analytical and numerical method. The 

following conclusions can be made: 

- The use of a three dimensional numerical model (ANSYS) allowed to describe easily 

the thermal behaviour of PEC columns under eccentric loading with the regard to the 

analytical method, which is based on three complex steps.  

- For the fire rating R30, the analytic method presents a conservative result of 

approximately 45% when applying an eccentric loading. 

- There is a good agreement between the two methods particularly at high temperature.  

- In this study the presence the load eccentricity has found to have more effect on the 

loadbearing capacity than the slenderness of the composite column. 

- Introducing a bending moment on the top of the column may have the same effect as 

the fire. 
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Abstract To protect human lives and prevent against failure of structures, the collapse of 

industrial buildings under fire should always occur inward with a minimum failure time. 

The main objective of this study is to investigate the behaviour of industrial structures 

with steel portal frames under the effect of fire. In order to achieve this goal, numerical 

simulations on portal frames with haunches at the ends of the rafters are conducted using 

finite element software ANSYS. The structures are studied with decoupled thermal and 

mechanical analyses. For this purpose, geometric and material nonlinearities are taken 

into account in the analysis using the standard ISO 834 as the fire model. The parametric 

study is carried out taking into account the parameters influencing the time resistance and 

the failure modes such as fire scenarios, length of haunches and geometrical dimensions 

of the portal frames. The comparison results with the simple calculation method R15, in 

term of time resistance, show a close agreement. 
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1. INTRODUCTION 

For practical reasons of exploitation, durability and cost efficiency, industrial buildings are in 

general made with steel portal frames using hot-rolled sections or welded sections with 

haunches at the ends of the rafters. However, steel although being a ductile material, it 

remains vulnerable to the effect of excessive temperatures. The tragic fire events that have 

affected industrial buildings in Algeria in recent years remind us of the real risk of fires. 

European standards [1] [2] give an overview of simplified design rules, which are common 

for the evaluation of the fire resistance of steel structural elements. However, for industrial 

and warehouse buildings, specific requirements defined in terms of structural behaviour have 

been imposed to meet the safety objectives of occupants and firefighters. In this context, the 

criteria of non-collapse outward of the structure exposed to fire and non-progressive collapse 

must be verified.  

In order to meet these performance criteria, a European project [3] covered the structural 

behaviour of industrial buildings and warehouses exposed to fire. The project aimed to 

demonstrate that, given the 3D behaviour of the structure in case of fire, these structures can 

offer better structural strength. Based on the numerical results, simplified calculation methods 

have been proposed.  

The actual behaviour of the industrial buildings in fire situation requires some parameters 

such as material and geometrical nonlinearities as well as variation in thermal and mechanical 

behaviour in time. However, only numerical analysis using finite element programs provide a 

comprehensive analysis of such structures by providing various fire scenarios [4] [5] [6] [7]. 

This article proceeds by numerical simulations to study the behaviour of industrial steel portal 

frames with haunches under standard fire ISO834 [8]. A model is developed using ANSYS 

program [9] to determine the time resistance and the collapse mode considering particularly 

the effect of fire scenario, haunch length and geometrical dimensions of the portal frames. 

The parametric study was performed by both shell elements to model the portal frames in 3D 

and non-uniform temperature within the structural beam-column elements. 

2. FIRE MODEL AND THERMAL RESPONSE 

Although the governing parameters of a real fire are numerous such as fire load density, 

ventilation condition and material compartment, the ISO834 standard time-temperature curve 

[8] is assumed testing purposes and numerical simulations. It represents the action of a fire in 

a confined compartment of building and the gas temperature evolution given according to the 

formula of the EC1 [1]: 

  1834520 10  tlog  (1)  

It is known that for thermal response, the governing equation for the three-dimensional non-

linear transient heat conduction within the cross section of a structural element takes the 

following form: 

 a a a a
a a a a aC

x x y y z z t

   
   

         
      

          
 (2)  
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where a and Ca are respectively the thermal conductivity and the specific heat of steel both 

are expressed as a function of the temperature in EC1 [1], a is the steel temperature in x, y 

and z directions at time t, a is the density of steel equal to 7850 kg/m3. 

Since the solution of equation (2) is non-linear, simplified solution for the temperature rise of 

an unprotected steel member is provided by EC3 [2], assuming a lumped thermal model for 

non-massive elements, with the following equation: 

 
shk  

.
m

net ,da ,t

a a

A V
h t

c



    (3)  

where ksh is the correction factor for the shadow effect,  Am/V is the section factor for 

unprotected steel elements, ḣnet,d is the net heat flux or heat transfer by convection and 

radiation per unit area, t is the time interval in seconds (t ≤ 5 s). 

3. PARAMETRIC STUDY 

A parametric study is conducted using numerical simulations with ANSYS [9]. The industrial 

portal frame, shown in Fig. 1, is analysed based on the variation of the following parameters: 

fire scenarios, haunch length and portal frame dimensions.  

This structure is illustrated in the CTICM guide [10] where both frame and purlins are 

checked for 15 minutes of fire exposure. Load combination on the rafter take into account G 

(dead load, roof, industrial equipment under roof and cladding) equal to 4.16 kN/m and S 

(snow) equal to 4.4 kN/m. According to EC0 [11], a total uniformly distributed load q in fire 

situation is calculated using G and 0.2S which gives 5.04 kN/m. Elements are chosen using 

hot rolled sections with IPE400 for the rafter and IPE500 for both columns. The steel grade is 

taken as S235 with a density of 7850 kg/m3 and Poisson’s ratio equal to 0.3. Haunches, with 

IPE400 section, are added at the ends of the rafter. Column bases are supposed fully pinned. 

 
 

Figure 1. Portal model to be analysed.  

3.1. Finite element modelling 

The frame model is created using 3D finite elements with SHELL131 for thermal analysis and 

SHELL181 for mechanical analysis. The task is solved as a combined one using material 

L=20 m 

10 m 
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nonlinear thermal analysis and geometry and material nonlinear static analysis in the ANSYS 

software [9]. In the thermal analysis, the temperature distribution is obtained in the section. In 

the nonlinear static analysis, the corresponding displacement, internal efforts and stress-strain 

state of the structure caused by both applied loads and constrained thermal dilatation are 

solved for each time step t, corresponding to temperature increments. 

After a convergence test, the columns and beam are subdivided into 60 elements and 86 

elements respectively along their lengths. Along the height, the section is subdivided into 12 

elements (figure 2). Lateral-torsional buckling of the rafter has been prevented by adding 

appropriately lateral supports to the flanges. The fixation of the columns to their base are 

considered pinned, see figure 2. 

 

Figure 2. Numerical model, discretization of the portal frame. 

3.2. Thermal analysis 

The nonlinear transient thermal analysis is performed using the resolution of equation 2. 

Figure 3 shows the temperature distributions in the portal frame after 15 minutes of a standard 

ISO834 fire. It is important to note that all the four sides of the elements are under fire load. 

 

Figure 3. Temperature field in the portal frame at time t = 15 minutes. 

The temperature distributions in both sections, columns (IPE 500) and rafter (IPE 400), is 

given in figure 4.  
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(a) (b) 

     Figure 4. Temperature distributions in the rafter section (a) and column section (b) at t = 15 minutes. 

The temperature field is recorded for the corresponding resistance class and applied as body 

load to the mechanical model. 

3.3. Mechanical analysis 

The thermal loading was set in steps on the deformed state of the portal frame with 

simultaneous change of all necessary mechanical properties of the material depending on the 

temperature in the structure. The nonlinear material response of steel at elevated temperature 

is provided by EC3 [2] as shown in figure 5. 

 

Figure 5. Stress-strain curve for steel grade S235 at different temperatures. 

The results in term of displacements (vertical and horizontal) of the portal frame, failure time 

and Von Mises stresses at the developed hinges are illustrated in the next section. 
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3.3.1. Effect of fire scenarios 

Fire scenarios can have a great influence on the behaviour of the structure and consequently 

its resistance time and failure mode. In this analysis, four fire scenarios have been considered. 

The first scenario (1) represents a generalized fire or flashover. The second scenario (2) 

considered that both columns are protected against fire. The third and fourth scenarios assume 

that portal frame is subjected to a localised fire involving one column and part of the beam 

(scenario 3) and the central part of the beam (scenario 4), see figure 6.      

  
(a) Scenario 1 (b)  Scenario 2 

  
(c) Scenario 3 (d) Scenario 4 

Figure 6. Heating profiles of the frame model. 

Figures 7, 8 and 9 show the variations of the vertical (at ¼ and ½ of the rafter) and the 

horizontal displacements at the top of both columns according to the four scenarios.  

According to these figures, the failure times are estimated to be 16.32 (min), 19.08 (min), 

20.22 (min) and 33.63 (min) respectively for scenarios 1, 2, 3 and 4. This gives an 

improvement of 16.91%, 23.90% and 106% respectively for scenarios 2, 3 and 4 compared to 

scenario 1 (generalized fire). These results confirm the severity of generalized fires in 

comparison with localized fires.   

From the results of the horizontal displacements at the top of both columns, figures 8 and 9, 

only scenario 1 confirms the beginning of collapse of the structure towards the inside. For the 

other fire scenarios 2, 3 and 4, the horizontal displacements of the columns do not confirm the 

collapse modes (inside or outside). The simulations are stopped before the top of the columns 

come back to the inside region of the structure. According to the work of Vassard et al [12] 

and Song [5], only simulations with dynamic approach can solve this problem and go further 

in the analysis so the collapse mode can be predicted.     

 

  

  

 

 

5 m 

 

  5 m          5m 
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Figure 7. Vertical displacement/time at node a (fire scenarios 1, 2, 4) and node c (fire scenario 3). 

3.3.2. Effect of haunch length 

Haunches in the rafters at the eaves are used to reduce the depth of the rafter and achieve 

efficient moment connection between column and rafter. To analyse the influence of haunches 

on the fire resistance of single portal frame, five different lengths are considered: 0 m, 0.5 m, 

1 m, 2 m, 3 m and 4 m. The profile section of the haunch is taken constant (1/2 IPE400). The 

scenario 1 (generalized fire) is considered in this section.  

The displacement-time curves, vertical at apex and horizontal at eaves, are presented in 

figures 10 and 11. 

 

  

Figure 8.  Horizontal displacement of node (b)         Figure 9.  Horizontal displacement of node (d) 
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Figure 10. Apex vertical deflection (node b) for 

different haunch lengths 

Figure 11. Eave horizontal displacement (node a) 

for different haunch lengths 

The figures above show that the use of haunches until one-tenth of the span (2 m) increases 

the time resistance of the portal frame. With the same rafter profile (IPE400), time resistance 

without haunches is about 13.81 minutes and with 2 m haunches (one-tenth) time resistance 

increases to 16 minutes (16% increase). We notice that beyond this distance (2 m), no 

improvement can be seen. This may be explained by the fact that weakest section can be 

located at the end of the haunch when shorter haunch is used (less than one-tenth) to rafter 

end when haunch reached one-tenth and more. 

Results from figure 11 show that when the lengths of haunches are less than one-tenth of the 

rafter span, the collapse of the structure tends to happen in the outward direction. 

The maximum Von Mises stresses developed in the rafter at different locations (haunch end, 

rafter ends and rafter mid-span) are shown in figures 12 to 15.  

  

Figure 12. Von Mises stresses in the half portal 

frame (1m haunch) 

Figure 13. Von Mises stresses at haunch end for different 

haunch lengths 
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Figure 14. Von Mises stresses in the half portal 

frame (2.5 m haunch) 

Figure 15. Von Mises stresses at eaves (nodes a) for 

different haunch lengths 

From figures 14 and 15, the yielding stresses are obtained at the eaves when haunch length is 

one-tenth (2 m) and more. For shorter haunches (less than one-tenth), the yielding stresses 

appear at the ends of the haunches, see figures 12 and 13. This is due to the weakest section 

on the rafter, which change from the eaves to the ends of the haunches. 

As expected, when no haunch is used, maximum stresses are located at the eaves, see figure 

15. A value of 250 N/mm² is obtained at 2 minutes heated time, which is greater than the yield 

stress (235 N/mm²) and this has favourably leads to the collapse of the portal frame at early 

time. 

3.3.3. Effect of geometrical dimensions 

Different geometries for frames are investigated in this section, see table 1, looking at the 

influence on failure modes. A series of frames with h/L ratio (h: is column high and L: is 

rafter span) taken equal to 0.2, 0.3, 0.4, 0.5 and 0.6. The other parameters of the portal frames, 

such as the haunch length and the rafter slope are taken respectively 1/10 of portal’s span and 

3.5%. For all portal frames, the haunch’s section is the same as the rafter’s section. Table 1 

summarises the details of these frames. 

Portal frame L  

(m) 

h  

(m) 

h/L Column section 

(Grade S235) 

Rafter section 

(Grade S235) 

Load (qfi,Ed) 

(kN/m) 

(1) 25 5 0.2 IPE 500 IPE 500 3.660 

(2) 30 9 0.3 HEA 600 HEA 600 4.230 

(3) 20 8 0.4 IPE 500 IPE 400 5.040 

(4) 16 8 0.5 IPE 360 IPE 330 4.804 

(5) 10 6 0.6 IPE 330 IPE 300 3.180 

Table 1. Characteristics of the portal frames. 

Figures 16, 17 and 18 show the variations of the vertical displacement at apex and the 
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horizontal displacements at eaves. 

 

According to figures 17 and 18, the horizontal displacements at eaves indicate that when the 

h/L ratio is greater than 0.4 (case of the portal frames 4 and 5), the collapse of the portal 

frames is developed outwards of the structure. This is confirmed by the positive values of the 

horizontal displacements of both eaves. For portal frames (1), (2) and (3), with h/L ratio less 

or equal than 0.4, the horizontal displacements at eaves are developed towards the outside of 

the structures until the time of collapse when a reversal movement towards the inside of the 

structure is found. This collapse mode (inward) is considered safe according to the European 

standards [3].  

 

Figure 16. Vertical displacement / time at apex (node a) for the five portal frames. 

  

Figure 17.  Horizontal displacement / time of node (b) Figure 18.  Horizontal displacement / time of node (d) 
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4. COMPARAISON OF RESULTS USING THE PARAMETRIC STUDY AND 

THE SIMPLIFIED METHOD (R15) 

For industrial steel buildings such as warehouses, simplified methods are used to verify 

frames and purlins for fire stability of 15 minutes [10]. According to these methods, for 

sections of class 1 and 2, the critical temperature is determined using equation 4 and table 2.  
 

 

2 

14  

fi ,Ed

y ,

pl ,y y

q L
k

W f
   (4)  

 

 (°C) 20  400 500 600 700 800 900 1000 1100 1200 

ky, 1 0.78 0.47 0.23 0.11 0.06 0.04 0.02 0 

Table 2. Reduction factor ky, for yield strength at elevated temperatures. 

Where qfi,Ed is the uniformly distributed load applied to the rafter under fire condition, ky, is 

the reduction factor for the yield strength fy, Wpl,y plastic modulus and L is the length of the 

rafter outside haunches. 

Critical time tcr of the portal frame can be calculated using equation 3. For the comparison 

purpose, the correction factor Ksh obtained from equation 3 is taken equal to 1. 

Tables 3, 4 and 5 present the values of time resistance obtained using this study and those 

calculated with simplified method R15 [10]. 

Numerical simulation (ANSYS) Simplified method (R15) 

Fire Scenarios tcr (min) tcr (min) 

1 

2 

3 

4 

16.32 

19.08 

20.22 

33.63 

15.95 

Table 3. Time resistance using different fire scenarios. 

Haunch length  

(m) 

Numerical simulation (ANSYS) Simplified method (R15) 

tcr (min) tcr (min) 

0 13.81 12.20 

0.5 14.92 12.87 

1 15.80 13.61 

2 16.04 15.14 

2.5 16.32 15.95 

3 16.05 16.92 

4 16.11 23.49 

Table 4. Time resistance using different haunch lengths. 
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Portal frame 
Numerical simulation (ANSYS) Simplified method (R15) 

tcr (min) tcr (min) 

(1) 17.85 18.90 

(2) 23.58 22.33 

(3) 16.32 15.95 

(4) 14.30 14.28 

(5) 28.00 28.85 

Table 5. Time resistance using different portal frames. 

These results indicate that the fire resistance determined by the simplified method (R15) are 

approximately in agreement with those of the present study when generalized fire (scenario 1) is 

considered and haunch length varying up to one-eight of the rafter span. Beyond this length, the 

results are overestimated. 

5. CONCLUSIONS 

This article investigates the behaviour of industrial steel portal frames under standard ISO834 

fire using numerical simulations. The following conclusions can be drawn: 

- Fire scenarios can have a great influence on the fire resistance of industrial steel 

portal frames. An improvement varying from 16% to 106% is observed with 

localized fire scenarios compared to the generalized fire scenario.  

- The use of haunches until one-tenth of the span increases the fire resistance of the 

portal frame around 16%. Beyond this length, no improvement can be observed.  

- The geometrical dimensions of the portal frames have a significant effect on the 

structural behaviour of industrial buildings. When column height to span length ratio 

is greater than 0.4, the collapse of the portal frames tends to happen toward the 

outside of the structure, which is considered unsafe according to the actual codes.  
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Abstract. Since the early days of aviation, aeroelastic problems have shown to be some
of the most challenging to solve. With the development of numerical methods, the study
of aircraft structures and their interaction with the surrounding air flow at different flight
conditions has become easily accessible and, thus, is now mandatory in the design phase
of an aircraft. This work focuses on the development of a numerical tool for aircraft wing
fluid-structure interaction (FSI) analyses, in which the external airflow and the internal
structure interact. A panel method was implemented for the aerodynamic analysis and a
finite-element model using equivalent beam elements was implemented for the structural
analysis, both coded in MATLAB R© language. Each analysis models were successfully in-
dividually verified against other bibliographic sources and then the two disciplines were
coupled into the FSI numerical tool. To validate the accuracy of the numerical tool to
predict aeroelastic parameters, such as flutter and divergence speeds, a half wing prototype
was built and tested in a wind tunnel. The wing shape was parameterized using area, air-
foil cross-section shape, aspect ratio, taper ratio, sweep angle and dihedral angle. Before
the optimization, a parametric study was conducted to study the influence of these param-
eters in the wing performance. The validated FSI tool was then used in an optimization
framework to obtain an optimized wing shape with the objective of maximizing the lift-to-
drag ratio whilst guaranteeing that flutter and divergence behavior are not worse than that
of the baseline wing.

1 INTRODUCTION

Recent developments in wing design, such as active aeroelastic wings [1]), higher aspect
ratios (AR) and morphing shapes during flight [2, 3], have furthered the need of reliable
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prediction of aeroelastic phenomena, since these new flexible wings can easily lead to
aeroelastic instabilities, even inside standard flight envelope conditions. The novel designs
are being adopted in Unmanned Air Vehicles (UAV), such as the High Altitude Long
Endurance (HALE) Airbus Zephyr in Fig.1, where the very high AR wing decreases
induced drag, thus improves the aerodynamic performance.

Figure 1: Airbus Zephyr HALE UAV

Given that small to medium size UAVs fly at relatively low speeds, their aerodynamic
behavior can be accurately modeled by low complexity models. However, there is a lack of
readily available aeroelastic experimental data for these speed ranges, as most studies are
performed at the transonic speeds [4, 5, 6]. There are some attempts to improve data for
experimental confirmation, particularly for the case of geometric non-linearities [7] but,
for the most part, there is a need for a broad range of aeroelastic testing data cases [8],
specially with the recent numerical developments concerning the simulation of geometric
non-linear behavior and Limit Cycle Oscillations [9, 10].

Besides the introduction of more complex geometric definitions, there is interest in
analyzing several possible interface methods between the aerodynamic and structural
models [11] to improve accuracy of current aeroelastic tools. Another advantage of the
increased accuracy of aeroelastic tools is the possibility of incorporating optimizing al-
gorithms to their architecture to allow design refining around the expected aeroelastic
behavior of an aircraft, that leads to considerable design time savings.

The goals of this work is then to develop an aeroelastic analysis and design framework,
capable of handling highly flexible wings, that predicts accurately the wing aeroelastic
response, in particular divergence speed and flutter speed.

2 COMPUTATIONAL AEROELASTICITY

Computational Aeroelasticity (CAE) specifically refers to the coupling of Computational
Fluid Dynamics (CFD) methods with Computational Structural Dynamics (CSD) tools
to perform aeroelastic analyses [5].

The basis for any CAE methodology is the coupled equations of motion,

[M ]q̈(t) + [D]q̇(t) + [K]q(t) = F (t) , (1)
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where M , D and K are generalized mass, damping and stiffness matrices, respectively,
F (t) is generalized force vector that accounts for the aerodynamic loads, and q(t) is the
generalized displacement vector [12]. It is then necessary to model each discipline with
CFD and CSD numerical tools, and then provide an adequate coupling between the two.

2.1 Coupling Models

A typical structure of an aeroelastic tool is shown in Fig. 2, where the Fluid-Structure
Interface (FSI) is highlighted.

Figure 2: Structure of a typical coupled aeroelastic tool [5]

The FSI is paramount to connecting the separate discipline modules of the aeroelastic
framework, and that can be done using a fully-coupled model, a loosely coupled model
or a closely coupled model [5]. While the fully coupled FSI integrates and solves the
combined fluid and structural equations of motion simultaneously in one single solver, the
other two solve then separately using different solvers. The first approach is not only very
rigid in terms of choice of discipline models but also usually computationally expensive. In
contrast, the loosely and closely coupled models, though requiring an interface to exchange
information between aerodynamic and structural solvers and loosing some accuracy, allow
the flexibility of choosing different solvers for each discipline [5]. While in the loosely
coupled the exchange of information only takes place after partial or complete convergence
of each solver, in the closely coupled model the discipline solvers exchange of information
at the boundary via an interface module, making the entire CAE model tightly coupled
and, thus, with improved accuracy. The information exchanged are surface loads, output
of CFD and input to CSD, and surface deformation, output of CSD and input to CFD.

By selecting a loosely coupled or a closely coupled model, it is possible to have two
separate solvers for each aerodynamic and structural model computations, both reducing
the complexity of implementation and allowing an easier validation of results.

2.2 Discipline models

As far as aerodynamic models go, there are several options to choose, as illustrated in
Fig.13(a), depending on the complexity of the flow considered.

Since our aim is to study aeroelastic effects in wings, 3D effects must be accounted
for, in particular at the wing tip. However, the driving forces in aeroelasticity are mainly
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(a) Aerodynamic models (b) Structural models

Figure 3: FSI discipline models [13]

inviscid, and the low flow speeds considered in our design cases mean rotational and
compressibility effects might be discarded. Given that we want to model the lifting
surface thickness, the appropriate models, balancing required complexity and available
computational power, are the panel methods[14]. These models are based on potential
flow equations and they are relatively easy to implement and integrate in an FSI model.

As for structural models, while it is possible to choose between continuous and discrete
models as shown in Fig.13(b), the implementation of discrete models is required to couple
it in the FSI tool. Among the different Finite Elements (FE), the beam FE is the simplest
model, but accurate enough for low and medium fidelity applications, such as simulating
a solid wing or a spar [15].

3 NUMERICAL IMPLEMENTATION

3.1 Aerodynamic Model

The methodology followed to implement the 3D panel method is similar to the defined by
Katz [16]. This model is based on the potential flow equation, valid for incompressible,
inviscid and irrotational flow, ∇2Φ∗ = 0 , (2)

where Φ∗ is the total velocity potential. Equation (2) is applied to a body with known
boundaries SB, as shown in Fig.4. Applying Green’s theorem, a general solution can be

Figure 4: Potential flow over a closed body [16]

found by a sum of singularities, such as sources (σ) and doublets (µ) placed on the SB
boundary,
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Φ∗(x, y, z) =
1

4π

∫

body+wake

µn · ∇
(

1

r

)
dS − 1

4π

∫

body

σ

(
1

r

)
dS + Φ∞ , (3)

where r is the distance to a point outside the SB boundary and vector n points in the
direction of potential jump µ. Dirichlet boundary conditions are used, which implies that
the perturbation potential Φ is specified on the entire SB surface.

The potential flow Eq.(2) does not include time dependent terms directly and, given
aeroelasticity is an unsteady problem, these must be introduced through the bound-
ary conditions. Considering a constant flow of speed U∞ in the positive x direction, as
shown in Fig. 5, a translation is applied to the body frame of reference as (X0, Y0, Z0) =
(−U∞t, 0, 0) for each time step.

Figure 5: Inertial and body coordinates [16]

An important definition that affects the accuracy of the method is the wake geometry.
A straight wake convected at the flow incidence angle was selected, as it requires fewer
wake panels to be defined, decreasing significantly the computational cost, though with
penalty of aerodynamic forces overestimation [16] that means dynamic instabilities will
appear earlier in the simulations compared to the experiments. The body translation is
used to define the new wake panel, with one extremity on the previous wake panel and
the other at a X0 distance from the other extremity, so any motion of the wing will then
translate into the new wake panels.

With the boundary conditions inserted and defining the source strength as

σ = −n · (V0 + vrel + Ω× r) , (4)

where V0 = (Ẋ0, Ẏ0, Ż0) is the velocity of the (x, y, z) system’s origin, vrel = (ẋ, ẏ, ż) is
the relative velocity of the body fixed frame of reference, Ω is the rate of rotation of the
body’s frame of reference, as shown in Fig.5, and r is the position vector, the problem is
reduced to a set of algebraic equations with the doublet distribution µ as the unknowns.

The body’s surface is discretized into N panels and the wake in NW panels, with
collocation points P at the panel center and panel vertices 1, 2, 3, 4, as shown in Fig. 6 for
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Figure 6: Influence of panel k on point P [16]

a panel k. Assuming constant source strength σ and doublet strength µ for each panel,
and Eq.(2) can be rewritten as

N∑

k=1

Ckµk +

NW∑

l=1

Clµl +
N∑

k=1

Bkσk = 0 for each internal point P , (5)

with

Ck =
1

4π

∫

1,2,3,4

δ

δn

(
1

r

)
dS

∣∣∣∣
k

and Bk = − 1

4π

∫

1,2,3,4

(
1

r

)
dS

∣∣∣∣
k

. (6)

By using the Kutta condition, the wake doublets µl can be defined in terms of the unknown
surface doublets µk, leading to a linear algebraic system of N equation containing N
unknown singularity variables µk.

After solving Eq.(5) for the surface doublets µk, the velocity components can be eval-
uated numerically as

vl = −δµ
δl
, vm = − δµ

δm
, vn = −σ , (7)

using central differences, at panel coordinates (l,m, n) as shown in Fig. 7, These perturba-

Figure 7: Panel coordinate system [16]

tion velocities are then related with the local velocity by Vk = (U∞l
U∞mU∞n)+(vl, vmvn)k.
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By defining the local velocity on each panel, the pressure coefficientCp can be computed
on a panel basis as

Cpk = 1− V 2
k

U2
∞
− 2

U2
∞

δφ

δt
. (8)

The pressure coefficient at time t+∆t is computed using the Backward Euler method [17],
yielding

Ct+∆t
pk

= 1− V 2
t+∆t

U2
∞
− 2

U2
∞

φt+∆t − φt
∆t

. (9)

The main advantage of using a Backward Euler method is that it is an implicit scheme,
making the solution unconditionally stable, thus enabling the use of large time steps [18].
Finally, the aerodynamic force Fk for each panel is given by

Fk = −Cpkq∞Sk , (10)

where Sk is the panel area and q∞ is the dynamic pressure.
The implementation of the 3D unsteady panel method was verified against the open-

source software XFLR-5 [19] in steady mode. A rectangular wing with NACA0015 airfoil,
1.5 m span and 0.25 m chord, operating at U∞=7 m/s with 4◦ angle-of-attack. The
discretization used an uniform mesh with 4000 panels, 100 in the chordwise direction and
40 in the spanwise direction, as shown in Fig.8. These wing dimensions match those used
for the aeroelastic experimental and numerical studies.

Figure 8: Aerodynamic computational mesh

The verification results, shown in Tab.1, reveal that, while the lift and pitching moment
coefficients exhibit a very good match between both softwares, the drag coefficient shows
a 15% disparity. Most likely, this is due to the wake shape handling [16] as both models
were inviscid but, since the drag force is not very relevant in the aeroelastic response of
a wing, this disparity can be found irrelevant.

3.2 Structural Model

Two types of wing sections are supported, solid and hollow, as shown in Fig. 9.
Excluding the damping effects in the fundamental Eq.(1), due to the difficulty of esti-

mating it theoretically, Eq.(1) can be put as an eigenvalue problem,
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Aeroelastic framework XFLR-5 difference

CL 0.3071 0.3137 2.1 %
CD 0.00443 0.00517 14.3 %
CM -0.07285 -0.07506 2.9 %

Table 1: Verification of aerodynamic coefficients

Figure 9: Hollow and solid wing sections

([M ]− ω2[K])x = 0 , (11)

where ω is the system frequencies, which allow for a prediction of the wing aeroelastic
behavior and also to adjust the ideal time step in the unsteady calculations according to
the Nyquist-Shannon sampling theorem [20],

ts =
1

fmax
, (12)

where fmax is the maximum frequency that is to be observed by the structural solver.
It should be pointed that a damped system displays divergent behavior for higher

airspeeds than an undamped system so the divergence speed will be underestimated.
The 3D beam finite element implementation implied a discretization of the wing in

spanwise sections, that matched those of the aerodynamic model to facilitate the FSI.
The wing geometric properties and aerodynamic forces are assessed on those sections.

The selected 3D beam element is based on the Euler-Bernoulli beam theory [21], and
combines the stiffness constants of a beam under the pure buckling condition [kb], a torsion
bar element under pure torsion [kt] and a truss element under pure axial loads [ka], given
as

[
kb
]

=
EIz
L3




12 6L −12 6L
6L 4L2 −6L 2L2

−12 −6L 12 −6L
6L 2L2 −6L 4L2




[
kt
]

=
GJ

L

[
1 −1
−1 1

] [
ka
]

=
AE

L

[
1 −1
−1 1

]
(13)

considering the nodal displacement vectors ub = {v1 θz1 v2 θz2}, ut = {θx1 θx2} and
ua = {u1 u2}, for a beam of length L, elastic modulus E, shear modulus G, cross-sectional
area A and cross-sectional torsion constant J ,

The representation of the 6-DOF beam element is made by the superimposition of a
beam element under bending condition, a torsional bar, and a truss element, as shown
in Fig.10. The global stiffness matrix [K] results from the assembly of the local beam
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Figure 10: 3D beam element [22]

stiffness matrices [ke], after transformed from the local reference frame to the global
reference frame.

To implement the dynamic structural response, a Newmark - β time integration scheme
was chosen [23] as, with careful selection of parameters, the method is implicit and un-
conditionally stable, and so the time step can be chosen freely. The time integration
procedure comprised six steps:

1. Define first acceleration estimation ẍi = M−1(F −K xi);

2. Define Newmark time integration parameters β = 0.5 , γ = 0.25 and time step ∆t;

3. Calculate integration constants: a0 = 1
β∆t2

, a1 = 1
β∆t

, a2 = 1
2β
− 1, a3 = ∆t(1 − γ)

and a4 = γ∆t;

4. Obtain effective stiffness matrix Keff = K + a0M ;

5. Define Reff matrix Ri+1
eff = F +M

(
a0x

i + a1ẋi + a2ẍi
)

;

6. Find displacement, velocity and acceleration values for next time-step: xi+1 =
K−1
effR

i+1
eff , ẍ

i+1 = a0 (xi+1 − xi)− a1ẋ
i − a2ẍ

i and ẋi+1 = ẋi + a3ẍ
i + a4ẍ

i+1.

3.3 Fluid-Structure Interaction

The interface between aerodynamic and structural solvers uses closely coupled approach,
that was made simpler by the fact that both solvers use a Lagrangian frame of reference.
The implemented interface model comprises four main steps:

1. Wing displacements are determined by the structural solver using the force and
moment field from the aerodynamic module at t = N ;

2. From the displacements and mass and stiffness matrices, the structure’s velocities
and accelerations are computed using the Newmark - β time integration scheme;

3. Using the structures dynamic behavior, the mesh is changed using one of four in-
terface algorithms (described next);

4. Finally, a 3D rigid body transformation is applied to the body to update the aero-
dynamic solver mesh for computations at t = N + 1.

The four interface algorithms include the Conventional Serial Staggered Algorithm
(CSS1), the Serial Staggered Algorithm with First Order Structural Predictor (CSS2),
the Serial Staggered Algorithm with Second Order Structural Predictor (CSS3) and an
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Algorithm Displacement calculation
CSS1 xn+1 = u(n)
CSS2 xn+1 = u(n) + ∆t v(n)
CSS3 xn+1 = u(n) + ∆t(1.5v(n)− 0.5v(n− 1))
CSS4 xn+1 = u(n) + ∆t

2
v(n)

Table 2: FSI algorithms for displacement estimation

Improved Serial Staggered Algorithm (CSS4). These estimate the new CFD mesh points
in different manners, as shown in Tab. 2:

The effect of these algorithms on flutter speed computation were studied using the
test wing geometry described in Sec. 3.1 and extruded polystyrene foam (E=23.92 MPa,
G=9.14 MPa, ρ=31.453 kg/m3). The corresponding predicted flutter speeds were 16.66 m/s,
17.35 m/s, 16.25 m/s and 18.14 m/s. Given the proximity of these values, the fact that
the Newmark-β time integration scheme does not provide very accurate velocities and
accelerations, and that CSS1 displayed the best aeroelastic behavior transition from a
non-flutter condition to a flutter condition, this was the preferred algorithm.

3.4 Framework Architecture

The aeroelastic framework was developed with three goals in mind: user-friendly to debug
and produce results; reusability to allow for modules to be easily exchanged or added; and
low maintenance to reduce the time required to check connections between modules. This
led to a modular framework with clearly separated aerodynamic and structural modules,
as schematically seen in Fig. 11. These included:

• steady aerodynamic module: defines initial aerodynamic mesh and starts aerody-
namic computations at t = 0;

• unsteady aerodynamic module: performs aerodynamic computations for any t > 0,

• structural module: defines structural mesh, computes mass and stiffness matrices,
and nodal forces;

• Newmark module: performs structural time integration from time t to t+ ∆t;

• Fluid-Structure Interaction module: couples the aerodynamic and structural mod-
ules and advances the aerodynamic mesh from t to t+ ∆t.

An analysis was made for the computing time for a case with 300 iterations, using a
computer with an Intel R© Core

TM
i7-2630QM with 8Gb of RAM, and the timings for each

module are listed in Tab. 3. Most of the computing time is spent on the fluid solver
module due to the calculation of the aerodynamic influence coefficients matrix, as each
panel must be compared to every other panel in the wing for each time iteration.
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Aeroelastic Framework

Outputs

Steady aerodynamic module

Inputs

Unsteady aerodynamic module

Structural module

Newmark module

Fluid structure interaction

Figure 11: Modular aeroelastic framework architecture

Module Time (s)

Fluid solver 1403.6
Structural solver and time integration 3.3
Fluid structure interaction 1.5
Other sources 0.9

Total 1409.3

Table 3: CPU time per aeroelastic framework module

4 NUMERICAL RESULTS

4.1 Problem Description

The objective is to perform numerical and experimental dynamic aeroelastic analyses on
a simple rectangular wing. To do so, a baseline wing with airfoil NACA 0015 made of
extruded polystyrene rigid foam is used, with properties shown in Tab.4.

Fluid and structural solver options

Time step 0.005 s
Total time 1.5 s

FSI algorithm CSS1
Structural subiterations 0

Material properties

Young’s modulus 23.92 MPa
Shear modulus 9.14 MPa

Material density 31.453 kg/m3

Wing geometric properties

Airfoil NACA 0015
Half span 0.75 m

Root chord 0.25 m
Taper ratio 1
Sweep angle 0◦

Dihedral angle 0◦

Angle of attack 4◦

Flight conditions

Freestream velocity 10.0 m/s
Altitude 0 m

Air density 1.225 kg/m3

Table 4: Baseline numerical wing test case parameters
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Before the aeroelastic analysis design was started, a modal analysis was performed,
using the aeroelastic framework developed using Eq.(11). The first 8 frequencies are shown
in Tab.5. With the definition of the wing natural vibration frequencies and considering

Mode Frequency (Hz) Mode Frequency (Hz)

1st flapwise bending 7.9 2nd torsion 176.8
2nd flapwise bending 48.4 1st chordwise bending 244.2
1st torsion 58.9 4th flapwise bending 248.0
3rd flapwise bending 132.2 5th flapwise bending 291.4

Table 5: Modes and natural frequencies of tested wing

that time step values lower than 0.005 s are not feasible to use due to program constraints,
the time step chosen is the lowest value possible. This time step allows to capture both
flapwise bending and torsion modes, which were shown to be the major components in
achieving divergent behavior.

4.2 Grid Convergence Study

A convergence study was conducted to assess the required number of chordwise nc and
spanwise ns points. The wing test case parameters are summarized in Tab.4.

The aerodynamic forces are the output parameters used in the convergence study since
they are the primary source of wing loading, in particular the lift component. To select
the most appropriate mesh for the aeroelastic analysis, the aerodynamic coefficients were
computed using four different meshes, and the results are shown in Tab.6.

Mesh nc× ns 20 × 10 40 × 20 64 × 30 100 × 40

CL 0.2947 0.3041 0.3075 0.3092
CD 0.0101 0.0060 0.0044 0.0032

Computing time 0.30 s 1.29 s 6.32 s 26.48 s

Table 6: Grid convergence test

While the number of chordwise points affects mainly the aerodynamic component,
the spanwise points also affect the structural module. As such, ns should not be lower
than 10 points. By checking the aerodynamic coefficients, there is a low variation of
the lift coefficient but coarser meshes grossly overestimates the induced drag. Another
important value is the computational time, as the value shown is for only one aerodynamic
iteration, but each numerical aeroelastic test performed is expected to require more than
300 iterations per freestream velocity. Therefore, the mesh that presents the best trade-off
between accuracy and computational cost is the 40×20 mesh.

Another study was conducted to assess the wing tip displacement variation with the
number of panels, resulting in the roughly the same conclusion about mesh size.
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4.3 Flutter Speed Estimation

Since most structural vibration phenomena can be characterized as a damped harmonic
motion, the damping ratio g was estimated to find the flutter speed, defined as the thresh-
old between dynamic stability and instability, that is, the transition from positive to
negative damping ratio [24].

The damping ratio ζ can be obtained from the logarithmic increment [12], defined as

δn =
1

n
ln

Xi

Xi+n

=
2πζ√
1− ζ2

. (14)

The damping ratio computed for a number of freestream velocities is shown in Fig.12(bottom)
using the parameters in Tab.4. In addition, a Fast-Fourier transform (FFT) is performed
on the corresponding wing tip displacement behavior to check the frequency evolution
with the increase in velocity, also shown in Fig.12(top).

Figure 12: f-U and U-g graphs for the baseline numerical case

The flutter speed, corresponding to the transition from a positive to a negative damping
ratio, occurs at U=16.66 m/s for the simulated wing. The null damping ratio is considered
the primary method to find the flutter speed but, by analyzing the frequency spectra, an
approximate estimation can also be found by checking when two separate frequencies
coalesce into a single value. As shown in Fig.12(top), vibration modes 2 (torsion) and 3
(bending) have the same frequency for a velocity of 17.35 m/s, implying that the wing is
experiencing divergent behavior.

4.4 Flutter Speed Index Comparison

The Flutter Speed Index [5] is defined as

Uf =
U∞

bωa
√
µ
, (15)
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where U∞ is the freestream velocity, b is the wing span, ωa is the first torsional mode
frequency and µ is the mass ratio of the wing [5]. The definition of the mass ratio of the
wing comes from stability theory [25], µ = m/1

2
ρairSc̄, where m is the wing mass, ρair is

the air density, S the aerodynamic wing area and c̄ the mean chord of the wing.
A comparison between the flutter speed index obtained for the numerical analysis and

an experimental test is shown in Fig. 14. The baseline wing corresponds to the one
simulated in Sec.4.3, while the reduced span wing has a half-span of 0.625 m.

(a) Baseline wing (b) Reduced span wing

Figure 13: Experimental wing models

Figure 14: Flutter Speed Index variation with freestream velocity

For both the experimental and the numerical cases, the flutter speed index remains
close between the two wings, despite having different span and torsional behavior.

The major difference occurs between the experimental and numerical results, that is
attributed to the difference in the first torsional mode observed, as all other parameters are
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equal. The disparities can be explained by the overestimation of aerodynamic forces and
the lack of damping in the numerical model, and by parasite vibrations of the experimental
wing mount model that contribute to the damping of the wing natural vibrations.

Also worth noting that, for the numerical case, no values of the flutter speed index are
computed on the baseline wing for a velocity greater than 17.35 m/s due to the presence
of highly divergent behavior of the wing, consistent with the expected post-flutter.

4.5 Flutter Speed Sensitivity to Wing Aspect Ratio

As the experimental testing showed, there is a significant change in the wing’s aeroelastic
behavior with aspect ratio, mainly due to the increase in wing rigidity. To further study
the variation of aeroelastic behavior, a parametric sensitivity analysis of the wing flutter
speed with respect to its aspect ratio was performed using the numerical model developed.

The wing defined in Tab.4 was used but letting the span vary so that the aspect ratio
(AR = b/c̄) ranged between 4 and 7.6. The numerical results obtained are shown in
Fig.15.

Figure 15: Flutter speed sensitivity to wing aspect ratio

As expected, there is an increase of the flutter speed with the decrease of the wing
aspect ratio, effectively doubling its value for aspect ratio values between 4 and 6, while
the evolution for values greater than 6 is lower, thus exhibiting a inversely quadratic
dependence with aspect ratio. Aspect ratios greater than 8 were not computed since the
developed numerical code still does not account for non-linear geometric or displacement
behaviors. The increase of flutter speed by decreasing the aspect ratio is mainly due to
the increase of the wing rigidity.

4.6 Static Aerodynamic Optimization

The first optimization problem pursued was a purely aerodynamic design problem for
maximum lift-to-drag ratio, with constraints in lift coefficient and wing area to assure that
the optimized wings produce the same lift as the baseline. The baseline wing geometry
and operating conditions were the same as in Tab.4.
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The numerical analyses were conducted with the static aerodynamic solver incorporated
in the aeroelastic framework, and the constrained optimization algorithm SQP in function
fmincon in MATLAB R© was used to solve the problem cast in the form

Maximize L/D
with respect to x
subject to S ≥ 0.375 m2

CL ≥ 0.3
1.3 ≤ b ≤ 1.7 m
0.25 m ≤ croot ≤ 0.4 m
λ ≥ 0.4
−5◦ ≤ θroot, θtip ≤ 5◦ ,

(16)

where the wing design variables vector x included the half span b/2, root chord croot,
taper ratio λ, root twist angle θroot and tip twist angle θtip.

Since only the static aerodynamic solver was used in the analysis, the finer mesh in
Tab.6 with 100 chordwise points and 40 spanwise points was used

The objective function, design parameters and corresponding bounds, and the con-
straints are shown in Tab.7, for both the baseline and optimized wing. The optimizer

Baseline Wing Optimized wing

Lift-to-drag ratio L/D 96.78 178.89

Half span b/2 0.75 m 0.85 m
Root chord croot 0.25 m 0.3162 m
Taper ratio λ 1.0 0.4
Root twist θroot 0◦ -0.9883◦

Tip twist θtip 0◦ 1.1472◦

Area S 0.375 m2 0.3762 m2

Mass m 0.1510 kg 0.1452 kg
Lift coefficient CL 0.3097 0.3006
Drag coefficient CD 0.0032 0.0017
Pitch coefficient CM -0.0738 -0.0782

Table 7: Static wing aerodynamic optimization

satisfied all constraints and, while there wing lift coefficient remained almost constant,
the drag coefficient decreased, thus leading to the desired increase in lift-to-drag ratio.
This resulted from an optimal wing taper ratio that led to an approximately elliptical lift
distribution, thus reducing the induced drag. The final wing shape is shown in Fig.16.

4.7 Static Structural Optimization

The second optimization problem consisted of the minimization of the wing mass, keeping
the same aerodynamic constraints and mesh as in Sec.4.6.
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Figure 16: Wing design for static aerodynamic optimization

The objective, design parameters and constraints are summarized in Tab.8.

Baseline wing Optimized wing

Mass m 0.1510 kg 0.1415 kg

Half span b/2 0.75 m 0.85 m
Root chord croot 0.25 m 0.25 m
Taper ratio λ 1.0 0.8
Root twist θroot 0◦ -0.1658◦

Tip twist θtip 0◦ -0.3749◦

Area S 0.375 m2 0.3826 m2

Lift coefficient CL 0.31 0.30
Lift-to-drag ratio L/D 96.78 142.49

Table 8: Static structural wing optimization

Since the final mass is marginally smaller than in the previous case, and considering
the difference in L/D, the wing from the aerodynamic optimization case is preferred over
this from a design perspective.

4.8 Flutter Speed Optimization

In this optimization problem, a function was defined to determine the freestream speed
for which the numerical aeroelastic solver achieves a divergent oscillatory solution, which
was identified as the flutter speed. Due to the added computational cost of the unsteady
analyses, the coarse mesh of 40× 20 panels presented in Sec.4.2 was used.

The constraints are mostly the same as stated in Sec.4.6, excluding the speed constraint
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that is not applicable. The wing flutter optimization problem can then be cast in the form

Maximize Uflutter
with respect to x
subject to CL ≥ 0.3

1.3 ≤ b ≤ 1.7 m
0.25 m ≤ croot ≤ 0.4 m
λ ≥ 0.4
−5◦ ≤ θroot, θtip ≤ 5◦ ,

(17)

The parameters of the optimal wing obtained are listed in Tab.9.

Baseline wing Optimized wing

Flutter speed Uflutter 16.66 m/s 28.56 m/s

Half span b/2 0.75 m 0.85 m
Root chord croot 0.25 m 0.4 m
Taper ratio λ 1.0 0.5848
Root twist θroot 0◦ 0◦

Tip twist θtip 0◦ 5◦

Area S 0.375 m2 0.3762 m2

Mass m 0.1510 kg 0.1452 kg
Lift coefficient CL 0.31 0.46

Table 9: Flutter speed optimization

The optimized wing achieved a large increase in flutter speed compared to the baseline
wing, while also maintaining a low mass and a greater base CL, in part due to the increase
in taper ratio and large wing tip twist.

5 CONCLUSIONS

A modular numerical aeroelastic framework was implemented in MATLAB R© to reduced
program complexity and facilitate future add-ons or replacements of existing modules.
The aerodynamic module was verified against open source software XFLR-5 and the
structural module accuracy compared to ANSYS R©.

The numerical framework was shown to be able to estimate the flutter speed both by
computing the damping ratio associated to the wing’s dynamic behavior and the structural
frequency spectra that results from this dynamic behavior.

The comparison of numerical and experimental data showed a discrepancy between
the measured frequency spectra for both cases, with the experimental results displaying a
higher rigidity comparing to numerical results. While this variation cannot be dismissed,
it can be seen as an extra safety margin since the numerical model underestimates the
wing flutter speed and thus experimental tests can be performed within safety limits.
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The effect of the wing aspect ratio on the flutter speed was studied, which showed
that the wing bending rigidity plays a crucial role on the aeroelastic instabilities and
further illustrating the major design challenge of increasing the aspect ratio to improve
the lift-to-drag ratio.

The optimization test cases served as another illustration of the aeroelastic framework
versatility and also verify the results that were well withing expectation for the static
aerodynamic and structural cases, and the dynamic aeroelastic final case.
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Abstract. Modern car design concepts should guarantee not only adequate dynamic
characteristics but also meet strict environmental and safety standards. Regarding the
later, some organizations and governments have defined regulations to include passive
and active protection systems in vehicles as an effort to further reduce the number of road
casualties. This work focused on the design of passive structures that maximize the vehicle
crashworthiness, thus protecting its occupants in case of collisions. The two cases most
common collision cases were considered, namely frontal impact and side impact, following
the Euro NCAP frontal full width and the side pole impact test protocols, respectively.
An optimal design process was adopted, based on the geometric parameterization of the
structure, finite-element analysis models and the use a multi-objective genetic algorithm to
find the best solutions. The solutions represent a trade-off between crash performance and
weight, all subjected to additional compliance constraints. For the frontal impact case, four
types of vehicles were analyzed. While for the lighter case a single primary structure was
developed to absorb the corresponding energy during the impact, for the heavier vehicles a
secondary structure was added. For the side impact case, several beam configurations were
tested, being selected a multi-thickness beam with a quadrangular misaligned cross-sectional
shape. The final geometries have proven to fulfill all the requirements, while still exhibiting
a good trade-off between weight increase and energy absorption during the impact. The
inclusion of a secondary structure for frontal impact proved to have satisfactory effects on
the overall behavior during the crash events. It was shown that this methodology led to
optimized beam configurations in an efficient matter, saving valuable engineering time in
the iterative process.
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1 INTRODUCTION

Car accidents represent one of the largest causes of human losses. In the last twenty years,
more than 800,000 people died on the roads of the European Union but thanks to a joint
effort of governments and organizations, the casualties has been steadily declining.

Statistically, front collisions are the most frequent and fatal type of crash [1], so it is
very important to design passive systems, such as airbags and front bumpers, to protect
the passengers in case of an accident. Another critical collision is the lateral side impact,
in particular with a pole due to the concentration of forces, that cause dangerous lateral
accelerations to the human body. The use of side beams embedded in the door structure
is usual to address this type of collision.

The crash structures need to be sufficiently robust to absorb as much energy as pos-
sible to protect effectively the occupants, while also designed for minimum weight not
to severely impact the vehicle performance. This is particularly challenging for electric
vehicles, whose chassis also stores highly flammable lithium batteries, and so any material
intrusion in the event of a crash can lead to an uncontrolled fire.

The energy absorption and deceleration of the structures in case of impact can be
predicted before the production phase using 3D modeling software and Finite Element
Analysis (FEA). Through crashworthiness principles, it is possible to fix errors in the
design stage, preventing their constly propagation to the production phase.

The present work focuses in the design of front and side crash structures of a modular
vehicle developed in CEiiA, as shown in Fig.1. The common platform developed, including

(a) top view (b) bottom view

Figure 1: Be 2.0 modular vehicle

chassis, power train, drive train and HVAC, led to the need of design effective absorptive
systems for four different vehicle typologies, referred as Micro Car, Sports Car, Be 2.0 and
Big Sedan, corresponding to gross weights of 1200, 1400, 1600 and 1800kg, respectively.

A procedure was developed to design the optimal structures, that fulfill the regulations
of the frontal full width impact and the side-pole impact assessments from Euro NCAP,
using a multi-objective optimization algorithm coupled with 3D dynamic modeling tools
using Finite Element Analysis, resulting in the most efficient structures, i.e, with the
highest energy absorption and lower deceleration during the impact.
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2 BACKGROUND

The main theoretical elements required to tackle the proposed problem are detailed in this
section, including the main regulations regarding frontal and side impacts, the crashwor-
thiness principles, thin-walled beams, material law, heat affected zones in the soldering
processes, the numerical discretization of the governing equations and the optimization
algorithm used in the design procedure.

2.1 Regulations

To ensure new vehicle safety, governments and organizations have developed multiple
programs around the world to regulate the minimum standards for certification. They
include crash tests to analyze the damage caused to passengers using dummies equipped
with accelerometers in several parts of the body.

The United Nations Economic Commission for Europe (UNECE), the European regu-
lator, created the European New Car Assessment Programme (Euro NCAP) to indepen-
dently evaluate the safety of cars.

For example, the tests described in Tab.1 are performed to evaluate the frontal collision
performance. Regarding the full width frontal impact, the three criteria used to rate the

Offset-deformable barrier Full width rigid barrier

Velocity 64 km/h 50 km/h
Offset 40 % -

Table 1: Euro NCAP frontal tests

vehicles about head protection in adults are the Head Injury Criteria (HIC),

HIC = (t2 − t1)
(

1

(t2 − t1)

∫ t2

t1

a dt

)2.5

, (1)

where t2 − t1 = 15 corresponds to the 15 milliseconds interval and a is equal to the
acceleration in g, the maximum peak acceleration (amax) and the mean acceleration during
3 milliseconds (a3ms). The values allowed to have maximum rating score are summarized
in Tab.2. These values should be taken as constraints when designing the crash structures.

Criteria Maximum Value

HIC15 700
Maximum peak acceleration 80 g

Mean acceleration during 3 msec 65 g

Table 2: NCAP head injury evaluation criteria

The side impact pole test is also extremely important since it simulates the lost of
vehicle control followed by impact sideways into rigid roadside objects such as trees or
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poles. For that, the vehicle is projected sideways against a rigid pole with a dummy
placed in the driver’s seat. Due to the localized impact, the pole intrusion in the car can
be high and can cause serious injuries to the driver. The impact must occur with the
pole (a circular metallic rigid structure with 354mm in diameter) with a target speed of
32km/h. The car must impact the pole in the Impact Reference Line, that results from
the intersection of the vehicle’s exterior surface and a vertical plane, constructed by the
passage through the head’s dummy center of gravity and the intersection at 75o with the
vehicle’s longitudinal centerline. The evaluation criteria also includes the head injury,
similarly to the frontal impact (Tab.2), but replaces the mean acceleration criterion with
the condition that no direct head contact with pole can occur.

2.2 Crashworthiness Principles

The main objective of an efficient crash structure is to absorb the maximum kinetic energy
without large peak accelerations.

The main parameters to evaluate crash performance are the energy absorption (EA),

EA =

∫ δ

0

F (x) dx , (2)

the average crush force (Fav),

Fav =
EA

δ
, (3)

the specific energy absorption (SEA),

SEA =
EA

M
, (4)

and the crushing efficiency force (CFE),

CFE =
Fav
Fmax

. (5)

The ideal crash structure should have a CFE close to unity, meaning the initial peak force
is close to the mean force during the crash event, such that the energy absorption will
be maximized. In contrast, a CFE close to zero represents not only a large initial large
deceleration, harmful for the vehicle passengers, but also a low energy absorption.

2.3 Thin Walled Beams

Thin walled beams have always been the preferred structures for crashworthiness for easily
converting kinetic energy into plastic deformation energy, allied with reduced mass [2].
The material absorbs the maximum energy when the plastic deformation occurs in a
folding mode because this type of crush leads to the total deformation of the beam.

Several works have been studied the effect of thickness, cross sectional shape, mechan-
ical triggers and tubes filled with different types of foams.

Crashing analysis and multi-objective optimization for thin-walled structures with func-
tionally graded thickness [3, 4, 5]. showed that variable thickness along the axial tube
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direction resulted in a better absorption of energy. Cross sectional shape, including quad-
rangular [6], circular [7] and hexagonal [8] shapes, is by far the most relevant and studied
parameter. Mechanical triggers have been proved to be a good design approach because
they lead to controlled axial crushing, maximizing the energy absorption [9]. The inclu-
sion of foams inside the beams leads to significant increments in energy absorption and a
decrease in the peak force [10].

2.4 Material Law

The material formulation used is the Johnson Cook Material Law that has proven to be
effective to model the material for the crash tests, where the material behavior is mostly
plastic with large deformations. It models isotropic materials in elastic-plastic regimes,
where a plastic behavior is only considered after the yield point. The stresses during the
plastic deformation can be described by

σ = (a+ bεpn)

(
1 + cln

ε̇

ε̇0

)(
1− T ∗m) , (6)

where σ is the flow stress, ε the plastic strain, a the yield Stress, b the hardening modulus,
n the hardening exponent, c the strain rate coefficient, ε̇ the strain rate, ε̇0 the reference
strain rate and T ∗ the temperature exponent.

Several aluminum alloys can be modeled as strain rate insensitive [11] and, since room
temperature (298 K) is assumed, temperature effects can also be neglected.

2.5 Heat Affected Zones

The Heat Affected Zones (HAZ) have special importance when parts of a structure are
welded. In those joints, the material melting degrades its mechanical properties, leading
to reduced yield stresses and brittleness. For several aluminum 5xxx and 6xxx series
alloys, the reduction can be from 30% to 50%, so these must be taken into account [12].

2.6 Finite Elements Analysis

The finite element method (FEM) became the main analysis tool in the field of structural
engineering, providing reliable results at reasonable processing time.

Since most of the crash simulation is in the plastic regime, well beyond the mate-
rial yield point, with large deformations, non-linear analyses are performed. The time-
marching scheme in the dynamic analyses uses an explicit formulation, for reduced com-
putational effort, shown to be efficient in cases with many contacts and elements.

The FEM software used in the simulation of the crash structure wasAltair R©RADIOSS,
a leading structural analysis solver for highly non-linear problems under dynamic loads.
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2.7 Multi-objective Optimization Algorithms

In the case of optimization in crashworthiness area, the goal is to maximize the SEA and
the CFE simultaneously, while satisfying the design requirements. As such, a constrained
multi-objective optimization algorithm is used, to solve the problem cast in the form

Minimize fm(x) , m = 1, . . . ,M ,
with respect to x , i = 1, 2, . . . , n ,
subject to gj(x) ≥ 0 , j = 1, . . . , J ,

hk(x) = 0 , k = 1, . . . , K ,
xLi ≤ xi ≤ xUi ,

(7)

where x is the set of design variables, f corresponds to the objective functions to be
minimized (or maximized), g and h are the inequality and equality constraints, and xLi
and xUi are the design variables upper and lower bounds.

The non-dominant optimal solutions constitute the Pareto front, representing the best
compromise between the competing objectives. Among these optimal solutions, the de-
signer can select one based on additional external trade-off criteria [13].

The Non-Sorting Genetic Algorithm (NSGA II) implemented by the function gamultiobj
in MATLAB R© was selected to handle the multi-objective optimization problem, to easily
handle the mix of discrete and continuous design variables.

3 IMPLEMENTATION

The considerations regarding material selection, geometric parametrization, FEM setup
and mesh convergence, heat affected zone inclusion and optimization procedure are briefly
described next.

3.1 Material Selection

The material selection for a crash structure takes into account its capability to absorb
energy, durability and ease of fabrication. Thus, it was concluded that the best choice to
achieve these goals is aluminum. Besides being corrosion resistant, aluminum extrusions
allow to produce almost any cross section [14]. Among the most common used alloys in
automotive industry, the 6xxx alloys are more easily extruded than 7xxx. The main char-
acteristics such as Yield Strength (YS), Ultimate Tensile Strength (UTS) and Elongation
at break (A) are given in Tab.3, as well as the corresponding values for HAZ.

The 6060 T64 and 6061 T4 alloys have a lower yield strength but a higher ductility,
while the 6161 T6 and 6082 T6 alloys have the inverse characteristics. These choices were
made to provide a wide range of Pareto optimal solutions.

3.2 Geometric Parametrization

The geometry of the structures were parametrized, for an easy change during analysis
and optimization, as illustrated in Fig.2 for the front structure. The parameters include
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Material
YS

(MPa)
UTS

(MPa)
A %

YS - HAZ
(MPa)

UTS - HAZ
(MPa)

6060 T64 120 180 12 60 100
6061 T4 110 180 15 95 150
6061 T6 240 260 8 115 175
6082 T6 250 290 8 125 185

Table 3: Selected aluminum alloys

thickness t, total length tl, total width tw, bumper height bh, crash box side length
lc, bumper radius rb, bumper width lb, distance between crash boxes dcb and distance
between structures d.

Figure 2: Parametrized geometry for both front structures

3.3 Setup of Altair R© HyperMesh

Altair R© HyperMesh was used to create the mesh, thicknesses, boundary conditions
and FEM solver specific inputs. It was automatically controlled with a Tcl macro that
included all instructions and definitions that set the specific inputs to the solver.

To evaluate the effects of different time steps and mesh sizes, a grid convergence study
was performed, yielding an 8mm grid size mesh as the best compromise regarding simu-
lation time, force–displacement curve and deformation patterns accuracy.

3.4 HAZ Evaluation

The weld zones were evaluated regarding heat effects on the overall performance of the
structure. Using FEM, the elements in the junction between the crash box and the bumper
were selected to define the HAZ properties. Figure 3 shows the evaluated structure and
the selected elements.
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Figure 3: Bumper with the Heat Affected Zone (blue) and unchanged properties (yellow)

The crash test used was a frontal collision against a rigid wall with an imposed mass
of 600kg and initial velocity of 13.8m/s. The thickness was set as constant, 6061 T6
aluminum selected and the geometry was defined with t=3.5mm, lc=90mm, tl=250mm,
tw=1250mm, rb=9000mm and dcb=650mm. The resulting force–displacement curves for
both non-HAZ and HAZ structures curves are presented in Fig.4.

Figure 4: Effect of HAZ in force–displacement curve

A reduction of the maximum peak force in the structure with the HAZ modeled is clear,
mainly due to the yield stress reduction, causing the structure to deform in this zone with
a lower applied force. Thus, the HAZ revealed a significant impact in the results, making
its inclusion necessary in the subsequent simulations.

3.5 Optimization Procedure

The optimization process for both structures includes several steps, from the creation of
geometry to the analysis of final results by the developed script. The flowchart of the
MATLAB R© script that controls all operations is illustrated in Fig.5.

To execute the different software, the dos function from MATLAB R© was used to pass
the arguments to the windows command line to run the applications.

In Step 1, a CATIATM macro is run with updated geometric parameters and the
geometry exported. Then in Step 2, HyperMesh R© is executed and the resulting mesh
exported to RADIOSS R©, that then computes and exports the solution. In Step 3, the
post-processing is done by HyperGraph R©, outputting the results in comma-separated-
value format that are then analyzed by the MATLAB R© script. Finally in Step 4, the
gamultiobj algorithm evaluates the objective functions and constraints from each simu-
lation. The cycle is repeated until convergence, yielding the optimal Pareto front.
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Figure 5: MATLAB R© script flowchart

4 OPTIMAL DESIGN OF FRONT STRUCTURE

The optimizations were made always with the purpose to comply with the Euro NCAP
regulations, which dictated an initial velocity of 13.8m/s in frontal impact simulations.

It was assumed that 50% of the total kinetic energy had to be absorbed by the front
structures [15]. Four different vehicle were considered, each with a gross weight of 1200kg
(Micro Car), 1400kg (Sports Car), 1600kg (Be 2.0) and 1800kg (Big Sedan), therefore,
half their corresponding weight was imposed in the simulations. The halved weight and
the initial velocity thus defined the kinetic energy to be absorbed by the structure.
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For the primary front structure, corresponding to the geometry to be implemented in
the Micro Car, only the values of t, tl and lc were considered for optimization. The fixed
values for the other parameters are summarized in Tab.4.

Parameter rb lb bh dcb tw
Size (mm) 9000 25 100 650 1250

Table 4: Fixed parameters for primary front structure

To optimize the secondary front structures, the values of t, lc tl rb bh and lb were
considered design variables. The fixed values of dcb and tw were the same as the primary
structure. The value of d was set as 400mm.

Only simple shapes were chosen to minimize manufacturing cost. The shapes and
corresponding parameter size lc are represented in Fig.6, where S, C and H designate the
quadrangular, circular and hexagonal shapes, respectively.

Figure 6: Crash box shapes for optimization

Nonlinear constraints were set in accordance with the Euro NCAP regulations in Tab.2,



HIC15 − 700 ≤ 0
amax − 80 ≤ 0
a3ms − 65 ≤ 0

. (8)

To find the best design for the structures, 12 optimizations for each vehicle were per-
formed corresponding to the combination of three cross shapes shown in Fig.6 and the
four materials in Tab.3.

4.1 Primary front structure

The resulting Pareto sets in Fig.7 represent the junction between the simulations for each
crash box with the same material for the case of the Micro Car. The same procedure
was used to select the optimized structures in the other cases. The plots are organized
by material: red for 6060 T64, blue for 6061 T4, green for 6061 T6 and magenta for 6082
T6; and cross shape symbols: quadrangular �, circular • and hexagonal 7.

Four optimal solutions were selected from the overall Pareto front, as identified in Fig.7,
corresponding to the geometry and material summarized in Tab.5.

The resultant force–displacement curves during impact of the selected optimal solutions
are presented in Fig.8. All curves have the same pattern and the maximum displacements
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Figure 7: Final solutions for the primary front structure

Solution CFE
SEA

(J/kg)
Mass
(kg)

HIC15
a3ms
(g)

amax
(g)

δ
(mm)

Cross
shape

Material
t

(mm)
lc

(mm)
tl

(mm)

1 0.447 13930 4.105 220.7 53.4 61.2 261.1 H 6082 T6 3.7 30.1 318.7
2 0.452 13190 4.379 233.2 57. 60.4 259.4 C 6161 T6 3.6 79.7 306.3
3 0.483 12286 4.664 232.8 55.9 56.4 248.6 H 6161 T6 4.2 29.6 318.3
4 0.496 10574 5.424 166.9 48.7 53.8 258.6 H 6060 T64 4.0 54.7 319.3

Table 5: Selected Pareto front solutions for primary front structure

Figure 8: Force–displacement curves for selected optimal primary front structures

are almost equal. However, solution 1 has the smaller mass, result of a lower thickness,
that makes it deform more easily, avoiding damage to the structures behind the bumper
in case of low-speed impact. This preferred solution is represented in Fig.9.

4.2 Secondary front structure

To optimize the secondary structure, every simulation was performed including the same
primary structure for every vehicle and an identical procedure to Sec.4.1 was followed.
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(a) before impact (b) after impact

Figure 9: Preferred optimal primary front structure in full width frontal impact

Again, the three different cross shapes given in Fig.6 and the four materials were
combined and the best solutions were chosen, by analysing the values of the mass, HIC,
a3ms, amax and δ, being their respective values summarized in Tab.6.

Vehicle CFE
SEA

(J/kg)
Mass
(kg)

HIC15
a3ms
(g)

amax
(g)

δ
(mm)

Material Shape
t

(mm)
lc

(mm)
tl

(mm)
rb

mm)
bh

(mm)
lb

(mm)

Sports Car 0.495 9945 6.728 245.7 54.0 55.2 239.3 6061 T6 H 2.0 30.1 283.4 4747 56.2 20.6
Be 2.0 0.485 10581 7.221 264.0 55.9 56.6 253.5 6082 T6 H 2.0 41.1 271.9 5608 59.5 23.0

Big Sedan 0.520 11398 7.545 188.0 48.2 52.5 247.9 6082 T6 H 2.4 43.9 304.4 4627 56.5 24.4

Table 6: Selected optimal solution for secondary front structure

4.3 Pareto Optimal Solutions

The performance of the optimally designed structures can be compared for each vehicle
typology by analyzing the data summarized in Tab.7. It is possible to compare the energy

Vehicle Primary struct. Secondary struct. Total

Fmax amax Mass (kg) EA (J) Fmax amax Mass (kg) EA (J) Fmax amax Mass (kg) ∆mass EA (J) ∆EA

Micro Car 362.1 61.1 4.105 56979
Sports Car 352.3 50.9 4.105 52113 134.4 19.4 2.623 15390 381.6 55.1 6.728 67502

Be 2.0 348.7 44.1 4.105 54604 180.2 22.8 3.116 22463 457.0 57.8 7.221 +7.3 % 77071 +14.2 %
Big Sedan 351.6 39.5 4.105 52800 212.9 23.9 3.440 33808 555.0 62.4 7.545 +12.1 % 86607 +28.3 %

Table 7: Optimized front structures

absorption (EA) as well as the maximum peak force and the mass for each frontal crash
management system. The difference columns of energy absorption and mass represented
are relative to the Sports Car solution.

A better perception about the behavior of the structures is given in Fig.10 where the
differences between the energy absorption and the peak force for each case are illustrated.

Analyzing Tab.7 and Fig.10, it is possible to conclude that the primary structure
absorbs almost the same energy in the different crash tests. This comes from the fact
that the selected optimal frontal primary geometry is not oversized for the condition
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Figure 10: Energy absorption comparison for frontal crash structure

established in the 600kg test (Micro Car). Thus, the structure is totally deformed in the
tests with heavier vehicles, absorbing the kinetic energy that are supposed to.

In addition, the maximum peak force is not directly related with the vehicle’s mass
neither with the sum of the peaks from the primary and secondary structure. This peak
force is of utmost importance in the next vehicle design phase, where the structures that
support the crash management systems will have to be designed to carry these loads or,
in extreme cases, to deform after the entire crush of the absorbing structures to absorb
additional energy.

Looking at the increase of 7.3% and 12.1% in mass of the Be 2.0 and Big Sedan relative
to the Sports Car, the absorbed energy increased 14.2% and 28.3%, respectively, showing
a good crash performance gain.

The final optimized front structures are shown in Figs.11, 12 and 13, where the primary
structure is colored dark grey and the secondary structure in light grey.

(a) before impact (b) after impact

Figure 11: Optimal Sports Car front structures in full width frontal impact

Analyzing the figures, it is noticeable the increase of robustness of the structure from
the lighter to the heavier vehicle, as a result the additional kinetic energy that has to be
absorbed in the impact.

The primary and secondary front structures have proven to be effective in the ve-
hicle protection, overcoming the imposed constraints from the Euro NCAP regulations
regarding full width frontal impact.
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(a) before impact (b) after impact

Figure 12: Optimized Be 2.0 front structures in full width frontal impact

(a) before impact (b) after impact

Figure 13: Optimized Big Sedan front structures in full width frontal impact

4.4 Computational Cost Assessment

The numerical solutions required a large computational effort due to the required relatively
small mesh size (8mm) and nodal time step used in the explicit time-integration scheme
(0.0004ms). Table 8 shows the CPU time spent for each optimization case, where two
average computer workstations were used. The required total CPU time of nearly 80 days
was found acceptable with the usage of parallel computing.

Vehicle
Simulation time

(min.)
Number of
simulations

Total time
(min.)

Mini Car 15 828 12420
Sports Car 27 1272 34344

Be 2.0 27 1295 34965
Big Sedan 27 1235 33345

Table 8: Simulation time for each optimization

5 OPTIMAL DESIGN OF SIDE STRUCTURE

5.1 Project Requirements

The design of the side beam for the Be2.0 chassis has to meet dimensional, structural,
crashworthiness, material and fabrication requirements, applied to the project by CEiiA.
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The dimensional requirements are related with the batteries and overall car size. The
beam must be 140mm in height, 130mm in width, and 1660mm (supported at 1600mm)
in length.

The structural requirements are related with rigidity and stress: maximum deflection
of beam in vertical direction of the beam less than or equal to 1mm while bearing a load
of 600kg uniformly distributed and doubly supported at its tips in static and dynamic
situation; and maximum torsional deflection less or equal to 0.04rad while bearing a torque
of 355.5Nm at its tip in static and dynamic situation.

The crashworthiness requirements are the most rigorous and difficult to overcome be-
cause the test applied to the beam must be as close as possible to the Euro NCAP side
impact pole test. The maximum acceleration, maximum HIC15, velocity and pole dimen-
sions must be equal to this test. The structure has to withstand the impact with 800kg
and must ensure that the intrusion of the beam towards the interior of vehicle be less
than 150mm. To perform a more demanding test than the Euro NCAP pole test on the
analyzed values, in this test, the vehicle’s motion forms an angle of 90o with the vehicle’s
longitudinal centerline.

Finally, the beam must be made of aluminum and manufactured by extrusion.
These requirements were either imposed in the beam definition parameters or consid-

ered as nonlinear constraints in the optimization algorithm.

5.2 Pareto Optimal Solutions

The design of the side impact thin-walled beam included three possible cross section
topologies, as illustrated in Fig.14, that differed in the internal walls. Combined with

(a) rectangular (b) aligned quadrangular (c) misaligned quadrangular

Figure 14: Side beam cross-sections

different strategies in terms of internal cell widths, resulted in a total of five optimization
cases: 1) rectangular shape, 2) aligned quadrangular shape, 3) misaligned quadrangular
shape, 4) aligned quadrangular shape with thicker first cell walls, 5) misaligned quadran-
gular shape with thicker first cell walls.

In case 1, only the beam wall thickness and sectional width were optimized. As ex-
pected, the wider beam yielded greater displacement with smaller pole intrusion, so the
maximum alowed beam width of 130mm was set fixed in the following cases. This case
also showed that the intrusion constraint was the most critical in the optimization. As
illustrated in Fig.15 in black, the CFE increase is only achieved by increasing the mass,
proving the trade-off between these two objective functions. On one hand, the lightest
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beam had a mass of 16.54kg but a very mediocre crash performance. On the other hand,
the beam with the best crash performance had a CFE of 0.464 but with a mass increase
of 57.9%. The optimal solutions obtained, though satisfying all constraints, presented a
mediocre crash performance.

Figure 15: Pareto fronts of the five side beam topologies

From case 1 onwards, all optimizations were performed following the strategy that a
larger beam deformation lead to a higher energy absorption in a lower displacement, thus
with less intrusion. Also, only integer variables were allowed to optimize the number of
internal cells and reduce the search area. The design variables included the number of
closed cells in height nh, the number of closed cells in width nw, and the thickness t1 of
the walls (two different parameters t1 and t2 in cases 4 and 5).

The implemented strategy was a success in case 2, the quadrangular shaped beam led
to an overall increase of CFE, with the solutions from case 2 dominating those of case
1, as seen in Fig.15 in blue. However, the improvement obtained was still not sufficient
since the Pareto front solutions still present a high maximum peak force: the best crash
performance design had a CFE of just 0.456.

Case 3 used the strategy of having a quadrangular shape beam with the squares mis-
aligned half their size that aimed at reducing the maximum peak force and increasing
the deformation in the beam width region. The Pareto solutions are in Fig.15 in green.
It yielded the lightest beam (15.75kg) that could satisfy all constraints with a CFE of
0.497, better than in any design in case 2. Also, the design with best CFE (0.619) as also
obtained, for a mass of 17.48kg. Thus, compared to the lightest beam, a mass increase of
11% led to an improvement of CFE by 25%.

Cases 4 and 5 considered the thickness of the first section cell different from the rest of
the cells. The rationale was to place thinner cells in contact with the pole to deform this
region more easily and, consequently, reduce the initial peak force. The larger thickness
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is placed in the first beam width division to increase the force after the peak, in an effort
to increase the CFE. This larger thickness division acts as a barrier to intrusion and gives
sufficient stiffness in the static test.

Case 4, used that multiple thickness strategy applied to the aligned quadrangular cross-
section. As seen in Fig.15 in red, there was an improvement in CFE relative to the same
beam without this applied strategy (case 2), ut the improvement was always followed by
a mass increase. The lighter solution found in this optimization is in fact dominated by
a case 2 design.

In case 5, the same multiple thickness strategy was applied to the misaligned quadran-
gular shape beam. The solutions shown in Fig.15 in yellow exhibit the same behavior as
those in case 4, that is, The crash performance gains come at the cost of increased mass
relative to case 3 designs.

Comparing the Pareto fronts of cases 2 and 3 and of cases 4 and 5, the beams with the
misaligned quandrangular shape dominate almost all aligned quandrangular shape ones.
In addition, comparing cases 2 and 4 and cases 3 and 5, the strategy of forcing the first
beam width division to be thicker led to a substantial improvement in crash performance,
despite at a cost of yielding heavier structures.

The non-dominated individuals numbered in Fig.15 from 1 to 7 constitute the global
Pareto front. Their performance metrics are summarized in Tab.9. Beam designs 1 and 7

Design CFE
Mass
(kg)

HIC15
amax
(g)

δ
(mm)

Cross
shape

nh nw
t1

(mm)
t2

(mm)

1 0.497 15.75 47.00 37.21 145.71 c3 2 4 3 n/a
2 0.519 16.60 52.74 38.50 140.55 c3 4 7 2 n/a
3 0.548 17.38 50.68 37.05 148.92 c5 3 3 3 4
4 0.619 17.48 49.55 37.73 135.65 c3 2 5 3 n/a
5 0.644 17.75 37.86 28.97 142.47 c5 2 6 2 5
6 0.661 18.55 38.18 28.08 147.85 c4 3 4 2 6
7 0.784 18.75 35.14 22.63 149.58 c5 2 2 2 7

Table 9: Global Pareto front solutions for side structure

represent the lightest beam and the highest CFE, respectively, and the designs in between
trade-off solutions. Although design 2 is 6.5% lighter than design 4, the later has a higher
CFE of about 19%. Compared to design 3, design 4 presents a CFE about 11.5% higher
for almost the same mass. The intrusion δ in design 4 is also less intrusive than those
of designs 2 and 3, thus prevailing among the three. Comparing design 5 with design 6,
the later presents an improvement in CFE of 2.6%, but at the cost of an additional 4.5%
mass. Also, design 5 is less intrusive than design 6.

As such, designs 4 and 5 exhibit the most advantages. However, since design 5 presents
an increase of about 4% in CFE with just 1.5% mass increase, together with 23% smaller
maximum acceleration, it is the preferred one.
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As seen in Tab.9, the preferred design is a quadrangular shape (case 5) beam with the
squares misaligned and with the strategy of forcing the first width division to be thicker
than the rest of the beam. It is formed by 2 cell divisions in height, 6 cell divisions in
width, 2mm for thickness 1 and 5 mm for thickness 2.

In Fig.16, the curve force–displacement for the preferred side beam is represented with
the maximum and average force levels highlighted. The observed proximity between the
two forces levels are the result of crashworthiness optimality, that is, a reduced peak force
and an extended area below the curve.

Figure 16: Force–displacement curve of the selected side beam

Figure 17 shows the result of the side impact pole test for the selected side beam,
evidencing the differences between before and after crash.

(a) Before impact (b) After impact

Figure 17: Side impact pole test simulation for the selected optimal side beam
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6 CONCLUSIONS

The developed optimization process made possible to optimize different crash management
systems to protect the occupants for the cases of frontal and side impacts.

The process using a MATLAB script to implement the multi-objective genetic algo-
rithm NSGA II optimization algorithm has proven to be a great approach to obtain the
desired solutions. Beside, all solutions fulfills the Euro NCAP regulations regarding the
full width frontal impact and side pole impact protocols.

For the front crash structure, four different vehicle types were considered. The primary
front structure revealed the desired behavior in all tests, protecting effectively the vehicle
with lower mass. The optimized secondary front structure to complement the primary
structure in the heavier vehicles exhibited a good trade-off between mass increase and
energy absorption capability. The primary structure absorbed almost the same amount
of energy in all tests, being the secondary structure responsible to absorb the additional
energy from the higher vehicle mass. The Pareto front designs were mainly made with
6061 T6 and 6082 T6 alloys, since the yield strength is the most important mechanical
property in crashworthiness.

As for the side beam design, also trading-off pole crash performance and structural
weight, also subject to specific nonlinear constraints (HIC15, acceleration, intrusion, tor-
sional deflection, displacement in vertical direction and Von Mises equivalent stress),
resulted in a set of Pareto optimal designs, from which it was possible to select the best
engineering solution. Several beam cross-sections and strategies were used, but the quad-
rangular shape beams, with closed cells misaligned and first width division thicker than
the remaining proved to be the best.

The design methodology developed can be applicable to any type of chassis, be it
smaller or larger cars, mini buses or cargo vehicles, since the numerical tools are powerful
and flexible enough to easily redesign crash beams for any other applications, with different
geometric parameterization, objective functions and constraints.
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Abstract  
  

New sequences of orthogonal polynomials with ultra-exponential weight functions are 

discovered. In particular, it gives an explicit solution to the Ditkin-Prudnikov problem 

(1966). The 3-term recurrence relations, explicit representations, generating functions 

and Rodrigues-type formulae are derived. The method is based on differential properties 

of the involved special functions and their representations in terms of the Mellin-Barnes 

and Laplace integrals. A notion of the composition polynomial orthogonality is 

introduced. The corresponding advantages of this orthogonality to discover new 

sequences of polynomials and their relations to the corresponding multiple orthogonal 

polynomial ensembles are shown. 
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Abstract

Orthogonal polynomials satisfy a recurrence relation of order two where appear
two coefficients. If we modify one of these coefficients at a certain order, we ob-
tain a perturbed orthogonal sequence. In this work we consider, in this way, some
perturbed of Chebyshev polynomials of second kind for arbitrary order of pertur-
bation. These families are of second degree and semi-classical [1, 2]. Considering
the associated Jacobi matrices, we derive the Hadamard-Gershgörin location for the
set of zeros of these polynomials [3]. From the connection relations that express
the perturbed sequence in terms of the canonical basis [4], we deduce some results
about zeros at the origin [3]. From the connection relations that allow to write the
perturbed sequence in terms of the original one [4], we obtain a location of extremal
zeros of perturbed Chebyshev polynomials with respect to extremal zeros of Cheby-
shev polynomials [3, 4]. Using other relations, we derive some results about fixed
points that do not depend on perturbation [3]. This work is illustrated by graphical
representations and demonstrations done with Mathematicar.

Key words: Perturbed orthogonal polynomials; Chebyshev polynomials; Jacobi matri-
ces; connection coefficients; zeros; fixed points; symbolic computations.
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Abstract In the paper, recently developed approach for stable evaluation of the Gaussian 
kernel is used to obtain an alternate basis for the approximation of a boundary value 
problem with interfaces. The conventional methods with Gaussian kernel or other radial 
basis functions (RBFs) lead to highly ill-conditioned system matrices that are difficult to 
solve with acceptable accuracy. Therefore, to overcome the drawback some approaches 
have been developed. Most of them are based on the estimation of a proper value of a 
constant (shape parameter) included in RBFs, giving a trade-off between the stability and 
the accuracy. The approach used in the present paper is based on the approximation of the 
Gaussian RBF, according to Mercer’s theorem, by a series composed of eigenvalues and 
eigenfunctions from the associated Hilbert-Schmidt eigenvalue problem. As the result, the 
stable basis spanned over the same space is obtained. In the present paper this basis is used 
to build the sought solution of a boundary-value problem possessing weak discontinuity at 
the interface. The problem is discretized using the collocation technique associated with 
the so-called subdomain approach. The latter divides the whole domain into subdomains, 
in which the problem is continuous and uses proper continuity conditions. Finally the 
problem can be accurately and stably solved. In the paper some benchmark problems are 
studied showing the usefulness, high accuracy and computational stability of the method. 
Another advantage of the method is the fact that the approximate solution is obtained in the 
form of analytic function.        

       
 
 
 

  

85



Artur Krowiak1*and Jordan Podgórski1 

1. INTRODUCTION 

Many collocation meshless methods take advantage of the radial basis functions (RBFs) to 
approximate the sought solution of a differential equation to be solved. The RBFs are a special 
kind of more general type of functions called the kernels. It was found that the RBFs have very 
nice features in the context of scattered data approximation [1]-[4]. Moreover, they can be 
conveniently used in multidimensional problems. Therefore the meshless methods based on the 
RBFs have attracted researchers’ attention for recent years in many areas of science [5]-[7].            
In most papers (e.g. [8]) devoted to the methods based on the global RBFs is pointed out that 
these methods are able to yield high accuracy, in some cases exponential one, but this accuracy 
is achievable for near flat RBFs. The flatness of these functions is controlled by a constant 
called the shape parameter. Unfortunately, the values of this parameter that theoretically should 
lead to high accuracy make the system matrix ill-conditioned and the problem difficult to solve. 
Several approaches to overcome this drawback by appropriate estimation of this value have 
been developed [9]-[11]. All of them are a kind of a trade-off between accuracy and stability. 
Other approaches try to overcome this inconvenience by searching for a new basis spanned over 
the space created by the RBFs. In [12][13] the new basis is obtained by QR or SVD factorization 
of kernel matrix. In [14] another interesting approach is presented. It differs from the mentioned 
ones by the fact that the kernel matrix, which is prone to be ill-conditioned, is not formed. In 
order to obtain the stable basis appropriate factorization of the kernel matrix is done on the base 
of its approximation following from Mercer’s theorem. This approach have been successfully 
used in some approximation problems as well as in solving differential equations [15][16].  
This approach is also employed in the present paper. The obtained basis is used to form the 
interpolation function for the sought solution of a differential equation with discontinuous 
coefficients. Similarly as in Kansa’s method [3] the collocation procedure is used to discretize 
the differential problem. To handle the discontinuity on the interface the domain is divided into 
subdomains, in which the problem is continuous and can be conventionally discretized. Proper 
continuity conditions are applied on the interface to obtain the accurate solution.  
The paper is organized as follows: in section 2 the stable evaluation of the Gaussian kernel is 
presented and used for derivation of the stable basis, in section 3 the treatment of a discontinuity 
is explained and details of the discretization are presented. Numerical tests are shown in section 
4 and finally in section 5 some concluding remarks are drown.         

2. STABLE EVALUATION OF GAUSSIAN KERNELS 

According to Mercer’s theorem every positive definite kernel : , dK     can be 

represented by infinite series composed of eigenvalues n  and eigenfunctions n of 

associated Hilbert-Schmidt eigenvalue problem [14]. This representation can be put as 
follows 
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   x z x z   (1) 

 

Since the Gaussian RBF 
22

e x z is a positive definite kernel it can be presented in such a 
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way.  Generally, if one operates d-dimensional spaces, d-dimensional eigenvalues and 
eigenfunctions for Gaussian kernel follow immediately from the univariate ones via tensor 
product form of this kernel. In most common one- or two-dimensional cases ( or 

2 ) Eq. (1) for Gaussian kernel takes the form   
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where 1 2( , )Tx xx , 1 2( , )Tz zz . The eigenvalues and eigenfunctions from Eq. (2)-(3) assume 
the following form 
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where Hn is Hermite polynomial of degree n, and  
 

  
1

2 24
2 2

1

2
1 , , 1

2 ( ) 2n n n

                  
  (6) 

 

are constants including: ε – the shape parameter of the Gaussian function, α – a parameter, 
which parametrizes the weight function in the Hilbert-Schmidt integral operator and the 
associated inner product.    

2.1. Derivation of the stable basis 

Let us assume that we have a set of data   1
( , )

N

i i i
y


x , with d

i  x  , iy  . To solve the 

interpolation problem for this data we can form the interpolant using a data dependent basis 
obtained by the kernel  1( , ),..., ( , )NK K x x . The use of such a basis gives many benefits, 

especially for the interpolation of multivariable function, what follows from the Mairhuber-
Curtis theorem [2][4]. The interpolant takes the form  
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N
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j
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and the coefficients cj are obtained solving the system 
 

 K c y   (8) 
 

where K is so-called kernel matrix of the following form  
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For the Gaussian kernel as well as other RBF kernels that contain the shape parameter, to 
accurately solve the interpolation problem the parameter has to be appropriately adjusted. It 
makes the kernel matrix highly ill-conditioned and its inversion, needed for computing vector 
c from Eq. (8), difficult to obtain with acceptable accuracy. 
To overcome the drawback, the kernel is replaced by Mercer’s series, Eq. (1)-(3). Assuming 
that we use the truncated series with the number of terms matching the number of nodes N, the 
approximation of the kernel takes the form 
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With this assumption the base vector from Eq. (7) can be put as  
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and the kernel matrix takes the form 
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It is worth to recall that if dx   the eigenvalues and eigenfunctions contained in the above 
equations are easily obtained from the univariate ones by appropriate multiplication, as it is 
suggested by Eq. (3). The details can be found in [14].   
Now, the interpolant given by Eq. (7) can be presented with the aid of Eqs. (8), (11) and (12) 
in the following form 
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In Eq. (13) 1( )T  x Φ are the cardinal basis functions. From another point of view, the 
interpolant (13) can be put as  
 

 ( ) ( )Ts  x x b   (14) 
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where 1b Φ y . In this notation the vector of eigenfunctions is the vector of the base functions.  
As it is pointed out in [14], the ill-conditioning of the kernel matrix is associated with the 
eigenvalues, i.e. with matrix . Now this ill-conditioning is algebraically removed when 
forming the interpolant (see Eq. (13)). In the view of Eq. (14) the vector of eigenfunctions can 
be considered as a vector of the stable basis for the kernel-based interpolation. 
A limitation of the proposed approach is the fact that for multidimensional domains it works on 
a grid being the result of the Cartesian product since the eigenfunctions are obtained in such a 
way.    

3. TREATMENT OF THE INTERFACE PROBLEMS 

Let us consider a boundary-value problem of the following form 
 

 in , onLu f Bu g      (15) 
 

where L and B denote linear differential operators imposed on the sought function u in the 
domain Ω and on the boundary , respectively and f, g are known functions. 
Let us assume that L possesses discontinuous coefficients and that the domain of this 
heterogeneous problem can be divided into several subdomains, in the way that in each of 
them the problem is homogeneous. Without loss of generality we assume two such 
subdomains, presented in Fig. 1.  
 

 
Figure 1. Problem domain with node discretization. 

The original problem can be considered in each subdomain separately as  
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with proper continuity conditions on the interface . For problems with so-called weak 
discontinuity (discontinuity of the derivatives of the solution) these conditions follow from 
continuity of the solution as well as continuity of the traction or flux, dependently on the 
problem considered. They assume general form 
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where T denotes respective differential operator.  
To form the interpolation function for the sought solution of the problem considered, the 
stable evaluation of Gaussian kernel, given by Eq. (14), is used. It can be put as 
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where         and         represent the closed domains. The 
numbers of the eigenfunctions in vectors ϕ+(x) and ϕ-(x) correspond with the numbers of nodes 
imposed on  and  domain, i.e. N+ and N-. As Fig. 1 shows, on the interface, at the same 
location there are two nodes that come from adjacent subdomains, allowing two continuity 
conditions to be collocated at this location.        
Substituting Eq. (18) into Eqs. (16) and (17), then collocating respective equations at each 
node in the domain, on the boundary and on the interface one obtains the discrete system of 
equations, which can be put in the following matrix notation 
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The submatrices from Eq. (19) have the following form 
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1 1 1 1( ) ( ) ( ) ( )
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and 0+, 0- are the zero matrices of the size N N   and N N  , respectively.   
In the above equations int, , , ,i b i b

k k k k k
   x x x x x are the interior nodes and boundary nodes from 

respective domains as well as the interface nodes. , , ,i b i bN N N N     and intN  denote their 
numbers. 
Once this square system is solved for the interpolation coefficients b+ and b-, the 
approximate solution, given by Eq. (18), in each of the subdomains is obtained.     

4. TEST PROBLEMS 

To show the accuracy and stability of the method two one-dimensional benchmark tests 
have been carried out. As the first one, a simple diffusion problem possessing two interfaces 
has been considered 
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  (20) 

 

In Fig. 2 the obtained solution as well as its derivative are shown for certain configuration of 
the diffusion coefficient (D1 = 1, D2 = 0.1, D3 = 1). Since the latter has different values in 
adjacent subdomains the solution is not smooth and the derivative has discontinuities at the 
interface points. To obtain the solution, N = 8 nodes in each subdomain have been uniformly 
distributed.     
 

         
Figure 2. Solution for the diffusion problem – left, derivative of the solution – right; approximate one 

(solid line), exact one (dash line). 

To show the accuracy and the stability of the presented approach over the conventional one, 
the same problem has been solved by RBF collocation method with Gaussian kernel. The 
influence of the shape parameter on the accuracy as well as on the condition number of the 
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system matrix from Eq. (19) for these two approaches is compared in Fig. 3. 
 

    
Figure 3. Error in L2 norm vs. shape parameter – left, condition number vs. shape parameter – right; 

stable basis (solid line), RBF with Gaussian kernel (dash line). 

It is clearly seen from Fig. 3 that for near flat RBFs ( 0 ) it is impossible to achieve 
acceptable accuracy with standard computational precision (double precision) since the 
corresponding system of equations is highly ill-conditioned. Although theoretically smaller 
values of ε should lead to better results [8]. The conditioning of the system obtained by the 
use of the stable basis enables to achieve very accurate results in this range.  
The numerical tests carried out for different configurations of diffusion coefficient confirm 
this conclusion. 
In Fig. 4 the error distribution over whole domain, when using the stable basis with 0.1    
is presented. As one can see there is not a significant loss of accuracy at the interface nodes 
that are denoted by vertical dash lines. In the same figure the convergence rate is examined, 
suggesting that the method exhibits exponential convergence. It should be noted that in this 
case, expecting highly accurate results, the computational precision was appropriately 
extended during the computation.   
 

   
Figure 4. Absolute error distribution – left, convergence rate – right. 

The second benchmark problem considered in the paper examines diffusion in a cylindrical 
annulus. Due to the axisymmetry, the analysed problem can be described by the equation 
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and viewed as a steady, one-dimensional convection-diffusion problem with one interface. 
Since D coefficient has different values in adjacent subdomains one can expect non-smooth 
solution with discontinuous derivative. It is presented in Fig. 5 for certain configuration of the 
coefficient (D1 = 1, D2 = 0.01). The solution has been obtained using N+ = 5 and N- = 6 
uniformly distributed nodes in the respective subdomains, what gives the same separation of 
nodes in the whole domain.  
 

          
Figure 5. Solution for the convection-diffusion problem – left, derivative of the solution – right; 

approximate one (solid line), exact one (dash line). 

The influence of the shape parameter on the accuracy and the stability is shown in Fig. 6 along 
with the corresponding results obtained by the Gaussian kernel.   
 

      
Figure 6. Error in L2 norm vs. shape parameter – left, condition number vs. shape parameter – right; 

stable basis (solid line), RBF with Gaussian kernel (dash line). 

As follows from Fig. 6 the value of the shape parameter has little influence on the conditioning 
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of the system obtained by the use of stable basis. In this case one can take very small value of 
the parameter and achieve very accurate results. This is not possible using conventional RBF 
approach e.g. with the Gaussian kernel, where high ill-conditioning, arising in this range of the 
parameter, leads to highly inaccurate results.  
As in previous example, the error distribution, when using stable basis with 0.1   and the test 
of convergence are also presented in Fig. 7.  
 

        
Figure 7. Absolute error distribution – left, convergence rate – right. 

The numerical test, carried out so far for one-dimensional cases, confirm that the great 
inconvenience in using RBF collocation method, associated with adjusting the value of the 
shape parameter, can be certainly overcome by using the stable basis. The value of ε has little 
influence on conditioning of the system arising from the discretization by the use of the stable 
basis. Therefore, very small parameter values can be taken, which in theory should give more 
accurate results and these results are obtained in practice.     

5. CONCLUSIONS  

In the present paper the approach for stable evaluation of the Gaussian kernel has been used 
in the framework of RBF collocation method to solve the interface problem. Based on 
Mercer’s theorem the Gaussian function has been approximated by the series composed of 
eigenvalues and eigenfunctions of the corresponding Hilbert-Schmidt eigenvalue problem. 
This allowed to algebraically remove the inherent instability of the Gaussian kernel, 
associated with the shape parameter and obtain a stable basis for interpolating the sought 
solution. Associating this method with the subdomain approach, some interface problems 
can be conveniently handled. To fulfil physical requirements appropriate continuity 
conditions have been assumed at the interface nodes.  
The main advantage of the method is the fact that according to the theoretical findings one 
can take very small value of the shape parameter and obtain very accurate results. The 
conditioning of the discrete system of equations is almost independent on this parameter, 
what allows to carry out the stable computations. This is not possible using conventional 
RBF kernels, therefore a trade-off between accuracy and stability has to be assumed in the 
conventional approach. 
Another advantage follows from global, subdomain approach, which is able to yield 
exponential convergence. 
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On the other hand it should be noted that the presented method works only on grids being 
the result of the Cartesian product. It is a serious limitation comparing to RBF methods. 
But taking into account the existence of some domain transformation techniques, it is 
believed that the method can be adapted also to problems with irregular domains, where the 
meshless methods show their strength.             
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Abstract The paper deals with the application of some meshless collocation techniques to 
problems possessing discontinuity on the interface. The presented methods fall into the 
category of analytic, approximate approaches. They take advantage of radial basis 
functions (RBFs) to form the approximate, sought solution of a differential equation and by 
collocating it at chosen points in the domain as well as on the boundary reduce the 
differential problem to algebraic one. The methods considered in the present paper differ 
to each other by choosing the collocation points. One of them uses centers of RBFs as 
collocation points (Kansa approach) leading to square system matrix, the other places 
collocation points at different positions to RBFs centers and can generate square or 
overdetermined systems of algebraic equations. In the present paper these two approaches 
are adapted to the problems possessing a kind of discontinuity on the interface. To this end, 
the so-called subdomain technique is involved. The application of the methods to such 
problems has several advantages: their meshless character allows to easily solve the 
problems with irregular domains as well as irregular interfaces, the use of RBFs allows to 
easily treat the problems in higher dimensions and global feature of the methods leads to 
high efficiency (few nodes are sufficient to obtain very accurate results). On the other hand 
special attention should be paid to the problem of computational stability since it is well 
known that the global collocation with RBFs can  produce highly ill-conditioned system 
matrices. In the present paper several aspects, such as: accuracy, convergence and 
stability, of the use of these methods in such problems are studied and compared. 
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1. INTRODUCTION 

In recent years one can observe the development of meshless methods for approximation 
problems and for solving differential equations. It is owing to some features that possess such 
methods, in which the possibility of the discretization of the domain using scattered nodes is 
the most important. It makes the discretization of irregular domains very easy and allows 
conveniently to carry out remeshing procedures. The comprehensive overview of the meshless 
methods can be found in [1]. The meshless methods used in solving differential equations 
generally fall into two categories. The methods, which are applied to weak formulation of the 
problem and the methods that directly discretize the differential equation using collocation 
technique. The latter are truly meshless, since they do not need any mesh, even for integration 
that is not carried out in such methods.  
In the present paper one of such collocation techniques is adapted to solve a differential problem 
possessing a kind of discontinuity on the interface. The method takes advantage of the radial 
basis functions (RBFs) to form approximate solution. These functions are particularly useful in 
scattered data approximation and they can be conveniently used in problems defined in higher 
dimensions. Several works devoted to RBF methods in approximation problems and in solving 
differential equations have appeared recently [2][3]. Kansa was one of the first, who used 
multiquadrics RBFs to solve differential equations [4][5]. In Kansa’s approach global 
interpolation function composed of RBFs is put into the equation, which is collocated at the 
RBF centers. Finally one obtains the interpolation coefficients that determine the approximate 
analytic solution of the problem. The method is simple in the implementation, yields very 
accurate results but due to its global character and high approximation order it is not able to 
catch possible discontinuities. Generally, to solve such problems local approximation methods 
are used. Among them are immersed boundary methods [6], discontinuous Galerkin method [7] 
– a special kind of finite element one and some localized RBF collocation approaches [8]. All 
these methods can handle discontinuities but due to low approximation order they need a large 
number of degrees of freedom to be imposed to achieve acceptable accuracy. Their convergence 
rate is much less comparing to global discretization techniques.    
To allow the global approximation technique, such as the Kansa method, to be applicable to 
problems possessing a kind of discontinuity on the interface, in the present paper, the method 
is associated with so-called subdomain approach. The latter divides the domain into the 
subdomains, in which the problem is homogeneous and uses appropriate continuity conditions 
on the interface.  
Besides the Kansa method, in the paper the general RBF collocation approach, in which the 
collocation points differ from the RBF centers is also investigated in context of problems with 
interfaces. In this method one can impose more collocation points than the centers, expecting 
better accuracy. It leads to overdetermined system of algebraic equations that can be solved in 
the way of optimization process. 
Using global RBF methods, the particular attention should be payed to the stability problem, 
since it is well known that these numerical techniques can lead to ill-conditioned systems of 
algebraic equations. In the paper some approaches to overcome the problem are also studied.   
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2. RBF COLLOCATION METHODS 

Let us consider a boundary-value problem in a general form  
 

 in , onLu f Bu g      (1) 
 

where L and B denote linear differential operators imposed on the sought function u in the 
domain Ω and on the boundary , respectively and f, g are known functions. 
To solve the problem, RBF collocation methods can be employed in the interpolation as 
well as approximation manner.   

2.1. RBF interpolation approach 

This approach coincide with the Kansa method. In the method a global interpolation function, 
composed of the RBFs, is assumed as a sought solution for the boundary-value problem. 
The function takes the form 
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well as on the boundary. By introducing Eq. (2) into Eq. (1) and collocating at all the nodes 
one obtains the following system of equations 
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where NI and NB denote the number of nodes in the domain and on the boundary, 
respectively. Their sum coincide with total number of nodes N. This square system can be 
conveniently presented in the matrix notation as  
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x x
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x x

   and vector α contains N interpolation coefficients. 

 

If the system matrix is invertible, the interpolation coefficients are obtained as    
 

 1
LB
 α Φ b   (5) 

 

Finally, the approximate analytic solution in the form of interpolation function (2) is obtained. 
Some notes on the invertibility of this type of matrix can be found in [9]. From this information 
follows that although the invertibility is not guaranteed, the cases where the matrix is singular 
are very rare and the methods have been successfully applied to many problems in science and 
engineering [10]. To guarantee the solvability of the problem so-called symmetric collocation 
approach should be used [11].  

2.2. RBF approximation approach 

To solve the boundary-value problem one can assume the sought solution in the similar 
form as in Eq. (2), but with the RBF centers that do not coincide with the collocation points. 
This interpolant can be written as 
 

  
1

( )
N

j j
j

u


   x x ξ   (6) 

 

where ξj denote the RBF centers, placed in the domain as well as on the boundary. 
Substituting Eq. (6) into Eqs. (1) and collocating them at M points placed in the domain and 
on the boundary, but at different locations than the centers one obtains the set of similar 
equations as in Eq. (3), having the form 
 

 
 

 
1

1

, 1,...,

, 1,...,

I
i

B
i

N
I

j j i
x xj

N
B

j j i
x xj

L f i M

B g i M





      

      





x ξ

x ξ

  (7) 

 

where I
ix , B

ix  are the collocation points located in the domain and on the boundary. MI and 

MB denote their numbers. If the total number of these points equals the number of RBF 
centers N, the square system of equations, in similar form as presented by Eq. (4), is 
obtained. This approach can be considered as the interpolation one, similarly as this from 
section 2.1.  
But the number of collocation points can exceed the number of RBF centers. In this case 
one obtains the overdetermined system of equations, where matrix LB has dimension 
M N . To solve such a system the least squares method can be employed yielding 

 

   1T T
LB LB LB


  α Φ Φ Φ b   (8) 
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and the method is understood as the approximation approach.  
In the paper, the methods described in section 2.1 and 2.2 have been applied to problems with 
so-called weak discontinuity on the interface.  

3. APPLICATION TO INTERFACE PROBLEM 

Let us assume that the domain of heterogeneous problem can be divided into several 
subdomains, in the way that in each of them the problem is homogeneous. Without loss of 
generality we assume two such subdomains, presented in Fig. 1 
 

 
Figure 1. Problem domain with node discretization. 

The original problem, given by Eq. (1) now is transformed to the following subdomain problem 
 

 
in , on

in , on

L u f B u g

L u f B u g

       

       

   

   
  (9) 

 

Now, the solution is searched for in each subdomain separately using idea of the RBF 
collocation methods. The interpolation function takes the form 
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x x ξ x

x

x x ξ x

  (10) 

 

where       and       represent the closed domains. 
In Eq. (10) the centers can coincide with the collocation points, leading to the Kansa 
approach or be placed at different positions leading to the method from section 2.2.    
To make the problem well-posed some continuity conditions on interface Γ have to be 
defined. Taking into account that the same position on the interface is occupied by one node 
from   as well as from  , two interface conditions should be defined at this position. 
These conditions follow from continuity of the solution as well as continuity of the traction 
or flux, dependently on the problem considered. They assume general form 
 

 
( ) ( )

,
( ) ( ) 0

u u

T u T u

 

     




   
x x

x
x n x n

  (11) 
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where T denotes respective differential operator. 
By putting Eq. (10) into Eqs. (9) and (11), then using the collocation procedure at interior, 
boundary and interface points, the discrete system of equations is obtained. Its matrix form is 
as follows  
 

 

LB

LB

 

  

  

 

   
                 
      

Φ 0 b

0 Φ α b

u u α 0

T T 0

  (12) 

  

where LB
Φ  and LB

Φ  are matrices associated with differential operators L+ , B+ and L- , B-, 
respectively. Matrices u+ , u- and T+ , T- are associated with interface conditions and 0 denotes 
the zero matrix of the respective size. If the RBF collocation method with the same number of 
centers as the number of collocation points is used, Eq. (12) possesses square system matrix. If 
the number of collocation points exceeds the number of centers, the system is overdetermined 
and the interpolation coefficients can be found by the least squares method, as shown in section 
2.2.  
In similar manner the method can be applied to problems with several interfaces within the 
domain.    

3.1. Stability of the solution process 

It is well known that the use of global RBF discretization techniques often lead to ill-
conditioned systems of algebraic equations, which are difficult to solve by the conventional 
methods. The main reason of this ill-conditioning is a constant included in the RBFs, called 
the shape parameter. It was found that the values of this parameter, which theoretically 
should give high accuracy, make the system ill-conditioned and finally this accuracy 
impossible to achieve. This phenomenon is known as uncertainty principle. Several papers 
have been devoted to this problem [3].  
To estimate an optimal value of the parameter, some approaches have been developed. The 
most often applied approaches are based on the controlling the condition number of the 
system matrix [12] or take advantage of the cross validation method [13].  
In the present paper a kind of cross validation approach, named leave-one-out, is used. The 
details of its use in RBF collocation methods can be found in several papers e.g. [13]-[15].   

4. NUMERICAL TESTS 

To validate the usefulness of the methods in problems with interfaces and compare their 
accuracy and stability two numerical tests have been carried out. In both tests the equations 
with diffusion operators are taken into account. In the first example one-dimensional 
problem (Eq. (13)) with two interfaces has been solved. 
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d u
D u u

dx
D D x D x D x

  

   
  (13) 

 

In Fig. 2, the solution obtained by Kansa method (section 2.1) used in the subdomain approach 
as well as its derivative are shown for certain configuration of the diffusion coefficient (D1 = 1, 

D2 = 0.1, D3 = 1). As the RBFs, the multiquadric functions of the form 2 2( ) ( ) 1j jx x x      

have been taken, where ε is the shape parameter. The quassi optimal value of the parameter was 
determined by the leave-one-out approach. To obtain the solution, N = 28 centers have been 
uniformly distributed in the whole domain. 
 

 
Figure 2. Solution for the diffusion problem by subdomain Kansa method – left, derivative of the 

solution – right; approximate one (solid line), exact one (dash line). 

In order to compare the methods from sections 2.1 and 2.2 in the subdomain application, the 
influence of the shape parameter on the accuracy and stability has been studied. As a measure 
of the quality of the solution the error in L2 norm has been computed on the base of the exact 
solution. The error has been determined using error points that are different from collocation 
ones and are distributed much more dense than the collocation points. The results are shown in 
Fig. 3. 
Figure 3 indicates that the most accurate results are achieved using interpolation approaches 
denoted by solid and dash lines. Similar numerical tests that have been carried out with 
different configurations of diffusion parameter and different numbers of centers and 
collocation points confirm this trend. In Tab. 1 the quasi optimal values of the shape 
parameter in Kansa method, computed by leave-one-out algorithm, are presented for various 
uniform node distributions. 
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Figure 3. Error in L2 norm vs. shape parameter – left, condition number vs. shape parameter – right; 

Kansa method (solid line) with N = 28, RBF collocation method with N = M = 28 (dash line), RBF 
collocation method with N = 28, M = 58 (dash-dot line). 

N ε L2 error 
16 0.2 9.515e-6
28 1.2 4.709e-5
52 0.8 9.715e-4

Table 1. Quasi optimal value of the shape parameter and corresponding L2 error. 

One can easily check, comparing the value of ε for N = 28 from the table with corresponding 
line (solid line) in Fig. 3 that the obtained value lies in the region of the best accuracy.   
As the second example two-dimensional equation of the following form  
 

 
( ( ) ( )) ( ), ( , ) ,
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u f x y

u g x

      
 
x x x x

x x
  (14) 

 

has been studied, where the diffusion coefficient has discontinuity on the interface 
 

 
,

( )
,

 

 

 
  

 

x
x

x
  (15) 

 

The configuration of the subdomains with example center distribution are presented in Fig. 
4. The results that show the dependence of the accuracy and the condition number of the 
system on the shape parameter are shown in Figs. 5 and 6. The first of them contains the 
results obtained using irregular (pseudo random) distribution of centers, while the other 
presents the results achieved with the use of the uniform center distribution. In both cases 
the collocation points, when are different from the centers, are uniformly distributed over 
the domain and boundary. The diffusion coefficient has been assumed as 10, 1     . 
The results shown in the figures confirm the conclusion from the one-dimensional test that 
the most accurate results are achieved for the interpolation approaches. 
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Figure 4. Domain configuration with irregular (pseudo random) centers distribution. 

 
Figure 5. Error in L2 norm vs. shape parameter – left, condition number vs. shape parameter – right; 

Kansa method with N = 255 (solid line), RBF collocation method with N = M = 255 (dash line), RBF 
collocation method with N= 255, M =440 (dash-dot line). 

    

Figure 6. Error in L2 norm vs. shape parameter – left, condition number vs. shape parameter – right; 
Kansa method with N = 255 (solid line), RBF collocation method with N = M = 255 (dash line), RBF 

collocation method with N= 255, M =440 (dash-dot line). 
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The conditioning of the system is better for the interpolation approaches. It should be noted 
that in the case of the approximation approach the condition number has been computed for 
matrix T

LB LBΦ Φ , since this matrix is inversed.      

5. CONCLUSION 

In the paper some RBF collocation methods have been adapted to be useful in solving 
boundary-value problems with weak discontinuity on the interface. To this end they have 
been associated with the subdomain approach. They have been compared in context of 
accuracy they can provide and the stability of the discrete systems they produce. One can 
conclude that in problems described by the diffusion operator the interpolation approaches 
are able to achieve the most accurate results. It was also found that the leave-one-out 
technique can be successfully applied to estimate the good value of the shape parameter for 
the RBF methods used in the subdomain approach.          
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Abstract The main objective of this work is to present different analytical and 
computational methods which permit the safe design calculation of the wood-steel 
connections, under fire conditions. Wood is an anisotropic, heterogeneous and porous 
material and its behaviour varies with temperature. The increase of temperature influences 
the progressive degradation of wood properties. During fire exposure, it is need to 
determine if the charred wood connections are safe in use. Design methods require the use 
of analytical methodologies and computational modelling to predict the fire exposure and 
the components capacity to resist to this action. In this work, the authors present studied 
cases, that will help professionals to analyse wood-steel connections and focus the type of 
information needed to decide whether the charred elements are adequate or not to use. For 
the same wood-steel connections, different insulation materials will be analysed to compare 
their behaviour and determine the fire resistance in time domain. 
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1. INTRODUCTION 

Wood-steel connections are the weak member for any structure. When submitted to fire 
conditions, an increased weakness occur due to the heat flow into the wood components, driven 
by the steel fasteners which cause faster wood charring, especially when exposed during long 
time. The fire resistance of the wood-steel connection depends on the wood charring, the 
strength reduction of the steel dowels and the residual cross section of the wood members. The 
wood embedment strength needs to be investigated for different fire ratings, as well the 
temperature field through the connection. It seems that the effect of the steel fasteners 
temperature on the wood member needs to be investigated. The fire performance analysis is 
complex because there are different materials involved and different parameters, geometries 
and dowels arrangements. Considering the behaviour of wood members when submitted to a 
developing fire, wood-based materials will burn and are rated as combustible. Wood material, 
when exposed to fire, produces a surrounding charring depth layer, with no mechanical 
resistance, resulting in a reduced cross-section. The constructive elements should be designed 
in accordance, to prevent and delay the fire damage effect, allowing that the wood-steel 
connection could remain in service for long time. The number of steel dowels influence the fire 
effect on wood. 
Several researchers have presented experimental and analytical methods to calculate the 
physical degradation of wood due to high temperatures, [1] [2] [3]. The charring rate of different 
species when exposed to fire conditions has been examined by others researchers in different 
countries, [4] [5] [6] [7] [8] [9] [10] [11]. Also, empirical models for determining the charring 
rate and the heat transfer conditions were developed by White et al. [4]. 
The main goal of this work is to present analytical and numerical methodologies to predict the 
safe wood-steel connection design during a fire scenario. Different constructive solutions of 
wood-steel connections (wood-steel-wood and wood-wood-wood, both in double-shear, joined 
by steel dowel fasteners) will be analysed. This study brings new results to the previous 
investigations developed by the authors [12] [13] [14] [15] [16]. Rules to protected the wood-
steel connections will be presented to demonstrate the performance and calculate the fire 
resistance in these elements. To simulate the fire resistance of the wood-steel connection, a 
numerical thermal and transient model, based on the finite element method was used. The non-
linearity due to the thermal material properties dependence will be considered in the numerical 
simulation. 

2. ANALYTICAL METHODOLOGY  

According Eurocode 5 CEN EN1995-1-1, 2004 [17], the design tensile strength along the grain, 
𝑓 , , , must be equal or higher than the design tensile stress along the grain. The tensile strength 
represents a reduced value of the characteristic tensile strength along the wood grain, due to the 
application of safety factors: the modification factor for load duration and moisture content, 
𝑘  , and the partial factor for material properties, 𝛾  , equation 1. 

𝑓 , ,
𝑘 𝑥 𝑓 , ,

𝛾
 (1)
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Considering 𝐸  as the applied load and 𝐴  the cross-section of the member, the design tensile 
stress along the grain, 𝜎 , ,  , is according equation 2, Eurocode 5 CEN EN1995-1-1, 2004 [17].  
 

𝜎 , ,
𝐸
𝐴

 (2)

 

Using all proposed simplified equations from Eurocode 5 CEN EN1995-1-1, 2004 [17], and 
assuming a connection with a central steel plate in double shear stress applied to the fasteners, 
the characteristic load-carrying capacity, per shear plane and per fastener, must be calculated 
with equation 3. If the connection is only in wood with dowel fasteners the characteristic load-
carrying capacity, per shear plane and fastener, in double shear is determined according 4.  
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𝐹 ,
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1,15
2𝛽

1 𝛽
2𝑀 , 𝑓 , , 𝑑

𝐹 ,

4

 (4) 

where 𝛽 , ,

, ,
 

 

and: 𝑡  represents the thickness of the wood members; 𝑓 , ,  is the characteristic embedment 
strength in timber member; 𝑑 is the dowel diameter; 𝑀 ,  is the characteristic yield moment 
of the fastener; 𝐹 ,  represents the characteristic axial withdrawal capacity of the fastener and 
𝛽 is the ratio between the embedment strength of the members. The value of 𝑀 ,  is calculated 
according the dowel diameter and the material strength of the bolt.  

𝑀 , 0,3 𝑓 , 𝑑 ,  (5)

The value of the characteristic embedment strength in timber elements, is obtain by the value 
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of the dowel diameter and the characteristic wood density, 𝜌 , see equation 6. 
 

𝑓 , , 0,082 1 0,01𝑑 𝜌  (6)
 

With the calculation from 𝐹 ,  , it is possible to obtain the number of the bolts, equation 7. 
 

𝑁
𝐸

𝐹 ,
 (7)

 

At last, the spacing parallel to grain of fastener and within one row, 𝑎 , perpendicular to grain 
and between rows, 𝑎 , the distance between fasteners and loaded end, 𝑎 , , and unloaded edge, 
𝑎 , 𝑐, depend on the dowel diameter. The designed connection at room temperature guarantees 
the applied load design.  

The second step is to apply the Eurocode 5 CEN EN1995-1-2, 2004 [18], using two 
methodologies for safety verification under fire conditions: the simplified method and the 
reduced load method. In this paper the simplified method will be used in all wood-steel 
connections.  

The following calculations are presented for a maximum time of fire exposure, thirty minutes 
of fire rating, for unprotect connections. The first step shall verify if the connection has a fire 
resistance for the established time, if not, the geometry must be modified, increasing the wood 
cross section, or protecting the connection with an insulating material. The design effect for fire 
exposure 𝐸 ,  needs to be calculated. The conversion factor for slip modulus is 𝜂 . 
 

𝐸 , 𝐸 𝜂  (8)
 

The design strength in fire, 𝑓 , , is calculated using the modification factor for fire, 𝑘 , , 
the partial factor for timber, 𝛾 ,  and the yield strength at normal temperature, 𝑓 . 
 

𝑓 , 𝑘 ,
𝑓

𝛾 ,
 (9)

 

Using the equation 10 it is possible to verify if the connection resists for a specific fire rating, 
such as thirty minutes under fire. 
 

𝐸 ,

𝐴
𝑓 ,  (10)

In case the above equation is not verified, one of two solutions must be chosen: add wood 
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material to the cross section or add insulating material. For unprotect connection, Eurocode 5 
CEN EN1995-1-2, 2004 [18] ensures a time of the fire resistance, 𝑡 , , according with the 
connector. For dowels, this time is 20 minutes, however the minimum value for 𝑡  is 45mm. 
The extra thickness of the member to improve the fire resistance in the connections, 𝑎 , is 
obtained following the equation 11. 
 

𝑎 𝛽 𝑘 𝑡 𝑡 ,  (11)
 

The 𝛽  value is the design notional charring rate under fire exposure, 𝑘  is the heat flux 
coefficient for fasteners, and at last, 𝑡  represents the required time of fire resistance. 

For connection with insulating material, the Eurocode 5 CEN EN1995-1-2, 2004 [18] proposes 
two options for the protection material: gypsum (type A, F or H) or wood-based panels. 
Different equations are presented for each material. The value 𝑡  refers to the delay of start of 
charring rate due to protection, ℎ  is the fire protective panel thickness and 𝛽  represents the 
design charring rate for one-dimensional charring rate, under standard fire exposure. 
 

For wood panels: 

𝑡 𝑡 0,5 𝑡 ,  (12) 
 

ℎ 𝑡 𝛽  (13) 

 

For gypsum, type A or H: 

 

𝑡 𝑡 0,5 𝑡 ,  (14) 
 

ℎ
𝑡 14

2,8
 

(15) 

 

For gypsum, type F: 

 
 

𝑡 𝑡 1,2 𝑡 ,  (16) 
 

ℎ
𝑡 14

2,8
 

(17) 
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3. THERMAL PROPERTIES 

Using the Eurocode 5 CEN EN1995-1-1, 2004 [18] and other refences the literature, it is 
possible to establish the wood and gypsum thermal properties. In this work two different 
types of gypsum material were used from the references, [19] [20]. Figure 1 presents the 
thermal properties of each gypsum type and wood material, with different densities (GL20h, 
GL24h and GL32h).  

Wood material (GL32h, GL24h, GL20h) Gypsum type A and F 

Figure 1. Material properties 
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4. NUMERICAL MODEL: RESULTS AND DISCUSSION 

To simulate the fire resistance of the wood-steel connections, a numerical thermal and 
transient model, based on the finite element method, was used. Due to the symmetry of the 
geometry and the applied boundary conditions, the numerical calculation was performed for 
two dimensional plane of the connection. The size of the finite element is equal to 2mm of 
length. Each element has eight nodes with one degree of freedom per node (temperature). 
Different numerical models were developed, using different designed connections, obtained 
from the previous calculation for room temperature, and submitted to fire at one exposed 
side. Wood material when exposed to fire presents a thermal physical degradation. The 
interface between charred and no charred wood is called the transition phase, usually 
identified between black and brown material and is characterized by a threshold value of 
300 ºC, according Eurocode 5 CEN EN1995-1-2, 2004 [18]. The typical values for charring 
rate of wood changes between 0.5-1.0mm/min. Eurocode 5 CEN EN1995-1-2, 2004 [18] 
suggests a charring rate equal to 0.65mm/min or 0.7mm/min for softwood or hardwood, 
with density higher than 290kg/m3. The evaluation of the char layer thickness, depends on 
the exposed time and determines the charring rate in mm/min. The char layer thickness was 
determined for each model, using different measurements in different locations.  
 

1-wood-wood-wood connection 2-wood-steel-wood connection 

 
Adapted from [21] 

 
Adapted from [21] 

  

<   

 
 

Figure 2. Wood-steel connections and charring layer formation at 15min 

k1             k2                   k3 k1     k2               
                               k3 
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As an example, figure 2 presents a half of two cross-sections for unprotected connections 
(wood-wood-wood and wood-steel-wood), designed according to the previous equations 
and using steel dowels with a diameter of 8mm. In the numerical model, the blue zone 
represents the wood material and violet represents the steel material (dowels and middle 
plate). The results were obtained for GL20h and represent the charring layer on the wood, 
in grey colour. 

Table 1 presents the calculated charring rate in different locations of the wood-steel 
connections, as represented in figure 2: k1 faraway of the steel dowels, k2 in the 
neighboured of the dowel and k3 in the wood between two dowels. 

Points 
1-wood-wood-wood connection 2-wood-steel-wood connection 

GL20H GL24H GL32H GL20H GL24H GL32H 

k1 0.77 0.72 0.67 0.80 0.83 0.77 

k2 1.00 0.93 0.80 0.65 0.63 0.60 

k3 1.13 1.00 0.87 0.51 0.47 0.43 

Table 1. Numerical calculated values for charring rate 

The results show that the connections present a charring layer with nonlinear variation after the 
fire exposure. Using only the Eurocode 5 CEN EN1995-1-2, 2004 [18] it is impossible to 
understand the fire effect through and inside the wood-steel connection. The charring rate is 
considered as a standard and constant value, however using the numerical results, the charring 
rate varies in the connection, due to the effect of the steel and wood density. It is important to 
point out that steel provides a heat flow to the inside of the connection, but the wood part of the 
elements give them some insulation. This way, both materials participate in the evolution of the 
char layer in the connection.  

Point k1 gives values of charring rate close to the proposed values in Eurocode, but increases 
with the density of wood material and for connections with a central steel plate. Point k2 
presents the higher charring rate, also in wood connections in GL20h, reaching the maximum 
values in wood-wood-wood connections. When compared with point k3, neighbour with steel 
dowels, and until this time of fire exposure, a delay in the charring rate evolution is observed.  

The steel plate, as central member, remains at lower temperature if the exposure time is 
small, but could increase when fire exposure increases, producing an increase in the 
charring rate. In the begin of fire the wood elements give some thermal insulation, but with 
the increase of fire exposure, the steel fasteners bring heat to the inside of the connection. 

According Eurocode 5 CEN EN1995-1-2, 2004 [18], the studied protected connections, 
requires a protection layer thickness of the panel equal to 18mm for gypsum plasterboard 
type F and 23mm for gypsum type A or H, assuming standard fire resistance period of 60 
min and for any type of chosen wood densities.  
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5. CONCLUSIONS 

A procedure with all analytical and simplified equations was presented to assess the cross-
section behaviour, all dimensions for an applied tensile load, and fire safety verification. The 
number of fasteners increases with load, according to standards at room temperature. Lower 
dowels diameter, has a higher pronounced effect in the number of fasteners. The effect due 
the strength of material for GL20h, GL24h and GL32h is not significant, but the wood 
density variation affects the thermal behaviour. 

In addition, a numerical model, using the finite element method, was developed in order the 
obtain the wood char layer. These numerical models help to better understand the behaviour of 
the connection under fire exposure, in comparison to the simplified method. The numerical 
model gives an acceptable prediction of the fire resistance of wood-steel connections, and 
allows to determine the fire resistance of different types and sizes of connections. 
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Abstract Composite slabs made with concrete and steel deck are widely used in building 
structures. They also include other components, such as steel rebars for positive bending 
and a steel mesh for negative bending, preventing cracks in concrete. The fire rating of 
this type of elements can be determined by standard fire tests, accounting for load (R), 
Integrity (E) and Insulation (I). This investigation deals with the fire resistance for load 
(R) and insulation (I), using a numerical model validated with experimental tests. This 
model considers material and geometric non-linear behaviour, using perfect contact 
between materials. The 3D finite element mesh uses solids, shells and bars, to model a 
simply supported composite slab with 3.2m long, 0.65 m wide and total height of 143mm, 
using a trapezoidal steel deck PRINS PSV73. Different load levels are simulated (live load 
ranging from 1.0 kN/m2 to 21 kN/m2) in addition to the dead load (2.8 kN/m2). The fire 
resistance (R) is determined according to standards, looking for the maximum 
displacement or the rate of displacement, while the fire resistance (I) looks for the 
average or for the maximum temperature increase at the unexposed side. The critical 
temperature of each steel component decreases with the load level. A new proposal is 
presented for the fire resistance depending on the load level. 
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1. INTRODUCTION 

A composite slab consists of cold-formed profiled steel deck which acts as a permanent 
formwork to the concrete topping. Normally, this composite solution requires the addition of 
other components such as steel rebars (placed within the ribs) for positive bending and steel 
mesh for negative bending, preventing cracks in concrete, see figure 1. Due to the external 
reinforcement provided by the steel deck, composite slabs generally require less additional 
reinforcement and less concrete as well, resulting in slender slabs. In addition, the reduction 
of the construction time, elimination/reduction of struts and the simplicity of installation are 
other advantages of composite slabs in comparison to conventional flat concrete slabs. The 
composite action between the concrete and the steel deck is generally achieved by 
indentations or embossments in the steel deck. 

 
Figure 1. Typical layout of a composite slab with trapezoidal steel deck. 

Since 1980, a significant increase in the use of composite slabs has taken place. The overall 
depth usually varies between 100 and 170 mm. Several types of steel deck are marketed in 
Europe, with a thickness varying between 0.7 and 1.2 mm, usually made from galvanized 
steel to increase durability [1]. 
Composite slabs have to meet fire-safety requirements in accordance to standards and 
regulations. Generally, standard fire tests using the standard fire curve ISO 834 [2] are 
utilized for determining the fire rating of this structural element, accounting for Load Bearing 
(R), Integrity (E) and Insulation (I). 
In recent years, several studies have been conducted in order to evaluate the fire resistance of 
this type of structural element. In 1983, recognizing the need for calculation rules, the 
European Convention for Constructional Steelwork (ECCS) published the first instructions 
applied to the design of composite slabs with profiled steel deck when exposed to standard 
fire conditions. This technical note introduced simple calculation rules which were based on 
the results of fire tests performed on different European laboratories. According to this 
document, the explicit fire design is not required when the fire requirements are smaller or 
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equal to 30 minutes. The rules should only be applied to slabs which were properly designed 
to run at room temperature. At this time, the knowledge around the fire behaviour of 
composite slabs was incomplete and conservative assumptions were adopted. Therefore, the 
application of these recommendations may result on uneconomical solutions. According to 
this technical note, if the insulation criterion for fire resistance is fulfilled, then the integrity 
criterion is also fulfilled. 
In 1990, Hamerlinck et al. [3] developed a thermal and mechanical numerical model with the 
objective of studying the influence of fire exposure on the performance of reinforced 
composite slabs. Both models were experimentally verified with loaded and unloaded tests. 
Concerning galvanized steel decks, due to the melting of the zinc layer and surface 
blackening, the resulting emissivity of the steel deck was calculated as function of the 
temperature. Simplifications were used for the thermal properties of the materials. 
Nevertheless, it was concluded that the numerical models satisfactorily predicted the 
behaviour of the tested slabs. 
In 1991, within the scope of the first phase of the ECSC research project, Hamerlinck [1] 
performed an investigation regarding the mechanical and thermal behaviour of reinforced 
composite slabs under fire conditions. The study took into consideration the most important 
parameters for fire resistance and a new computer program was developed, enabling 
simulations at low computational cost. The developed two-dimensional model provided 
satisfactory results although not including three-dimensional thermal effects.  
In 1999, Bailey et al. [4] published a study concerning the details and results of two 
experimental fire tests performed on a full-scale eight-storey building at the Building 
Research Establishment (BRE) Cardington Laboratory, UK. It was observed that the 
performance of the structure under fire conditions differed from what was expected from fire 
codes and calculation rules were usually conservative. In addition, both tests demonstrated 
that the behaviour of the structural element was different from what was normally observed in 
standard small-scale fire tests and no collapse occurred during the tests. 
In 2002, Lim et al. [5] performed six fire tests on large-scale concrete slabs, comprising three 
reinforced concrete flat slabs and three composite steel-concrete slabs. The main objective of 
the tests was to investigate the fire behaviour of unrestrained simply supported slabs in a 
controlled furnace. The slabs were subjected to a live load and standard fire conditions during 
three hours. All the slabs resisted the full duration of the tests without collapsing, despite 
presenting extensive surface cracking on the unexposed surface and large deflections (up to 
270 mm). In general, the measured fire resistance was higher than the predictions from 
normative recommendations. The tests evidenced the important effect of membrane action on 
preserving the structural stability of the slabs under fire exposure. 
In 2011, Guo and Bailey [6] executed an experimental investigation with the objective of 
providing more insight on the behaviour of composite slabs during heating and cooling phases 
of fire. Nine equal composite slab specimens were tested: two of them at room temperature 
and the other ones at three different fire scenarios, which were controlled by burners and fans 
within the furnace. The specimens were loaded with representative values found in practice to 
investigate the structural behaviour. The results showed that the maximum temperature and 
both heating and cooling rate strongly affected the slab behaviour. For all slabs, the maximum 
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temperatures at the unexposed side and on the mesh were both higher during the cooling 
stages, due to the thermal inertial effect, which highlighted that insulation failure is likely to 
occur not only during heating but also during cooling phase. 
In 2017, four full-scale fire tests were carried out by Guo-Qiang Li et al. [7] on composite 
slabs with profiled steel deck. The main objective of this investigation was to study the 
influence of the boundary conditions, reinforcement location, slab layout as well as the effect 
of unprotected secondary beams on tensile membrane action. The results revealed that the 
temperatures of the furnace were below the standard fire curve ISO 834. A comparison 
between experimental results and Eurocode 4 provisions showed that the simple calculation 
method for fire resistance results on conservative assumptions. Concerning the mechanical 
behaviour, the tensile membrane action provided a considerable contribution to the load 
bearing capacity. During the tests, significant debonding between the steel deck and concrete 
topping was observed. 
In 2019, Jian Jiang et al. [8] from the National Institute of Standards and Technology (NIST) 
conducted a numerical investigation around different parameters that may influence on the 
fire resistance of composite slabs with respect to the thermal insulation criterion. An 
improved algebraic expression for the calculation of the fire resistance that explicitly accounts 
for moisture content of concrete was proposed. The formulation is valid for the calculation of 
the insulation fire resistance and applicable to an extended range of slab geometries in 
comparison to the limitations of the calculation method present in the current version of 
Eurocode 4. A set of 54 different composite slabs was selected for two-dimensional numerical 
analysis using a high-fidelity finite element approach. It was concluded that the concrete 
thickness and the moisture content were the parameters that most influenced the fire 
resistance. The proposed expression for fire resistance was validated against additional 
analyses and experimental data, resulting on maximum deviations of 15 and 18 minutes, 
respectively. 
In this investigation, the focus is placed on three-dimensional numerical simulations using the 
standard fire curve ISO 834 in order to evaluate both load bearing fire resistance (R) and 
thermal insulation fire resistance (I). Three-dimensional mechanical and thermal analyses 
were developed using ANSYS to investigate the thermal effects of standard fire exposure. 
Concerning the thermal model, an air gap with constant thickness is included between the 
steel deck and concrete topping with the aim of simulating the debonding effects. Effectively, 
previous investigations mention the separation between the steel deck and concrete, which 
creates a thermal resistance in this interface. 
Both mechanical and thermal models are validated against experimental results published by 
Hamerlinck [1]. Finally, a comparison between the fire resistance obtained numerically, 
experimentally and using the Eurocode 4 calculation method is presented. 

2. FIRE RESISTANCE CRITERIA 

Structural elements need to meet fire-safety requirements according to building codes. For 
composite slabs, the requirements are normally specified by fire ratings of 30, 60, 90 min or 
more. The fire rating of this type of building elements is normally made using standard fire 
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tests [9, 10], and should consider the criterion of Integrity (E), Insulation (I) and Load Bearing 
(R). Generally, experimental tests are expensive and time-consuming. As an alternative 
solution, the fire resistance can be evaluated by means of numerical simulations or using 
simple calculation methods. The fire resistance of the composite slabs is defined with respect 
to standard fire exposure from below. In this study, the fire resistance is investigated with 
respect to both load bearing (R) and thermal insulation (I) criteria. 
The integrity (E) is the capacity to withstand fire in one side and the assessment should be 
made on the basis of measuring cracks or openings in excess of given dimensions, or the 
ignition of a cotton pad, or sustained flaming on the unexposed side. For cast in situ 
composite slabs, the integrity criterion is normally satisfied provided that the joints are 
adequately sealed. 
The insulation (I) is the ability to withstand fire in one side and the assessment shall be made 
on the basis of the average temperature rise on the unexposed face limited to 140 °C above 
the initial average temperature, or; made on the basis of the maximum temperature rise at any 
point limited to 180 °C above the initial average temperature. 
The load bearing resistance for flexural loaded elements (R) is the ability to support the 
loading during the test and the assessment shall be made on the basis of limiting vertical 
displacement D (D=L2/400d [mm]), or limiting rate of vertical displacement (dD/dt=L2/9000d 
[mm/min]), being L the clear span of the testing specimen in millimetres and d is the distance 
from the extreme fibre of the cold design compression zone to the extreme fibre of the cold 
design tensile zone of the structural section, in millimetres. 

3. SIMPLIFIED CALCULATION METHOD OF EUROCODE 4 

A simplified method is presented in the Annex D of EN 1994-1-2 [11] for the estimation of 
the fire resistance of unprotected composite slabs subjected to fire exposure from below 
according to the standard fire curve ISO 834. The analytical expressions present in the current 
version of this standard are based on the research conducted by Both [12] in 1998. During the 
last years, no revisions were made to these methods [8]. The fire resistance (ti) with respect to 
thermal insulation criterion shall be determined according to equation (1). 
 

  (1)  

 

The rib geometry factor (A/Lr) of the composite slab shall be calculated as follows: 
 

  (2)  

 

In addition to the geometric parameters of the composite slab, illustrated in figure 2, the fire 
resistance also depends on partial factors (ai). Table 1 presents these factors for slabs with 
normal weight concrete (NWC). 
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a0 (min) a1 (min/mm) a2 (min) a3 (min/mm) a4 (mm min) a5 (min) 
-28.8 1.55 -12.6 0.33 -735 48.0 

Table 1. Coefficients for determination of the fire resistance for NWC (adapted from EN 1994-1-2 [11]). 

4. EXPERIMENTAL TESTS 

An experimental test conducted by Hamerlinck [1] (test number 2) was selected to perform 
numerical simulations for both mechanical and thermal models. The slab was composed by 
the trapezoidal steel deck PRINS PSV 73 and a concrete topping with 70 mm thick using 
normal weight concrete. The simply supported slab was subjected to the ISO 834 standard 
fire. The profile of the composite slab is shown in figure 2. 

 

Figure 2. Profile of  the tested slab: dimensions in millimetres (Hamerlinck [1]). 

Normal weight concrete was used on the composite slab and the measured moisture content 
amounted to 3.5%.  

5. NUMERICAL SIMULATIONS 

In the following section, the methodology used to model and numerically determine the 
thermal and mechanical effects on the composite slab is presented. Therefore, a brief 
description of the finite elements, thermal/mechanical properties of materials, boundary 
conditions and convergence criterion is given for both thermal and mechanical model. 

5.1. Thermal model 

The composite slab is meshed in order to solve a nonlinear transient thermal analysis, 
using 3D models from ANSYS. The finite element method (FEM) requires the solution of 
equation (3) in the domain and the definition of the boundary conditions on equation (4) 
in the exposed and unexposed side of the slab. 
 

(3)

(4)
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In the equations above: represents the temperature of each material; ρ(T) is the specific 
mass; Cp(T) is the specific heat; 𝜆(T) is the thermal conductivity; αc is the convection 
coefficient. Tg represents the gas temperature of the fire compartment, using the standard 
fire ISO 834 applied on the bottom part of the slab; ϕ is the view factor; εm is the 
emissivity of each material; εf represents the emissivity of the fire and σ represents the 
Stefan-Boltzmann constant. 
The view factor (ϕ) quantifies the geometric relation between the surface emitting 
radiation and the surface receiving radiation. This factor depends on the surface areas and 
their orientations, as well as the distance between them [8]. The view factor of the lower 
flange of the composite slab is given as ϕlow= 1. Owing to the obstruction to direct 
exposure caused by the ribs of the steel deck, the view factor of the web and upper flange 
are smaller than one. This method of calculation is incorporated in EN 1994-1-2. The 
view factors for the upper flange (ϕupper) and web (ϕweb) can be calculated as function of 
geometric parameters of the slab, according to the following equations. 
 

 

(5)

 

(6)

 

The finite element method is applied to solve numerically the heat transfer equation using 
the software ANSYS. For an arbitrary composite slab with trapezoidal steel deck, the 
respective 3D mesh is presented in figure 3. 

 
Figure 3. Finite element mesh of a composite slab with trapezoidal steel deck. 

On the software, a three-dimensional model of the composite slab is introduced, which is 
composed by subdomains that correspond to the different materials, namely the concrete 
topping, the steel deck, the steel rebars and the steel mesh. A second alternative thermal 
model, using an air gap with a constant thickness (1 mm), is included between the steel 
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deck and the concrete topping in order to simulate debonding effects. 
For each material, a specific 3D finite element is used. Three different finite elements are 
used: SHELL131, SOLID70 and LINK33. The SHELL131 element has four nodes with up 
to 32 degrees of freedom (temperature) per node, depending on the number of layers (one 
layer). This element presents linear interpolating functions in the plane of the element, 
using full Gauss integration method (2x2) and linear interpolating functions through the 
layer thickness (three Gauss points). The shell element is used to model the steel deck of 
the composite slab. The SOLID70 element presents eight nodes with a single degree of 
freedom (temperature) at each node. Linear interpolating functions are used for this 
element and the full Gauss integration method is also applied (2x2x2). This finite element 
is used to model the concrete topping and, in the second case, the air gap volume. The 
LINK33 element has two nodes with a single degree of freedom (temperature) per node. 
This uniaxial element presents linear interpolating functions as well as exact integration. 
The LINK33 element is used to model the anti-crack mesh and the rebars. 
The thermal properties of the materials are temperature dependent and vary according to the 
standards used for composite slabs, steel structures and concrete structures [11, 13, 14]. The 
thermal properties of steel and concrete are presented in figures 4 and 5, respectively. The 
conductivity of steel decreases with temperature and the specific heat has a strong variation 
due to the allotropic phase transformation. Both density and conductivity of concrete decrease 
as the temperature increase. Regarding the conductivity, the upper limit was selected for the 
numerical simulations. The specific heat of concrete presents a peak value related to 3% of 
moisture content of concrete weight. 
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Figure 4. Thermal properties of carbon steel. Figure 5. Thermal properties of concrete. 

 

Figure 6. Thermal properties of air. 

 
The thermal properties of air are depicted in figure 6. These properties are also temperature 
dependent and were used in the air gap to simulate the effects of debonding between the steel 
deck and the bottom surface of the concrete. This model only considers the heat flow by 
conduction in the air gap, due to the very small air gap thickness. 
The exposed side of the slab is submitted to a heat flux by convection and radiation, see 
equation (4), using different values for view factors and a bulk temperature following the 
standard fire. The unexposed side is subjected to a convective heat flux (including the 
radiation heat flux), using a constant bulk temperature of 20 ºC. 
All the nodes of the numerical model are set with an initial condition for temperature of 20 
°C. The lower part of the steel deck is subjected to standard fire conditions using a convection 
coefficient of 25 W/m²K and an emissivity of fire equal to 1. A convective coefficient of 9 
W/m²K is applied on the upper part of the composite slab in order to include the radiation 
effect [15]. The main parameters of the applied boundary conditions are illustrated in figure 7. 
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Figure 7. Representation of the applied boundary conditions. 

The heat flow criterion was applied for the convergence criterion, using a tolerance value 
of 0.001 and a minimum reference value of 10-6. 

5.2. Mechanical model 

The mechanical simulation for the fire behaviour of the composite slabs is also analysed. The 
model is validated using the experimental results from Hamerlinck [1]. The displacement and 
the rate of displacement are determined, compared with the experimental results and 
compared with the criterion for fire rating given by EN 1363-1 [10]. 
The integral value for the surface force over any surface of an arbitrary volume element 
within the material must sum to zero in order to keep the static equilibrium. Here we 
assume the existence of an external load {F} (live and dead load) on material within the 
volume submitted to the stress field []. The surface integral can be converted to a volume 
integral by the Gauss' divergence theorem. The final version of the equilibrium equation 
may be expressed in every cartesian coordinate, according to equation (7). 
 

 (7)
 

The external load {F} is considered to be constant under fire conditions. The load bearing 
capacity was determined for room temperature, using equation (8) for sagging moment 
resistance and assuming the neutral axis to be located above the steel deck. Mp,Rd represents 
the plastic bending resistance, Np,pl the plastic tensile force for the effective section of the 
plate, Ns,pl the plastic tensile force for rebars, dp represents the centroidal position for the plate 
measured from the top of the cross-section, xpl represents the position for the plastic neutral 
axis measured from the top and ds represents the position of the rebars measured from the top. 
 

(8)

 

The mechanical load is distributed over four lines of nodal loads, with a spacing of 800 mm. 
This load represents the live load (used as parameter). The dead load is included by means of 
inertial effect (2800 N/m2). The composite slab is considered to be simply supported 
(restraining the displacements in vertical and out-of-plane directions at the left support and 
restraining all displacements in the right support). The lines of nodal forces were applied in 
accordance to the experimental setup, see figure 8.  
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Figure 8. Representation of the mechanical model. 

The dead load was calculated based on the volume and density of each material, using the 
inertial effect. The thermal load effect introduces the incremental time effect, using different 
files with the corresponding temperature field for each time step. 
The finite element model uses a full three-dimensional finite element mesh, by switching the 
thermal SOLID70, SHELL131 and LINK33 finite element to the equivalent mechanical finite 
element SOLID185, SHELL181 and LINK180, see figure 9.  

Figure 9. The finite element mechanical model. 

SOLID185 is a three-dimensional finite element defined by eight nodes, having three degrees 
of freedom at each node (3 translations). This element uses linear interpolation functions and 
full gauss integration. SHELL181 is a four-node element with six degrees of freedom at each 
node (3 translations and 3 rotations). This element also uses linear interpolating functions for 
in-plane with full integration scheme and linear interpolating functions in-thickness direction 
with 3 integration points. LINK180 is a unidirectional finite element with 2 nodes and 3 
degrees of freedom at each node (translations). This element is superposed to the concrete 
nodes and uses 1 integration point. 
The incremental solution, based on Newton Raphson method is used with a convergence 
criterion defined by force and moment, for a tolerance value of 0.001 and a minimum 
reference value of 1. The elastic-plastic analysis was also used, considering the non-linear 
material properties of both materials, different thermal expansion between steel and concrete, 
see figure 10, and using the non-linear geometric analysis. 
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a) Mechanical properties of galvanized steel. b) Mechanical properties of reinforcement. 

c) Mechanical properties of concrete. d) Coefficient for thermal expansion. 

Figure 10. Mechanical properties for all materials. 

The mechanical properties of the materials are temperature dependent and vary according to 
the standards used for composite slabs [11], steel structures [13] and concrete structures [14]. 
The thermal expansion for each material was also considered in the model, due to the 
existence of a very high temperature gradient through thickness. This gradient is responsible 
for the existence of thermal bowing, increasing the rotation of the cross-section. The change 
of thermal expansion with temperature, denoted as the coefficient of thermal expansion, is not 
constant, especially for concrete. Due to shrinkage, the expansion of concrete stops at 
elevated temperatures (beyond 650 ºC). The expansion coefficient for steel has smaller 
variation with temperature. Changes in the microstructure explain the plateau between 750 
and 800ºC. 

6. RESULTS 

The results of the three-dimensional numerical simulations are presented in this section, 
resulting from the application of the preceding models. The thermal analysis presents the 
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results obtained with perfect contact and with an air gap 1 mm thick between the steel deck 
and the concrete topping. These thermal results are compared with experimental results. A 
comparison of the fire resistance between the numerical, experimental and simple calculation 
method results is also presented. The thermo-mechanical numerical results are also compared 
with the experimental results. A parametric analysis was also developed to determine the 
effect of the live load. A new proposal is presented for the fire resistance with respect to the 
load bearing criterion (R). 

6.1. Thermal results 

Figure 11 illustrates the temperature development (numerical and experimental) at different 
points as well as the average and maximum temperatures at the unexposed side of the slab. 
Analyzing the results, it can be observed that the temperature development on the selected 
points is quite similar between the experimental (EXPT) and the perfect contact model (NUM 
0) at the first minutes of heating. Regarding the temperature development at point 2, the 
model with the air gap (NUM 1 – 1 mm) presents good approximation to the experimental 
results for temperatures over 100 °C. However, for the points 1 and 3, the perfect contact 
model presents better agreement with measured temperatures at the last minutes of heating. 
For the unexposed surface, the maximum and average temperature curves are very close for 
all the models. In this case, better agreement with the experimental results can be noticed 
using the model with the air gap. 

a) Selected points. b) Unexposed side. 

Figure 11.  Comparison between numerical and experimental results. Point 1, 2 and 3 at distance 20, 74 and 123 
mm from the top. 

Table 2 presents the results obtained for the fire resistance (criterion “I”) of the slab with 
respect to the average temperature rise (tfi Ave) and the maximum temperature rise (tfi Max) at 
the unexposed surface. Obviously, for each model the lowest value between the two criteria 
governs the fire resistance. 
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 Model NUM 0 Model NUM 1 EXPT result EN 1994-1-2 result

tfi Ave (min) 75.6 93.5 88.2 
106.5 

tfi Max (min) 84.8 105.1 102.1 

Table 2. Fire resistance for insulation condition: experimental, numerical and analytical results. 

Assuming the experimental result as reference, it can be observed that the air gap model 
slightly overestimated the fire resistance, with a relative error of 6%. A bigger 
discrepancy is obtained using the perfect contact model, with a relative error of 14.3%. 
The EN 1994-1-2 provisions overestimated the fire resistance, providing an unsafe result 
with a relative error of 20.7%. 

6.2. Mechanical results 

In order to evaluate the fire resistance, the incremental and iterative solution is included. The 
maximum displacement and the rate of the maximum displacement should be analysed. 
Figure 12 represents the comparison between the experimental results and the numerical 
results. The critical time was determined by the first to archive the limiting conditions 
presented in EN1363-1[10].  

a) Time history for displacement and rate of 
displacement. 

b) Deflection of the slab at the critical time. 

Figure 12. Analysis of the composite slab with a live load of 2.7 kN/m². 

The vertical displacement of the slab changes with time. The curvature of the slab starts 
increasing rapidly and deflections increase accordingly. In a second stage, the deflection rate 
decreases as thermal curvature increases less. Near the ultimate limit state, the deflection rate 
increases again due to the plastic material behaviour. 
For the mechanical analyses, it should be highlighted that the thermal load was determined 
based on the perfect contact model between materials (NUM 0). That is, the effect of the air 
gap between the steel deck and concrete was not taken into consideration. This fact results in 
higher temperature values for the materials and explains the higher predicted values for the 
vertical displacement of the numerical results. 
Table 3 presents the comparison between the mechanical model with perfect contact and 
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experimental results concerning the load bearing fire resistance. 

 Model NUM 0 EXPT result

tfi D (min) 78 97 
tfi dD/dt (min) Not achieved Not achieved

Table 3. Fire resistance for load bearing condition: experimental and numerical results. 

The difference between both results can be explained by several factors, mainly by the 
temperature field in each time step. Other parameters are also reported and are related with 
several phenomena during the test (variation of the view factors, creation of the air gap effect 
between the steel deck and concrete, restrain effect in the supports, direction of the applied 
load during the test, among others). 
A parametric analysis was also developed, in order to verify the effect of the live load on the 
fire resistance. The load level, 0, was determined by the ratio of the total load (live and dead) 
by the plastic load at room temperature, proposed by the EN 1994-1-1 [16]. The load varied 
from 1.0 kN/m2 to 21.0 kN/m2 
The fire resistance decreases with the load level, see figure 13. The critical temperatures of 
the steel components were determined based on the fire resistance criteria. These values also 
decrease with the load level. The fire resistance for load bearing criterion was exclusively 
governed by the critical displacement value (D). The rate of displacement (dD/dt) did not 
reach the critical value for load level values below 0=43%. For higher load levels, the critical 
displacement rate becomes important, but never anticipates the time for the critical 
displacement. The thermal gradient can be easily determined for each load level, being 
approximately equal to 700 ºC/123 mm in the vertical direction. This value seems to be 
independent of the load level.  

a) Fire resistance. b) Critical temperature. 

Figure 13. Fire resistance of the composite slab and critical temperature for the steel components. 

The fire resistance was approximated with the minimum safety level, considering the results 
of the new proposal bellow the line of the numerical results. The new formula is presented in 
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equation 9. 
 

0.464
032.104 2fit    (9)

 

In practice, rebars should be applied to composite slabs with steel deck in cases when the 
required fire resistance time is higher than 30 minutes. When these elements are submitted to 
fire exposure, the contribution of the steel deck to the load bearing resistance decreases 
considerably, being part of this capacity transferred to the rebars. 

7. CONCLUSIONS 

This study presented the description of the thermal and mechanical three-dimensional finite 
element models as well as its validation against experimental data. The fire resistance 
according to the thermal insulation (I) and load bearing (R) criteria was determined and 
compared to experimental data as well as EN 1994-1-2 provisions. With the objective of 
simulating the effects of the debonding of the steel deck from concrete, an insulating layer (air 
gap) with a constant thickness of 1 mm was introduced between the concrete and steel deck. 
Regarding the experimental results for the temperature development, a plateau at about 100 
°C (due to moisture evaporation) should be highlighted, resulting in a decrease in the rate of 
temperature increase. The numerical results do not present this pronounced plateau possibly 
because localized moisture concentrations in the test may be higher than the uniform moisture 
content introduced in the model. 
The fire resistance with respect to the thermal insulation criterion was governed by the 
average temperature rise criterion for both thermal models (NUM 0 and NUM 1) as well as 
for experimental results. The perfect contact model underestimates the fire resistance. In 
general, the results obtained with the air gap model presented better agreement with 
experimental results and satisfactorily simulated the debonding effect, reducing the 
temperature rise at the selected points and unexposed side as well. 
The EN 1994-1-2 provisions for the fire resistance according to thermal insulation criterion (I) 
was on the unsafe side, that is, the calculated fire resistance was greater than the measured 
one. 
Using the perfect contact model (NUM 0), the fire resistance with respect to the load bearing 
criterion was governed by the maximum displacement criterion. The numerical result 
underestimated the fire resistance due to the higher temperature field achieved with this 
model.  
The fire resistance decreases with the load level and a new proposal is presented. More 
numerical simulations are expected soon, which should be validated with other studies to 
verify this first approaching formula. 
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Abstract  
  

Several questions about economic time series data are connected to understanding their 

behaviour at different frequencies. With Fourier analysis, one can study time series in the 

frequency domain. However, under the Fourier transform, the time information is lost, 

being hard to distinguish transient relations or to identify structural changes. Wavelet 

analysis, with its capacity of estimating the spectral characteristics of a series as a 

function of time, thus revealing how its different periodic components change over time, 

appears as an excellent alternative to classical Fourier analysis. The use of wavelet 

techniques in Economics has been receiving more and more attention from researchers in 

the last years. While the first studies used the discrete version of the transform, more 

recently, studies appeared based on the use of the continuous wavelet transform.   

 

The purpose of this talk is to describe a Matlab toolbox written by the authors – the 

ASToollbox. This toolbox implements a series of continuous wavelet tools that have been 

used in recent economic and financial applications, namely the estimation of the wavelet 

power spectrum; bivariate, partial coherency and multiple coherency; phase-difference 

and partial phase-difference; the gain and the partial gain; and significance testing. We 

also provide some examples of its use in economic problems.  
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Abstract  
  

Evaluating and factoring real or complex polynomials are classical polynomial problems, 

which have received a lot of attention over the years, not only from the theoretical point of 

view, but also from the perspective of their computational implementation.  In the ring of 

quaternionic polynomials new problems arise: the evaluation map at a quaternion is not a 

ring homomorphism and the structure of the zero-set of quaternionic polynomials is quite 

different from the complex case. While the factorization theory of quaternionic 

polynomials has been developed a long time ago, the design of algorithms for polynomial 

computation gained attention only recently. In this talk we are going to discuss theoretical 

and numerical details of several evaluation schemes and root-finding algorithms in the 

ring of quaternionic polynomials. 
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Abstract. Coquaternions, introduced by Sir James Cockle in 1849, form a four dimen-
sional real algebra generalizing complex numbers. In recent years one can observe an
emerging interest among mathematicians and physicists on the study of these numbers.
In this work we present a Mathematica package for implementing the algebra of coquater-
nions. This package provides the basic mathematical tools necessary for manipulating
coquaternions and coquaternionic polynomials, reflecting, in its present form, the recent
interests of the authors in the area.
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1 INTRODUCTION
Quaternions, introduced in 1843 by the Irish mathematician William Rowan Hamilton
(1805-1865) as a generalization of complex numbers [14], have become a powerful tool
for solving problems in almost all applied sciences [17], unlocking also new approaches
in many branches of applied mathematics. This increasing interest in using quaternions
has motivated the emergence of several software packages to perform computations in
the algebra of the real quaternions (see, for example, [5, 9, 10, 21]), or more generally, in
Clifford Algebras (see [1, 2] and the references therein for details).
In 1849, the English mathematician James Cockle, introduced another system of quadruple
algebra [4], using the term coquaternion to refer to elements of such system. Although
coquaternions, also known in the literature as split quaternions, are not as popular as the
Hamilton’s quaternions, one can say that recently they have also been an active research
area [3, 13, 16, 19, 20]. Despite this, and as far as we know, there are no computational
tools specially design to work with coquaternions and polynomial computations.
This paper describes a Mathematica add-on application Coquaternions whose main pur-
pose is to define arithmetic for coquaternions. Drawing on our past experience in develop-
ing the package QuaternionAnalysis [5], we present a collection of functions providing
the basic mathematical tools for computations over the coquaternion algebra.
This package is a fundamental tool supporting the recent interests of the authors in the
area [6, 7, 11] and it should be considered work in progress in its present form. The actual
version of the package is available at the webpage http://w3.math.uminho.pt/Coquaternions.

2 THE ALGEBRA OF COQUATERNIONS
Let {1, i, j,k} be an orthonormal basis of the Euclidean vector space R4. The algebra of
real coquaternions, which we denote by Hcoq, is generated by the product given according
to the following rules

i2 = −1, j2 = k2 = 1, ij = −ji = k.
In the Coquaternions package, a coquaternion q = q0 + q1i + q2j + q3k is an object of the
form Coquaternion[q0,q1,q2,q3], whose entries are numeric quantities or symbols (in
such case the package assumes that all symbols represent real numbers).
The package adds rules to Plus, Minus, Times, Power and NonCommutativeMultiply to
make it easy to perform basic arithmetic operations. After loading the package

In[1]:= <<Coquaternions̀

and defining two general coquaternions q = q0 +q1i+q2j+q3k and p = p0 +p1i+p2j+p3k,
one can carry out operations on coquaternions in a very simple way:

In[2]:= q = Coquaternion[q0,q1,q2,q3]; p = Coquaternion[p0,p1,p2,p3];

In[3]:= q + 2p (∗Plus and Times∗)
Out[3]= Coquaternion[q0 + 2p0, q1 + 2p1, q2 + 2p2, q3 + 2p3]

In[4]:= q**p (∗NonCommutativeMultiply∗)
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Out[4]= Coquaternion[q0p0−q1p1+q2p2+q3p3, q0p1+q1p0−q2p3+q3p2, q0p2−q1p3+q2p0+q3p1,

q0p3 + q1p2− q2p1 + q3p0]

In[5]:= Power[Coquaternion[q0,q1,q2,q3],2] (∗Integer Power∗)
Out[5]= Coquaternion[q02 − q12 + q22 + q32, 2q0q1, 2q0q2, 2q0q3]

We introduce now some basic definitions in Hcoq. Given q = q0 +q1i+q2j+q3k ∈ Hcoq, its
conjugate q is defined as q = q0− q1i− q2j− q3k; the number q0 is called the real part of q
and denoted by Re q and the vector part of q, denoted by q, is given by q = q1i+q2j+q3k.
We denote by tr q and call trace of q the quantity given by tr q = q + q = 2 Re q and call
determinant of q and denote by det q the quantity given by det q = q q = q2

0 + q2
1− q2

2− q2
3.

Unlike C and H, Hcoq is not a division algebra. In fact, a coquaternion q is invertible
if and only if det q 6= 0. In that case, we have q−1 = q

det q . A coquaternion q is called
space-like, light-like or time-like if det q < 0, det q = 0 or det q > 0, respectively; the
sets of such coquaternions are denoted by S, L and T, respectively and we say that two
coquaternions have the same nature if both belong to the same set S, L or T. Finally, we
endow Hcoq with the semi-norm ‖q‖ =

√
| det q| and call q a unit coquaternion if ||q|| = 1.

The following standard functions are extended to coquaternion objects Abs, Conjugate,
Norm, Det, Re, Tr. They can be used to verified some properties of coquaternions.
Given p, q ∈ Hcoq and α ∈ R, we have:

1. q = q; p + q = p + q; p q = q p;
In[6]:= (p∗)∗ == p &&(p + q)∗ == p∗ + q∗ && (p** q)∗ == q∗ ** p∗

Out[6]= True

2. Re q = Re q; Re(p q) = Re(q p);
In[7]:= Re[q] == Re[q∗] && Re[p ** q] == Re[q ** p]

Out[7]= True

3. det q = det(q); det(pq) = det(qp); det(αq) = α2 det q;
In[8]:= Det[q] == Det[q*] && Det[p**q] == Det[q ** p] && Det[α q] ==α∧2 Det[q]

Out[8]= True

4. det q = (Re q)2 + det q;
In[9]:= Det[q] == Re[q]∧2 + Det[Vec[q]]

Out[9]= True
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5. q2 = (tr q)q− det q;
In[10]:= q ** q == Tr[q]q - Det[q]

Out[10]= True

6. Hcoq is not a division algebra.
In[11]:= Coquaternion[1, 0, 1, 0] ** q

Out[11]= Coquaternion[q0 + q2, q1− q3, q0 + q2, q3− q1]

In[12]:= Solve[List @@ % == {1, 0, 0, 0}, {q0, q1, q2, q3}]

Out[12]= { }

In[13]:= {1/Coquaternion[1, 1, 0, 1], 1/Coquaternion[1, 0, 1, 0]}
Coquaternion::NotInvertible : Non invertible Coquaternion

Out[13]= {Coquaternion[1,−1, 0,−1], Null}

7. Hcoq has zero divisors and nilpotent elements.
In[14]:= Coquaternion[1,0,1,0] ** Coquaternion[1,0,-1,0]

Out[14]= Coquaternion[0, 0, 0, 0]

In[15]:= Power[Coquaternion[0,1,1,0],2]

Out[15]= Coquaternion[0, 0, 0, 0]

Since det q ≥ det q, if q is space-like q is of the same nature and a light-like coquaternion
can not have a time-like vector part. The following examples illustrate the use of the
function Nature to classify coquaternions.

In[16]:= q = Coquaternion[1,0,2,0]; Nature/@{q,Vec[q]}
Out[16]= {Spacelike, Spacelike}

In[17]:= q = Coquaternion[3,0,2,0]; Nature/@{q,Vec[q]}
Out[17]= {Timelike, Spacelike}

In[18]:= q = Coquaternion[1,1,1,0]; Nature/@{q,Vec[q]}
Out[18]= {Timelike, Lightlike}

In[19]:= q = Coquaternion[1,2,1,0]; Nature/@{q,Vec[q]}
Out[19]= {Timelike, Timelike}

In[20]:= q = Coquaternion[0,1,1,0]; Nature/@{q,Vec[q]}
Out[20]= {Lightlike, Lightlike}

In[21]:= q = Coquaternion[Sqrt@3,1,2,0]; Nature/@{q,Vec[q]}
Out[21]= {Lightlike, Spacelike}
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Function Description
Abs[q] extends the absolute value function to coquaternion objects
Conjugate[q] extends the conjugate function to coquaternion objects
Coquaternion[q0,q1,q2,q3] the coquaternion q0 + q1i + q2j + q3k
CoquaternionQ[q] gives True if q is a coquaternion and False otherwise
Det[q] extends the determinant function to coquaternion objects
LightlikeQ[q] gives True if q is Light-like and False otherwise
Nature[q] classifies q as Space-like, Light-like or Time-like
Norm[q] extends the norm function to coquaternion objects
Power[q] extends the power function to coquaternion objects
Re[q] extends the real part function to coquaternion objects
SpacelikeQ[q] gives True if q is Space-like and False otherwise
TimelikeQ[q] gives True if q is Time-like and False otherwise
Tr[q] extends the trace function to coquaternion objects
Vec[q] the vector part of q

Table 1: Basic operations on coquaternions

3 REPRESENTATION OF COQUATERNIONS
Complex representation
Any coquaternion q = q0 + q1i + q2j + q3k can be written as

q = (q0 + iq1) + (q2 + iq3)j

and represented by the complex matrix
(
q0 + iq1 q2 + iq3
q2 − iq3 q0 − iq1

)

Thus, the product of two coquaternions can be expressed as the product of the two
corresponding complex matrices.

In[22]:= p = Coquaternion[1,0,2,1];q = Coquaternion[1,1,-2,1];

In[23]:= CoquaternionToComplex[q]

Out[23]= {1 + i,−2 + i}

In[24]:= ComplexToCoquaternion[%]

Out[24]= Coquaternion[1, 1,−2, 1]

In[25]:= Dot@@CoquaternionToComplexMatrix/@{q,p} // ComplexMatrixToCoquaternion

Out[25]= Coquaternion[−2, 5,−1, 4]

In[26]:= q ** p

Out[26]= Coquaternion[−2, 5,−1, 4]
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Real 2× 2 matrix representation
It is well-known that the algebra of coquaternions is isomorphic to M2(R), the algebra
of real 2× 2 matrices, with the map Φ :M2(R)→ Hcoq defined by

A =
(
a b
c d

)
7→ a = 1

2
(
(a+ d) + (b− c)i + (b+ c)j + (a− d)k

)
,

establishing the isomorphism. The inverse of Φ is the map Ψ : Hcoq →M2(R) defined by

q = q0 + q1i + q2j + q3k 7→ Q =
(
q0 + q3 q1 + q2
q2 − q1 q0 − q3

)
.

This means, in particular, that all the results contained in the previous section can be
derived in terms of 2× 2 real matrices.

In[27]:= CoquaternionToMatrix[Coquaternion[q0,q1,q2,q3]] // MatrixForm

Out[27]/MatrixForm=(
q0 + q3 q1 + q2
−q1 + q2 q0− q3

)

In[28]:= CoquaternionToMatrix[Coquaternion[a,b,c,d]]//MatrixForm

Out[28]/MatrixForm=(
a + d b + c
−b + c a− d

)

In[29]:= CoquaternionToMatrix[q]//MatrixForm

Out[29]/MatrixForm=(
2 −1
−3 0

)

In[30]:= MatrixToCoquaternion[%]

Out[30]= Coquaternion[1, 1,−2, 1]

In[31]:= CoquaternionToMatrix[q].CoquaternionToMatrix[p]//MatrixForm

Out[31]/MatrixForm=(
2 4
−6 −6

)

In[32]:= CoquaternionToMatrix[q**p]//MatrixForm

Out[32]/MatrixForm=(
2 4
−6 −6

)
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Real 4× 4 matrix representation
The left and right representations of the coquaternion q = q0 + q1i + q2j + q3k, associated
with the left and right product are, respectively,

Lq =




q0 −q1 q2 q3
q1 q0 q3 −q2
q2 q3 q0 −q1
q3 −q2 q1 q0


 and Rq =




q0 −q1 q2 q3
q1 q0 −q3 q2
q2 −q3 q0 −q1
q3 q2 −q1 q0




In[33]:= CoquaternionTo4DMatrixL[Coquaternion[q0,q1,q2,q3]]//MatrixForm

Out[33]/MatrixForm=


q0 −q1 q2 q3
q1 q0 q3 −q2
q2 q3 q0 −q1
q3 −q2 q1 q0




In[34]:= CoquaternionTo4DMatrixR[Coquaternion[q0,q1,q2,q3]]//MatrixForm

Out[34]/MatrixForm=


q0 −q1 q2 q3
q1 q0 −q3 q2
q2 −q3 q0 q1
q3 q2 −q1 q0




In[35]:= (Lq=CoquaternionTo4DMatrixL[q])//MatrixForm

Out[35]/MatrixForm=


1 −1 −2 1
1 1 1 2
−2 1 1 −1
1 2 1 1




In[36]:= (Rq=CoquaternionTo4DMatrixR[q])//MatrixForm

Out[36]/MatrixForm=


1 −1 −2 1
1 1 −1 −2
−2 −1 1 1
1 −2 −1 1




In[37]:= Coquaternion@@(Lq.List@@p) == q ** q

Out[37]= True

In[38]:= Coquaternion@@(Rq.List@@p) == p**q

Out[38]= True
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Polar Form
Any coquaternion q = q0 + q1i + q2j + q3k ∈ S ∪ T, such that q /∈ L, has a polar
representation [18, 12] in one of the forms

q =





‖q‖
(

sinhφq + ωq coshφq
)
, if q ∈ S,

‖q‖
(

sgn q0 coshψq + ωq sinhψq
)
, if q ∈ T and q ∈ S,

‖q‖
(

cos θq + ωq sin θq
)
, if q ∈ T and q ∈ T,

(1a)

where sgn is the usual sign function, φq, ψq and θq are such that

sinhφq = q0

‖q‖ , sinhψq =
‖q‖
‖q‖ , cos θq = q0

‖q‖ , θq ∈ (0, π) (1b)

and
ωq =

q
‖q‖ (1c)

is a unit coquaternion satisfying ω2
q = 1, if q ∈ S and ω2

q = −1, if q ∈ T.
The polar form (1) is implemented in Coquaternions through the use of PolarForm[q]
which gives a list of one of the forms

{nat→ Spacelike, r → ||q||, ϕ→ φq, ω → ωq},
{nat→ TimeSpacelike, r → ||q||, ϕ→ ψq, ω → ωq, sgn→ sgn q0},
{nat→ TimeTimelike, r → ||q||, ϕ→ θq, ω → ωq},

according to (1a)-(1c). The function FromPolarForm reads a list of one of the above forms
and gives the corresponding coquaternion.

In[39]:= PolarForm[Coquaternion[1,1,2,2]]

Out[39]=
{

nat→Spacelike, r→
√

6, ϕ→ArcSinh
[

1√
6

]
, ω→Coquaternion

[
0, 1√

7 , 2√
7 , 2√

7

]}

In[40]:= FromPolarForm[{nat,r,ϕ,ω} /. %]

Out[40]= Coquaternion[1, 1, 2, 2]

In[41]:= PolarForm[Coquaternion[-3,1,1,2]]

Out[41]=
{

nat→TimeSpacelike, r→
√

5, ϕ→ArcSinh
[

2√
5

]
, ω→Coquaternion

[
0, 1

2 , 1
2 , 1
]

, sgn→− 1
}

In[42]:= FromPolarForm[{nat,r,ϕ,ω,sgn} /. %]

Out[42]= Coquaternion[−3, 1, 1, 2]

In[43]:= PolarForm[Coquaternion[4,3,2,1]]

Out[43]=
{

nat→TimeTimelike, r→2
√

5, ϕ→ArcCos
[

2√
5

]
, ω→Coquaternion

[
0, 3

2 , 1, 1
2
]}

In[44]:= FromPolarForm[{nat,r,ϕ,ω} /. %]
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Out[44]= Coquaternion[4, 3, 2, 1]

In[45]:= PolarForm[Coquaternion[1,1,1,1]]

PolarForm::LightLikeCoq : No polar form.

Function Description
ComplexMatrixToCoquaternion[m] gives the coquaternion corresponding to m ∈M2(C)
ComplexToCoquaternion[{a,b}] gives the coquaternion a + bj to a, b ∈ C
CoquaternionToComplex[q] gives a list {q0 + iq1, q2 + iq3} for the complex form of q
CoquaternionToComplexMatrix[q] gives the complex 2× 2 representation matrix of q
CoquaternionToMatrix[q] gives the real 2× 2 representation matrix of q
CoquaternionTo4DMatrixL[q] gives the real 4× 4 left representation matrix of q
CoquaternionTo4DMatrixR[q] gives the real 4× 4 right representation matrix of q
FromPolarForm[l] gives the coquaternion whose “polar coordinates” are l
MatrixToCoquaternion[m] gives the coquaternion corresponding to m ∈M2(R)
PolarForm[q] gives the polar form of a coquaternion (in case of existence)

Table 2: Representation of coquaternions

4 COQUATERNIONIC POLYNOMIALS
The study of quaternionic polynomials and, in particular, methods for determining and
classifying their zero-sets have become an active research area. Recently we have de-
veloped a Mathematica tool - QPolynomial - a collection of functions for manipulating,
evaluating and factoring quaternionic polynomials [9, 10]. In contrast, polynomials de-
fined over the algebra of coquaternions have received much less attention from researchers
(see, for example, [8], [11] and [15] and references therein).
In this section we describe a work in progress Mathematica tool - CoqPolynomial, relying
on the package Coquaternions, for dealing with some polynomial problems in Hcoq.
Starting with the basic definitions, we denote by Hcoq[x] the set of polynomials of the
form

P (x) = cnx
n + cn−1x

n−1 + · · ·+ c1x+ c0, ci ∈ Hcoq, (2)
i.e., the set of polynomials whose coefficients are only located on the left of the variable,
with the addition and multiplication of such polynomials defined as in the commutative
case, where the variable is assumed to commute with the coefficients. This is a ring,
referred to as the ring of (left) one-sided or unilateral polynomials in Hcoq. From now on
we use the simplified designation coquaternionic polynomials for polynomials in Hcoq[x]
and we usually omit the reference to the variable and write simply P when referring to
an element P (x) ∈ Hcoq[x].

As usual, if cn 6= 0, we say that the degree of the polynomial P is n and refer to cn as
the leading coefficient of the polynomial. When cn = 1, we say that P is monic. If the
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coefficients ci in (2) are real, then we say that P is a real polynomial. Given a polynomial
P of the form (2), its conjugate polynomial is the polynomial defined by

P (x) = cnx
n + cn−1x

n−1 + · · ·+ c1x+ c0.

Following the structure of QPolynomial, a coquaternionic polynomial in CoqPolynomial
is an object of the form Polynomial[cn,cn−1,...,c1,c0] accordingly to (2). For such
objects, rules as Plus, NonCommutativeMultiply, Power and functions as Conjugate,
Eval, etc. are defined; its use can be illustrated as follows:

In[46]:= P1 = Polynomial[1,Coquaternion[2,-1,1,0]];

P2 = Polynomial[Coquaternion[1,0,0,1],Coquaternion[0,0,1,1]];

α = Coquaternion[0,1,1,0];

In[47]:= P1 + P2

Out[47]= Polynomial[Coquaternion[2, 0, 0, 1], Coquaternion[2,−1, 2, 1]]

In[48]:= α ** P1

Out[48]= Polynomial[Coquaternion[0, 1, 1, 0], Coquaternion[2, 2, 2, 2]]

In[49]:= P1 ** P2

Out[49]= Polynomial[Coquaternion[1, 0, 0, 1], Coquaternion[2,−2, 3, 3], Coquaternion[1,−1, 3, 1]]

In[50]:= P3 = Polynomial[Coquaternion[1,0,0,-1],Coquaternion[1,2,1,1]];

P2 ** P3

Out[50]= Polynomial[Coquaternion[1, 4, 4, 3], Coquaternion[2, 0, 3,−1],

In[51]:= Conjugate[P1 ** P2]

Out[51]= Polynomial[Coquaternion[1, 0, 0,−1], Coquaternion[2, 2,−3,−3], Coquaternion[1, 1,−3,−1]

In[52]:= Conjugate[P2] ** Conjugate[P2]] == %

Out[52]= True

For a coquaternionic polynomial P , the evaluation map at a given element q ∈ Hcoq is
defined by

P (q) = cnq
n + cn−1q

n−1 + · · ·+ c1q + c0.

If P (q) = 0, then we say that q is a zero (or a root) P .

In[53]:= Eval[P1,α]

Out[53]= Coquaternion[2, 0, 2, 0]

In[54]:= Eval[P2][α]

Out[54]= Coquaternion[0, 2, 3, 1]
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In[55]:= Eval[P1,Coquaternion[-2,1,-1,0]]

Out[55]= 0

The evaluation map is not a homomorphism from the ring Hcoq[x] into Hcoq; given two
polynomials L,R ∈ H[x], in general, we do not have (LR)(q) = L(q)R(q).

In[56]:= Eval[P1 ** P2][α]

Out[56]= Coquaternion[6, 4, 8,−4]

In[57]:= Eval[P1][α] ** Eval[P2][α]

Out[57]= Coquaternion[6, 2, 6,−2]

We now list and illustrate some results concerning the evaluation, at a given element
q ∈ Hcoq, of the product of two polynomials. Consider the polynomials

L(x) =
n∑

i=0
aix

i, R(x) =
m∑

j=0
bjx

j, P (x) = L(x)R(x).

1. P (q) = ∑n
i=0 ai R(q) qi.

In[58]:= L = Polynomial[1,Coquaternion[1,2,3,4]];

R = Polynomial[1,Coquaternion[1,-1,2,0]];

q = Coquaternion[-1,-1,2,0];

P = L ** R

Out[58]= Polynomial[1, Coquaternion[2, 1, 5, 4], Coquaternion[9, 9, 1, 11]]

In[59]:= Eval[P,q]

Out[59]= Coquaternion[22, 16,−8, 14]

In[60]:= l = List @@ L;

l[[2]] ** Eval[R,q] + l[[1]] ** Eval[R,q] ** q

Out[60]= Coquaternion[22, 16,−8, 14]

2. If R(q) = 0, then P (q) = 0.
In[61]:= PolynomialZeroQ[R,Conjugate@q] && PolynomialZeroQ[P,Conjugate@q]

Out[61]= True
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3. If R(q) is non-singular, then P (q) = L
(
q̃
)
R(q), where q̃ = R(q)q(R(q))−1.

In[62]:= InvertibleQ[Eval[R,q]]

Out[62]= True

In[63]:= qtilde = Eval[R,q] ** q ** (1/Eval[R,q])

Out[63]= Coquaternion[−1,−1, 2, 0]

In[64]:= Eval[L,qtilde] ** Eval[R,q]

Out[64]= Coquaternion[22, 16,−8, 14]

4. If L(x) is a real polynomial, then (LR)(q) = (RL)(q) = R(q)L(q).
In[65]:= LL = Polynomial[1,2,3];

{Eval[LL ** R,q], Eval[R ** LL,q], Eval[LL,q] ** Eval[R,q]} // Union

Out[65]= {Coquaternion[0,−10, 20, 0]}

5. If q ∈ R, then (LR)(q) = L(q)R(q).
In[66]:= Eval[P,1]

Out[66]= Coquaternion[12, 10, 6, 15]

In[67]:= Eval[L,1] ** Eval[R,1]

Out[67]= Coquaternion[12, 10, 6, 15]

6. If R(q) is non-singular, then q is a zero of P iff R(q)q(R(q))−1 is a zero of L.
In[68]:= L = Polynomial[1,Coquaternion[-1,-5,1,5]];

P = L ** R;zeroP = Coquaternion[1,-1,1,1];

PolynomialZeroQ[P,zeroP]

Out[68]= True

In[69]:= InvertibleQ[Eval[R,zeroP]]

Out[69]= True

In[70]:= zeroL = Eval[R,zeroP] ** zeroP ** (1/Eval[R,zeroP])

Out[70]= Coquaternion[1, 5,−1,−5]

In[71]:= PolynomialZeroQ[L,zeroL]
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Out[71]= True

In[72]:= L = Polynomial[1,Coquaternion[-1,0,1,1]];

P = L ** R;zeroL=Coquaternion[1,0,-1,-1];

PolynomialZeroQ[L,zeroL]

Out[72]= True

In[73]:= zeroP = Eval[Conjugate@R,zeroL] ** zeroL ** (1/Eval[Conjugate@R,zeroL])

Out[73]= Coquaternion[1, 16
5 ,−3, 9

5 ]

In[74]:= PolynomialZeroQ[P,zeroP]

Out[74]= True

Function Description
Conjugate[P] gives the conjugate of P
Eval[P][q] gives P(q)
Polynomial[cn,cn−1,...,c1,c0] the object cnxn + cn−1xn−1 + · · ·+ c1x + c0
PolynomialZeroQ[P, q] gives True if P (q) = 0

Table 3: Some functions of CoqPolynomial

As we have already referred, the collection of Mathematica functions here described pro-
vides the basic mathematical tools necessary for manipulating coquaternions and co-
quaternionic polynomials, reflecting, in its present form, the recent interests of the au-
thors in the area. In the near future we intend to endow CoqPolynomial with the ability
to compute roots of coquaternionic polynomials, by implementing the recent algorithm
proposed in [11]. Details on this implementation will appear in a forthcoming paper.
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Abstract. This paper proposes a new way of testing the effect of labor market reforms in
the employment adjustment at the macro level. Following the approach to hysteresis based
on the presence of non-convex costs of adjustment, a switching aggregate employment equa-
tion is estimated, with an unknown splitting factor, from a computational implementation
of the linear play hysteresis operator. The play hysteresis operator describes a dynamics
where non-convex adjustment costs creates intervals of weak reaction of employment to
small variations in forcing variables, while spurts in employment adjustment may occur as
a consequence of a large, or cumulative small shocks. The main contribution of this paper
is to extend an existing approach for the case where there are disruptive breaks, by ac-
commodating changes in the value of the switching parameter of the employment equation
whenever labor market reforms are present. Numerical experiments on the Portuguese
economy are performed.

1 INTRODUCTION

Both theoretical and empirical literature establish that firms do not adjust their level of
employment for every shock that may occur in their product demand. On the contrary,
the employment adjustment is often discontinuous and irregular, with periods of inaction
interrupted by episodes of sharp changes.

This employment adjustment behavior is typically founded on the presence of non-
convex adjustment costs that result from institutional characteristics of the labor market,
some of them caused by legislation (see e.g., [4, 12, 17]). Non-convex adjustment costs
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create a wedge between the marginal revenue of adjustment and the inherent cost, imply-
ing that inaction may be the firms optimal response to small shocks, and that sufficiently
large transitory shocks may cause a permanent change in the level of employment – char-
acteristics that are akin to hysteresis processes (see e.g., [5, 2, 8, 9]).

The purpose of this paper is to propose a new way of testing the effect of labor market
reforms in the employment adjustment at the macro level. Following the approach to hys-
teresis based on the presence of non-convex costs of adjustment we estimate a switching
aggregate employment equation, with an unknown splitting factor, from a computational
implementation of the linear play hysteresis operator. The play hysteresis operator de-
scribes a dynamics where non-convex adjustment costs creates intervals of weak reaction
of employment to small variations in forcing variables, while spurts in employment ad-
justment may occur as a consequence of a large, or cumulative small shocks.

These nonlinear dynamics can be tested by a computational efficient mechanism devel-
oped by [3]. Yet, this approach cannot capture breaks in the switching parameter. One of
such breaks, was, for instance, caused the labor market reforms applied after the recent
financial crisis that were able to change the magnitude of the non-convex employment
adjustment costs.

The main contribution of this paper is to extend the algorithm proposed in [3] for the
case where there are disruptive breaks, by accommodating changes in the value of the
switching parameter whenever labor market reforms are present.

This paper is structured as follows. Section 2 describes the model and section 3 presents
the algorithm and some implementation details. Section 4 provides a numerical experi-
ment to illustrate the developed methodology. Section 5 concludes.

2 BUILDING THE MODEL DESCRIPTION

To describe the methodology we begin by introducing a simple microeconomic non-ideal
relay-type model of employment adjustment with uncertainty (Subsection 2.1) and then
build an aggregation mechanism to analyze the macrodynamics of employment (Subsec-
tion 2.2).

2.1 WEAK HYSTERESIS

Following the standard sunk-costs hysteresis approach to investment (see [9, 11]) and
to employment adjustment (see [1, 8, 3]), we start by describing a non-ideal relay-type
hysteresis model for individual firms that implies discontinuous employment adjustment
due to the presence of non-convex employment adjustment costs.

Let us consider a competitive market where each price taker active firm, j, j = 1, . . . , J ,
employs one unit of employment, nj,t, at the unit wage cost wj, to produce yj,t = nj,t = 1
units of output sold at a unit price Pt. All firms face a common demand schedule (Pj,t =
Pt) and the wage is constant over time, but not necessarily across firms (wj,t = wj).
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Additionally, we assume that firms face non-convex costs of employment adjustment.
Every individual firm must pay a fixed and constant cost in time to enter, Hj, or to
leave the market, Fj. An inactive firm produces no output and employs zero units of
employment.

A previously inactive firm will only enter the market when the expected returns com-
pensate the hiring costs. Thus the entry trigger price, Pentry,j, should exceed P t, the price
value that exactly compensates the variable unit cost wj. Conversely, a previously active
firm will exit the market if losses exceed firing costs. Exit trigger price Pexit,j should thus
be lower than P t. This simplification does not restricts the application of the model as a
firm can be divided into single production units, with every unit represented individually
[2], or view the firms as potential units of labor with the set of all potential units of labor
representing all the jobs that can potentially be created in the economy [14]. Thus the
decision to enter the market is akin to the hiring decision, and the decision to exit is akin
to the firing decision.

Considering a profit maximizing problem of the individual firm, with discrete time and
an infinite plan horizon, the employment demand function of firm j can be represented
by the non-ideal relay hysteresis operator:

nj,t = RPexit,j ,Pentry,j
(t0, nj,t0) [Pt]

=





1, nj,t−1 = 0 ∧ Pt ≥ wj + δHj ∨ nj,t−1 = 1 ∧ Pt > wj − δFj

0, nj,t−1 = 0 ∧ Pt < wj + δHj ∨ nj,t−1 = 1 ∧ Pt ≤ wj − δFj

(1)

where

• nj,t is the employment of firm j in period t;

• Pexit,j = wj − δFj and Pentry,j = wj + δHj, Pexit,j < Pentry,j, are the threshold values
for exit and entry;

• δ = 1
1+i

, is the discount factor;

• i is the risk free interest rate;

• Pt (t ≥ t0) is the price level;

• nj,t0 is the initial state (either 1 or 0).

The values of the operator are defined for nj,t0 = 0 if Pt0 < Pexit,j, for nj,t0 = 1 if
Pt0 > Pentry,j, and both for nj,t0 = 0 and nj,t0 = 1 if Pentry,j < Pt0 < Pexit,j.

The first branch of Equation (1) refers to a firm j entering or staying active while the
second one specifies the situation where firm j stays inactive or exits. Since Pentry,j >
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Pexit,j the difference between these two trigger points creates an employment band of
inaction (see [5, 10, 3]):

BIj = Pentry,j − Pexit,j = δ (Hj + Fj) . (2)

Each firm requires an aggregate positive demand shock Pt > Pentry,j to enter (hire
workforce), and an aggregate negative demand shock Pt < Pexit,j to exit (fire workforce).
Demand shocks within the range Pt ∈]Pexit,j, Pentry,j[ neither cause any change in em-
ployment nor unambiguously determine the current sate of firm’s activity. The whole
history of Pt must be taken into account. Therefore the system is characterized by path
dependence and “multi-branch non-linearity”.

2.2 STRONG HYSTERESIS

The aggregation approach from the micro to macro level is now considered. The procedure
follows the Preisach model, a mechanism to combine the non-ideal relays (1) previously
exposed.

The aggregate economy is represented as a set of J firms (or units of labour), J ∈ T ,
each performing as (2) and with entry and exit firm specific trigger prices. The set T can
be representd geometrically by a two-dimensional half-plan, the Preisach triangle:

T = {(Pexit,j, Pentry,j) : Pexit,j ≤ Pentry,j ≤ Pentry,max, Pexit,j ≥ Pexit,min}

where Pexit,min is the exiting threshold for the less demanding firm and Pentry,max is the
entering threshold of the most demanding.

The aggregate employment at time t, Nt, is described by the sum of the active firms
in the market:

Nt = Nt [t0, Nt0 ] =

∫ ∫

T

u (Pexit,j, Pentry,j)RPexit,j ,Pentry,j
[t0, nj,t0 ]PtdPexit,jdPentry,j (3)

where u (Pexit,j, Pentry,j) is the weight density function of the individual firms in T .
For a complete explanation of the Preisach model of hysteresis see [13, 15] for the

concept and [1, 8, 17] for its introduction in economic problems.
The main result is that for cycles of variation in aggregate demand there is a continuous

macroeconomic hysteresis loop for aggregate employment (see [16]). Differently from the
employment dynamics at the firm level this leads to a structural break in the employment-
aggregate demand relationship represented by a continuous transition between different
curves (branches). After a reversal of the path followed by Nt there is a weak employment
response that will evolve into a strong one, once the entry or exit thresholds of many firms
are passed. Whenever direction of the aggregate demand changes, a continuous branch-
to-branch transition occurs, implying that transitory changes in Pt can lead to permanent
variations in Nt.
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3 BUILDING THE HYSTERESIS VARIABLE: THE ALGORITHM

The linear play model of hysteresis, which is a piecewise-linear approximation of the
Preisach hysteresis loop where the slope of the linear functions change at extrema, is now
exposed, via a linear switching employment equation with an unknown splitting factor –
the play – capturing the non-linear play hysteresis effects. A general description of the
framework can be seen in [19] and an application to the dynamics of aggregate employment
in [3, 17, 18].

The linear play operator, Pr, is characterized by relatively flat reversible inner branches
– play lines – of the same length (play interval) and upward sloping linear limiting branches
– spurt lines – that form counter-clockwise oriented loops. The slope of a linear section
changes when a local extremum of Pt is reached, and every change in the direction of Pt

forces the system to traverse a play interval. A strong reaction of Nt only takes place
after this interval is surpassed.

Within this framework the memory effect is captured by the difference in the slopes
between the play and spurt lines. If β1 denotes the slope of the flatter line (play line)
then (β1 + β2) is the slope of the steeper one (spurt line), where β2 stands for the memory
or remanence parameter. As the slope of limiting branches is fixed, the play operator
is characterized by a single parameter - the size of the play interval that increases with
the magnitude of employment non-convex adjustment costs. The value of the aggregate
employment, Nt, is determined from the initial value of the operator state,

(
Prt0

, Pt0

)
,

together with the future values of the input, Pt.
This model has two testable implications. Firstly, after the reversal of the direction

of the price level a weak reaction of the employment to changes in Pt can be observed.
Secondly, a switch to a strong reaction of aggregate employment to changes in price (i.e.,
a structural break) for large changes in Pt will take place.

Pt

Nt downward spurt line upward spurt line

play line

P2 PD P0 PB P1

play

re
m

an
en

ce

A
B

C
D

E F

Figure 1: Spurt and play lines
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The dynamics is illustrated in Figure 1. Assume Pt = P0 (the system starts at A).
An increase in the price level up to P1 causes, initially, a weak response of the aggregate
employment (along a play line) until a threshold value PB is surpassed (the system is at
B). This is due to the existence of non-convex costs of employment adjustment. When
the price change becomes sufficiently large (threshold value PB is surpassed), the employ-
ment responds strongly, increasing along an upward spurt line (the level of employment
follows the sequence ABC). If the price starts to decrease to P2 then employment initially
decreases weakly until a threshold at PD is reached (the system is at point D). After this
threshold value is surpassed, employment starts to decrease strongly along the downward
spurt line (the level of employment follows the sequence CDE). A further reversion of the
aggregate demand to P0 leads again to a weak employment reaction along a play line,
which is vertically shifted downward (the level of employment follows the sequence EF).

Following closely [3], assume that the system starts in a spurt line with Nt−1 = NS
t−1.

Thus, ∆P t starts with the system in a spurt line entering in a play line: ∆P t = ∆P S
t .

Consider further that the change in the variable that causes hysteresis, Pt may occur when
Nt is evolving along a play line, in which case it is referred to as ∆at (and cumulated as
at), or when Nt is evolving along a spurt line, in which case it is referred to as ∆St.

∆P S
t = at + ∆St, (4)

with

∆St =

{
sign

(
∆P S

t

)
×
(∣∣∆P S

t

∣∣− play
)

,
∣∣∆P S

t

∣∣− play > 0
0 , otherwise

. (5)

For example, if ∆P t1 = Pt1 − Pt0 ⇒ ∆P t1 = ∆at1 + ∆St1 = Pt0PB + PBPt1 .
Then we assume that ∆Nt

∆Pt
= β1 + d× β2, with d = 0 for the play lines and d = 1 for

the spurt lines, for |β1| < |β1 + β2|. The change in aggregate employment, Nt, induced by
a sufficient change in Pt, is described by a weak reaction along a play line and a strong
reaction along a spurt line:

∆N t
S = Nt −NS

t−1 = β1at + (β1 + β2) ∆St (6)

As an illustration, consider that Pt increases from Pt0 to Pt1 ; then,

∆N t1 = β1at1 + (β1 + β2) ∆St1 = β1Pt0PB + (β1 + β2)PBPt1 .

The location of the play line is shifted vertically by movements on the spurt line in the
direction of the change in employment. For example, if the Pt decreases from Pt1 to Pt2

the play line is shifted downwards.
The cumulative vertical displacement of the relevant play line induced by all previous

movements on both spurt lines, Vt, is expressed as:

Vt = β2

t∑

i=0

∆Si = β2St (7)
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Thus, the realization of aggregate employment, Nt, in period t can be expressed as the
shift Vt−1 induced by past movements along the spurt lines and the current change in the
dependent variable, ∆N t

S:

Nt = c0 + Vt−1 + ∆N t
S (8)

where c0 is the initial level of aggregate employment (at t0). From (6), (7) and (8) we find
Nt = c0 + β2

∑t−1
i=0 ∆Si + β1at + (β1 + β2) ∆St. Bearing in mind that

∑t−1
i=0 ∆Si + ∆Si =∑t

i=0 ∆Si = St and (4), it results Nt = c0 + β2St + β1∆Pt.
Adding and subtracting β1

∑t−1
i=0 ∆P i, we get

Nt = β0 + β1Pt + β2St (9)

for β0 = c0 − β1

∑t−1
i=0 ∆P i, and

∑t−1
i=0 ∆P i + ∆P S

t =
∑t

i=0 ∆P i = Pt. St is the hys-
teresis transformed input variable, which incorporates the properties of nonlinearity and
remanence.

A (MATLAB) program to generate the hysteresis variable and to estimate the width
of the play interval is implemented (Algorithm 1), ensuing the algorithm in [3]. The
innovation here is that the program allows for structural breaks in the splitting factor
(play) of the employment equation, caused by the application of major reforms towards
the flexibilization of the labor market that may affect the magnitude of the non-convex
adjustment costs.

4 NUMERICAL ILLUSTRATION

Industrial monthly data from the EUROSTAT – General Statistics, Industry Commerce
and Services – was used in the estimation process. Real production in industry, Yt, is used
as a proxy for the aggregate demand represented in the theoretical model by Pt. We add
also to equation (9), as non-hysterestic regressor, the real wage, Wt. All variables are in
logarithms and the series seasonally adjusted. Data covers the period from January 2000
to December 2018.

In this framework, β1 gives the reaction of aggregate employment, Nt, along the play
line, while β2 is the difference of the reaction of Nt along the spurt line and the play line
caused by changes in the aggregate demand.

The test for the presence of hysteresis consists of checking the ability of the hysteretic
transformed input variable, St , to explain the observed aggregate employment dynamics.
The strategy is to test whether the non-linear model, which includes hysteresis, provides
better results than the linear one, by looking to the significance of the transformed real
production variable - hysteresis implies β2 > 0 in (9).

The augmented Dickey-Fuller test is used to analyze the stationarity of the series in
levels and to their first differences (see Table 1). For all variables in levels, the test
statistic is larger than the 5% critical value (-3.430) indicating that the hypothesis of the
existence of a unit root should not be rejected. For the first difference of the series, the
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Algorithm 1: Linear switching employment estimation: 2 plays. The fun function
provides the necessary computations to evaluate changes in the spurt variable due to
changes in the input variable.

Data: Nt, Yt, Wt

Result: play, spurt, parameter estimates & stats

Grid generation
Compute

gmin, the minimum value to consider on the grid for the play;
gmax, the maximum value to be considered on the grid for the play;
gprec, the required precision;
g = gmax−gmin

gprec
, number of points on the grid;

dN = diff(Nt);
set break;

Grid search over a set of admissible values of the parameters of the play equation
for i← 1 to g + 1 do

play1(1 : break) = gmin + (i− 1) ∗ gprec;
spurt1 = fun(play1, dN(1 : break));
for j ← 1 to g + 1 do

play2(1 : end− break + 1) = gmin + (j − 1) ∗ gprec ;
spurt2 = fun(play2, dN(break : end)) ;
R2(i, j) = regress(Nt, [Yt,Wt, St]);

end

end

Select the pair that maximizes the goodness of fit (measured by R2)
play1max(1 : break) = gmin + (imax− 1) ∗ gprec;
spurt1max = fun(play1max, dN(1 : break));
play2max(1 : end− break + 1) = gmin + (jmax − 1) ∗ gprec;
spurt2max = fun(play2max, dN(break : end));
spurt = [spurt1max; spurt2max];
play = [play1max; play2max];

Fit a linear regression model
fitmodel(Nt, [Yt,Wt, St]);
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Variable Level 1st difference
Nt 1.104 -4.464
Yt -1.772 -15.873
Wt -0.894 -3.430
St -0.817 -11.844

Table 1: Augmented Dickey-Fuller test statistics

hypothesis of the existence of a unit root should be rejected (test statistics smaller than
the 5% critical value for all the variables). To sum up, variables included in the regression
are integrated of order one, I(1).

As the series are non-stationary but co-integrated1, to obtain asymptotically unbiased
estimates of the parameters, we estimate the regression (9) via the Fully Modified Least
Squares (FM-OLS). The method modifies least squares with semi-parametric corrections
that account for serial correlation effects and for endogeneity in the regressors that result
from the existence of co-integrating relationships.
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Figure 2: Estimation of the constant play width. Original input series and the hysteresis
variable.

Through a grid search mechanism, the estimated value obtained for the play is 0.076.
The R2 of the employment equation over the parameter search grid are displayed in Figure
2a. The original industrial production series, Yt, along with its transformation according
to the model of hysteresis, St, is displayed in Figure 2b.

1Using the Johansen test procedure (the trace test) performed with four lags in the VAR representation
and with an intercept and time trend in the co-integrating equation, the hypothesis of the existence of
at least one co-integrating vector relating the variables is not rejected. The trace test statistic is 66.917,
greater than the 5% critical value (47.856).
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In Table 2 (column 2) we present the results of the estimation of the switching employ-
ment equation for the case of a constant play. Using fully-modified Wald tests, both the
coefficients that captures the reaction along the play, β1, and the coefficient that captures
the difference of the reaction along the spurt and the play, β2, are positive and significant.
This shows that the reaction along the play is weaker than the reaction along the spurt.
The coefficient associated with the real wage is negative as expected but non significant.

Dependent Variable: logarithm of aggregate employment in industry (Nt)
estimates

Variable constant play break in play value at 2011:01
β0 1.715 (1.052) 4.681∗∗∗ (6.229)
Yt 0.945∗∗∗ (3.601) 0.214 (1.421)
St 0.399∗ (1.610) 0.817∗∗∗ (7.672)
Wt -0.292 (-1.213) -0.175∗ (-1.617)
R2 0.785 0.810

Table 2: Employment switching equation estimation (FM-OLS); t−statistics are in paren-
theses (∗∗∗, ∗∗,∗ significant at 1, 5, and 10 per cent respectively)

Major labour market reforms were implemented in the context of the conditionality
measures associated to the financial assistant programme signed with the Troika in 20112

that may have contributed to a change of the width of the play. Consequently we write
a program that alows for a structural break in the value of the play in 2011:01.

Through the process of two-dimensional grid search, the estimated values obtained for
the play are 0.064 for the period between 2000:01 and 2010:12, and 0.000 for the period
after 2011:01. The R2 of the employment equation associated to each combination of play
values before 2011:01 (play 1) and after 2011:01 (play 2) are displayed in Figure 3a. The
original industrial production series, Yt, along with its transformation according to the
model of hysteresis, St, is displayed in Figure 3b.

In Table 2 (column 3) we present the results of the estimation of the switching em-
ployment equation for the case of a break in the play value at 2011:01, using FM-OLS. In
this case, the coefficient that captures the reaction along the play, β1, is not significantly
different from zero, while the coefficient that captures the difference of the reaction along
the spurt and the play, β2, is 0.826 (significant at 1%). This implies that employment
change requires sufficiently large demand shocks. In this case, the coefficient associated
with the real wage is negative as expected and significant.

In order to check the robustness of the results, and in particular to overcome any
simultaneity bias problem that may exist, we also reestimate the employment switching

2See Portugal: Memorandum of understanding on Specific Economic Policy Conditionality, p. 19. The
reforms covered four areas: i) employment protection; ii) working time arrangements; iii) wage setting
and collective bargaining; and iv) unemployment benefits.
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Figure 3: Estimation of the constant play width for each play value. Original input series
and the hysteresis variable.

equation using GMM. The estimated coefficients for a constant play are displayed in Table
3 (column 2). In this case, the coefficient that captures the reaction along the play, β1, is
not significantly different from zero, while the coefficient that captures the difference of
the reaction along the spurt and the play, β2, is 0.87 (significant at 1%). This shows that
there no reaction of employment to industrial production along the play. On the contrary
the reaction along the spurt is positive and significant, implying that employment change
requires sufficiently large demand shocks. The coefficient associated with the real wage is
negative and significant.

Dependent Variable: logarithm of aggregate employment in industry (Nt)
estimates

Variable constant play break in play value at 2011:01
β0 2.768∗∗ (2.087) 4.556∗∗∗ (3.455)
Yt 0.795∗∗∗ (3.045) 0.138 (0.407)
St 0.509∗∗ (2.499) 0.826∗∗∗ (3.929)
Wt -0.366∗∗ (-2.535) -0.072 (-0.583)
R2 0.792 0.819

Table 3: Employment switching equation estimation (GMM); t−statistics are in paren-
theses (∗∗∗, ∗∗,∗ significant at 1, 5, and 10 per cent respectively)

The correspondent estimates for a play with a break in 2011:01 using GMM are in Table
3 (column 3). The estimates coefficients are relatively stable to the different estimation
methods. The coefficient that captures the reaction along the play is again not significant,
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while the coefficient that captures the difference of the reaction along the spurt and the
play, β2, is 0.826 (significant at 1%).

5 CONCLUSION

This work deals with the capture of hysteresis effects in the macrodynamics of employment
via a linearized approach of the Preisach model of hysteresis – the linear play operator.
An employment switching regression algorithm is implemented with the novelty of ac-
commodating for breaks in the switching parameter. These breaks represent important
economic perturbations due to political decision changes concerning regulations of the
labour market, which induce an impact on the dynamics of employment both at micro
and macro levels.

A numerical experiment on real data for Portugal enhance the merits of this new
approach by showing that labour market reforms had indeed an impact on the size of the
employment band of inaction.
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Abstract. Often, while implementing numerical algorithms, double precision arithmetic
is not sufficient to provide results with the required accuracy. This is particularly the case
when facing ill-conditioned problems, which prevent stable algorithms from working within
machine precision.

In this work experimental results on the computation of approximate solutions of dif-
ferential problems via spectral methods will be exposed with resource to multiprecision
arithmetic.

1 INTRODUCTION

When facing ill-conditioned problems, which prevent stable numerical algorithms from
working within machine precision, double precision arithmetic is not sufficient to provide
results with the required accuracy. One alternative to tackle these cases is to explore
floating point arithmetic with higher precision, for instance quadruple precision. From
the 2008 revision, the IEEE 754 standard has introduced a quadruple precision floating-
point format (binary128). Currently this 128 bits floating-point type is available only
in software implementations.

Two of the main goals when implementing numerical algorithms are correctness and
speed, that is, to have the results with the required precision as fast as possible. It is
in general possible to improve one of those features at the cost of the other. So in order
to use better precision we naturally loose performance because the number/complexity
of computation is increased, with the opposite happening if we require less precision. As
an example there is a cost in computing performance, mainly because software based
solutions are being used, e.g. studies point out that quadruple precision can be up to 4
orders of magnitude slower than double precision.

The several precision formats can be available at software or hardware level. Eventually
it is fair to consider that hardware based solutions are software written at a low level
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and fixed/imprinted on the processors, while software solutions can change are thus are
more flexible use the general architecture and therefore are not as fast as the hardware
supported precision formats. Other than the usual precision formats like single or double
IEEE precision current hardware already supports other extended formats like x87 80-
bits precision format (that C/C++ refers as long double). In a near future hardware
supporting multiprecision arithmetic not only higher than double but also half precision
with huge impact in performance whenever it can be explored.

Even for multiprecision format based in software the more general the implementation
is like arbitrary precision the slower it is. Implementations of fixed multiprecision for-
mats, like the quadruple precision, can take advantage of this by trading some generality
for speed. One example of implementing a quadruple precision (that is similar but not
equal to IEEE quadruple precision) uses two double precision numbers to represent one
quadruple precision, also known as double-double arithmetic.

Software based solutions that implement arbitrary precision arithmetic are available
in several environments, such as MATLAB with the symbolic math toolbox, Octave with
the symbolic package, or other multiprecision packages some of which are based on GNU
GMP or GNU MPFR underlying libraries.

Most importantly is to notice that the 128 bits, or higher, floating-point arithmetic is
not only needed for applications requiring large precision but likewise to allow the compu-
tation of double precision results, mitigating round-off errors at intermediate calculation
steps, more accurately. and depending on the type of the problem being studied the higher
precision only needs to be applied at some selected precision bottlenecks, only paying the
speed penalty for precision where strictly required. This already happens in libraries like
the C math library (like the GNU libc) where some of the calculations for the functions
are done internally in extended double precision, or higher, for the results to be returned
in double precision.

Another interesting use of multiprecision implementations in numerical algorithms,
with higher precision than double, is to benchmark the accuracy of results obtained using
different internal implementations as well as the speed of each. That allows us to assess
the goodness of each implementation using both in terms of speed and accuracy and thus
to select the best candidate even if the usual/production implementation will be done
exclusively using the standard double precision.

In this work experimental results on the computation of approximate solutions of dif-
ferential problems via spectral methods will be exposed with resource to multiprecision
arithmetic.

2 THE TAU SPECTRAL METHOD

Finding accurate approximate solutions of differential problems is of crucial importance,
particularly when facing large integration domains and for dynamical systems. Spectral-
type methods, which Tau is part, provide excellent error properties: when the solution is
smooth exponential convergence can be expected.
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The Tau method tries to express the sought solution as a linear combination of orthog-
onal polynomials – basis functions. The coefficients of such a combination are the exact
solution of a perturbed differential problem. In the tau method, we get an (n+1)th degree
polynomial approximation yn to the differential problem’s solution y by imposing that yn
solves exactly the differential problem with a polynomial perturbation term τn in the
differential equation, or system of differential equations. To achieve good minimization
properties for the error, τn is projected onto an orthogonal polynomial basis.

Let D =
∑ν

k=0 pk
d
dxk

represent an order ν linear differential operator acting on the space
of polynomials P, where pk =

∑nk

i=0 pkix
i are polynomial coefficients, nk ∈ N0, pk,i ∈ R

and let f ∈ P with finite degree λ. An approximate polynomial solution yn for the linear
differential problem {

Dy = f

ci(y) = si, i = 1, . . . , ν
, (1)

is obtained in the tau sense by solving a perturbed system

{
Dyn = f + τn

ci(yn) = si, i = 1, . . . , ν
, (2)

These operations allows for a matrix representation of (2) as

Ta = b, with T =

[
C
D

]
and b =

[
s
f

]
. (3)

where
C = [cij]ν×∞ = ci(Pj−1), i = 1, . . . , ν, j = 1, . . . ,

D =
ν∑

k=0

pk(M)Nk, pk(M) =

nk∑

i=0

pkiM
i ,

s = [s1, . . . , sν ]
T and f = [f0, . . . , fλ, 0, 0, . . .]

T are, respectively, the boundary conditions
and of the coefficients of the right-hand-side differential equation on the basis P .

This is known as an operational formulation of the Tau method and represents a
convenient framework for the implementation of the method. All operations are translated
in matrix formulations, like the multiplication of polynomials and derivatives, and the
solution of the differential problem is obtained via the solution of a linear system of
equations. If the problem is nonlinear, a linerization process is build.

The operations involving change of polynomial basis and powers of matrices must be
numerically tackled with expertize, otherwise the overall approach may not be stable.
Furthermore, the resulting coefficient matrix may be ill-conditioned, which even in the
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presence of a stable method to solve the linear system, may lead to approximate solutions
far from the required precision.

The Tau Toolbox [3, 10] provides a robust and stable numerical library for the solution
of integro-differential problems using the Tau method. For a detailed explanation on the
Tau method we suggest, e.g., [9].

3 NUMERICAL EXPERIMENTS

In this section we report on preliminary results using variable precision arithmetic (VPA)
in Tau Toolbox.

The example shows that for a set of initial value problems the floating-point arithmetic
together with the ill-conditioning of the data can lead to unsatisfactory results in terms
of accuracy.
In this example we want to solve the ordinary differential problem

(k −m)!xmy(m) − k!y = 0, m ∈ N, m < k (fixed)

with initial conditions

y(−1) = (−1)k

y′(−1) = k(−1)k−1

· · ·
y(r)(−1) = k!(k − r)!(−1)k−r, r = 0, . . . ,m− 1.

The analytical solution is xk.
Since the solution is polynomial, the spectral method is expected to deliver the exact

solution for the same polynomial degree approximation. However, this might not be
the case due bad condition number of the linear system to be solved in floating-point
arithmetic.

For the experiment we test the numerical approximation for m = 4 and k = 5. Since the
derivative order along with the power exponent are small, a machine precision accuracy
is expected for polynomial degree approximations equal to 5 and beyond. Figure 1 shows
the true error (figure 1a) and the residual (figure 1b) for this specification and for several
values of n, for double and quadruple precisions. Indeed, from n = 5 on, the solution is
found within machine precision. The code is stable even when n grows.

For larger values of m and/or k problems can occur, mainly due to bad conditioning.
Figure 2 shows the result of similar experiments but now considering m = 11 and k = 13.
The reciprocal condition estimator of the condition number is also drawn for each n tested.
The condition number of the problems to be solved is high and thus the approximate
solutions cannot be computed accurately. It is clear that for increasing values of n the
condition number increases (the reciprocal is decreasing).

For double precision arithmetic, the quality of the approximate solution is poor since
the error is, for all cases considered, high: the approximation cannot be delivered with
more than 2 or 3 significant digits, thus strongly under single precision accuracy.
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Figure 1: Convergence history for n ranging from 20 to 100: m = 4, k = 5.
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Figure 2: Convergence history for n ranging from 20 to 100: m = 11, k = 13. Reciprocal
condition estimators.

On the other hand, with quadruple precision arithmetic, the approximation was ob-
tained with machine precision (10−16). It is worth mentioning that even for the larger n,
where the condition number is higher than 1050, an approximate solution can be obtained
within machine precision.

4 CONCLUSIONS

In this work we have extended the Tau Toolbox to work with variable precision arithmetic.
This possibility is crucial to (i) accommodate ill-conditioned problems, which prevent
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stable algorithms from working within machine precision and (ii) distinguish between two
different computational implementations of the same mathematical expression in terms
of both accuracy and speed.

Experimental results show the efficiency of the use of quadruple precision on the com-
putation of approximate solutions of differential problems via the spectral Tau method.
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Abstract Automatic Control Systems are each time more important in all industrialized and 

advanced societies. Several techniques for PID controller autotuning have been proposed 

since a long time ago; however, the robustness and scope of these techniques are important 

in which concern the practical feasibly of the method. Using a recent approach, a set of 

tests was performed to evaluate the generalization capacity of it. This approach evolves in 

a simulation environment MATLAB/SIMULINK together with an FPGA implementation. In 

this paper the results of this set of test are presented allowing us to evaluate the robustness 

and scope of the method. 
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1. INTRODUCTION 

Control systems are far and wide used in all modern and industrialised societies. Devices 

designed to control automatized tasks are present into small plants and large industrial buildings 

as well. As a subset of control systems we can point out the PID controllers. The popularity of 

these controllers is due to them simple structure, only 3 terms to tune, and a robust performance 

over a wide range of operation conditions. Thus, a large literature related to these controllers 

can be find; since the beginning of the 20th century till now, PID controllers tuning technics 

have experienced great developments. An overview of the advances made in this field of 

technology can be find in several papers, reports and books, among of them, the book “PID 

Control in the Third Millennium” [2] where we can find a practical source of robust and 

advanced solutions. A complete overview and analysis about patents, software and hardware as 

well simulation environments such as MATLAB/SIMULINK [3] for PID control was published 

[4].  

Due to changes on operation conditions and plant components aging, tuning a controller is a 

dynamic procedure, this means that any control system needs, in general, to be retuned during 

its normal running, so an adaptive control strategy is desired. Thus, the adaptive strategy 

adopted should accommodate adjustable parameters and a mechanism for adjusting the 

parameters. Therefore, the overall system, that is, the controller and the plant to be controlled, 

together with the mechanism for tuning the parameters, becomes nonlinear. 

Our approach takes into account the adaptive control with 2 loops; one loop (linear) is 

composed by the normal feedback with the plant and the controller, the other one is the 

parameter adjustment loop (nonlinear) [5]. 

The increasing role played by artificial intelligence inside control systems leads to intelligent 

control. According to it, classical control algorithms can be combined with soft computing 

techniques as artificial neural networks (NN), genetic algorithms (GA) [6] or fuzzy logic. 

According to this approach [6] NN trained off-line were used for supplying on-line PID 

parameters optimized for arbitrary control criteria. The NN were used for modeling purpose and 

the classical GA for optimization purpose.  

Because GA requires a great computational effort, (incompatible with running the control 

system in real time), an improvement was performed [7] by using a multi-population genetic 

algorithm MPGA following the evolutionary model of islands [8]; as expected, this approach 

[7]  overcome the former one [6] in terms of GA efficiency. 

No matter the kind of approach used for implementation and tuning the PID controller, the 

majority of them were implemented in software. In our work the MPGA is used with NN to 

support the PID autotuning using as platform the soft-processor NIOS II inside an FPGA board. 

This approach presents as advantage the possibility of the designer of embedded systems 

defining a specific core inside the NIOS II for his specific needs [9]. Therefore we adopt a 

strategy of development evolving simultaneously inside 2 contexts: 

 simulation context where MATLAB code together with SIMULINK models implement 

both loops (control loop and adaptive loop), and 

 digital hardware context where an FPGA board is programing. 

In spite of our approach aim at real time implementation, the simulation component is crucial 
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for its success. The environment like MATLAB/SIMULINK allows us a fast code development 

and result production and testing as well graphic visualizations; these issues are compulsory 

when we deal with control systems. Thus, the control loop together with the tuning module is 

presented in section 2. Our system is implemented in digital hardware, therefore, a discrete 

version is needed, so, this section is also devoted to discretization of the plant and the controller, 

after, the algorithm for FPGA implementation is deducted.  Section 3 is devoted to GA, where 

2 approaches are pointed out for fitness evaluation. Section 4 presents some computational 

results justifying the setup of a set batch of transfer functions for testing, which is developed in 

section 5. Finally, in section 6 we point out some conclusions and suggestions for future work. 

2. PID CONTROLLER, PLANT AND DISCRETE EQUIVALENTS   

In this section the problem we aim to solve is presented and the corresponding discretization 

is done.  

First we present the control loop components, after the discretization is done, finally, the 

algorithm for FPGA implementation is deduct. 

2.1. Control loop 

In Figure 1 the control architecture is depicted for continuous time (detailed in [10]) where,  

 
1

1c

i

PI s k
st

 
  

 
 and  

1
,

1 10

d d
f

f

st t
D s t

st


 


 ( 1) 

The PID auto-tuning consist on evaluating and deliver online accurate PID parameters 

 c i dPID k t t  optimized for a set of control criteria. 

 

Figure 1. Control system + tuning block. 
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It should be considered a normal feedback loop (the block control system), and the 

parameter adjustment loop (tuning block) composed by modelling and optimizer blocks, as 

explained in [10]. 

Our approach can accommodate several control tuning performance measures, however, for 

current exemplification it was considered 2 objectives: 

1. reference tracking: achieved by minimization of the integral of the time multiplied 

by the absolute error,        ,ITAE t e t dt e t y t r t    , with an unit step as input 

  1R s
s


. 

2. output disturbance rejection: achieved by minimization of  the integral of the time 

multiplied by the absolute output y(t),  ITAY t y t dt   , with a null reference 

  0R s   and a unit step added to the G(s) output. 

The plant under test will be linear with time delay, represented by the transfer function G(s) 

modelling a continuous system. The exact expression for this transfer function will be defined 

into subsection 2.2 where the control algorithm will be outlined. 

However, since the control will be performed by a digital processor, the interface between the 

continuous and discrete domains should be taken into account. Thus, the plant G(s) together 

with both converters (the analog to digital (A/D), and the digital to analog (D/A)), is depicted 

in Figure 2. 

 

Figure 2. The prototype sampled-data system. 

We should compute [11] the discrete transfer function between the samples coming from the 

processor,  u kT , and the samples picked up from the plant output by the A/D converter,  y kT

, we will represent this transfer function by  dG z . The sampling time T was used for sampling 

procedure. 

The D/A converter is an electronic device called zero-order hold (ZOH) because it accepts a 

sample at a given instant, t kT , let call it  u kT , and holds its output constant until the next 

sample is sent at  t kT T  . According to this procedure, the D/A converter generates a 

continuous signal  x t  with a shape like a stair with steps wide equals to sampling time T. 

Therefore, the transfer function that we want evaluate,  dG z , is the z-transform of the signal 

 y kT  when the input    u kT kT  (the discrete delta Dirac impulse).  
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We can obtain [11] the discrete transfer function from the input    u kT kT  to output  y kT    

by ( 2).  

   
 11d

G s
G z z

s


 

   
 
Z  ( 2) 

The symbol .Z  means that Laplace transform (expression in variable s) should be inverted 

to continuous time domain, after, the independent variable t will be taken for t kT  and finally 

the z-transform is evaluated. 

As mentioned before, the plant under test should model a linear system with time delay; so, we 

rewrite G(s) as    sG s e H s for practical reasons.  

Let us assume that time delay   is greater than the sampling time T: T  . We define   in 

terms of T, lT mT   , where l is the minimum number of T needed to transcend the time 

delay  , so:   ,l Ceil
T

  (Ceil round towards plus infinity). Thus, m is a fractional part of T, it 

can be evaluated after knowing l,   and T. Finally [11] , we can deduct from ( 2): 

   
 11 l mTs

d

H s
G z z z e

s

 
 

   
 
Z  ( 3) 

The control technique adopted is the discrete equivalent of continuous controllers [12]; this 

indirect method consists in: 

• Starting with a continuous time design (in this case a continuous PID controller [10]) 

we make a discretization to implement it into a processor; this method of design is called 

emulation. 

The numerical integration method was used for discretization. According to this technique 

the integrals obtained from the differential equations are approximated by differences, 

leading to differences equations, which are models of discrete systems. 

The approximation chosen was the bilinear transformation (also called trapezoidal 

integration or Tustin transformation [12]) within the numerical integrations method. 

Therefore, it is proved [11] that, a continuous transfer function leads to a discrete equivalent 

transfer function by replacing the Laplace variable s according to ( 4). 

1

1

2 1

1

z
s

T z









 

( 4) 

Thus, using the emulation design explained before, the discrete PID controller is obtained from 

( 1) using ( 4): 
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Now, we have all the blocks needed to stablish the discrete version (Figure 3) of the 

continuous control system presented in the bottom of Figure 1 

 

 

Figure 3. Discrete version of continuous control system. 

In Figure 3 we locate the signals defined in discrete time domain (k variable), which will 

be useful for the establishment of the algorithm. The discrete negative feedback control loop 

together with the z transform ( 5) ( 6), and G(z), will be used to construct the algorithm 

which was implemented on the processor; this procedure will be detailed in the following. 

Note that for simplicity purpose the d sub-index for the discrete transfer function ( 3), ( 5) 

and ( 6) will be suppressed. 

2.2. Algorithm for discrete equivalent implementation 

Based on previous work [10] this implementation will use the transfer function ( 7) which 

it is a good representative of first order continuous plant with time delay, FOPDT. 

 
se

G s
s a






 ( 7) 

Current work will accommodate small changes for the polo location a, simulating a time 

variant plant. Thus, taking into account the time delay  , the continuous plant ( 7) leads to 

a discrete transfer function  ( 8).  
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Now, we have all the transfer functions needed, together with Figure 3, for the establishment 

of the difference equations ( 9) to ( 11) for the signals  u k ,  y k  and  m k . 
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 ( 11) 

Based on these deference equations we can deduct the discrete close loop algorithm, Table 

1. 

This algorithm is implemented in hardware, however, for testing purpose, SIMULINK 

models were built. These models (Figure 4 and Figure 5) are designed for dynamic 

simulation and evaluation of both criteria: ITAE and ITAY.  

 

Figure 4. SIMULINK model for discrete version of continuous control system and ITAE evaluation. 
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1. Initialize: 

2. TimeDelay 

3. SamplingTime 

4. numberOfPoints 

5. l  TimeDelay / SamplingTime 

6. frac_m     

7. frac_m l – TimeDelay / SamplingTime 

8. 
  _   SamplingTima frac eme     

9. m   0 0  

10. For cont1 to numberOfPoints – 1 

11. k  cont+1 

12.    1e k m k   

13. If 2k   then 

14.    
2

2

i
c

i

t T
u k k e k

t


   

15. else 

16.        
2 2

1 1
2 2

i i
c c

i i

t T T t
u k u k k e k k e k

t t

 
      

17. Endif 

18. If 2k   then 

19.   0y k   
20. Elseif 2k   and k l  

21.    1aTy k e y k   
22. Else 

23. 
       

1
1 1

aT
aT e

y k e y k u k l u k l
a a

  
  

      
 

24. Endif 

25. If 2k   then 

26.    
2

2

d

f

t T
m k y k

t T





 

27. Else 

28. 
       

2 2 2
1 1

2 2 2

f d d

f f f

t T t T T t
m k m k y k y k

t T t T t T

  
    

    
29. EndIf 

30.    1m k m k   
31. EndFor 

 

Table 1. Discrete close loop algorithm 

The ITAY control criterion is evaluated using the SIMULINK model depicted in Figure 5. 
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Figure 5. SIMULINK model for discrete version of continuous control system and ITAY evaluation. 

All discrete signals,  u k ,  y k  and  m k ,  are available inside these models, so, diferent 

control performance measures could be taken into account for further developments. 

3. OPTIMIZATION METHODOLOGY AND HARDWARE IMPLEMENTATION   

A Multi-Population Genetic Algorithm (MPGA) is used for optimization procedure needed 

for solving the tuning PID controller. A resume of our MPGA implementation will be 

present in the section 3.1. This algorithm was coded using as main tool the NIOS II 

processor embedded in FPGA. The hardware employed was the development kit DE2-70 

from Altera - Cyclone II - EP2C70F896C6N - 100MHz, [13] whose features supported two 

core architectures; its schematic is shown in Figure 6. 

Two processors were used; the first one runs an algorithm devoted to update the PID 

parameters. Meanwhile a second algorithm triggers the MPGA to run in the second processor. 

In order to have an interaction between MPGA and PID parameters update, a shared region is 

demanded from which the MPGA sends  c i dk t t  parameters for the controller tuning 

algorithm. After section 3.1 where a MPGA is resumed, 2 sections will describe two approaches 

used to manage the interactions between MPGA and PID controller tuner algorithm. 
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Figure 6. Hardware schematic– Nios II Multicore. 

3.1. Optimization approach 

The Multi-Population Genetic Algorithm adopted in our approach has the pseudocode in 

Table 2. 

1. Repeat 

2.   for i ← 1 to nPop do 

3.     initialize(pop(i)); 

4.     evaluate (pop(i)); 

5.     structure(pop(i)); 

6.    repeat 

7.       for j ← 1 to crossRate*popSize do 

8.         (ind1,ind2) ← selectedParents(pop(i)); 

9.         newInd ← crossover(ind1,ind2); 

10.         if  λ • mutatioRate then 

11.            newInd ← mutation(newInd); 

12.         evaluate(newInd); 

13.         insert(newInd, pop(i)); 

14.      end for 

15.      structure (pop(i)); 

16.   until convergence(pop(i)); 

17.   executeMigration(pop(i),pop(i+1)); 

18. until stopCriterion; 

Table 2. Multi-Population Genetic Algorithm 
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The individuals used by MPGA are PID parameters, so, each individual i is encoded by 3 

components vector,  i c i dind k t t  and, the full amount of individuals will be distributed 

by a total of nPop populations which be used on MPGA running. The populations are 

initialized through lines 2-5 in Table 2. First, the procedure initialize() in line 3 generates 

the individuals of each population from random values uniformly distributed such that 

 , ,c i dk t t Min Max . Next, the fitness of each individual is calculated by evaluate() 

function in line 4 according to ( 12). 

     1 2_ , , _ , ,c i d c i d c i dFitness k t t w F ITAE k t t w F ITAY k t t   ( 12) 

It should be noted that fitness is a weighted sum of control criteria ITAE and ITAY.  

Finally, the individuals on each population are hierarchically structured in trees from 

structure() (line 5), we present Figure 7 as an example to illustrate it. 

 

 

Figure 7. Population hierarchically structured in ternary tree. 

The individuals are represented as nodes with their fitness values; a complete description 

of the algorithm can be find in [14]. The ternary tree structure is employed since each node 

presents degree 3, except by the leaves nodes. The procedure structure() will dispose 

individuals hierarchically based on their fitness values. In this case, the better individuals 

will be placed as a parent node (cluster leader) with three supporter nodes within each 

cluster. Thus, the structure() arranges individuals keeping cluster leaders with better fitness 

value than their followers. In the whole population, the best individual  found so far will be 

at the root node of such hierarchical tree. 

 

3.2. Optimization with the aid of neural networks 

According to this first approach MPGA will use artificial neural network (ANN) for estimation 

of fitness values. This is done by taking the PID parameters encoded in each individual of 

MPGA and propagating them through the ANN previously trained. The authors [6] performed 
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several experiments with various types of ANN and conclude that Multi-Layer Perceptrons 

(MLP) with 9 and 5 neurons in the 1st and 2nd hidden layers, and with a sigmoid activation 

function, best fit our aim. Therefore, 2 MLP with the same topology were trained off-line for 

mapping PID parameters into control performance measures: ITAE and ITAY, respectively. 

3.3. Optimization over the control loop 

In this case NN aren’t used to estimate fitness values. The control performance measures (ITAE 

and ITAY needed for evaluating all individuals used by MPGA) are directly computed from the 

signals collected on-line from the control loop. The main advantage of this approach is to avoid 

the designing and training of NN, which demands a previous representative data base of the 

system under control for training and validation. Another advantage is an accurate evaluation 

of the individual since its parameters are effectively used to control the system, instead of 

estimate them using a model like NN. However, this approach leads to a main drawback once 

infeasible individuals could appear during the normal running of MPGA, which can damage the 

system. In this case, it is necessary to find the trade-off between time enough controlling the 

system to evaluate properly the individual, and enough time to avoid any damage to the system.  

In our experiments, we set a period for square wave input signal  r k  large enough for accurate 

evaluation of the parameters sent by MPGA for both approaches 3.2 and 3.3. An initial feasible 

individual is also set for both approaches. However, in this case (when a model is not used) a 

saving factor measure should be defined to avoid any instability in the system. 

The saving factor bounds the output signal  y k  setting upper and bottom limits for it. If  y k  

is greater than the saving factor, instability is considered leading to the replacement of the 

current set of PID parameters by the last stable one in use. 

4. SIMULATION RESULTS AND THE DISCRETIZATION ACCURACY 

All the results obtained from FPGA board [13] were first validate using MATLAB [3] software 

which run with the models depicted in Figure 4 and Figure 5, designed to evaluate the control 

criteria ITAE and ITAY which is crucial for fitness evaluation.  

As referred before, our methodologies aims at testing the performance in a digital platform 

when the optimization proceed in real continuous time. Therefore, we should evaluate the 

distortion introduced when we use the former investigation where the minima of the control 

performance measures obtained using the continuous loop, into the discrete equivalent system, 

Figure 3. 

Let’s xm be the minimum found for the function f according to the approach [7] and fd the 

discrete equivalent of f, so, we will evaluate the deviation between  mf x  and  .d mf x

According to current approach, f is taken successively as ITAE, ITAY and 0.5 0.5ITAE ITAY . 

Therefore, xm is the PIDm vector minimum evaluated for the corresponding functions. Finally, 

 d mf x  is discrete equivalent, which is evaluated from the discrete loop presented in Figure 3 

and tuned by PIDm. The comparison between  mf x  and  d mf x  is displayed in Table 3. 

Therefore, as reference values we used the minima obtained by gradient method [3] for ITAE, 
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ITAY and 0.5ITAE + 0.5ITAY (column Continuous); the corresponding minimizing xm are 

displayed in PID column and the correspondent  d mf x   are shown in column Discrete and last 

column shows the difference in percentage between  mf x   and  d mf x . 

 
  

PID Continuous Discrete  %  

IT
A

E
 

0.749 

1.658 1.783 7.5 0.963 

0.434 

IT
A

Y
 

0.664 

1.150 1.262 9.7 
0.903 

0.479 

IT
A

E
_

IT
A

Y
 0.714 

1.429 1.543 8.0 0.964 

0.424 

Table 3. Performance of discrete equivalent system when the controller is tuned by the optimal values 

obtained in continuous time. 

It should be noted that that several values for sampling time Ts were tested, so, we concluded 

that maximum value of Ts allowing acceptable behavior using the emulation control technique 

is 0.1sT s . 

Previous results shows that emulation control technique is suitable for our approach, so, we 

proceed testing with FPGA Stratix II: EP2S60F672C3 Altera kit [13] where several tests were 

performed. Some main questions we aim to answer are about sampling time needed or 

robustness of the method when it faces plants with time varying dynamics. 

As an example of time varying dynamics plant we used the transfer function  
se

G s
s a






 where 

2 parameters can be changed, the pole a and time delay ,  therefore, the robustness of the 

tuning is exemplified by varying the pole around the test value: 1a  .  

Based on the results obtained previously, we chose the less restrictive value of sampling time: 

100sT ms . The optimal individual  0.9467 1.4306 0.2540oPID   is used for all the cases; 

however, if it is accurate for 1a  , it is not so accurate when we move the pole away. This is 

shown by results in Table. 4, where, for each location of the pole, we evaluate the relative error 

between the true fitness (obtained on-line) and the one obtained through NN. 
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a Fitness on-line NN fitness Relative error (%) 

0.25 16.8660 13.2697 27.10 

0.50 5.5468 5.7089 2.84 

0.75 2.9083 2.9083 0.00 

1.00 2.1671 2.1671 0.00 

1.25 3.1753 3.2800 3.19 

1.50 4.6706 5.0289 7.12 

1.75 6.1856 7.0028 11.67 

2.00 7.6669 9.1826 16.51 

Table 4. Relative error for a time-variant plant. 

Looking at the examples from the previous table, we conclude that worse tunings appears 

for 1st and last row because the pole is far from the location for which the NN was trained. 

Despite this, we can point out the neighbourhood  0.75 1.25  where the tuning could be 

considered robust. 

The responses superimposed to the square wave reference for the cases correspondents to 

the 1st row  0.25a   and last row  2a  , Figure 8, show that tuning is distorted. 

In fact, the overshoot for 0.25a  or the undershoot for 2a   show that tuning is poor, 

moreover, the square wave period is not enough to extinct the transient regime. Thus, the fitness 

evaluated in both cases are wrong. 

 

 

Figure 8. Square wave reference  r k  superimposed to the corresponding output  y k for distinct pole 

locations. 

On the other hand, for the pole 1.25a  the response is well damped, Figure 9. 
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Figure 9. Square wave reference  r k  superimposed to the corresponding output  y k  for pole 

1.25a  . 

We can also observe (Figure 8) that half period of square wave is grater than the settling 

time, so, the fitness evaluate on-line is correct. This behaviour is the contrary to what 

happens for 0.25a   and 2a  , Figure 8. 

5. THE TEST BATCH 

Results obtained in section 4 confirm that accurate tuning for time varying plants is a problem 

to explore. This issue deals with modulation, optimization and tuning evaluation, so, it is 

desirable to set up a set of plant to be representative for practical situations.  

Contributions about the scope where the PID control is suitability can be find in [15], according 

them, plants to be controlled by PID controller should have essentially monotone step response. 

This definition uses the monotonicity index 

 

 

0

0

g t dt

g t dt










, where  g t  is the impulse 

response of the plant. 

It is essentially monotone step response a plant that 0.8  . So, the robustness of a method 

should fit to a test batch composed by 134 plants described in [1]. 

This test batch is divided in 9 classes; the first one is composed by 21 first order transfer 

functions without zeros and time delay ( 13). 
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 1
1

se
P s

sT






 ( 13) 

The time constant is 0.02,0.05,0.1.0.2,0.3,0.5,0.7,1,1.3,1.5,2,4,6,8,10,20,50,100,200,500,1000T   

The 9th class is composed by 10 third order transfer function without zeros and time delay. 

 
    

9 2

1
, 0.1: 0.1:1.0

1 1.4 1
P s T

s sT sT
 

  

 
( 14) 

6. CONCLUSIONS REMARKS 

This paper presents a PID implementation in digital software together with an optimized 

tuning assisted with MATLAB/SIMULINK simulator.  

Regarding the real time implementation, the inclusion of a plant model inside the tuning 

system could be very useful, so, a NN trained off-line for continuous plant was used and the 

results demonstrate its usefulness inside MATLAB environment.  

Before a digital implementation, it is important to understand the behaviour of the 

equivalent discrete system when the PID controller was previous tuned for the 

correspondent continuous control loop (emulation technique). The MATLAB/SIMULINK 

implementation shows that the distortion noted is small, when the equivalent discrete is 

tuned by the parameters optimized for the continuous one. Thus, it is a proof that the 

approach according with NN trained off-line in continuous time will be used for tuning the 

controller on-line is feasible.  

The sampling time is an important parameter either for the stability of the discrete 

equivalent system or the computational effort in a real time implementation. Therefore, the 

MATLAB/SIMULINK models are important tools for testing several sampling time values 

and select the more convenient.  

All these issues are exploited in a simulation context, in our case, the MATLAB. 

The results obtained are enough for having a good perspective in which concern the digital 

hardware implementation. 

Tests running in FPGA can confirm the ones performed in MATLAB simulator revealing as 

a powerful tool of software validation. 

Our tests for time varying plants accommodate changings in the pole location, so, we can 

conclude about the dimension of the neighbourhood centred into the pole where the tuning 

remains feasible. However, an extended set of plants should take into account aiming at a 

generalized and robust methodology, so, a survey was made and a test batch was stablished.  

Our current research address the exploration the powerfully of our tools developed in both 

environments, MATLAB/SIMULINK simulator and FPGA board. 
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Abstract: After a series of research on both European and global level, using the 

instrumentarium of the intuitionistic fuzzy sets-based InterCriteria analysis and data from 

the annual Global Competitiveness Reports of the World Economic Forum, we have 

observed that two of the twelve pillars of competitiveness specifically tend to correlate more 

strongly than any other pair of criteria, namely Pillar 11 'Business Sophistication' and 

Pillar 12 'Innovation'. This observation has been made when the same selection of countries 

(EU Member states) have been studied over time, as well when different clusters of countries 

globally have been selected. In attempt to research in more details this correlation, termed 

in ICA 'positive consonance', and capture its complexity, we explore how the nine 

subindicators of Pillar 11 and the seven subindicators of Pillar 12 tend to correlate between 

each other in the context of the European Union, based on the data for the 28 EU Member 

States in the last three full years, 2015–2018. In this way, using a decision making tool, 

which employs intuitionistic fuzzy sets and thus renders account of the inherent uncertainty 

of the socio-economic processes, we have a deeper look at the different aspects of the 

European countries innovation and business sophistication.  
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1. INTRODUCTION 

In the last years, a series of research on both European and global level, using the instrumentation 

of the intuitionistic fuzzy sets-based InterCriteria Analysis has been conducted by the authors 

[11–14, 16, 28], with data derived from the annual Global Competitiveness Indexes (GCI) of the 

World Economic Forum (WEF), which give annually the state-of-the-art picture of the national 

economies in the world with respect to their competitiveness and innovativeness. WEF captures 

these trends by including in the GCI a weighted average of many different components, grouped 

in the so called twelve ‘pillars of competitiveness’ (as shown on Figure 1). 

 

     

Figure 1. The Global Competitiveness Index framework, [25, p. 6] 

Although all of the pillars affect the national economies, they affect different economies in 

different ways. Following the well-known economic theory of stages of development, the GCI 

assumes that, in the first stage of its development, national economies are factor-driven and 

compete on the basis of natural resources and primarily unskilled labour. At this stage of 

development, competitiveness is primarily ensured by well-operating institutions (Pillar 1), 

well-developed infrastructure (Pillar 2), stable macroeconomic environment (Pillar 2), and 

healthy workforce educated at least on the basic level (Pillar 4). With the economic progress 
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of  the countries from the increased productivity and wages, the increase of national compet-

itiveness results in transition to the so called efficiency-driven stage of development, when it 

must begin to develop more-efficient production processes and increase product quality. At this 

point, the economy’s competitiveness is increasingly driven by higher education and training 

(Pillar 5), goods market efficiency (Pillar 6), labour market efficiency (Pillar 7), financial 

market development (Pillar 8), technological readiness (Pillar 9), and market size (Pillar 10). 

Finally, as countries transit towards the innovation-driven stage of their economic development, 

the ability to sustain higher wages and the associated standard of living is only possible if 

businesses are able to compete using the most sophisticated production processes (Pillar 11) 

and by developing new and innovative ones (Pillar 12). 

One of the repetitive observations in the preceding steps of our research of applying ICA 

towards data about the countries’ competitiveness (see [11–14, 16, 28]), has been that the most 

strongly relation exists between the last two pillars from the methodology, 11 ‘Business 

sophistication’ and 12 ‘Innovation’. Each of them is computed on the basis of a number of 

subindicators, respectively: 

• Pillar 11: Business sophistication: 11.01 Local supplier quantity; 11.02 Local supplier 

quality; 11.03 State of cluster development; 11.04 Nature of competitive advantage; 11.05 

Value chain breadth; 11.06 Control of international distribution; 11.07 Production process 

sophistication; 11.08 Extent of marketing; 11.09 Willingness to delegate authority. 

• Pillar 12: Innovation: 12.01 Capacity for innovation; 12.02 Quality of scientific research 

institutions; 12.03 Company spending on R&D; 12.04 University-industry collaboration in 

R&D; 12.05 Government procurement of advanced technology products; 12.06 Availability 

of scientists and engineers; 12.07 PCT patents. 

We are thus interested in having a deeper look in the links between the business sophistication 

and innovation pillars of competitiveness by analysing the InterCriteria positive consonances 

of the subindicators they are built from. For this purpose and for the sake of comparability, 

we are investigating the data about the EU Member States from the GCI reports issued in  

2015–2018, [25–27]. The paper is organized as follows. Section 2 presents shortly the method 

of InterCriteria Analysis. Section 3 presents the input data, followed by Section 4 containing 

the main results of application of ICA on the input data, and discussion. 

2. THE METHOD OF INTERCRITERIA ANALYSIS 

InterCriteria Analysis (ICA) was originally introduced in 2014 [8] as a method based on 

intuitionistic fuzzy sets [3–6] and index matrices [1, 2], which receives as input a dataset, 

two-dimensional matrix, with the evaluations of multiple objects against multiple criteria, 

and returns as output a matrix with calculated dependencies in between the criteria in the 

form of intuitionistic fuzzy pairs [9], i.e. pairs of numbers that belong to the [0, 1]-interval, 

whose sum also belongs to that interval. The original motivation behind the ICA was a 

particular problem from the area of petrochemical industry, involving measurements of 

crude oil probes against various chemical and physical criteria, and decision making on this 

basis regarding the petrochemical products and quantities from that shipment of crude oil. 

The measurement against some of these criteria is inherently slower and/or more expensive 
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than the measurement against some others, hence increasing the overall cost of the business 

process. The problem required finding patterns of correlation between the cost-favourable 

and the cost-unfavourable criteria, so that the cost-unfavourable ones may potentially get 

eliminated from the further decision making process on the basis of these patterns with the 

cost-favourable criteria, thus speeding up the process or lowering its cost. The process often 

involves levels of uncertainty, for which reason in developing ICA the apparatus of 

intuitionistic fuzzy sets was adopted as a more sophisticated extension of the concept of 

Zadeh’s fuzzy sets [27] and a better tool for handling uncertainty.  

The output of ICA are intuitionistic fuzzy pairs, as many as the different pairs of non-equal 

criteria (i.e. ( 1) 2n n −  pairs for the case of n criteria), and the method of calculating these 

involves brute-force pairwise comparisons of the values (measurements) in the input table 

between all pairs of objects against all pairs of criteria, and checking the relation between 

the respective values in the input table. Depending on that relation (greater than, less than, 

or equal), three different counters are incremented, attributing to the degree of intuitionistic 

fuzzy membership, non-membership, or the complementary uncertainty. More formally, 

this is represented as follows. The input for the ICA is the index matrix M with index sets 

with m rows {C1, …, Cm} and n columns {O1, …, On}: 
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where for every p, q (1 ≤ p ≤ m, 1 ≤ q ≤ n), Cp is a criterion, Oq in an evaluated object, aCpOq is 

the evaluation of the q-th object against the p-th criterion, and it is defined as a real number or 

another object that is comparable according to relation R with all the rest elements of the index 

matrix M, so that for each i, j, k it holds the relation R(aCkOi, aCkOj). The relation R has dual 

relation R , which is true in the cases when relation R is false, and vice versa. Then, let ,k l
S

µ  be 

the numerical counter for the cases where the relations R(aCkOi , aCkOj) and R(aClOi , aClOj) are 

simultaneously satisfied, and let 
,k lSν  be the numerical counter for the cases where simultaneously 

satisfied are the relations R(aCkOi , aCkOj) and its dual one, R (aClOi , aClOj). It holds that: 

, ,

( 1)

2
0

k l k l

n n
S Sµ ν −

≤ + ≤ . 

For every k, l, such that 1 ≤ k ≤ l ≤ m, and for n ≥ 2, the two intuitionistic fuzzy numbers are 

defined by: 
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( 1) ( 1)k l k l

k l k l
C C C C

S S

n n n n

µ ν

µ ν= =
− −

. 
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The so constructed pair 〈µCk,νCl〉 plays the role of the intuitionistic fuzzy evaluation of the 

relations that can be detected between any pair of criteria Ck and Cl from the set. In this way the 

input index matrix M that relates the evaluated objects with the evaluating criteria can be 

transformed to the output index matrix M* that gives the relations in between the criteria: 

1 1 1 1 1 1

1 1

1

1 ,C ,C ,C ,C

,C ,C ,C ,C

* ., ,

, ,

m m

m m m m m m

m

C C C C

m C C C C

C C
M

C

C

µ ν µ ν

µ ν µ ν

=
…

…

� � � �

…

 

For practical purposes, M* can be presented as two tables, one for the membership and one for 

the non-membership parts of the IF pairs, as we will use later in Section 4. As a final step in 

interpreting the results from the calculations, the decision maker needs to set two thresholds, for 

the membership and the non-membership, against which to compare the computed InterCriteria 

pairs. Let these two thresholds be the numbers α, β ∈[0; 1]. We say that criteria Ck and Cl are in: 

• (α, β)-positive consonance, if µCk  ,Cl > α and νCk ,Cl < β ; 

• (α, β)-negative consonance, if µCk ,Cl < β and νCk  ,Cl > α ; 

• (α, β)-dissonance, otherwise, [8]. 

Obviously, the greater α and/or the smaller β, the less number of InterCriteria pairs fulfil the 

requirement for (α β)-positive consonance, but the decision making process is not compromised 

by the presence of uncertainty. For practical purposes, it is the most informative when either the 

positive or the negative consonance is as strong as possible, since the cases of dissonance are 

less to no conclusive for the decision maker [7]. While the current state-of-the-art of the ICA 

research suggests that setting the thresholds in different decision making problems is rather 

dependent on the particular solved problem, and often boils down to an expert estimation, 

various ideas for algorithmic approaches to defining the thresholds have been developed in a 

particular leg of ICA research [19] and a discussion on the computational complexity and 

influence of the input’s numerical precision on the results of InterCriteria analysis have recently 

followed [17].  

3. INPUT DATA 

The input data comes in the form of three index matrices for years 2015–2016 [24], 2016–

2017 [25] and 2017–2018 [26], comprising 28 labelled rows staying for the analysed 

European Union Member States and 16 labelled columns for the nine subindicators of Pillar 

11 ‘Business Sophistication’ and the seven subindicators of Pillar 2 ‘Innovation’ from the 

GCI methodology, see Tables 1–3. We will then be interested to examine the nine 

subindicators of Pillar 11 in between, the seven subindicators of Pillar 12, and finally the 

subindicators of Pillar 11 across those of Pillar 12. 
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2015-2016 11.01 11.02 11.03 11.04 11.05 11.06 11.07 11.08 11.09 12.01 12.02 12.03 12.04 12.05 12.06 12.07 

Austria 5.3 6 4.9 6.1 5.5 4.9 6 5.4 4.7 5.4 5.1 4.9 4.7 3.4 4.5 167.5 

Belgium 5.3 5.8 4.6 5.9 5.1 4.6 6 5.4 5.1 5.3 6 5.1 5.6 3.5 4.6 111.1 

Bulgaria 4.2 4.4 3.2 2.9 3.6 3.9 3.6 3.8 3.2 3.8 3.7 3.1 3 3.1 3.7 6.9 

Croatia 4.6 4.5 3 3.6 3.6 3.5 3.5 3.9 3.4 3.3 4 3.1 3.4 2.7 3.9 10.3 

Cyprus 4.6 4.6 3.9 4.4 4.1 3.9 4.1 4.6 4 3.7 4.1 3.2 4.2 3.3 4.9 10.6 

Czechia 4.9 5.3 3.9 4 4.2 3.9 5.1 4.8 4.1 4.8 4.7 3.9 4 3.2 4 19.4 

Denmark 4.9 5.6 4.5 6.4 5.2 4.8 5.8 5.1 6.1 5.3 5.5 4.9 4.9 3.4 4.6 215.4 

Estonia 4.6 5.1 3.8 3.7 3.6 4 4.1 4.4 4.5 4.7 5.2 3.8 4.4 3.9 3.9 22.4 

Finland 4.2 5.4 4.9 6.1 5 4.9 6.2 4.7 5.6 5.6 5.8 5.5 6 3.8 6.1 294 

France 5.1 5.4 4.5 5.5 5.3 4.9 5.6 5.4 3.9 5.1 5.6 4.9 4.6 4 4.9 121.9 

Germany 5.8 6 5.5 6.1 5.9 5.5 6.2 5.5 4.9 5.6 5.8 5.5 5.3 4.3 5 225.2 

Greece 4.5 4.3 2.9 3.9 3.7 3.8 3.8 4.1 3.6 3.5 3.8 2.8 3.1 2.6 5.3 9.2 

Hungary 4.3 4.5 3.6 3.3 3.4 3.6 3.8 3.9 3 3.1 4.8 2.9 4.3 2.9 4.2 24.8 

Ireland 4.7 5.3 4.9 5.6 5 4.3 5.4 5.3 4.9 5.2 5.5 4.7 5.2 3.6 5.2 86.7 

Italy 5.3 5.3 5.5 6 5.2 4.3 5.2 4.5 3.1 4.5 4.7 3.8 3.7 2.8 4.8 55.2 

Latvia 4.1 4.8 3.6 3.5 3.6 4 4.1 4.5 4 4 4.1 3.1 3.7 3 3.5 13.8 

Lithuania 5.2 5.1 3.5 3.5 4.2 4.3 4.5 4.7 3.8 4.6 4.7 3.5 4.6 3.1 4.1 10.8 

Luxembourg 4 5.4 5.1 5.8 4.9 4.4 5.7 5.3 5 5.4 5.1 5 4.9 4.7 4.2 131.3 

Malta 5 4.3 4 4.2 4.2 3.8 4.5 4.2 3.9 3.9 3.9 3.3 3.9 3.6 4 10.5 

Netherlands 5.2 5.6 5.2 5.9 5.4 5 6.1 5.7 5.7 5.2 6 4.8 5.4 3.9 4.8 208.9 

Poland 5.1 4.9 3.6 3 3.9 3.6 4.2 4.5 3.8 3.9 3.9 3.1 3.5 3.1 4.2 8.6 

Portugal 4.8 4.3 4.2 3.9 4.2 3.9 4.6 4.5 3.6 4.5 5.2 3.7 4.7 3.6 4.9 13.7 

Romania 4.1 4.2 3.6 3.1 3.5 3.6 3.7 4 3.6 4 3.7 2.9 3.6 2.9 4.1 2.7 

Slovakia 4.6 4.8 3.9 3.1 4 3.5 4.6 4.5 3.5 3.8 3.9 3.3 3.4 3.1 3.8 9.2 

Slovenia 4.5 4.9 3.5 4.2 3.8 4 4.4 4.3 3.9 4.4 4.8 3.7 4 2.7 4.1 62.3 

Spain 5.1 5.1 3.9 4.1 4.7 4.4 4.7 4.7 3.5 4.1 4.4 3.3 3.8 3.2 5 38.2 

Sweden 4.6 5.5 4.8 5.9 5.6 5 6.2 5.5 5.6 5.7 5.7 5.4 5.3 3.9 5 312.5 

UK 5.6 5.4 5.3 6 5.5 5 5.9 6 5 5.4 6.3 4.9 5.7 3.8 4.9 89.9 

Table 1. Input data for ICA: EU Member states’ evaluations against the 12 pillars  

of competitiveness, year 2015–2016. 

2016-2017 11.01 11.02 11.03 11.04 11.05 11.06 11.07 11.08 11.09 12.01 12.02 12.03 12.04 12.05 12.06 12.07 

Austria 5.5 6 4.8 6.2 5.8 5.1 6.1 5.2 4.7 5.6 5.3 4.9 4.8 3.4 4.7 170.1 

Belgium 5.3 5.8 4.6 5.8 5.3 4.8 6 5.3 5.1 5.4 5.9 5.1 5.3 3.5 4.8 108.5 

Bulgaria 4.4 4.6 3.6 3.2 3.8 3.5 3.8 3.9 3.2 4.3 3.9 3.5 3.4 3.3 3.9 7 

Croatia 4.4 4.5 3 3.6 3.6 3.5 3.7 4 3.4 3.5 4 3.2 2.9 2.5 3.7 9.7 

Cyprus 4.7 4.3 3.8 4.1 4.2 3.3 3.8 4.1 4 3.5 3.8 2.9 3.4 2.9 4.2 10.5 

Czechia 4.8 5.2 3.8 4 4.2 4.3 5 4.6 4.1 4.8 4.8 4.1 3.7 3.1 3.7 21.7 

Denmark 4.9 5.5 4.6 6.3 5.2 4.9 5.8 5.1 6.1 5.3 5.6 5 4.8 3.5 4.5 210.8 

Estonia 4.6 5.2 3.8 3.6 3.8 3.8 4.1 4.4 4.5 4.9 5.3 3.9 4.1 3.5 4.3 18.7 

Finland 4.2 5.4 4.9 5.9 5.2 5.1 6.2 4.2 5.6 5.6 5.8 5.4 5.7 3.8 6.1 291.2 

France 5.1 5.5 4.6 5.9 5.5 5.2 5.7 5.6 3.9 5.4 5.8 5.2 4.3 3.8 4.7 122.9 

Germany 5.7 5.9 5.4 5.9 5.8 5.6 6.1 5.5 4.9 5.7 5.8 5.6 5.4 4.5 5 219.1 

Greece 4.3 4.4 3 4 3.8 3.7 4 4.1 3.6 3.8 3.9 3.1 2.7 2.6 5.2 10.5 

Hungary 3.4 4.3 3.4 3.7 3.3 3.4 3.6 3.2 3 3.8 4.5 3 2.9 2.7 3.8 23.7 

Ireland 4.7 5.2 4.9 5.6 5.3 4.6 6 5.1 4.9 5.3 5.6 4.8 5.1 3.6 5.2 83.8 

Italy 5.2 5.3 5.4 5.8 5.3 4.3 5.2 4.6 3.1 4.7 4.7 3.9 3.7 3 4.7 56.6 

Contd. 
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Latvia 4.2 4.8 3.5 3.4 3.8 3.9 4.1 4.5 4 4.3 4.2 3.3 3.3 2.9 3.6 16.4 

Lithuania 4.9 5.1 3.3 3.6 4.2 4.2 4.5 4.6 3.8 4.9 4.6 3.9 4.1 2.9 4.1 15 

Luxembourg 4.2 5.4 5.2 5.9 5 4.8 5.8 5.3 5 5.4 5.2 5.2 4.7 4.6 4.1 120.9 

Malta 4.9 4.4 4.2 4.3 4.3 3.6 4.6 4.5 3.9 4.4 4.2 3.7 4 3.6 4 19.4 

Netherlands 5.1 5.6 5.3 5.9 5.5 5.3 6.1 5.6 5.7 5.4 6 5.1 5.5 3.9 4.8 208.7 

Poland 4.9 4.9 3.7 3 3.8 3.7 4.3 4.6 3.8 4.1 4.1 3.4 3.3 2.9 4.3 9.7 

Portugal 4.5 4.8 4.2 4 4.4 3.8 4.5 4.5 3.6 4.6 5.1 3.7 4 3.4 4.6 14.4 

Romania 4 4.3 3.2 2.7 3.5 3 3.4 4.1 3.6 4 3.8 2.8 3.3 2.3 4.1 3.4 

Slovakia 4.3 4.9 3.9 3.3 4 3.5 4.9 4.3 3.5 4.2 3.9 3.3 3.3 3.1 3.6 10.5 

Slovenia 4.5 5 3.5 4.4 3.8 4 4.7 4.2 3.9 4.8 4.9 4.1 3.8 2.5 4.1 67.8 

Spain 5 5.1 4.3 4.3 4.8 4.4 4.8 4.6 3.5 4.3 4.5 3.5 3.5 3.3 4.6 37.7 

Sweden 4.6 5.7 5 6.2 5.9 5.3 6.3 5.4 5.6 5.9 5.8 5.5 5.2 3.8 4.9 320 

UK 5.6 5.4 5.3 6 5.7 5.3 5.9 5.8 5 5.4 6.3 4.9 5.5 3.8 4.9 94.5 

Table 2. Input data for ICA: EU Member states’ evaluations against the 12 pillars  

of competitiveness, year 2016–2017. 

2016-2017 11.01 11.02 11.03 11.04 11.05 11.06 11.07 11.08 11.09 12.01 12.02 12.03 12.04 12.05 12.06 12.07 

Austria 5.4 6 4.9 6.3 5.9 5.2 6.1 5.2 5.4 5.6 5.4 4.9 4.8 3.3 4.5 174.7 

Belgium 5.1 5.6 4.8 5.9 5.3 4.8 6 5.5 5.6 5.5 5.8 5.2 5.3 3.6 4.5 110.4 

Bulgaria 4.5 4.4 3.7 3.2 3.7 3.3 3.7 4 3.9 4.2 3.9 3.6 3.4 3.3 3.6 7.4 

Croatia 4.1 4.6 2.9 3.7 3.7 3.6 3.7 4.1 3.7 3.4 3.8 3 2.7 2.3 3.6 9.5 

Cyprus 4.8 4.6 3.6 4.3 4.3 3.7 4 4.2 4.2 3.7 4.2 3 3.4 3.1 4.6 16.6 

Czechia 4.9 5.5 3.9 3.9 4.3 4.2 4.8 4.7 5 4.9 5 4.2 3.9 3 3.8 24.4 

Denmark 4.9 5.6 4.7 6.2 5.2 5 5.8 5 6.2 5.3 5.6 5 4.8 3.6 4.4 214.1 

Estonia 4.7 5.3 3.7 3.9 3.9 3.8 4.2 4.4 5 4.9 5.3 3.8 3.9 3.5 4.3 27.2 

Finland 4.4 5.4 5 5.7 5.1 5.1 6.1 4.2 5.9 5.6 5.8 5.3 5.6 4 6 265.1 

France 5 5.5 4.7 5.7 5.4 5.1 5.6 5.4 4.8 5.5 5.8 5.2 4.2 3.6 4.6 126.6 

Germany 5.7 5.8 5.4 5.8 5.6 5.5 5.9 5.5 5.5 5.8 5.7 5.6 5.4 4.9 5.2 218.9 

Greece 4.2 4.4 3 4 3.8 3.8 4 4.2 4 3.9 3.9 3.1 2.5 2.5 5.2 11.1 

Hungary 3.6 4.3 3.5 3.7 3.5 3.7 3.5 3.3 4 3.8 4.7 3.1 3.4 2.8 3.6 24.7 

Ireland 4.7 5.2 4.8 5.4 5 4.5 5.7 5.1 5.6 5.2 5.4 4.8 5 3.4 4.8 89.9 

Italy 5.2 5.2 5.3 5.8 5.3 4.3 5.2 4.6 3.7 4.9 4.8 3.9 3.8 3 4.5 57.5 

Latvia 4.2 4.9 3.4 3.4 3.8 3.9 4.1 4.5 4.4 4.2 4.2 3.2 3.1 2.7 3.4 11.8 

Lithuania 4.9 5 3.4 3.6 4.1 4.1 4.5 4.7 4.7 4.8 4.5 3.9 4.1 2.9 4.1 15.9 

Luxembourg 4.2 5.3 5 5.9 5 4.9 5.9 5.2 5.5 5.6 5.1 5.2 4.8 4.7 4 129.3 

Malta 5.1 4.6 4.3 4.4 4.4 3.8 4.8 4.7 4.8 4.7 4.1 3.8 4 3.8 4 26.5 

Netherlands 5.2 5.8 5.4 6 5.5 5.4 6.2 5.6 5.8 5.7 6.1 5.2 5.6 4.1 4.9 211.9 

Poland 4.7 4.9 3.8 3 3.8 3.7 4.2 4.7 4.1 4.1 4.2 3.4 3.2 3.1 4.2 10.5 

Portugal 4.5 4.9 4.2 4.1 4.4 3.8 4.6 4.6 4.2 4.6 5.2 3.8 4.2 3.5 4.7 15.4 

Romania 3.8 4.4 3 2.7 3.6 2.7 3.4 4.1 3.4 3.7 4 2.8 3.1 2.3 3.8 3.9 

Slovakia 4.1 5 3.8 3.4 4 3.6 4.8 4.4 4.5 4.3 3.8 3.4 3.3 3.2 3.5 11.3 

Slovenia 4.8 5.3 3.7 4.3 3.9 4.1 4.7 4.3 4.4 4.8 4.9 4.2 3.8 2.6 3.9 71.9 

Spain 4.9 5.1 4.3 4.3 4.8 4.3 4.8 4.6 4.4 4.3 4.6 3.5 3.5 3.1 4.5 39 

Sweden 4.8 5.7 5 6 5.7 5.5 6.1 5.5 6.2 5.8 5.7 5.6 5.2 4.2 4.8 317.9 

UK 5.3 5.4 5.4 5.9 5.6 5.3 5.9 5.8 5.5 5.5 6.3 5.1 5.4 3.9 4.9 99.1 

Table 3. Input data for ICA: EU Member states’ evaluations against the 12 pillars  

of competitiveness, year 2017–2018. 
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4. MAIN RESULTS 

The input data from Tables 1–3 were analysed with the open source software for InterCriteria 

Analysis, developed by D. Mavrov [20–22]. The output represents two tables per year, for the 

membership and the non-membership parts of the intuitionistic fuzzy pairs that stand 

collectively for the intuitionistic fuzzy consonance / dissonance between each pair of criteria. 

While the input are matrices of objects (in this case 28 countries) against criteria (here, 16 

subindicators), the output represents two 16×16 matrices for each of the three years. As it 

follows easily from the ICA algorithm, the output matrices are symmetrical regarding the main 

diagonal, as in the ICA method the InterCriteria consonance between criteria Ci and Cj is 

identical with the InterCriteria consonance between Cj and Ci. Also, along the main diagonal 

all the elements form the IFPs 〈1, 0〉, which represent the perfect ‘truth’ since every criterion in 

the set perfectly correlates with itself.  

For the purpose of visualization of the results, we present here the output tables for the first 

year in the period only (Table 4, (a) for membership and (b) for non-membership). The rest 

output matrices can be easily produces by the interested reader using the presented input 

datasets for 2016–2017, 2017–2018 using the freely available software for ICA. On the next 

Table 5 we present the accumulated ICA results for all the 120 InterCriteria pairs composed of 

distinct criteria in the pair, for all the three years, including, in addition to the membership (µ) 

and non-membership (ν) also the measure of distance (d) of the intuitionistic fuzzy InterCriteria 

pair to the intuitionistic fuzzy ‘Truth’ in the form of the intuitionistic fuzzy pair 〈1, 0〉. 

 
µ 11.01 11.02 11.03 11.04 11.05 11.06 11.07 11.08 11.09 12.01 12.02 12.03 12.04 12.05 12.06 12.07 

11.01 1.00 0.65 0.64 0.62 0.72 0.61 0.66 0.66 0.52 0.61 0.61 0.61 0.59 0.55 0.55 0.59 
11.02 0.65 1.00 0.71 0.73 0.78 0.79 0.82 0.80 0.73 0.80 0.76 0.80 0.73 0.67 0.58 0.81 
11.03 0.64 0.71 1.00 0.76 0.79 0.73 0.80 0.75 0.68 0.75 0.72 0.77 0.75 0.75 0.64 0.74 
11.04 0.62 0.73 0.76 1.00 0.77 0.70 0.79 0.71 0.70 0.73 0.70 0.75 0.71 0.62 0.61 0.76 
11.05 0.72 0.78 0.79 0.77 1.00 0.80 0.86 0.82 0.69 0.79 0.75 0.80 0.73 0.71 0.67 0.78 
11.06 0.61 0.79 0.73 0.70 0.80 1.00 0.80 0.79 0.72 0.80 0.76 0.77 0.76 0.70 0.64 0.82 
11.07 0.66 0.82 0.80 0.79 0.86 0.80 1.00 0.83 0.74 0.84 0.78 0.84 0.79 0.73 0.66 0.84 
11.08 0.66 0.80 0.75 0.71 0.82 0.79 0.83 1.00 0.74 0.79 0.78 0.77 0.78 0.72 0.63 0.75 
11.09 0.52 0.73 0.68 0.70 0.69 0.72 0.74 0.74 1.00 0.78 0.74 0.75 0.78 0.71 0.57 0.76 

12.01 0.61 0.80 0.75 0.73 0.79 0.80 0.84 0.79 0.78 1.00 0.79 0.87 0.81 0.73 0.62 0.82 
12.02 0.61 0.76 0.72 0.70 0.75 0.76 0.78 0.78 0.74 0.79 1.00 0.80 0.87 0.71 0.65 0.83 
12.03 0.61 0.80 0.77 0.75 0.80 0.77 0.84 0.77 0.75 0.87 0.80 1.00 0.79 0.76 0.61 0.83 
12.04 0.59 0.73 0.75 0.71 0.73 0.76 0.79 0.78 0.78 0.81 0.87 0.79 1.00 0.74 0.67 0.81 
12.05 0.55 0.67 0.75 0.62 0.71 0.70 0.73 0.72 0.71 0.73 0.71 0.76 0.74 1.00 0.58 0.70 
12.06 0.55 0.58 0.64 0.61 0.67 0.64 0.66 0.63 0.57 0.62 0.65 0.61 0.67 0.58 1.00 0.67 
12.07 0.59 0.81 0.74 0.76 0.78 0.82 0.84 0.75 0.76 0.82 0.83 0.83 0.81 0.70 0.67 1.00 

(a) 
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ν 11.01 11.02 11.03 11.04 11.05 11.06 11.07 11.08 11.09 12.01 12.02 12.03 12.04 12.05 12.06 12.07 

11.01 0.00 0.24 0.27 0.30 0.19 0.28 0.26 0.24 0.39 0.31 0.30 0.28 0.34 0.36 0.35 0.35 
11.02 0.24 0.00 0.19 0.20 0.13 0.11 0.10 0.12 0.20 0.12 0.15 0.10 0.20 0.24 0.33 0.13 
11.03 0.27 0.19 0.00 0.17 0.13 0.19 0.13 0.15 0.25 0.18 0.19 0.15 0.19 0.17 0.27 0.21 
11.04 0.30 0.20 0.17 0.00 0.16 0.22 0.17 0.22 0.25 0.22 0.25 0.18 0.25 0.31 0.32 0.21 
11.05 0.19 0.13 0.13 0.16 0.00 0.11 0.08 0.09 0.24 0.15 0.18 0.13 0.21 0.21 0.25 0.17 
11.06 0.28 0.11 0.19 0.22 0.11 0.00 0.11 0.11 0.19 0.11 0.14 0.13 0.16 0.20 0.25 0.11 
11.07 0.26 0.10 0.13 0.17 0.08 0.11 0.00 0.11 0.21 0.11 0.16 0.08 0.17 0.20 0.26 0.13 
11.08 0.24 0.12 0.15 0.22 0.09 0.11 0.11 0.00 0.17 0.14 0.14 0.14 0.16 0.19 0.27 0.19 
11.09 0.39 0.20 0.25 0.25 0.24 0.19 0.21 0.17 0.00 0.17 0.20 0.17 0.17 0.21 0.34 0.20 

12.01 0.31 0.12 0.18 0.22 0.15 0.11 0.11 0.14 0.17 0.00 0.17 0.06 0.15 0.20 0.31 0.15 
12.02 0.30 0.15 0.19 0.25 0.18 0.14 0.16 0.14 0.20 0.17 0.00 0.12 0.07 0.22 0.26 0.13 
12.03 0.28 0.10 0.15 0.18 0.13 0.13 0.08 0.14 0.17 0.06 0.12 0.00 0.14 0.16 0.29 0.12 
12.04 0.34 0.20 0.19 0.25 0.21 0.16 0.17 0.16 0.17 0.15 0.07 0.14 0.00 0.20 0.26 0.17 
12.05 0.36 0.24 0.17 0.31 0.21 0.20 0.20 0.19 0.21 0.20 0.22 0.16 0.20 0.00 0.32 0.25 
12.06 0.35 0.33 0.27 0.32 0.25 0.25 0.26 0.27 0.34 0.31 0.26 0.29 0.26 0.32 0.00 0.28 
12.07 0.35 0.13 0.21 0.21 0.17 0.11 0.13 0.19 0.20 0.15 0.13 0.12 0.17 0.25 0.28 0.00 

(b) 

Table 4. Results of application of ICA on the data from Table 1, year 2015–2016,  

membership parts (a) and non-membership parts (b) 

 

Ci Cj 
2015–2016 2016–2017 2017–2018 

µ ν d µ ν d µ ν d 

11.01 11.02 0.648 0.243 0.428 0.704 0.225 0.372 0.706 0.196 0.353 

11.01 11.03 0.640 0.267 0.448 0.683 0.246 0.402 0.701 0.209 0.365 

11.01 11.04 0.616 0.302 0.488 0.653 0.267 0.438 0.701 0.222 0.372 

11.01 11.05 0.720 0.190 0.339 0.722 0.180 0.331 0.772 0.156 0.276 

11.01 11.06 0.608 0.278 0.480 0.696 0.241 0.388 0.714 0.204 0.351 

11.01 11.07 0.664 0.265 0.428 0.672 0.267 0.423 0.706 0.214 0.364 

11.01 11.08 0.664 0.235 0.410 0.733 0.185 0.325 0.730 0.177 0.323 

11.01 11.09 0.521 0.392 0.619 0.574 0.360 0.558 0.627 0.288 0.471 

11.01 12.01 0.611 0.312 0.499 0.648 0.267 0.442 0.690 0.222 0.381 

11.01 12.02 0.608 0.299 0.493 0.651 0.278 0.446 0.677 0.251 0.409 

11.01 12.03 0.611 0.283 0.481 0.653 0.280 0.446 0.677 0.233 0.398 

11.01 12.04 0.593 0.339 0.530 0.667 0.259 0.422 0.677 0.241 0.403 

11.01 12.05 0.548 0.357 0.576 0.614 0.299 0.488 0.627 0.296 0.476 

11.01 12.06 0.548 0.352 0.573 0.646 0.272 0.447 0.622 0.288 0.476 

11.01 12.07 0.590 0.352 0.540 0.638 0.317 0.482 0.688 0.262 0.407 

11.02 11.03 0.706 0.193 0.351 0.749 0.193 0.317 0.749 0.180 0.309 

11.02 11.04 0.733 0.198 0.333 0.746 0.172 0.307 0.757 0.164 0.293 

11.02 11.05 0.778 0.135 0.260 0.783 0.116 0.246 0.815 0.122 0.222 

11.02 11.06 0.788 0.111 0.239 0.852 0.082 0.169 0.807 0.108 0.221 

11.02 11.07 0.817 0.103 0.210 0.839 0.103 0.192 0.817 0.095 0.206 

11.02 11.08 0.796 0.116 0.235 0.778 0.148 0.267 0.746 0.159 0.299 

11.02 11.09 0.730 0.196 0.333 0.717 0.220 0.358 0.762 0.156 0.285 

11.02 12.01 0.802 0.124 0.234 0.828 0.090 0.194 0.817 0.098 0.207 

11.02 12.02 0.765 0.151 0.280 0.796 0.135 0.244 0.783 0.153 0.266 

11.02 12.03 0.804 0.098 0.219 0.841 0.095 0.185 0.802 0.116 0.230 
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11.02 12.04 0.733 0.196 0.331 0.780 0.153 0.268 0.759 0.161 0.290 

11.02 12.05 0.675 0.238 0.403 0.720 0.196 0.342 0.696 0.235 0.385 

11.02 12.06 0.577 0.325 0.534 0.661 0.259 0.426 0.624 0.288 0.474 

11.02 12.07 0.815 0.130 0.226 0.804 0.148 0.246 0.807 0.146 0.242 

11.03 11.04 0.757 0.175 0.300 0.738 0.180 0.318 0.770 0.159 0.280 

11.03 11.05 0.786 0.132 0.252 0.820 0.095 0.204 0.836 0.108 0.197 

11.03 11.06 0.730 0.185 0.327 0.772 0.172 0.285 0.783 0.140 0.258 

11.03 11.07 0.796 0.130 0.241 0.804 0.143 0.242 0.841 0.095 0.185 

11.03 11.08 0.754 0.153 0.290 0.754 0.167 0.297 0.765 0.148 0.278 

11.03 11.09 0.677 0.249 0.407 0.688 0.249 0.399 0.735 0.201 0.332 

11.03 12.01 0.754 0.177 0.303 0.754 0.175 0.302 0.812 0.116 0.221 

11.03 12.02 0.722 0.193 0.338 0.735 0.196 0.329 0.762 0.172 0.294 

11.03 12.03 0.770 0.153 0.277 0.759 0.188 0.305 0.791 0.135 0.249 

11.03 12.04 0.749 0.185 0.312 0.788 0.156 0.263 0.812 0.122 0.224 

11.03 12.05 0.749 0.169 0.303 0.807 0.114 0.224 0.796 0.143 0.249 

11.03 12.06 0.643 0.270 0.448 0.698 0.228 0.378 0.698 0.228 0.378 

11.03 12.07 0.735 0.214 0.340 0.770 0.188 0.297 0.799 0.161 0.258 

11.04 11.05 0.770 0.164 0.283 0.788 0.108 0.238 0.839 0.103 0.192 

11.04 11.06 0.701 0.220 0.371 0.780 0.140 0.261 0.810 0.127 0.229 

11.04 11.07 0.786 0.167 0.271 0.783 0.151 0.264 0.810 0.124 0.227 

11.04 11.08 0.706 0.217 0.365 0.704 0.198 0.357 0.714 0.206 0.352 

11.04 11.09 0.704 0.249 0.387 0.712 0.212 0.358 0.757 0.193 0.311 

11.04 12.01 0.728 0.225 0.353 0.757 0.164 0.293 0.780 0.161 0.272 

11.04 12.02 0.696 0.251 0.395 0.759 0.169 0.294 0.749 0.198 0.320 

11.04 12.03 0.746 0.183 0.313 0.762 0.172 0.294 0.743 0.190 0.320 

11.04 12.04 0.709 0.246 0.381 0.735 0.185 0.323 0.757 0.185 0.306 

11.04 12.05 0.619 0.315 0.494 0.690 0.212 0.375 0.714 0.233 0.369 

11.04 12.06 0.606 0.317 0.506 0.672 0.235 0.404 0.677 0.257 0.412 

11.04 12.07 0.765 0.206 0.313 0.847 0.093 0.179 0.849 0.119 0.192 

11.05 11.06 0.799 0.108 0.228 0.810 0.103 0.217 0.847 0.095 0.181 

11.05 11.07 0.860 0.085 0.164 0.839 0.093 0.186 0.860 0.085 0.164 

11.05 11.08 0.823 0.087 0.198 0.780 0.114 0.247 0.791 0.135 0.249 

11.05 11.09 0.690 0.238 0.391 0.669 0.235 0.406 0.757 0.188 0.307 

11.05 12.01 0.786 0.153 0.264 0.778 0.119 0.252 0.812 0.124 0.225 

11.05 12.02 0.746 0.183 0.313 0.743 0.161 0.303 0.775 0.177 0.286 

11.05 12.03 0.802 0.130 0.237 0.759 0.151 0.284 0.791 0.148 0.256 

11.05 12.04 0.728 0.214 0.347 0.772 0.135 0.265 0.791 0.156 0.261 

11.05 12.05 0.712 0.209 0.356 0.749 0.146 0.290 0.754 0.193 0.313 

11.05 12.06 0.675 0.246 0.408 0.706 0.193 0.351 0.725 0.220 0.352 

11.05 12.07 0.783 0.175 0.278 0.775 0.151 0.271 0.831 0.143 0.222 

11.06 11.07 0.802 0.114 0.229 0.847 0.103 0.185 0.833 0.090 0.189 

11.06 11.08 0.786 0.106 0.239 0.823 0.106 0.206 0.783 0.143 0.260 

11.06 11.09 0.720 0.185 0.336 0.735 0.204 0.334 0.772 0.156 0.276 

11.06 12.01 0.799 0.111 0.230 0.841 0.095 0.185 0.860 0.077 0.160 

11.06 12.02 0.765 0.140 0.274 0.831 0.108 0.201 0.823 0.135 0.223 

11.06 12.03 0.767 0.130 0.266 0.854 0.090 0.171 0.847 0.098 0.182 

11.06 12.04 0.759 0.164 0.291 0.794 0.153 0.257 0.788 0.148 0.258 

11.06 12.05 0.701 0.201 0.360 0.759 0.164 0.291 0.741 0.206 0.331 

11.06 12.06 0.643 0.254 0.438 0.714 0.220 0.360 0.706 0.222 0.368 
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11.06 12.07 0.820 0.114 0.213 0.847 0.114 0.191 0.873 0.090 0.156 

11.07 11.08 0.833 0.106 0.197 0.775 0.151 0.271 0.794 0.130 0.244 

11.07 11.09 0.741 0.212 0.335 0.735 0.212 0.339 0.815 0.127 0.225 

11.07 12.01 0.844 0.108 0.190 0.823 0.106 0.206 0.854 0.079 0.166 

11.07 12.02 0.783 0.164 0.272 0.783 0.159 0.269 0.770 0.164 0.283 

11.07 12.03 0.844 0.085 0.178 0.839 0.114 0.197 0.828 0.093 0.195 

11.07 12.04 0.791 0.169 0.269 0.810 0.140 0.237 0.812 0.122 0.224 

11.07 12.05 0.728 0.201 0.339 0.751 0.175 0.304 0.759 0.175 0.297 

11.07 12.06 0.664 0.265 0.428 0.709 0.228 0.369 0.672 0.254 0.415 

11.07 12.07 0.844 0.127 0.201 0.849 0.119 0.192 0.841 0.119 0.198 

11.08 11.09 0.743 0.175 0.310 0.706 0.220 0.367 0.733 0.185 0.325 

11.08 12.01 0.788 0.140 0.254 0.762 0.151 0.282 0.778 0.148 0.267 

11.08 12.02 0.775 0.143 0.266 0.765 0.161 0.285 0.749 0.183 0.311 

11.08 12.03 0.767 0.143 0.273 0.770 0.161 0.281 0.767 0.151 0.277 

11.08 12.04 0.783 0.159 0.269 0.754 0.169 0.299 0.767 0.159 0.282 

11.08 12.05 0.720 0.190 0.339 0.717 0.183 0.337 0.722 0.209 0.348 

11.08 12.06 0.632 0.272 0.458 0.648 0.257 0.435 0.643 0.275 0.451 

11.08 12.07 0.754 0.193 0.313 0.738 0.204 0.332 0.725 0.228 0.357 

11.09 12.01 0.780 0.167 0.276 0.741 0.183 0.317 0.807 0.127 0.231 

11.09 12.02 0.735 0.201 0.332 0.741 0.196 0.325 0.757 0.183 0.304 

11.09 12.03 0.754 0.169 0.299 0.749 0.193 0.317 0.796 0.135 0.244 

11.09 12.04 0.783 0.167 0.274 0.778 0.156 0.272 0.804 0.140 0.241 

11.09 12.05 0.714 0.214 0.357 0.717 0.214 0.355 0.762 0.177 0.297 

11.09 12.06 0.574 0.344 0.547 0.630 0.296 0.474 0.630 0.296 0.474 

11.09 12.07 0.765 0.201 0.310 0.759 0.198 0.312 0.817 0.148 0.235 

12.01 12.02 0.786 0.167 0.271 0.815 0.103 0.212 0.807 0.140 0.239 

12.01 12.03 0.870 0.063 0.144 0.899 0.050 0.112 0.902 0.032 0.103 

12.01 12.04 0.810 0.146 0.240 0.849 0.077 0.169 0.836 0.106 0.195 

12.01 12.05 0.730 0.204 0.338 0.765 0.143 0.275 0.802 0.146 0.246 

12.01 12.06 0.616 0.312 0.495 0.683 0.230 0.392 0.669 0.254 0.417 

12.01 12.07 0.817 0.153 0.238 0.820 0.119 0.216 0.860 0.103 0.174 

12.02 12.03 0.799 0.124 0.236 0.825 0.111 0.207 0.804 0.140 0.241 

12.02 12.04 0.870 0.074 0.149 0.836 0.093 0.188 0.844 0.098 0.184 

12.02 12.05 0.706 0.217 0.365 0.759 0.167 0.293 0.735 0.222 0.345 

12.02 12.06 0.648 0.265 0.440 0.698 0.222 0.375 0.722 0.212 0.349 

12.02 12.07 0.833 0.127 0.210 0.817 0.140 0.230 0.817 0.156 0.240 

12.03 12.04 0.794 0.138 0.248 0.841 0.114 0.195 0.831 0.098 0.196 

12.03 12.05 0.759 0.161 0.290 0.791 0.135 0.249 0.796 0.148 0.252 

12.03 12.06 0.611 0.294 0.487 0.685 0.257 0.406 0.664 0.257 0.423 

12.03 12.07 0.831 0.116 0.205 0.847 0.116 0.193 0.847 0.114 0.191 

12.04 12.05 0.741 0.196 0.325 0.783 0.135 0.255 0.788 0.153 0.261 

12.04 12.06 0.675 0.262 0.418 0.725 0.204 0.342 0.728 0.206 0.342 

12.04 12.07 0.807 0.172 0.259 0.786 0.169 0.273 0.812 0.156 0.244 

12.05 12.06 0.585 0.320 0.524 0.651 0.259 0.435 0.669 0.265 0.423 

12.05 12.07 0.698 0.254 0.394 0.738 0.198 0.329 0.765 0.209 0.315 

12.06 12.07 0.667 0.280 0.436 0.685 0.262 0.410 0.696 0.265 0.403 

Table 5. Accumulated ICA results for all the 120 InterCriteria pairs composed of  

distinct criteria in the pair, for all the three investigated years 
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The information from Table 5 is also visualized on the Figure 2 (a)–(c) below, where each of 

the 120 InterCriteria pairs composed of distinct subindicators only is presented as a point in the 

intuitionistic fuzzy interpretational triangle [10, 18] 

 

 
(a) 

 
(b) 

 
(c) 

Figure 2. Results of the ICA applied to the 

subindicators in Pillars 11 and 12, plotted as 

points on the intuitionistic fuzzy interpret-

ational triangle for year 2015–2016 in (a), 

year 2016–2017 in (b), and year 2017–2018 

in (c).  

 

In the frames of Pillar 11 ‘Business sophistication’, the most strongly correlating subindicators 

are 11.05 ‘Value chain breadth’ and 11.07 ‘Production process sophistication’, i.e. they exhibit 

highest pairwise positive consonances with the rest of the subindicators. Next in the line is 

subindicator 11.06 ‘Control of international distribution’. For comparison, the subindicator in 
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Pillar 11 that exhibits least positive consonance is 11.01 ‘Local supplier quantity’ with highest 

values with 11.05 ‘Value chain breadth’.  

In the frames of Pillar 12 ‘Innovation’, the most strongly correlating subindicators are 12.01 

‘12.01 Capacity for innovation’, 12.03 ‘Company spending on R&D’ and 12.04 ‘University-

industry collaboration in R&D’, with the strongest positive consonance exhibited by the pair 

12.01 and 12.03. In this group, one subindicator exhibits particularly low positive consonance 

with the rest of the criteria, namely 12.06 ‘Availability of scientists and engineers’. 

Probably the most interesting is the case of how the nine subindicators of Pillar 11 correlate 

with the seven subindicators of Pillar 12, across the pillars, as this may shed light on which of 

both pillars’ ‘ingredients’ are responsible for the traditionally high correlation detected between 

the aggregated Pillars 11 and 12, as recorded in our previous research based on the same 

selection of countries. We immediately notice that the two least correlating subindicators from 

the two pillars, 11.01 and 12.06, tend to correlate most weakly across the pillars as well. 

However, there is no immediate candidate for a whole subindicator from one of the pillars that 

correlates strongly enough with those from the other pillar. The most strongly exhibited 

InterCriteria positive consonances in all the three years are observed between the following 

pairs:  

• 11.06 ‘Control of international distribution’ and 12.07 ‘PCT patents’ 

• 11.06 ‘Control of international distribution’ and 12.01 ‘Capacity for innovation’ 

• 11.07 ‘Production process sophistication’ and 12.01 ‘Capacity for innovation’ 

• 11.04 ‘Nature of competitive advantage’ and 12.07 ‘PCT patents’ 

• 11.06 ‘Control of international distribution’ and 12.03 ‘Company spending on R&D’ 

• 11.07 ‘Production process sophistication’ and 12.07 ‘PCT patents’. 

A closer look at the results further shows the presence of highly correlating InterCriteria triples, 

in addition to the pairs, as explained in [15, 23].  

5. CONCLUSIONS 

In the present paper, we apply the intuitionistic-fuzzy sets based method of InterCriteria 

Analysis on the data about the 28 European Union Member States derived from the World 

Economic Forum’s Global Competitiveness Indices of the three yearly periods 2015–2018. 

Specifically, we get a deeper look on the two pillars of competitiveness that exhibit traditionally 

highest correlation, 11 ‘Business sophistication’ and 12 ‘Innovation’ by investigating the 

subindicators on which these pillars are based. The detected pairwise relations between these 

‘ingredients’ of business sophistication and innovation capability are considered informative 

for the national decision and policy makers, in the light of the World Economic Forum’s 

traditional appeal to them to identify which are the transformative forces of their national 

economies and strengthen them in order to foster future economic growth.  
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Abstract Fires are one of the usual threats against the functioning of forest ecosystems. 

They are a natural disaster beyond humans’ control which directly affects society and 

environment.  

This paper presents the results of the analysis of forest fires data based both on a 

classical approach and on a newly proposed approach, named InterCriteria Analysis 

(ICrA). In the process of evaluating multiple objects against predefined criteria, ICrA 

aims to find relations between the criteria. The approach is based on the apparatus of the 

index matrices and the intuitionistic fuzzy sets. 

Data on the number of forest fires in Bulgaria as well as the size of the burned territories 

for a period of 10 years are used for the analysis. The aim is to estimate the forest fire 

risk based on the two approaches and to propose a fire risk map. 
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1. INTRODUCTION 

Forest fires are a major threat across Europe, causing large environmental and economic 

losses and with an impact on human lives [11]. Over 40 000 fires per year were reported 

between 2010 and 2016 in Greece, Spain, France, Italy and Portugal, with burned area 

around 85% of the total burned area in Europe [11]. The surface affected by fire every 

year between 2010 and 2017 amounts to 350 000 hectares. 

 

Forest fires are defined as natural disaster, since in their biggest part they are beyond humans’ 

control. They directly affect society and environment, with forest fires annually destroying 

millions of hectares of forests, causing human casualties, loss of wildlife, partial devastation 

of the soil’s top layer, as well as of places for recreation and leisure. They lead to huge 

economic losses as a result of devastation of valuable resources, while the funds required for 

their extinguishing and damage recovery are immense. 

 

According to the European report [11] the impact of forest fires in the EU in the 2000-2017 

period could be summarized as:  

 Environmental losses: 8.5 million ha burned, approximately 480 000 ha/year.  

 Human losses: 611 firefighters and civilians killed, nearly 34 people/year.  

 Economic losses: over EUR 54 billion, approximately EUR 3 billion/year.  

 

Republic of Bulgaria is situated in South-eastern Europe and is covered with coniferous and 

predominating deciduous forests with a total area of 4.243 million ha (38% forest cover). 

According to statistical data from the fire department, nearly 10,000 ha natural and artificial 

forests have been destroyed by fires for the last 20-25 years. As a final result, huge territories 

have been deforested, the sanitary functions of the forests have deteriorated, the infrastructure 

has been damaged and the soil erosion has increased. In 2017, 513 forest fires were registered 

in Bulgaria, estimated at approximately 2 million euros of direct losses. 

 

The analysis of the knowledge, methodologies and technologies accumulated over the last 

two decades reveals new perspectives for forest fire risk management in the context of 

climate and environmental changes, social and cultural trends and growth dynamics [11].  

 

In this paper we use two approaches in order to estimate the fire risk on the territories of 

the Bulgarian Regional Forest Directorates (RFD), to classify them and to present а map 

of the fire risk. Firstly, the Lubenov’s methodology [15] has been applied. Next, a 

comparatively new approach, named InterCriteria Analisys [6], has been applied for the 

first time for analysis of fires data in search of connections between different regions and 

territories. It is based on the apparatus of the index matrices (IM) [1] [2] [3], and the 

intuitionistic fuzzy sets (IFS) [4] and can be applied to decision making in different areas 

of knowledge [8] [13] [14] [16] [17]. 

 

The paper is organized as follows: the Lubenov’s methodology is presented in Section 2. In 
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Section 3 the background of InterCriteria Analysis is described. The data used for the 

analysis are presented in Section 3. The acquired results are discussed in Section 4. The 

conclusion remarks are made in Section 5. 

 

2. METHODOLOGY FOR DETERMINING THE RISK OF FOREST FIRES 

According to the Lubenov’s methodology [15], the fire density on a certain region is 

defined as the average annual number of fires occurred over a given period of time on an area 

of 1000 ha (10 km2) of the total area of the region in the following way: 

 1

. .

1000
n

i

i
dens

reg ter

N

R
n F





 , (1) 

where:  

 Rdens is the average annual numerical value of the fire density on a given region; 

 Ni is the annual number of fires occurred on the territory of the region; 

 n is the number of years in the considered period (10 years in this particular case); 

 Freg. ter. is the total area of the region, ha. 

 

The real burned area is defined as the average annual burned area in hectares (ha) over a 

given period of time on 1000 ha (10 km2) of the total area of the region as follows: 

 

 1

. .

1000
n

ba

i
rba

reg ter

F

R
n F





, (2) 

 

where:  

 Rrba is the average annual numerical value of the real burned area of the region; 

 Fba is the annually burned area of the region; 

 n is the number of years in the considered period (10 years); 

 Freg. ter. is the total area of the region, ha. 

 

The risk of forest fires occurring is then defined as: 

 

 ffo dens rbaR R R  ,  (3) 

 

The risk of forest fires Rffo is an integrated indicator of both the number of the forest fires 

occurred on a given territory and the area of the burned territory. Based on this integrated 

indicator Rffo, the presented in Table 1 scale is proposed to determine the degree of the 

forest fires risk [15]. 
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Values of the integrated 

indicator Rffo 

Degree of the forest  

fires risk 

Rffo ≤ 0.1 low 

Rffo > 0.1 and Rffo ≤ 0.3 average 

Rffo > 0.3 and Rffo ≤ 0.6* high 

Rffo > 0.6* very high 

Table 1. Scale for the degree of the forest fires risk 

*Originally, the scale introduced in [15] includes three degrees of forest fires risk: low, 

average and high, above 0.3. Here, we propose the high degree of forest fires risk to be 

divided into two categories: high and very high, as presented in Table 1 ranges.  

 

Data of forest fires in Bulgaria for the last ten years will be analysed in order to define the 

regions with high risk of fires. The presented above methodology will be used as well as 

the approach InterCriteria Analysis. 

 

3. INTERCRITERIA ANALYSIS 

Following [4] [6], an Intuitionistic Fuzzy Pair (IFP) [7] as an estimation of the degrees of 

“agreement” and “disagreement” between two criteria applied to different objects, is obtained. 

An IFP is an ordered pair of real non-negative numbers ,a b   such that: 1.a b   

Consider an Index Matrix (IM) ([1] [2] [3]) whose index sets consist of the criteria (for rows) 

and objects (for columns). The elements of this IM are further assumed to be real numbers. 

An IM with index sets consisting of the criteria (for rows and for columns) with elements 

IFPs corresponding to the degrees of “agreement” and “disagreement” between the respective 

criteria is then constructed.  

Let O denotes the set of all objects 1 2, , , nO O O  being evaluated, and ( )C O  be the set of 

values assigned to the objects by a given criterion C, i.e., 
def

1 2{ , , , };nO O O O 

def

1 2( ) { ( ), ( ), , ( )}nC O C O C O C O  . 

Then, let 
def

*( ) { , | , ( ) ( )& }C O x y x y x y C O C O       . 

 

In order to find the “agreement” between two criteria, the vector of all internal comparisons of 

each criteria, which fulfil exactly one of three relations R , R  and ,R  is constructed. In other 

words, it is required that for a fixed criterion C  and any ordered pair 
*, ( )x y C O    it is true: 

 , ,x y R y x R     , (4) 
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 , , ( )x y R x y R R      , (5) 

 
*( )R R R C O   . (6) 

 

Only a subset of ( ) ( )C O C O  needs to be considered for the effective calculation of the 

vector of internal comparisons (further denoted by ( )V C ) since from Eqs. (4)-(6) it follows 

that if the relation between x  and y  is known, then so is the relation between y and x. Thus 

of interest are only the lexicographically ordered pairs , .x y   Denote for brevity: 

 , ( ), ( )i j i jC C O C O   . 

Then for a fixed criterion C, the vector with 
( 1)

2

n n 
 elements is obtained: 

1,2 1,3 1, 2,3 2,4 2, 3,4 3, 1,( ) { , , , , , , , , , , , , }n n n n nV C C C C C C C C C C      . 

 

Let ( )V C  be replaced by ˆ ( )V C , where for the k-th component (
( 1)

1
2

n n
k


  ): 

 

1,  iff ( )

( ) 1,  iff ( )

0,  other se

 

wi

k

k k

V C R

V C V C R




  



. 

 

When comparing two criteria the degree of “agreement” is determined as the number of 

matching components of the respective vectors, divided by the length of the vector for 

normalization purposes. This can be done in several ways, e.g. by counting the matches or by 

taking the complement of the Hamming distance. The degree of “disagreement” is the number 

of components of opposing signs in the two vectors, again normalized by the length. An 

example pseudocode for two criteria C  and C   is presented in the Fig. 1.  

If the respective degrees of “agreement” and “disagreement” are denoted by 
,C C

   and 
,

,
C C

   

it is obvious (from the way of computation) that 
, ,C C C C

    and 
, ,

.
C C C C

    Also, it is true 

that 
, ,

,
C C C C

     is an IFP. In the most of the obtained pairs 
, ,

,
C C C C

    , the sum 

, ,C C C C
    is equal to 1. However, there may be some pairs, for which this sum is less than 

1. The difference 

 

 
, , ,

1
C C C C C C

        (7) 

 

is considered as a degree of “uncertainty”. 
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Figure 1 A pseudocode of the ICrA algorithm 

 

4. DATA OF FOREST FIRES IN BULGARIA 

The purpose of this research is to establish the risk of forest fires for each of sixteen Regional 

Forest Directorates (RFD) in Bulgaria: Sofia, Shumen, Ruse, Veliko Tarnovo, Smolyan, 

Pazardzhik, Plovdiv, Blagoevgrad, Varna, Kyustendil, Burgas, Sliven, Kardzhali, 

Berkovitsa, Lovech and Stara Zagora.  

 

For this analysis, data on the number of the forest fires occurred on the territory of each of 

the RFD as well as the size of the burned territories for a period of 10 years are used. The data 

is based on the Annual Reports of the Bulgarian Executive Forest Agency for the period 2009 

to 2018 [10]. 

 

The number of the forest fires occurred on the territory of each of the RFD is presented in 

Table 2. The size of the burned territories is presented in Table 3.  

 

An additional illustration of the numbers of the forest fires in Bulgaria for the considered 

period is presented in Figure 2. The total number of fires is compared to the number of 

fires in the year with smallest number of fires (2018) and the one with the biggest number 

of fires (2013). As it can be seen, the months with highest number of fires occurred are 

March, April, August and September for the total number of fires. These are actually the 

most risky months. 
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RFD 

Total 

forest 

area, ha 

Number of Fires 

2018 2017 2016 2015 2014 2013 2012 2011 2010 2009 

Varna  186397 21 33 48 17 12 43 102 34 5 34 

Sofia  422805 4 17 27 26 7 18 50 29 1 10 

Kyustendil 248166 22 47 36 35 11 29 54 65 16 12 

Burgas  334132 8 32 45 37 4 22 60 49 3 31 

Shumen 182019 7 10 6 9 4 6 27 20 2 5 

Sliven 235543 7 20 33 20 2 14 62 27 8 22 

Kardzhali 359807 23 44 91 48 8 58 59 36 13 32 

Lovech 223636 20 37 30 36 29 18 34 37 63 27 

Ruse 174032 10 16 14 5 14 5 28 19 8 3 

Veliko Tarnovo 216094 4 11 9 10 3 8 27 19 6 19 

Smolyan 244523 8 27 34 16 4 18 34 18 7 8 

Berkovitsa 243308 12 40 29 19 5 13 78 45 24 15 

Pazardzhik 262463 8 28 28 17 4 35 74 59 11 34 

Plovdiv 211558 14 27 43 30 6 32 55 31 12 26 

Stara Zagora 176320 18 54 60 82 26 57 62 78 27 24 

Blagoevgrad 410093 36 70 51 32 12 32 72 69 16 12 

Total  4130896 222 513 584 439 151 408 878 635 222 314 

Table 2. Number of fires by RFD 

 

 

Figure 2 Number of fires in Bulgaria – years 2016 and 2018  

versus total number of fires for 10 years period 
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RFD 
Burned area 

2018 2017 2016 2015 2014 2013 2012 2011 2010 2009 

Varna  26.4 31.5 154.5 44.1 21.7 114.5 474.2 98.2 7.4 57.1 

Sofia  1.2 9.2 6.2 55.2 2.6 10.4 42.2 22.9 0.1 4.5 

Kyustendil 27.8 113.1 40 98 23.5 230.1 717 749.4 76.2 18.8 

Burgas  19.6 538.2 497.5 259.6 12.3 304.9 2304.9 804.7 41.8 133.1 

Shumen 7 11.2 4.9 11 6.5 1.5 239.4 28.3 2.6 4.4 

Sliven 58.3 272.2 414.7 207.7 2.7 417.5 1965.9 250.9 15 260.3 

Kardzhali 10.7 194.1 3494.9 268.7 12 796.3 372.4 303.4 26.3 753.1 

Lovech 667.3 179.1 402.9 1471.5 337.7 181.1 942.3 1214.8 3000.6 420.5 

Ruse 29.4 40.4 29.8 8.8 32.3 1.9 179.1 56.5 27.8 15.3 

Veliko Tarnovo 6.6 93 15.5 138.2 2.4 6.3 268.6 157.5 123.5 118.2 

Smolyan 14.6 249.9 695.5 13.9 3.2 513.8 337.4 67.5 20.8 8.2 

Berkovitsa 419.1 612.3 147.8 530 28.3 79.3 2731.5 1026.6 576 118.4 

Pazardzhik 8.2 127.6 146.3 26.4 35.7 92.6 802.8 225.9 13.8 146.9 

Plovdiv 60.4 116.9 77.2 139.5 3.7 176 185 380.7 66.1 32.3 

Stara Zagora 29.4 286.6 154.4 872.3 371.3 307.5 623.8 980.8 2507 171.5 

Blagoevgrad 101.2 1694.1 58.1 170.1 20.1 80.2 543.3 514.5 21 13.8 

Table 3. Burned area by RFD 

5. RESULTS 

5.1. Application of the Lubenov’s methodology  

The results obtained after the applying the Lubenov’s methodology [15] on the data for the 

considered 10-year period are presented in Table 4. 

 

Based on the numerical values acquired for the risk of forest fires, the sixteen considered RFD 

are classified as shown in Table 5. 

 

The classification of the considered RFD, shown on the map of Bulgaria, is presented in 

Figure 3. The RFD are painted in the corresponding colors of the degrees of the risk of forest 

fires. 

 

RFD Berkovitsa includes the municipalities of Vidin, Montana and Vratsa. The municipality 

of Pleven is in RFD Lovech. The municipality of Pernik is in RFD Kyustendil. The 

municipality of Haskovo is in RFD Kardzhali. The municipality of Gabrovo is in RFD Veliko 

Tarnovo. The municipality of Targovishte is in RFD Shumen. The municipality of Dobrich is 

in RFD Varna. The municipality of Yambol is in RFD Sliven. RFD Ruse includes the 

municipalities of Razgrad and Silistra. 
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RFD 
Fire  

density 

Real  

Burned 

Area 

Forest  

Fires  

Risk 

Risk 

Degree 

Varna  0.19 0.55 0.10 Average 

Sofia  0.04 0.04 0.002 Low 

Kyustendil 0.13 0.84 0.11 Average 

Burgas  0.09 1.47 0.13 Average 

Shumen 0.05 0.17 0.01 Low 

Sliven 0.09 1.64 0.15 Average 

Kardzhali 0.11 1.73 0.20 Average 

Lovech 0.15 3.94 0.58 High 

Ruse 0.07 0.24 0.02 Low 

Veliko Tarnovo 0.05 0.43 0.02 Low 

Smolyan 0.07 0.79 0.06 Low 

Berkovitsa 0.12 2.58 0.30 Average 

Pazardzhik 0.11 0.62 0.07 Low 

Plovdiv 0.13 0.59 0.08 Low 

Stara Zagora 0.28 3.58 0.99 Very high 

Blagoevgrad 0.10 0.78 0.08 Low 

Table 4. Results for fire risk according to the Lubenov’s methodology 

 

RFD 
Degree of forest  

fires risk 

Sofia, Shumen, Ruse, Veliko 

Tarnovo, Smolyan, Pazardzhik, 

Plovdiv, Blagoevgrad 

Low 

Varna, Kyustendil, Burgas, Sliven, 

Kardzhali, Berkovitsa 
Average 

Lovech High 

Stara Zagora Very high 

Table 5. Results for fire risk according to the Lubenov’s methodology  

 

5.2. Application of InterCriteria Analysis 

The input IM for the ICrA has the form presented in Table 6, where the ratio between 

Burned Area/Number of fires for each year is considered. Based on these data, the 

relations between the RFD will be analysed. 
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Figure 3 Fire risk map: red – very high, orange – high, yellow – average, green - low 

 

 

RFD 
Burned Area/Number of fires 

2018 2017 2016 2015 2014 2013 2012 2011 2010 2009 

Varna  1.26 0.95 3.22 2.59 3.68 2.66 4.65 2.89 1.48 1.68 

Sofia  0.30 0.54 0.23 2.12 7.89 0.58 0.84 0.79 0.10 0.45 

Kyustendil 1.26 2.41 1.11 2.80 8.91 7.93 13.28 11.53 4.76 1.57 

Burgas  2.45 16.82 11.06 7.02 64.90 13.86 38.42 16.42 13.93 4.29 

Shumen 1.00 1.12 0.82 1.22 2.75 0.25 8.87 1.42 1.30 0.88 

Sliven 8.33 13.61 12.57 10.39 103.85 29.82 31.71 9.29 1.88 11.83 

Kardzhali 0.47 4.41 38.41 5.60 33.59 13.73 6.31 8.43 2.02 23.53 

Lovech 33.37 4.84 13.43 40.88 50.74 10.06 27.71 32.83 47.63 15.57 

Ruse 2.94 2.53 2.13 1.76 0.63 0.38 6.40 2.97 3.48 5.10 

Veliko Tarnovo 1.65 8.45 1.72 13.82 46.07 0.79 9.95 8.29 20.58 6.22 

Smolyan 1.83 9.26 20.46 0.87 3.48 28.54 9.92 3.75 2.97 1.03 

Berkovitsa 34.93 15.31 5.10 27.89 106.00 6.10 35.02 22.81 24.00 7.89 

Pazardzhik 1.03 4.56 5.23 1.55 6.60 2.65 10.85 3.83 1.25 4.32 

Plovdiv 4.31 4.33 1.80 4.65 23.25 5.50 3.36 12.28 5.51 1.24 

Stara Zagora 1.63 5.31 2.57 10.64 33.55 5.39 10.06 12.57 92.85 7.15 

Blagoevgrad 2.81 24.20 1.14 5.32 14.18 2.51 7.55 7.46 1.31 1.15 

Table 6. Input IM for the ICrA  
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ICrA is applied over the data presented in the input matrix (Table 6). The cross-platform 

software for ICrA approach, ICrAData, is used [12]. The obtained results (the value of the 

degree of “agreement”) are presented in Table 7. 
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Varna  1.00 0.69 0.73 0.69 0.64 0.71 0.73 0.56 0.49 0.56 0.60 0.53 0.80 0.58 0.60 0.53 

Sofia  0.69 1.00 0.78 0.69 0.69 0.76 0.56 0.60 0.40 0.69 0.47 0.71 0.62 0.67 0.69 0.76 

Kyustendil 0.73 0.78 1.00 0.78 0.82 0.62 0.51 0.60 0.53 0.69 0.60 0.67 0.62 0.76 0.73 0.71 

Burgas  0.69 0.69 0.78 1.00 0.73 0.76 0.56 0.51 0.49 0.73 0.64 0.62 0.76 0.71 0.69 0.76 

Shumen 0.64 0.69 0.82 0.73 1.00 0.49 0.47 0.73 0.62 0.82 0.47 0.80 0.62 0.71 0.73 0.76 

Sliven 0.71 0.76 0.62 0.76 0.49 1.00 0.71 0.36 0.38 0.53 0.67 0.51 0.82 0.51 0.49 0.64 

Kardzhali 0.73 0.56 0.51 0.56 0.47 0.71 1.00 0.42 0.40 0.42 0.64 0.36 0.76 0.49 0.51 0.40 

Lovech 0.56 0.60 0.60 0.51 0.73 0.36 0.42 1.00 0.49 0.78 0.29 0.76 0.40 0.71 0.78 0.53 

Ruse 0.49 0.40 0.53 0.49 0.62 0.38 0.40 0.49 1.00 0.53 0.40 0.56 0.51 0.33 0.53 0.47 

Veliko 

Tarnovo 
0.56 0.69 0.69 0.73 0.82 0.53 0.42 0.78 0.53 1.00 0.38 0.76 0.58 0.67 0.82 0.67 

Smolyan 0.60 0.47 0.60 0.64 0.47 0.67 0.64 0.29 0.40 0.38 1.00 0.36 0.67 0.49 0.38 0.53 

Berkovitsa 0.53 0.71 0.67 0.62 0.80 0.51 0.36 0.76 0.56 0.76 0.36 1.00 0.47 0.60 0.67 0.73 

Pazardzhik 0.80 0.62 0.62 0.76 0.62 0.82 0.76 0.40 0.51 0.58 0.67 0.47 1.00 0.47 0.49 0.60 

Plovdiv 0.58 0.67 0.76 0.71 0.71 0.51 0.49 0.71 0.33 0.67 0.49 0.60 0.47 1.00 0.76 0.64 

Stara Zagora 0.60 0.69 0.73 0.69 0.73 0.49 0.51 0.78 0.53 0.82 0.38 0.67 0.49 0.76 1.00 0.58 

Blagoevgrad 0.53 0.76 0.71 0.76 0.76 0.64 0.40 0.53 0.47 0.67 0.53 0.73 0.60 0.64 0.58 1.00 

Table 7. Results from InterCriteria Analysis 

 

All the analysis below is made according to the proposed in [5] consonance and 

dissonance scale. For more clarity of the results interpretation, the scale and their 

meanings are listed in Table 8. 

 

RFD with very high risk 

The resulting degrees of “agreement” (see Table 7) show that the RFD with very high risk 

of fires Stara Zagora is not correlated, i.e., is in dissonance with all other regions except 

RFD Veliko Tarnovo and Lovech. The relation between Stara Zagora and Lovech is 

obvious because these are the two RFD with high risk of forest fires.  The weak positive 

consonance between Stara Zagora and Veliko Tarnovo cannot be explained at this point. 
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The current analysis is based on 10-year period data. If a longer period of time (for 

example 20 years) is considered for further research, the results will be easier to interpret. 

 

,C C
   Meaning 

[0.00-0.05] strong negative consonance    

(0.05-0.15] negative consonance    

(0.15-0.25] weak negative consonance    

(0.25-0.33] weak dissonance   

(0.33-0.43] dissonance    

(0.43-0.57] strong dissonance    

(0.57-0.67] dissonance    

(0.67-0.75] weak dissonance  

(0.75-0.85] weak positive consonance  

(0.85-0.95] positive consonance   

(0.95-1.00] strong positive consonance  

Table 8 Definition of consonance and dissonance  

between each pair of criteria 

 

RFD with high risk 

Considering the RFD Lovech, it is clearly shown that there is no correlation between this 

region and the rest of the regions – dissonance is observed. Similarly to the results shown 

in the group of RFD with very high risk, in this case RFD Veliko Tarnovo is again an 

exception. The results of the ICrA confirm the recognition of Lovech as the only region 

with high risk of fires. 

 

RFD with average risk 

The results show that RFD Varna is in weak dissonance with RFD Kyustendil and RFD 

Kardzhali, i.e. based on the data for the 10-year period it is more likely for RFD Varna to 

be in the group of low risk of forest fires than the one of average. Therefore, based on 

ICrA, RFD Kyustendil and RFD Kardzhali are classified in the same group.  

 

When the RFD Berkovitsa is considered, the results show that it is in weak positive 

consonance with Lovech on one hand, and with Veliko Tarnovo on the other. The 

correlation with Lovech leads to the conclusion that among the regions in the group of 

RFD with average risk Berkovitsa is with the highest risk of forest fires. This is also 

confirmed by the Lubenov’s methodology (see Table 4). Considering the weak positive 

consonance between RFD Berkovitsa and RFD Shumen, Shumen should be more likely to 

be considered in this group of average risk instead of the group of low risk. 
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According to the ICrA result (see Table 7) RFD Burgas and Sliven are in the same group 

of average risk.  

 

Here, a correlation (weak positive consonance) between Varna and Pazardzhik is also 

observed. The outcomes show that Pazardzhik is slightly related to Varna, Burgas, Sliven 

and Kardzhali. This means that this region is on the border between the low and average 

risk, confirmed also by Lubenov’s methodology where the estimation of RFD Pazardzhik 

is 0.07. Further analysis over a longer time period could show that the RFD Pazardzhik 

could move to the group of average risk of forest fires. 

 

RFD with low risk 

RFD Blagoevgrad is in weak positive consonance with RFD Sofia and Shumen, which is a 

confirmation of their belongings in the group of regions with low risk of fires. However, 

the subsequent analysis made below questions the classification of RFD Shumen to the 

group of low risk of forest fires, as it was mentioned in the analysis of the previous group.  

 

The ICrA shows that RFD Plovdiv is slightly related (weak positive consonance) to RFD 

Kyustendil. Such result could be explained with the value of 0.08 for RFD Plovdiv, 

presented in Table 4. Similarly, RFD Shumen is in weak positive consonance with RFD 

Kyustendil, which is in the group of average risk of fire.  

 

The RFD Smolyan and RFD Ruse do not show similarity to any of the considered regions 

all results are in dissonance. It can be concluded that these two RFD are in the same group 

of low risk, since the ICrA results do not show any correlation with RFD from other 

groups. 

 

In the light of the ICrA results the classification of the RFD is presented in Table 9. As it 

can be seen from Table 9, RFD Pazardzhik, Plovdiv and Shumen should be examined with 

caution as they are more likely in the group of average risk than the one of low risk of forest 

fires. The activities which are usually taken to prevent fire occurring should be applied to 

these regions as well as the regions in the group of average risk of forest fires. 

 

RFD 
Degree of forest  

fires risk 

Sofia, Ruse, Veliko Tarnovo*,  

Smolyan, Blagoevgrad 
Low 

Pazardzhik, Plovdiv, Shumen, Varna Low / Average 

Kyustendil, Kardzhali, Berkovitsa,  

Burgas, Sliven 
Average 

Lovech High 

Stara Zagora Very high 
 

*A furder investigation should be made in order to classify RFD  

  Veliko Tarnovo properly. 
 

Table 9. Results for fire risk according to the ICrA 
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6. CONCLUSIONS 

Forest fires are a threat for the forest ecosystems, species, populations and habitats which are 

subjects of protection by National and European legislations.  

 

Data on the number of the forest fires occurred on the territory of Bulgaria and the size of the 

burned area for a period of 10 years are employed in the analysis. Two essentially different 

approaches – the Lubenov’s methodology and the InterCriteria analysis – are used to 

determine the risk of forest fires on the territories of the Bulgarian Regional Forest 

Directorates. 

 

Based on the Lubenov’s methodology the regions are classified according to the risk of forest 

fires and a fire risk map of Bulgaria is proposed. Further, the ICrA is applied on the same 

data. 

 

The obtained results show that the ICrA could be used as an additional approach in order 

to refine the classification of the regions in the specific risk groups. In such cases, ICrA 

will confirm the regions which are unconditionally in the particular group with high value 

of the degree of agreement (positive consonance). ICrA can distinguish those regions 

which are classified in a particular group with a degree of uncertainty. Thus, the result of 

ICrA can prevent the neglect of certain areas identified as out-of-risk, which might be actually 

in risk. 

 

As further research, data for a period of 20 years will be considered. It is expected that when 

applied to data for a longer period of time, even the Lubenov’s methodology will approve the 

ICrA results.   
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Instituto Superior de Engenharia do Porto

Porto, Portugal
e-mail: jem@isep.ipp.pt

Keywords: Integro-differential equations, Operational matrices, Orthogonal polynomials

Abstract. In this work we deduce explicit formulae for the elements of the matrices
representing the action of integro-differential operators over the coefficients of generalized
Fourier series. Our formulae are obtained by performing operations on the bases of or-
thogonal polynomials and result directly from the three-term recurrence relation satisfied
by the polynomials. Moreover we give exact formulae for the coefficients for some fami-
lies of orthogonal polynomials. Some tests are given to demonstrate the robustness of the
formulas presented.
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1 Introduction

In some spectral methods the operational matrices that transform integro-differential
problems into algebraic problems are often obtained using a similarity transformation [13].
For high degree approximation the accuracy of the approximate solutions is degraded
by the bad conditioning of the matrices involved. In recent works, dealing with the
extension of spectral methods to systems of nonlinear integro-differential problems [16]
and to problems with non-polynomial coefficients [17], the error propagation when working
with operational matrices is referred as a drawback. This fact is of great importance
when there is need of a large number of coefficients computed with great precision, as it
is in the case with Frobenius-Padé approximation allowing the computation of rational
approximants of series with unknown coefficients [12].

Several authors have studied different approaches with the purpose of stabilizing the
spectral method, by introducing modifications in the way of representing the solution
and thus obtaining a better conditioned algebraic system. The idea is to represent the
action of integro-differential operators acting on a basis of orthogonal polynomials, on
the same basis. But these works refer, in general, to very particular cases either of
operators or of orthogonal bases. For example see, for Chebyshev polynomials [6], [7],
[10], [15], for Legendre polynomials [2], [8], [9], [14], for Jacobi polynomials [5], [9], for
Bessel polynomials [4], [9] or for Hermite and Laguerre polynomials [9]. Here we go
in this same direction of avoiding the similarity transformation, but our work is more
general and results only and directly from the three term recurrence relation satisfied by
the orthogonal polynomials used. In a previous work, general recurrence relations for
operational matrices elements was established [12]. In this work we give explicit formulas
for those elements when we consider families of classical orthogonal polynomials.

Our procedure being more general, unifies and includes the cases cited above, with
advantages from the point of view of the automation of the algorithms as well as from
the numerical point of view.

In Section 2 we present the recursive formulas for the representation of derivative
and primitive sequences of orthogonal polynomials expressed in terms of the polynomials
themselves. The concretization of these formulas in particular cases of families of classical
orthogonal polynomials results in explicit formulas, some of which have already been
mentioned in the literature. In Section 3 the results of the previous section are used
for the algebraic representation of integral-differential operators and in section 4 some
numerical tests to the robustness of the developed formulas are presented.

2 Algebraic and Analytic Operations on Polynomials

In this section we introduce a set of formulas representing the effect of integro-differential
operations over the coefficients of a formal series. Those formulas are presented in the
form of matrix operations and we will present exact formulas to their elements.

First we present formulas for generic orthogonal polynomials. Some of them are explicit
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formulas and others are given as recurrence relations. In a second subsection we present
explicit formulas to the case of classical orthogonal polynomials.

2.1 Formulas for general orthogonal polynomials

In what follows, P = (P0, P1, . . .) is the orthogonal polynomial sequence defined by an
inner product

< Pi, Pj >=

∫ b

a

Pi Pj wdx = ||Pi||2δij, i, j ∈ N0 (1)

where δij is the Kronecker symbol. A well known property of P is that it constitutes a
basis for P, the space of polynomials of any degree. Another property of P concerns the
coefficients of formal series.

Proposition 1. Lets f be a function represented by an expansion over a basis of orthog-
onal polynomials P = (P0, P1, . . .) satisfying (1),

f =
∞∑

i=0

fiPi

then,

fi =
1

||Pi||2
< Pi, f > (2)

where, the equality only holds when the infinite series converge to f .

This is the key property to show the following proposition.

Proposition 2. If l is a linear operator acting on P and L is the infinite matrix defined
by

L = [lij]i,j≥0, with lij =
1

||Pi||2
< Pi, lPj >, (3)

then formally lP = PL.

Proof. For each j = 0, 1, . . . we define the infinite unitary vector ej = [δij]i≥0. So that
Pej = Pj and using (2) we get

lPej = lPj =
∑

i≥0

< Pi, lPj >

||Pi||2
Pi =

∑

i≥0
lijPi = PLej, j = 0, 1, . . .

and so lP = PL, in the element wise sense.

A characteristic property of orthogonal polynomials is that they satisfies a three term
recurrence relation. The actual values for the recurrence relation coefficients depends on a
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normalization choice. In the sequel we always consider P0 = 1 and the recurrence relation
in the form {

xPj = αjPj+1 + βjPj + γjPj−1, j ≥ 0
P−1 = 0, P0 = 1

, (4)

and we will show that this is enough to determine matrices L representing in P the action
of linear integro-differential operators l.

We start by the operator that to each element p ∈ P associate the polynomial xp,
usually referred as the shift operator.

Proposition 3. Let P be a basis satisfying (4), defining

M = [µi,j]i,j≥0, with µi,j =
1

||Pi||2
< Pi, xPj >,

then 



µ0,0 = β0, µ1,0 = α0

µj−1,j = γj, µj,j = βj, µj+1,j = αj

µi,j = 0, |i− j| > 1

, j = 1, 2, . . . (5)

and xP = PM .

Proof. From the definition of µi,j and (2) follows that

xPj =

j+1∑

i=0

µi,jPi, j = 0, 1, . . .

and using (4) we get (5). The fact that xP = PM , in the element wise sense, is a
consequence of Proposition 2.

For the differential operator, we define a matrixN = [ηi,j]i,j≥0 such that P ′j =
∑j−1

i=0 ηijPi, j ≥
0. So ηij = 0, i ≥ j, that is, N is an upper triangular matrix with null main diagonal.
Using (4) leads to a relation between neighbour matrix elements, allowing their evaluation
by recurrence.

Proposition 4. Let P be a basis satisfying (4), defining

N = [ηi,j]i,j≥0, with ηi,j =
1

||Pi||2
< Pi,

d

dx
Pj >,

then ηi,0 = 0, i ≥ 0, η0,1 = 1/α0 and for j = 1, 2, . . .




ηi,j+1 = 1
αj

[
αi−1ηi−1,j + (βi − βj)ηi,j

+γi+1ηi+1,j − γjηi,j−1
]
, i = 0, . . . , j − 1

ηj,j+1 = 1
αj
αj−1ηj−1,j

, (6)

and d
dx
P = PN .
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Proof. From (4) we have P0 = 1 and P1 = 1
α0

(x−β0) and so ηi,0 = 0, i ≥ 0 and η0,1 = 1
α0

.

For the remain columns of N , applying the operator d
dx

to both sides of (4) then

Pj + xP ′j = αjP
′
j+1 + βjP

′
j + γjP

′
j−1, j = 0, 1, . . .

and, by definition of ηi,j

Pj + x

j−1∑

i=0

ηi,jPi = αj

j∑

i=0

ηi,j+1Pi + βj

j−1∑

i=0

ηi,jPi + γj

j−2∑

i=0

ηi,j−1Pi, j = 0, 1, . . .

and so

αj

j∑

i=0

ηi,j+1Pi = Pj +

j−1∑

i=0

ηi,j(αiPi+1 + βiPi + γiPi−1)

−βj
j−1∑

i=0

ηi,jPi − γj
j−2∑

i=0

ηi,j−1Pi

rearranging indices and identifying similar coefficients, (6) is achieved. That d
dx
P = PN

is a consequence of Proposition 2.

From that proposition we can derive explicit formulas for the first subdiagonals of N .

Corollary 5. Under conditions of Proposition 4, we have

ηj,j+1 =
j + 1

αj
, (7)

ηj,j+2 =
1

αjαj+1

j∑

i=0

(βi − βj+1), (8)

ηj,j+3 =
1

αjαj+1αj+2

j∑

i=0

[(βi − βj+2)(βi − βj+1) + 2αiγi+1 − αj+1γj+2] , (9)

for j ≥ 0.

Proof. For j = 0, the result η0,1 = 1
α0

is included in Proposition 4. Now, assuming that

ηj−1,j = j
αj−1

and replacing in (6) we recover (7) by induction.

By definition of ηi,j we can write

P ′2 = η1,2P1 + η0,2

and from (4)

P ′2 =
1

α1

(P1 + xP ′1 − β1P ′1)

=
1

α1

(P1 +
1

α0

(α0P1 + β0 − β1)) =
2

α1

P1 +
β0 − β1
α1α0
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resulting in η0,2 = β0−β1
α0α1

and this confirms (8) for j = 0. From (6) we can write

ηj,j+2 =
1

αj+1

[αj−1ηj−1,j+1 + (βj − βj+1)ηj,j+1 + γj+1ηj+1,j+1 + γj+1ηj,j]

and, from the fact that ηi,j = 0, i ≥ j and from (7) we get

ηj,j+2 =
1

αj+1

[
αj−1ηj−1,j+1 +

j + 1

αj
(βj − βj+1)

]

and (8) follows by induction.

The proof of (9) follows in a similar way, using (4) with (7) and (8).

A special case arises when in (4) βi = 0, i = 0, 1, . . .. This is the so-called symmetric
case, resulting in the property that polynomials Pn are functions with the same parity of
n and so, their derivatives P ′n have the parity of n − 1. Using Proposition 4 we have an
alternative proof to an equivalent result.

Corollary 6. Let P be a basis satisfying (4) with βi = 0, i = 0, 1, . . . and ηi,j defined by
Proposition 4, then ηj−2k,j = 0, k = 1, 2, . . . bj/2c, j ≥ 2, where bxc is the nearest integer
less or equal to x.

Proof. Corollary 5 with βi = 0, i = 0, 1, . . . , j proofs the result for k = 1. Now, admitting
that ηj−2,j = ηj−4,j = · · · = ηj−2k−2,j = 0 and taking βi = 0 in (4)

ηj−2k,j =
1

αj−1
(αj−2k−1ηj−2k−1,j−1 + γj−2k+1ηj−2k+1,j−1 − γj−1ηj−2k,j−2)

=
αj−2k−1
αj−1

ηj−2k−1,j−1

by hypothesis. Iterating the last equality we arrive at

ηj−2k,j =
αj−2k−1αj−2k−2 · · ·α1

αj−1αj−2 · · ·α2k+1

η0,2k

but

η0,2k =
1

α2k−1
(γ1η1,2k−1 − γ2k−1η0,2k−2) = 0

also by the same induction hypotheses.

These results are also useful to derive the matrix representation of the primitive oper-
ator.
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Proposition 7. Let P be the basis satisfying (4). Defining

O = [θij]i,j≥0, with θij =
1

||Pi||2
< Pi,

∫
Pj >,

then for j = 1, 2, . . .





θj+1,j =
αj
j + 1

θi+1,j = − αi
i+ 1

j+1∑

k=i+2

ηikθkj, i = j − 1, . . . , 1, 0
(10)

and
∫
P = PO.

Proof. By definition, considering that the primitive of Pj is a polynomial of degree j + 1
defined with an arbitrary constant term, we can write

∫
Pj =

j+1∑

i=1

θijPi, j = 0, 1, . . .

Differentiating both sides and applying Proposition 4 we have

Pj =

j+1∑

i=1

θijP
′
i =

j+1∑

i=1

θij

i−1∑

k=0

ηkiPk.

Rearranging indices and identifying similar coefficients,

Pj =

j∑

i=0

[
j+1∑

k=i+1

ηikθkj

]
Pi.

And so, for the coefficient of Pj,
ηj,j+1θj+1,j = 1

and, for the coefficients of Pi, i = 0, . . . , j − 1,

j+1∑

k=i+1

ηikθkj = 0

The result is obtained solving for θj+1,j the first equation and for θi+1,j each one in the
last set of equations.

That proposition includes explicit formulas for the non null su-diagonal of matrix O.
Using (10) and Corollary 5 we get explicit formulas for O matrix main diagonal and for
the first upper diagonal.
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Corollary 8. Under conditions of Proposition 4, we have for j ≥ 1

θj,j =
1

j + 1
(βj − βj), (11)

θj,j+1 =
1

(j + 2)αj
(
j + 2

j + 1
βjβj+2 + αjγj+1 − σj − 2ξj) (12)

where βj = 1
j

∑j−1
i=0 βi, σj = 1

j

∑j−1
i=0 β

2
i and ξj = 1

j

∑j−1
i=0 αiγi+1.

Next section is devoted to achieve explicit formulas to particular cases of classical
orthogonal polynomials.

2.2 Explicit formulas for Classical Orthogonal Polynomials

In this section we treat the particular cases of the classical orthogonal polynomial basis,
associated to the names of Jacobi, Laguerre, Hermite and Bessel. For the first three cases
we follow [1] handbook for definitions and normalizations. For Bessel polynomials data
we follow [11].

2.2.1 Jacobi Polynomials

Jacobi Polynomials P
(α,β)
j can be defined by (4) with

αj =
2(j + 1)(j + γ + 1)

(2j + γ + 1)(2j + γ + 2)
,

βj =
β2 − α2

(2j + γ)(2j + γ + 2)
,

γj =
2(j + α)(j + β)

(2j + γ)(2j + γ + 1)

where α, β > −1 are parameters and γ = α+ β. Those coefficients result in the following
explicit formulas for the first two main diagonal elements in matrices N and O.

Proposition 9. Let P = [P
(α,β)
i ]i≥0 be the Jacobi polynomials, N = [ηi,j]i,j≥0 the differ-

entiation matrix defined in Proposition 4 and O = [θi,j]i,j≥0 the integration matrix defined
in Proposition 7, then





ηj,j+1 =
(2j + γ + 1)(2j + γ + 2)

2(j + γ + 1)

θj+1,j =
1

ηj,j+1





ηj−1,j+1 =
(2j + γ)2 − 1

2(j + γ)(j + γ + 1)
(β − α)

θj,j =
2(α− β)

(2j + γ)(2j + γ + 2)
j = 0, 1, . . . j = 1, 2, . . .

(13)

with γ = α + β
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Proof. The first set of equalities is obtained by direct substitution of αj in (7) and in
the first equality of (10). For the second set, from definition βj and by partial fraction
decomposition we have

βj = (β − α)
γ

(2j + γ)(2j + γ + 2)
= (β − α)(

j + 1

2j + γ + 2
− j

2j + γ
)

and so
j−1∑

i=0

βi = (β − α)

j−1∑

i=0

(
i+ 1

2i+ γ + 2
− i

2i+ γ
) = (β − α)

j

2j + γ

then

j−1∑

i=0

βi − jβj = (β − α)(
j

2j + γ
− j(j + 1)

2j + γ + 2
+

j2

2j + γ
) =

2j(j + 1)(β − α)

(2j + γ)(2j + γ + 2)

and using Corollary 5

ηj−1,j+1 =
(2j + γ − 1)(2j + γ + 1)

2(j + γ)(j + γ + 1)
(β − α), j = 1, 2, . . .

and from Proposition 8, θj,j = −1
j(j+1)

[
∑j−1

i=0 βi − jβj].

From the Jacobi polynomials J (α,β), a particular case arises when α = β, the Gegen-
bauer polynomials.

2.2.2 Gegenbauer Polynomials

Gegenbauer Polynomials C(λ) are defined for parameter λ > −1
2
, λ 6= 0, by (4) with

αn =
n+ 1

2(n+ λ)
, βn = 0, γn =

n+ 2λ− 1

2(n+ λ)
= 1− αn (14)

Those coefficients result in the following explicit formulas for the elements in matrices N
and O.

Proposition 10. Let P = [C
(λ)
i ]i≥0 be the Gegenbauer polynomials, N = [ηi,j]i,j≥0 the

differentiation matrix defined in Proposition 4 and O = [θi,j]i,j≥0 the integration matrix
defined in Proposition 7, then

{
ηi,j = (1− (−1)j−i)(λ+ i), i < j

ηi,j = 0, i ≥ j




θj±1,j =

±1

2(λ+ j)

θi,j = 0, i 6= j ± 1
, j ≥ 0 (15)
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Proof. Substituting (14) in (7) and in (8) results in ηj,j+1 = 2(λ + j) and ηj−1,j+1 = 0
proving the result for ηj−1,j and ηj−2,j. For ηj−2k,j the result follows from Proposition (6),
with k = 1, 2, . . . bj/2c, j ≥ 1. Now the result is proved for ηi,j, i < j for columns j ≤ 2.
Admitting that this is true for columns 0, . . . , j and introducing (14) in (4) we have

ηi,j+1 =
λ+ j

j + 1

[ i

λ+ i− 1
ηi−1,j +

2λ+ i

λ+ i+ 1
ηi+1,j

]
− 2λ+ j − 1

j + 1
ηi,j−1

=
λ+ j

j + 1

[
i(1− (−1)j+1−i) + (2λ+ i)(1− (−1)j−1−i)

]

−2λ+ j − 1

j + 1
(1− (−1)j−1−i)(λ+ i)

=
λ+ j

j + 1
(2λ+ 2i)(1− (−1)j+1−i)− 2λ+ j − 1

j + 1
(1− (−1)j−1−i)(λ+ i)

= (1− (−1)j+1−i)(λ+ i)

validating the formula for ηi,j+1 and, by induction over j, for the whole matrix N .
For the elements of matrix O, from direct substitution of (14) in (10) we get the formula

to θj+1,j and

θi+1,j =
−1

2(λ+ i)

j+1∑

k=i+2

ηi,kθk,j

=
−1

2(λ+ i)

j+1∑

k=i+2

(1− (−1)k−i)(λ+ i)θk,j = −
b j−i

2
c∑

r=1

θi+1+2r,j (16)

Since from Proposition 8 we have θj,j = 0, we only have to iterate (16) for i = j − 2, j −
3, . . . , 1. This results in

θj−1,j = −θj+1,j = − 1

2(λ+ j)

θj−2,j = −θj,j = 0

θj−3,j = −(θj−1,j + θj+1,j) = 0

θj−2k,j = −
k−1∑

r=0

θj−2r,j = 0

One immediate consequence of that proposition is the validation of the exact formulas

d

dx
C

(λ)
j =

j−1∑

i=0

(1− (−1)j−i)(λ+ i)C
(λ)
i = 2

b j−1
2
c∑

r=0

(λ+ j − 1− 2r)C
(λ)
j−1−2r

∫
C

(λ)
j =

1

2(λ+ j)
(C

(λ)
j+1 − C(λ)

j−1)
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Next we present a set of formulas obtained to particular cases of sequences of classical
orthogonal polynomials. The four Chebyshev cases result from Jacobi polynomials P

(α,β)
n ,

combining α = ±1
2

with β = ±1
2
; the Legendre case results from Gegenbauer polynomials

C
(λ)
n with λ = 1

2
; formulas for the three other cases, Laguerre, Hermite and Bessel polyno-

mials, result from the general orthogonal polynomials formulas, with the data provided.
The proofs are particular cases of propositions 4 to 10.

2.2.3 Particular Classical Orthogonal Polynomials

In Table 1 we present the coefficients of the recurrence relation (4) for a set of particular
cases of classical orthogonal polynomials families.

Table 1: Values αj , βj , j = 0, 1, . . . and γj , j = 1, 2, . . . for (4). δj ≡ δj,0 is the Kronecker symbol.

Pj Name αj βj γj

C
(λ)
j Gegenbauer j+1

2(j+λ) 0 j+2λ−1
2(j+λ)

Tj Chebyshev 1st kind 2δj−1 0 2−1

Uj Chebyshev 2nd kind 2−1 0 2−1

Vj Chebyshev 3th kind 2−1 1− 2−δj 2−1

Wj Chebyshev 4th kind 2−1 2−δj − 1 2−1

Pj Legendre j+1
2j+1 0 j

2j+1

Lj Laguerre −(j + 1) 2j + 1 −j
Hj Hermite 2−1 0 2j
yj Bessel 1

2j+1 −δj − 1
2j+1

For the first and the second kinds of Chebyshev polynomials and for Legendre, Laguerre
and Hermite polynomials, we follow the normalisation proposed by Hochstrasser in [1].
The data for Chebyshev polynomials of third and fourth kinds are from [3] and Bessel
polynomials are defined by [11]. In some of those cases, coefficients α0 and β0 are redefined
to result the same cited polynomial sequences, with the initial conditions P−1 = 0, P0 = 1
as in (4).

In Table 2 and Table 3 we present explicit formulas for the coefficients ηi,j and θi,j of the
Fourier expansions of P ′j and

∫
Pj, respectively. Pj are one of the orthogonal polynomials

presented in Table 1. Since N = [ηi,j] are upper triangular matrices with null diagonal
and O = [θi,j] are tridiagonal matrices, we present formulas only for the eventually non
null elements. Any ηi,j and θi,j elements with i = −1 or with j = −1 must be considered
as zero.

With those values, we get the polynomials derivatives and primitives expressed in the
same orthogonal basis.
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Table 2: i, j ∈ N, i,j = (−1)i+j , i,j = 1− i,j , δi is the Kronecker symbol and ςi = δi − 1. In all cases,
P ′0 = 0,

∫
P0 = α0P1 and

∫
P1 = α1

2 P2 + 1
2 (β1 − β0)P1.

Pj ηi,j, i ≥ 1, j > i θi,j, j ≥ 2 i

C
(λ)
j i,j(i+ λ) ±(2j + 2λ)−1 j ± 1

Tj i,jj/2
δi ±(2i)−1 j ± 1

Uj i,j(i+ 1) ±(2j + 2)−1 j ± 1
Vj i,j(i+ 1

2
) + j − i 1

2
(j + 1)ςj−1−i(−j)ςj+1−i j, j ± 1

Wj (i,j(i+ 1
2
) + j − i)i,j+1 −1

2
(−j − 1)ςj−1−ijςj+1−i j, j ± 1

Pj i,j(i+ 1
2
) ±(2j + 1)−1 j ± 1

Lj −1 (−1)j−i j, j + 1
Hj 2jδj−1−i (2j + 2)−1 j + 1
yj (i−j)(i+j+1)(i+ 1

2
)i,j (j+1)ςj−1−i(2j+1)ςj−ijςj+1−i j, j ± 1

Table 3: Primitives are considered with undetermined P0 coefficient. In all cases, P ′0 = 0,
∫
P0 = α0P1

and
∫
P1 = α1

2 P2 + 1
2 (β1 − β0)P1.

Pj P ′j , j = 1, 2, . . .
∫
Pj, j = 2, 3, . . .

C
(λ)
j 2

b(j−1)/2c∑

k=0

(λ+ j − 1− 2k)C
(λ)
j−1−2k

1

2(λ+ j)
(C

(λ)
j+1 − C(λ)

j−1)

Tj
(1− (−1)j)j

2
T0 + 2j

bj/2c∑

k=1

Tj+1−2k
1

2(j + 1)
Tj+1 −

1

2(j − 1)
Tj−1

Uj 2

b(j−1)/2c∑

k=0

(j − 2k)Uj−1−2k
1

2(j + 1)
(Uj+1 − Uj−1)

Vj

j∑

k=1

[1− (−1)k

2
(2j + 1) + (−1)kk

]
Vj−k

Vj+1

2(j + 1)
− Vj

2j(j + 1)
− Vj−1

2j

Wj

j∑

k=1

[1− (−1)k

2
(2j + 1)− k

]
Wj−k

Wj+1

2(j + 1)
+

Wj

2j(j + 1)
− Wj−1

2j

Pj

b(j−1)/2c∑

k=0

(2j − 1− 4k)Pj−1−2k
1

2j + 1
(Pj+1 − Pj−1)

Lj −
j−1∑

i=0

Li Lj − Lj+1

Hj 2jHj−1
1

2(j + 1)
Hj+1

yj

j−1∑

i=0

(i+
1

2
)(−1)j+i(i− j)(i+ j + 1)yi

1

2j + 1
[
yj+1

j + 1
+
yj−1
j

]+
yj

j(j + 1)
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Those matrices, introduced in propositions 3, 4 and 7, can be interpreted as represent-
ing the action of multiplication by x, differentiating and integrating the elements of an
orthogonal polynomial basis P . In that sense, because they translate into algebraic terms
those analytical operations, they are called Operational matrices.

3 Integro Differential operators

Combined the operational matrices introduced in the previous section, we can translate
in algebraic terms the action of a linear integro-differential operator over the coefficients
of a formal Fourier series.

Proposition 11. If y = Pa, a = [a0, a1, . . .]
T is a formal Fourier series in the orthogonal

polynomial basis P = (P0, P1, . . .) satisfying (1) then

1. for j ∈ N, xjy = PM ja;

2. for j ∈ N,
djy

dxj
= PN ja;

3. for p ∈ P, p(x)y = Pp(M)a;

4. for j ∈ N and p ∈ P, p(x)
djy

dxj
= Pp(M)N ja.

Proof. Since y = Pa then, using Proposition 3, xy = xPa = PMa. For j > 1 the
proof of sentence 1. results by induction over j. For sentence 2. the proof is the same,

substituting the functional l = x by l =
d

dx
and using Proposition 4. In 3., since p ∈ P

we can write, for some n ∈ N, p =
∑n

i=0 pix
i and the result follows by linearity, and by 1.

with p(M) =
∑n

i=0 piM
i and 4. is a combination of 2. and 3..

Now, the action of a linear differential operator with polynomial coefficients over a
formal Fourier series can be represented by an algebraic operation over the coefficients
vector.

Corollary 12. If y = Pa, a = [a0, a1, . . .]
T is a formal Fourier series in the orthogonal

polynomial basis P = (P0, P1, . . .) satisfying (1) and

D =
ν∑

i=0

pi
di

dxi
, pi ∈ Pni

, (17)

then Dy = PΠa where

Π =
ν∑

i=0

pi(M)N i
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To extend this operational representation for integro-differential operators, we have to
apply Proposition 7 to the case of definite integrals.

Proposition 13. Let P be the basis satisfying (4), y = Pa a formal Fourier series and
O the matrix introduced in Proposition 7, defining

Ox
a = [ϑij]i,j≥0,





ϑ0j = −
j+1∑

i=1

θijPi(a)

ϑij = θij, i > 0

then
∫ x
a
y = POx

aa

Proof. Defining Fj ≡
∫
Pj =

∑j+1
i=1 θijPi, the primitive with undefined P0 coefficient,

introduced in Proposition 7, then

∫ x

a

Pj(t)dt = Fj(x)− Fj(a)

=

j+1∑

i=1

θijPi(x)−
j+1∑

i=1

θijPi(a) = POx
aej

meaning that
∫ x
a
P = POx

a in element wise sense. The proof follows by linearity.

In Table 4 we present explicit formulas for the coefficients ϑ0j of Proposition 13 for
the classical orthogonal polynomials defined in compact or in semi compact orthogonal-
ity intervals. In that table, we consider ϑ0j as the coefficient of P0 in

∫ x
a
Pj(t)dt when

integration limit a is the same integration limit defining the orthogonality relation (1).

Table 4: Coefficients ϑ0j = 1
||P0||2 < P0,

∫ x
a
Pj(t)dt >.

Pj a ϑ00 ϑ01 ϑ0j, j ≥ 2

C
(λ)
j −1 1 −λ(2λ+1)

2λ+2
(−1)j
j+1

(
j+2λ−2

j

)

Tj −1 1 −1/4 (−1)j+1

j2−1
Uj −1 1 −3/4 (−1)j

j+1

Vj −1 1/2 0 (2j+1)(−1)j+1

j(j+1)

Wj −1 −1/2 0 (−1)j
j(j+1)

Pj −1 0 1/6 0
Lj 0 1 0 0

With repeated use of Proposition 13 an equivalent result of Proposition 12 arrives to
the case of integral operators.
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Proposition 14. If y = Pa, a = [a0, a1, . . .]
T is a formal Fourier series in the orthogonal

polynomial basis P = (P0, P1, . . .) satisfying (1) and

S =
ν∑

i=1

piI
i, pi ∈ Pni

, I iy =

∫ x

aii

∫ xi−1

ai,i−1

· · ·
∫ x1

ai,1

y(x0)dx0dx1 · · · dxi−1

then Sy = PΣa where

Σ =
ν∑

i=1

pi(M)Θi, Θi = Ox
aii
Ox
ai,i−1

· · ·Ox
ai,1

4 Numerical tests

4.1 Differential equations

In order to test the robustness of both explicit and recurrence formulas presented in
section 2, we build matrices M and N associated to classical orthogonal polynomials
and we test the effectiveness of their differential properties. Following [1], orthogonal
polynomials satisfies differential equations of the type

g2(x)P ′′j + g1(x)P ′j + ajPj = 0, j = 0, 1, . . . (18)

where g1 and g2 are algebraic polynomials depending only on x and aj are constants
depending only on j. And so, for exact matrices M and N , we must have

T ≡ g2(M)N2 + g1(M)N +D = 0 (19)

where D is the diagonal matrix D = diag(a0, a1, . . .) and 0 the double infinite null matrix.
Table 5 shows the data for equation (18), as in property 22.6 of [1].

Table 5: Coefficients g1, g2 and an in (18).

Pj g2(x) g1(x) an

P
(α,β)
j 1− x2 β − α− (α + β + 2)x n(n+ α + β + 1)

C
(λ)
j 1− x2 −(2λ+ 1)x n(n+ 2λ)

Tj 1− x2 −x n2

Uj 1− x2 −3x n(n+ 2)
Pj 1− x2 −2x n(n+ 1)
Lj x 1− x n
Hj 1 −2x 2n

We test, for some families of orthogonal polynomials Pj if the corresponding matrix
Tn×n in (19) is the exact null matrix evaluating maxi,j |Tij|, for some values of n. In
Figure 1 we present the results obtained with matrix dimensions starting with n = 20
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P(2,3)

P(20,3/7)

C(12)

C(1/7)

P

Figure 1: Error propagation M(n) = maxij |tij | in T = (tij)n×n, the matrix (19) truncated to n × n
dimension, for Jacobi P (2,3) and P (20,3/7), Gegenbauer C(12) and C(1/7) and for Legendre P polinomials.

and stepping by 20 to n = 1000. We present values for Jacobi P (α,β), Gegenbauer C(λ)

and Legendre P polynomials. For other cases, we have arrived in exact matrices.
From those numerical experiences we can observe that for small values of n, the error

propagation in the elements of matrices T = g2(M)N2 +g1(M)N+D evaluated in double
precision arithmetic is absent or meaningless. For increasing values of n we observe an
increasing effect of the error propagation, in several cases of Jacobi polynomials, including
Gegenbauer and Legendre particular cases. In those cases, the numerical behaviour of the
recursive formulas (6) combined with explicit formulas (13), applied with Jacobi data
have similar effect of using explicit data from Table 2.

4.2 Integral evaluation

To test the formulas presented in Table 3 we use properties 22.13 from [1]. For Legendre
polynomials case, and for each n ∈ N0 we must have

I2n =

∫ 1

0

xkP2n(x)dx =
(−1)nΓ(1+k

2
)

2Γ(−k
2
)

Γ(2n−k
2

)

Γ(2n+3+k
2

)
, k > −1

and

I2n+1 =

∫ 1

0

xkP2n+1(x)dx =
(−1)nΓ(2+k

2
)

2Γ(2−k
2

)

Γ(2n+1−k
2

)

Γ(2n+4+k
2

)
, k > −2

Defining P (x) = [P0(x), P1(x), . . . , Pn−1(x)] we test, for several values of k if the vector
Tn = (P (1) − P (0))MkO retrieves the same exact values of In = [I0, I1, . . . , In−1], with
truncated n × n matrices M and O. We remark that, in Legendre case, we have exact
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Figure 2: Error propagation ||(P (1)−P (0))Mk
nOn−In||2 for distinct values for k and n = 20, 40, . . . , 1000.

values for Pk(1) = 1, k = 0, 1, . . . , n and a recursive formula Pk+1(0) = − k
k+1

Pk−1(0), k =
1, 2, . . . , n with P0(0) = 1 and P1(0) = 0 for values in the other extreme.

Figure 2 show, for several valuresof k, the square norm of ∆n = Tn− In, obtained with
double precision arithmetic, for increasing n, from n = 20 up to n = 1000.

We observe that the error propagation due to the evaluation of Legendre M and O
operational matrices in double precision arithmetic, is slowly increasing with n and with k.
Despite this, even for k = 50 and n = 1000 the error square norm of (P (1)−P (0))Mk

nOn−
In is negligible in double precision.

4.3 Generating Functions

To test the errors propagation in higher powers of N and O matrices, for some classical
orthogonal polynomials P we have selected an associated generating function, as in [1],

g =
∞∑

i=0

giz
iPi(x).

From those functions we build a set of differential operators Dk and integral operators
Sk such that Dk(g) = 0 and Sk(g) = 0. So, if Dn(k) and Sn(k) are the matrices rep-
resenting the action of Dk and Sk, respectively, truncated to dimension n × n, and if
an = (g0, g1z, g2z

2, . . . , gn−1zn−1) are the coefficients vector of a partial sum of g, then
Dn(k)an and Sn(k)an are residuals vectors, approaching the null vector as n goes to
infinity.
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In Table 6 we present matrices D(k) and S(k), together with the associated generating
functions, selected for our numerical tests.

Table 6: Matrices D(k), S(k), coefficients gi and generating function g in (4.3), R = (1 + z2)I − 2zM ,
r = 1 + z2 − 2zx.

Pj D(k) S(k) gi g

C
(λ)
j RNk+1 − 2(λ+ k)zNk (2z)k(λ− k)kO

k −Rk 1 r−λ

Tj RNk+1 − 2kzNk 1
i

1− 1
2

ln(r)
Uj RNk+1 − 2(k + 1)zNk 1 r−1

Pj RNk+1 − (2k + 1)zNk (2k−1)!!zkOk−(−R)k 1 r−1/2

Lj (z − 1)kNk − zkI zkOk − (z − 1)kI 1 ezx/(z−1)

1−z
Hj Nk − (2z)kI (2z)kOk−I 1

i!
e2zx−z

2

5 Conclusions

In this paper we have introduced a set of formulas intended to evaluate the generalized
Fourier coefficients of the transforms of orthogonal polynomials by integro-differential
operators. These formulas are suitable to evaluate the whole set of coefficients of an
orthogonal polynomials base transformed by integral and differential operations.

In the case of general orthogonal polynomial bases, we have recursive formulas, allowing
to evaluate the matrices representing the action of integral and differential operators over
those bases. For the case of the most used classical orthogonal polynomials, from the
recursive general formulas, we arrive at explicit formulas. Some of those formulas are
already known in the literature, but we believe some others are quite new.

Another feature of these formulas is that all of them result only from the recurrence
relation characteristic of orthogonal polynomials, avoiding the need for additional infor-
mation. This allows to obtain the matrix representation of the action of integral and
differential operations, represented in an orthogonal polynomial basis, only from the pa-
rameters of its three terms recurrence relation.

Finally, we have proposed numerical tests to stress the behaviour of those matrix
representations when evaluated in finite arithmetic. Based on orthogonal polynomials
properties, we measured the error propagation introduced by double-precision arithmetic,
in several integral and differential operations. Numerical results indicate that the formulas
introduced in this work are sufficiently robust to produce highly accurate results, even
when dealing with powers of high dimensional matrices.
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Figure 3: Error propagation ||dn(k)||2, and ||sn(k)||2 and an results from G(k) and a, as defined in Table
6, truncated to dimension n = 1000, z = 1/10.
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Abstract: Every year, the World Economic Forum releases its Global Competitiveness 

Report, which assesses, according to twelve pillars, many variables that influence the 

performance of nations' economic competitiveness. The report aims to help nations identify 

which factors each nation's government needs to focus on to improve its innovation 

ecosystem. In the end of 2018, WEF restructured the methodology of its annual Global 

Competitiveness Index (GCI), now labeled "4.0", preserving some of their traditional twelve 

pillars of competitiveness, while changing others, not only nominally, but also in terms of 

their subindicators, derived from the databases of various international organizations and 

WEF itself. Having a history of research on data from the annual GCRs, using the 

intuitionistic fuzzy sets-based methodology of InterCriteria analysis, we are now challenged 

to research the InterCriteria performance of the redefined set of pillars, and compare the 

results of the 2018 GCR with those from previous years. InterCriteria Analysis is considered 

a useful tool as it outlines data-derived patterns of correlation in between the pillars, while 

rendering an account of the inherent uncertainty due to the use of intuitionistic fuzziness. 
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1. INTRODUCTION 

In the end of 2018, the World Economic Forum (WEF) restructured the methodology of its 

annual Global Competitiveness Index (GCI), now labeled "4.0" [25], preserving some of their 

traditional twelve pillars of competitiveness, while changing others, not only nominally, but 

also in terms of their sub-indicators, derived from the databases of various international 

organizations and WEF itself. As it states that the new GCI “integrates well-established aspects 

with new and emerging levers that drive productivity and growth. It emphasizes the role of 

human capital, innovation, resilience and agility, as not only drivers but also defining features 

of economic success in the [Fourth Industrial Revolution]”. 

After a series of research on both European and global level, using the instrumentation of the 

intuitionistic fuzzy sets-based InterCriteria analysis and the data from the annual Global 

Competitiveness Reports from 2007 to 2017 (see e.g. [11–14, 16] and [24]), we are now 

challenged to conduct the same research on the new data for the year 2018, and derive the 

respective conclusions. We are again focused on investigating the data for the European Union 

Member States. 

2. THE METHOD OF INTERCRITERIA ANALYSIS 

InterCriteria Analysis (ICA) was originally introduced in 2014 [8] as a method based on 

intuitionistic fuzzy sets [3–6] which receives as input datasets of the evaluations of multiple 

objects against multiple criteria and returns as output a table of detected dependencies in 

the form of intuitionistic fuzzy pairs [9] between each pair of criteria. These dependencies 

are interpreted as presence of pairwise correlation (termed positive consonance), lack of 

correlation (or, negative consonance), and uncertainty (i.e., dissonance). In the original 

problem formulation that leads to the idea of ICA, measuring against some of the criteria is 

slower or more expensive than measuring against others, and the decision maker’s aim is to 

accelerate or lower the cost of the overall decision making process by eliminating the costly 

criteria on the basis of these existing correlations. The use of intuitionistic fuzzy pairs 

requires the introduction of two thresholds, respectively, for the membership and the non-

membership part of the IFP [9], which is to ensure that the precision of the decision taken 

is not compromised by uncertainty. A detailed presentation of the method is given in [7, 8], 

and of the various ways of defining these thresholds are presented in [19]. For the reader’s 

convenience we will repeat here the basic presentation of the ICA method from [19]. 

The ICA method is based on two fundamental concepts: intuitionistic fuzzy sets and index 

matrices. Intuitionistic fuzzy sets defined by Atanassov (see [3–6]) represent an extension of the 

concept of fuzzy sets, as defined by Zadeh [26], exhibiting function µA(x) defining the 

membership of an element x to the set A, evaluated in the [0; 1]-interval. The difference between 

fuzzy sets and intuitionistic fuzzy sets (IFSs) is in the presence of a second function νA(x) 

defining the non-membership of the element x to the set A, where µA(x) ∈[0; 1], νA(x) ∈[0; 1], 

and moreover (µA(x) + νA(x)) ∈[0; 1]. 

The second concept on which the proposed method relies is the concept of index matrix, a matrix 

which features two index sets. The theory behind the index matrices is originally described in 
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[1] and elaborated in details in [2]. Here we will start with the index matrix M with index sets 

with m rows {C1, …, Cm} and n columns {O1, …, On}: 
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where for every p, q (1 ≤ p ≤ m, 1 ≤ q ≤ n), Cp is a criterion (in our case, one of the twelve pillars), 

Oq in an evaluated object (in our case, one of the EU28 member states), aCpOq is the evaluation 

of the q-th object against the p-th criterion, and it is defined as a real number or another object 

that is comparable according to relation R with all the rest elements of the index matrix M, so 

that for each i, j, k it holds the relation R(aCkOi, aCkOj). The relation R has dual relation R , which 

is true in the cases when relation R is false, and vice versa. 
For the needs of our method, pairwise comparisons between every two different criteria are made 
along all evaluated objects. During the comparison, it is maintained one counter of the number 
of times when the relation R holds, and another counter for the dual relation. Let ,k lS

µ  be the 

number of cases where the relations R(aCkOi , aCkOj) and R(aClOi , aClOj) are simultaneously 

satisfied. Let also 
,k lSν  be the number of cases in which the relations R(aCkOi , aCkOj) and its dual 

R (aClOi , aClOj) are simultaneously satisfied. As the total number of pairwise comparisons 

between the object is n(n – 1)/2, it is seen that there hold the inequalities: 

, ,

( 1)
0

2k l k l

n n
S Sµ ν −

≤ + ≤ . 

For every k, l, such that 1 ≤ k ≤ l ≤ m, and for n ≥ 2 two numbers are defined: 
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The pair constructed from these two numbers plays the role of the intuitionistic fuzzy evaluation 

of the relations that can be established between any two criteria Ck and Cl. In this way the index 

matrix M that relates evaluated objects with evaluating criteria can be transformed to another 

index matrix M* that gives the relations among the criteria: 

1 1 1 1 1 1

1 1

1
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The final step of the algorithm is to determine the degrees of correlation between the criteria, 

depending on the user’s choice of µ  and ν. We call these correlations between the criteria: 

‘positive consonance’, ‘negative consonance’ or ‘dissonance’. 
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Let α, β ∈[0; 1] be given, so that α + β ≤ 1. We say that criteria Ck and Cl are in: 

• (α, β)-positive consonance, if µCk  ,Cl > α and νCk ,Cl < β ; 

• (α, β)-negative consonance, if µCk ,Cl < β and νCk  ,Cl > α ; 

• (α, β)-dissonance, otherwise, [8]. 

Obviously, the larger α and/or the smaller β, the less number of criteria may be simultaneously 

connected with the relation of (α, β)-positive consonance. For practical purposes, it carries the 

most information when either the positive or the negative consonance is as large as possible, 

since the cases of dissonance are less to no informative. 

3. INPUT DATA 

The input data comes in the form of a matrix of 28 labelled rows staying for the analysed 

European Union member states and 12 labelled columns for the pillars of competitiveness 

in the new GCI methodology, see Table 1. For comparison, on Table 2 is given the Global 

Competitiveness Index framework from the previous GCI methodology. One of the changes 

in the new methodology is that the evaluations of countries against the pillars of 

competitiveness (see Table 3) are numbers in the 0-100 range (100 being best), instead of 

the 1-7 range. We can immediately note that from the ICA point of view, this more detailed 

range means potentially lower uncertainty in the results of the ICA analysis (see [17]).  
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Table 1. The pillars of competitiveness in the GCI 4.0 (2018) 

Basic requirements Efficiency enhancers 
Innovation and 

sophistication factors 
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Table 2. The pillars of competitiveness in the GCI (up to 2017) 
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Austria 72.7 88.3 64.7 100 96.7 78.4 66.5 67.3 72.9 64.3 69.9 74.3 

Belgium 69.8 86.5 66.1 100 94.1 79.5 64.3 64.4 78.4 68.9 73.8 73.4 

Bulgaria 53.6 69.9 69.6 89.2 80 64.7 56.7 62 58.2 54.6 60.3 43.9 

Croatia 52 76.8 60.2 69.3 85.7 63.4 55.7 54.8 60.6 49.5 55.7 37.7 

Cyprus 63 74.9 68.8 78.9 94.4 72.8 63.3 66.9 53.3 39.1 66.9 44.7 

Czechia 60.5 83.5 65.7 100 87.8 73.7 60.4 63 67.5 64.6 70.2 57.3 

Denmark 75.9 86.3 82.3 100 93.4 84.9 66.9 78 85.8 59.6 79.1 75.4 

Estonia 69.5 75.2 77.4 100 84.9 78 64.8 69.3 65.9 42.3 69.3 52.5 

Finland 81 82.3 77 100 95.4 87.9 66.9 70.9 89.7 57.4 78.3 76.3 

France 69.5 90.1 71.1 99.9 99.1 72.6 62.5 61.5 82.9 81.5 69.4 76.1 

Germany 73.5 90.2 69.3 100 94.5 85.4 72 74.1 80.2 85.8 81.6 87.5 

Greece 50.5 76.2 58.9 73.6 95.7 70.4 56.7 51.8 49.4 59 58 45 

Hungary 54.2 78.4 61 90 80.7 68.5 54.4 57.8 59.8 61.7 57.2 48 

Ireland 73.1 77 66 99.4 95.1 79.9 64.2 76.8 68.5 64 76.9 67 

Italy 56.4 83.1 60.3 85 99.2 70.1 62.6 58.1 64.3 79.1 65.4 65.8 

Latvia 57.9 73.1 80.4 100 78.8 74.5 59.8 66.8 53.5 44 64.3 42 

Lithuania 60.9 74.7 75.8 100 78.8 73.3 57.7 65.2 56.9 50.1 64.5 47.4 

Luxembourg 75.2 84.7 74.8 100 96.8 74.7 69.3 73.7 86.5 50 65.8 68.2 

Malta 63.5 71.7 72.4 100 96.6 72.4 61.5 67.8 72.2 36.7 59.2 51 

Netherlands 77.9 92.4 75.1 100 96 84.5 72.3 74.9 83.7 73.9 80.3 77.5 

Poland 57.1 79.3 54.4 100 86.2 72.9 61.2 59.8 63.4 73.4 61.5 48.7 

Portugal 63.9 83.3 67.1 85 95.3 69.9 61.9 64.7 68.4 60.1 69.7 53.1 

Romania 58.1 71.2 67.1 89.2 79.8 61.8 57.3 60.7 51.9 64.7 60.1 39.6 

Slovakia 56.4 77.6 67.8 99.9 84 68.6 55 60.2 63.7 57.7 64.5 46.6 

Slovenia 63.1 76.9 65.6 100 91.6 73.5 63.1 63.4 62.3 47.8 70.3 57.9 

Spain 64.5 89.1 73.8 90 100 70.7 62 59.5 75.1 76.7 66.3 62.9 

Sweden 76 84.4 85.2 100 96.5 84.2 68.8 71.1 89 65.1 79.8 79.8 

UK 76.8 89 71.1 100 93.9 80.2 68.7 76.5 87.8 81.7 79 79.2 

Table 3. Data derived from the GCI 4.0 about the 28 EU member states.  

The evaluations are numbers in the 0-100 range and herewith conditionally formatted. 
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4. MAIN RESULTS AND DISCUSSION 

The input data from Table 3 were analysed using the software for InterCriteria Analysis, 

developed by D. Mavrov [20–22], available as open source code [27]. The output represents 

two 12×12 tables (matrices), for the membership (µ) and the non-membership parts (ν) of the 

intuitionistic fuzzy pairs that stand collectively for the intuitionistic fuzzy consonance / 

dissonance between each pair of criteria. Both matrices are symmetrical according to the main 

diagonal, as in the ICA method the InterCriteria consonance between criteria Ci and Cj is 

identical with the InterCriteria consonance between Cj and Ci. Also, along the main diagonal 

all the elements are the IFPs 〈1,0〉, since every criterion correlates with itself perfectly. 

On Table 4 we present the ICA results showing the membership and the non-membership parts 

of the InterCriteria pairwise correlations.  

µ Pillar 1 Pillar 2 Pillar 3 Pillar 4 Pillar 5 Pillar 6 Pillar 7 Pillar 8 Pillar 9 Pillar 10 Pillar 11 Pillar 12 

Pillar 1 1.000 0.717 0.706 0.534 0.648 0.825 0.860 0.831 0.841 0.582 0.828 0.828 

Pillar 2 0.717 1.000 0.532 0.431 0.714 0.688 0.717 0.611 0.775 0.780 0.743 0.825 

Pillar 3 0.706 0.532 1.000 0.495 0.508 0.667 0.646 0.722 0.675 0.439 0.624 0.603 

Pillar 4 0.534 0.431 0.495 1.000 0.333 0.571 0.511 0.529 0.511 0.354 0.503 0.513 

Pillar 5 0.648 0.714 0.508 0.333 1.000 0.579 0.669 0.550 0.717 0.616 0.606 0.709 

Pillar 6 0.825 0.688 0.667 0.571 0.579 1.000 0.815 0.807 0.765 0.569 0.841 0.799 

Pillar 7 0.860 0.717 0.646 0.511 0.669 0.815 1.000 0.802 0.783 0.598 0.836 0.841 

Pillar 8 0.831 0.611 0.722 0.529 0.550 0.807 0.802 1.000 0.709 0.476 0.770 0.712 

Pillar 9 0.841 0.775 0.675 0.511 0.717 0.765 0.783 0.709 1.000 0.646 0.767 0.860 

Pillar 10 0.582 0.780 0.439 0.354 0.616 0.569 0.598 0.476 0.646 1.000 0.646 0.712 

Pillar 11 0.828 0.743 0.624 0.503 0.606 0.841 0.836 0.770 0.767 0.646 1.000 0.841 

Pillar 12 0.828 0.825 0.603 0.513 0.709 0.799 0.841 0.712 0.860 0.712 0.841 1.000 

 

    ν Pillar 1 Pillar 2 Pillar 3 Pillar 4 Pillar 5 Pillar 6 Pillar 7 Pillar 8 Pillar 9 Pillar 10 Pillar 11 Pillar 12 

Pillar 1 0.000 0.278 0.283 0.132 0.344 0.169 0.130 0.164 0.153 0.413 0.164 0.167 

Pillar 2 0.278 0.000 0.463 0.241 0.283 0.312 0.278 0.389 0.225 0.220 0.254 0.175 

Pillar 3 0.283 0.463 0.000 0.172 0.484 0.328 0.344 0.272 0.320 0.556 0.368 0.392 

Pillar 4 0.132 0.241 0.172 0.000 0.341 0.101 0.161 0.143 0.161 0.317 0.167 0.159 

Pillar 5 0.344 0.283 0.484 0.341 0.000 0.418 0.323 0.447 0.280 0.381 0.389 0.288 

Pillar 6 0.169 0.312 0.328 0.101 0.418 0.000 0.180 0.193 0.235 0.431 0.156 0.201 

Pillar 7 0.130 0.278 0.344 0.161 0.323 0.180 0.000 0.193 0.212 0.397 0.156 0.153 

Pillar 8 0.164 0.389 0.272 0.143 0.447 0.193 0.193 0.000 0.291 0.524 0.228 0.288 

Pillar 9 0.153 0.225 0.320 0.161 0.280 0.235 0.212 0.291 0.000 0.354 0.230 0.140 

Pillar 10 0.413 0.220 0.556 0.317 0.381 0.431 0.397 0.524 0.354 0.000 0.352 0.288 

Pillar 11 0.164 0.254 0.368 0.167 0.389 0.156 0.156 0.228 0.230 0.352 0.000 0.156 

Pillar 12 0.167 0.175 0.392 0.159 0.288 0.201 0.153 0.288 0.140 0.288 0.156 0.000 

Table 4. Results of the InterCriteria Analysis from the input of Table 3. 
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Ci Cj μ ν d 

Pillar 1 Pillar 7 0.860 0.130 0.191 

Pillar 9 Pillar 12 0.860 0.140 0.198 

Pillar 1 Pillar 9 0.841 0.153 0.221 

Pillar 7 Pillar 12 0.841 0.153 0.221 

Pillar 6 Pillar 11 0.841 0.156 0.223 

Pillar 11 Pillar 12 0.841 0.156 0.223 

Pillar 7 Pillar 11 0.836 0.156 0.226 

Pillar 1 Pillar 8 0.831 0.164 0.236 

Pillar 1 Pillar 11 0.828 0.164 0.238 

Pillar 1 Pillar 12 0.828 0.167 0.239 

Pillar 1 Pillar 6 0.825 0.169 0.243 

Pillar 2 Pillar 12 0.825 0.175 0.247 

Pillar 6 Pillar 7 0.815 0.180 0.258 

Pillar 6 Pillar 8 0.807 0.193 0.273 

Pillar 7 Pillar 8 0.802 0.193 0.277 

Pillar 6 Pillar 12 0.799 0.201 0.284 

Pillar 7 Pillar 9 0.783 0.212 0.303 

Pillar 2 Pillar 10 0.780 0.220 0.311 

Pillar 2 Pillar 9 0.775 0.225 0.318 

Pillar 8 Pillar 11 0.770 0.228 0.324 

Pillar 9 Pillar 11 0.767 0.230 0.327 

Pillar 6 Pillar 9 0.765 0.235 0.333 

Pillar 2 Pillar 11 0.743 0.254 0.361 

Pillar 3 Pillar 8 0.722 0.272 0.389 

Pillar 1 Pillar 2 0.717 0.278 0.397 

Pillar 2 Pillar 7 0.717 0.278 0.397 

Pillar 5 Pillar 9 0.717 0.280 0.398 

Pillar 2 Pillar 5 0.714 0.283 0.402 

Pillar 8 Pillar 12 0.712 0.288 0.408 

Pillar 10 Pillar 12 0.712 0.288 0.408 

Pillar 1 Pillar 3 0.706 0.283 0.408 

Pillar 5 Pillar 12 0.709 0.288 0.410 

Pillar 8 Pillar 9 0.709 0.291 0.412 

Ci Cj μ ν d 

Pillar 4 Pillar 6 0.571 0.101 0.440 

Pillar 2 Pillar 6 0.688 0.312 0.441 

Pillar 3 Pillar 9 0.675 0.320 0.456 

Pillar 5 Pillar 7 0.669 0.323 0.462 

Pillar 3 Pillar 6 0.667 0.328 0.468 

Pillar 1 Pillar 4 0.534 0.132 0.484 

Pillar 1 Pillar 5 0.648 0.344 0.492 

Pillar 4 Pillar 8 0.529 0.143 0.492 

Pillar 3 Pillar 7 0.646 0.344 0.494 

Pillar 10 Pillar 11 0.646 0.352 0.499 

Pillar 9 Pillar 10 0.646 0.354 0.501 

Pillar 4 Pillar 12 0.513 0.159 0.512 

Pillar 4 Pillar 7 0.511 0.161 0.515 

Pillar 4 Pillar 9 0.511 0.161 0.515 

Pillar 4 Pillar 11 0.503 0.167 0.525 

Pillar 3 Pillar 11 0.624 0.368 0.526 

Pillar 3 Pillar 4 0.495 0.172 0.534 

Pillar 5 Pillar 10 0.616 0.381 0.541 

Pillar 2 Pillar 8 0.611 0.389 0.550 

Pillar 5 Pillar 11 0.606 0.389 0.554 

Pillar 3 Pillar 12 0.603 0.392 0.557 

Pillar 7 Pillar 10 0.598 0.397 0.565 

Pillar 1 Pillar 10 0.582 0.413 0.587 

Pillar 5 Pillar 6 0.579 0.418 0.593 

Pillar 6 Pillar 10 0.569 0.431 0.610 

Pillar 2 Pillar 4 0.431 0.241 0.618 

Pillar 5 Pillar 8 0.550 0.447 0.634 

Pillar 2 Pillar 3 0.532 0.463 0.658 

Pillar 3 Pillar 5 0.508 0.484 0.690 

Pillar 4 Pillar 10 0.354 0.317 0.719 

Pillar 8 Pillar 10 0.476 0.524 0.741 

Pillar 4 Pillar 5 0.333 0.341 0.749 

Pillar 3 Pillar 10 0.439 0.556 0.789 

Table 5. The results of the InterCriteria Analysis from the input of Table 3,  

as sorted by Distance to ‘Truth’ (column d), calculated as Euclidean distance 
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On Figure 1 the graphical visualization of the ICA results is given, where each pair of criteria 

(of 66 in total) is plotted as a point on the intuitionistic fuzzy interpretational triangle with the 

membership and non-membership values of the InterCriteria relation serving as coordinates  

[10, 18, 22]. Those close to or on the hypotenuse mean very low to no uncertainty, hence the 

non-membership values are almost everywhere complementary to 1 to the respective member-

ship ones. We immediately notice the cluster of points in the middle of the triangle, which 

corresponds to the ICA relations formed between Pillar 4 with all the other eleven pillars. 

 

Figure 1. The intuitionistic fuzzy inter-

pretational triangle with the results of the 

application of ICA from Table 4 plotted 

as points, each corresponding to a pair of 

criteria. 

From the Top 10 percent of the results (well visible from Table 5) we notice some strong 

positive consonances among some of the pillars: Pillar 1 ‘Institutions’ and Pillar 7 ‘Product 

market’ with 〈0.860; 0.130〉, Pillar 9 ‘Financial system’ and Pillar 12 ‘Innovation capability’ 

with 〈0.860; 0.140〉, Pillar 1 ‘Institutions’ and Pillar 9 ‘Financial system’ with 〈0.841; 0.153〉, 

Pillar 7 ‘Product market’ and Pillar 12 ‘Innovation capability’ with 〈0.841; 0.153〉, Pillar 6 

‘Skills’ and Pillar 11 ‘Business dynamism’ with 〈0.841; 0.156〉, Pillar 11 ‘Business dynamism’ 

and Pillar 12 ‘Innovation capability’ with 〈0.841; 0.156〉, and Pillar 7 ‘Product market’ and 

Pillar 11 ‘Business dynamism’ with 〈0.836; 0.156〉. With some high enough positive 

consonances from the runners-up to the Top 10, we see that in addition to the ICA pairs, some 

ICA triples are also formed on the basis of strong positive consonance between triples of criteria 

(for ICA triples, see [15, 23]). 

The Top 10 shows a strong bond between the Pillar 1 ‘Institutions’, Pillar 7 ‘Product market’, 

Pillar 9 ‘Financial system’ and Pillar 12 ‘Innovation capability’. Surprisingly, taking into 

account the results of the ICA application on the data from the GCI until 2018 (version 3.0) the 
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relation between Pillar 11 ‘Business dynamism’ and Pillar 12 ‘Innovation capability’ is not 

anymore the strongest one, as it traditionally used to be the case with the then pillars 11 

‘Business sophistication’ and 12 ‘Innovation’. In general, Pillars 1, 7, 12 are the best presented 

among the strongest positive consonances, with Pillars 9 and 11 coming next.  

For comparison, the strongest negative consonances are formed in pairs containing Pillar 3 ‘ICT 

adoption’, Pillar 4 ‘Macroeconomic stability’, Pillar 5 ‘Health’ and Pillar 10 ‘Market size’. 

Especially concerning pillars 4 and 10, this is not surprising given that in the previous GCI 

methodology [24] they were also among the worst performing in terms of ICA consonance, and 

this observation repeats despite the significant changes in the subindicators on which basis these 

pillars are constructed.  

6. CONCLUSIONS 

The new methodology of the Global Competitiveness Index of the World Economic Forum, 

labelled 4.0 [25], which is in use as of the year 2018, has changed not only nominally but 

in some cases structurally the pillars of competitiveness against which every national 

economy in the world is being evaluated. While these changes do not allow us to make 

immediate comparisons between the new and the old methodology, the results of the 

application of the InterCriteria Analysis on the set of the European Union Member States 

for 2018 shows certain continuity of the observations with those from previous years with 

respect to the factors in the national economies that have the capacity of transformative 

forces, which need to be identified and strengthened in order to drive the future innovation 

capability and economic growth. The use of the intuitionistic fuzzy sets-based InterCriteria 

Analysis in this research as a tool for outlining these data-derived patterns of correlation 

among the pillars of competitiveness was considered appropriate for its ability to render an 

account of the inherent uncertainty which takes places in the socio-economic processes. 
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Abstract. Differential eigenvalue problems arise in many fields of Mathematics and
Physics, mostly associated with partial differential equations. In our work the first step is
to translate the eigenvalue differential problem into an algebraic approximated eigenvalues
problem. This will be done following the Tau method philosophy and using Tautoolbox
tools. In a second step, making use of symbolic computations, we arrive at the exact
polynomial expression of the determinant of the algebraic problem matrix. Finally, with
Matlab roots function, we get high accuracy approximations of differential eigenvalues.
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1 Introduction

Finding eigenfunctions of differential problems can be an hard task, at least for some
classical problems. Among others, we can find literature in Sturm-Liouville problems or
in Mathieu problems, describing the difficulties involved in the resolution of those prob-
lems. The first difficulty consists in finding numerical approximations for the respective
eigenvalues.

In this work we propose a procedure based on the Ortiz and Samara’s operational
approach to the Tau method [5]. Taking advantages from its stable implementation, we
take operational matrices from tautoolbox, a Matlab toolbox to the Tau method [6][7][8].

Operational matrices translates differential eigenvalue problems into linear algebraic
ones. Operating with symbolic variables, we define the determinant of those matrices as
polynomials and use its roots as eigenvalues approximations.

2 The Tau method

Let D : E 7→ F be an order ν differential operator, where E and F are some function
spaces, and let gi : E 7→ R, i = 1, . . . , ν be ν functional representing boundary conditions,
so that

{
Dy = f, f ∈ F,
gi(y) = φi, i = 1, . . . , ν

(1)

is a well posed differential problem.

2.1 The Tau Method Principle

A particular implementation of the Tau method depends on the choice of an orthogonal
basis for E. A sequence of orthogonal polynomials {Pn(x)}∞n=0 with respect to the weight
function w(x) on a given interval of orthogonality [a, b] satisfies

〈Pi, Pj〉 =

∫ b

a

w(x)Pi(x)Pj(x)dx = wiδij,

where wi = 〈Pi, Pi〉 and δij is the Kronecker delta.
Let P be the space of algebraic polynomials of any degree and let us suppose that P

is dense in E, then the solution y of (1) has a series representation y ∼ ∑j≥1 ajPj−1. A
polynomial approximation of degree n− 1 ∈ N is achieved by

yn =
n∑

j=1

an,jPj−1 = Pnan, (2)

where Pn = [P0, P1, . . . , Pn−1] and an = [an,1, . . . , an,n]T .
In the Tau method sense, yn is a polynomial satisfying the boundary conditions in

(1) and solving the differential equation with a residual τn = Dyn − f of maximal order.
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So, the differential problem is reduced to an algebraic one of finding the n coefficients
an,j, j = 1, . . . , n in (2) such that

{
gi(yn) = φi, i = 1, . . . , ν

〈Pi−1,Dyn − f〉 = 0, i = 1, . . . , n− ν . (3)

And so, the residual τn = O(Pn−ν).

2.2 Operational Formulation

For a given n ∈ N, n > ν, we define a matrix

Tn =

[
Bν×n
D(n−ν)×n

]
= (ti,j)

n
i,j=1 : ti,j =

{
gi(Pj−1), i = 1, . . . , ν

〈Pi−ν−1,DPj−1〉, i = ν + 1, . . . , n

and a vector

bn =

[
gν
fn−ν

]
= (bi)

n
i=1 : bi =

{
φi, i = 1, . . . , ν

〈Pi−ν−1, f〉, i = ν + 1, . . . , n

If in problem (1) the differential operator D is linear and the gj are ν linear functionals,
then problem (3) can be put in matrix form as

Tnan = bn

The matrix Tn, called the Tau matrix, can be evaluated from operational matrices,
that is, matrices translating into coefficients vectors the action of a differential operators
D in a function y.

Proposition 1. Let P = [P0, P1, . . .] be an orthogonal polynomial basis, y = Pa and M, N
infinite matrices such that

xP = PM and
d

dx
P = PN

then for each k ∈ N0

xky = PMka and
dk

dxk
y = PNka

The following result generalizes to differential operators the algebraic representation
from the previous proposition.

Corollary 2. Let D : Pn 7→ Pn+h be a linear differential operator with polynomial coeffi-
cients

D =
ν∑

i=0

pi
di

dxi
, pi ∈ Pni

(4)
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and h = maxi=0,...,ν{ni − i}.
If yn = Pnan then Dyn = Pn+hD(n+h)×nan with

D(n+h)×n =
ν∑

i=0

pi(M)Ni(n−i)×n

where

1. pi(M) =

ni∑

k=0

pikM
k
(n+h)×(n−i) when pi =

ni∑

k=0

pikx
k

2. pi(M) =

ni∑

k=0

pikPk(M(n+h)×(n−i)) when pi =

ni∑

k=0

pikPk

and Akm×n denotes the main m× n block of the matrix (Ap)
k with p = max{m,n}.

In [5] the authors discussed the application of this operational formulation of the Tau
method to the numerical approximation of eigenvalues defined by differential equations.
They showed that for a differential eigenvalue problem, where in (1)

D =
t∑

r=0

λrDr

and λ is a parameter, the zeros of det(Tn(λ)) approach the eigenvalues of (1).

3 Problems with Polynomial Coefficients

Sturm-Liouville problems arise from vibration problems in continuum mechanics. The
general form of a fourth order Sturm-Liouville equation is

(p(x)y′′(x))′′ − (q(x)y′(x))′ + r(x)y(x) = λµ(x)y(x), a < x < b (5)

with appropriate initial and boundary conditions, where a < b ∈ R, p, q, r and µ are given
piecewise continuous functions, with p(x) > 0 and µ(x) > 0.

It is an elementary task to give (5) the form

p(x)y(4)(x) + 2p′(x)y′′′(x) + (p′′(x)− q(x))y′′(x)− q′(x)y′(x) + (r(x)− λµ(x))y(x) = 0.

From this equation we derive the operational matrix for the general form of the fourth
order Sturm-Liouville differential operator associated to (5)

D = p(M)N4 + 2p′(M)N3 + (p′′(M)− q(M))N2 − q′(M)N + r(M)− λµ(M) (6)
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Assuming that coefficients p, q, r and µ are polynomials, or convenient polynomial
approximations of the coefficient functions, then the height of this differential operator is
well defined as

h = max{deg(p)− 4, deg(q)− 2, deg(r), deg(µ)},
where deg(.) is the polynomial degree. This is relevant, since to have exact values Di,j in
Dn, as a result of Corollary 2, we have to operate with matrices M,N in (6) with, at least,
n+ h lines and columns.

The Tau matrix of a fourth order Sturm-Liouville problem is the n × n matrix Tn =
[B4×n;D(n−4)×n], where B4×n is the 4 × n matrix representing boundary conditions and
D(n−4)×n is the first (n− 4)× n main block of D.

Example 1. Consider the Sturm-Liouville boundary value problem

{
y(4)(x) = λy(x), 0 < x < 1

y(0) = y(1) = y′(0) = y′′(1) = 0
(7)

whose exact eigenvalues satisfies [1][4]

tanh(
4
√
λ)− tan(

4
√
λ) = 0. (8)

In that case D = N4 − λI, where I is the infinite identity matrix, and the boundary
conditions can be represented by Bn = [v0; v1; v0N; v1N

2], where v0 = [1,−1, · · · , (−1)n−1]
and v1 = [1, 1, · · · , 1] are length n line vectors with the polynomial base values in boundary
domain.

For each n > 4, the determinant det(Tn) is an n − 4 degree polynomial. We use the
Matlab function roots to find its zeros and we inspects their accuracy by testing if they
satisfy relation (8). In Figure 1 we present | tanh( 4

√
λn,k)− tan( 4

√
λn,k)| for k = 1, . . . , 10

the first 10 eigenvalues approximations obtained with n = 20, 25, 30 and n = 42, with
Chebyshev and Legendre basis shifted to [0, 1].

Example 2. Consider the following Sturm-Liouville problem with non-null q and r coef-
ficients {

y(4)(x)− (αx2y′(x))′ + (βx4 − α)y(x) = λy(x), 0 < x < 5

y(0) = y′′(0) = y(5) = y′′(5) = 0
(9)

with constants α, β ∈ R.

The operational matrix (6) for this case is

D = N4 − αM2N2 − 2αMN + βM4 − (α + λ)I

and Bn = [v0; v0N
2; v1; v1N

2], with the same v0 and v1 vectors of the previous example.
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Figure 1: | tanh( 4
√
λn,k)− tan( 4

√
λn,k)|, k = 1, 2, . . . , 10, λk being the roots of det(Tn) in Example 1.

If λn,k is the kth root of det(Tn), and considering δ̃n,k =
λn,k−λn−1,k

λn,k
as an estimative of

the relative error in λn−1,k, then δn = maxk=1,...,m |δ̃n,k| is an estimative of the maximum
relative error in the first m eigenvalues of the problem. In Figure 2 left we present δn, with
m = 6 and with m = 8 for Example 2 with α = 0.02 and β = 0.0001 for n = 16, . . . , 45.
In Figure 2 right the absolute relative error |δ̃n,1| in the lowest eigenvalue is presented for
the same n values.

In Table 1 we compare our results with those of [4] for the first 6 eigenvalues, and of
[3] for the first 4, obtained with values α = 0.02 and β = 0.0001.

k λk [3] λk [4] λn,k

1 .21505086437 .21505086436971492 .2150508643697146
2 2.75480993468 2.754809934682884 2.754809934683037
3 13.2153515406 13.215351540558812 13.21535154055801
4 40.9508193487 40.95081975913755 40.95081975916399
5 99.05347813813880 99.05347806347191
6 204.35449348957833 204.3557322683186

Table 1: Eigenvalues of Example 2 presented in [3] and [4] and λn,k with n = 35.
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Figure 2: δn = maxk=1,...,m δ̃n,k,m = 6 and m = 8, (left) and δn,1 (right), in Example 2.

4 Non-polynomial Coefficients

In the previous section we solved problems in the conditions of Corollary 2, i.e. with
differential operators acting in polynomial spaces. In a more general situation, if some
of the coefficients pi in (4) are non-polynomial functions then the corresponding matrices
pi(M) are functions of M instead of polynomial expressions.

If a non-polinomial function pi in (4) can be defined implicitly by a differential prob-
lem, with polynomial coefficients, then we can first of all use the Tau method to find a
polynomial approximation p̃i to pi and use p̃i(M) to approximate the matrix pi(M).

Mathieu’s equation appears related to wave equations in elliptic cylinders [2].

Example 3. For an arbitrary parameter q, the problem is to find the values of λ for which
non-trivial solutions of

y′′(x) + (λ− 2q cos(2x))y(x) = 0 (10)

exist with prescribed boundary conditions.

It can be shown that there exists a countably infinite set of eigenvalues ar associated
to even periodic eigenfunctions and a countably infinite set of eigenvalues br associated
to odd periodic eigenfunctions [2]. We are interested in reproducing some of those values
given in there.

The operational matrix for problem (10) is

D = N2 + λI − 2q cos(2M)
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Our first step to approximate Mathieu’s eigenvalues is to approximate matrix cos(2M).
This can be done by, firstly, considering the function z(x) = cos(2x) as the solution of a
differential problem, using Tau method to get a polynomial approximation zn(x) ≈ z(x).
In a second step the operational matrix D is approximated by

D̃ = N2 + λI − 2qzn(2M)

and finally, last step consist in building the Tau matrix Tn and evaluating the zeros of its
determinant.

We take integer values q = 0, 1, . . . , 16 and boundary conditions y′(−1) = y′(π/2) = 0
to get ar(q) for even r, y′(−1) = y(π/2) = 0 for odd r, and y(−1) = y(π/2) = 0 to get
br(q) for odd r and y(−1) = y′(π/2) = 0 for even r.

In Figure 3 we show Mathieu eigenvalues ar(q), r = 0, . . . , 5 and br(q), r = 1, . . . , 6.
Values where obtained with a 18th degree polynomial approximation z18 ≈ cos(2x) and
a 36× 36 Tau matrix T36 in Chebyshev polynomials.

0 2 4 6 8 10 12 14 16
−30

−20

−10

0

10

20

30

40

a0

b1

a1

b2

a2

b3

a3
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ar(q), br(q), q = 0, 1, . . . , 16

q

Figure 3: Mathieu eigenvalues ar(q), r = 0, . . . , 5 and br(q), r = 1, . . . , 6, for q = 0, . . . , 16 in Example 3.
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We can observe, as pointed out in [2], that for a fixer q > 0 we have a0 < b1 < a1 <
b2 < · · · and that ar(q), br(q) approach r2 as q approaches zero.

5 Non linear eigenvalues problem

In some differential problems the eigenvalues can arise in a non linear relation with
eigenfunctions. Let us consider the following second order problem, related to Weber’s
equation:

Example 4. {
y′′(x) + (λ+ λ2x2)y(x) = 0, −1 < x < 1

y(−1) = y(1) = 0
(11)

The operational matrix corresponding to the differential equation is

D = N2 + λI + λ2M2

and so det(Tn) is a polynomial with degree 2(n− 2) in λ.
In Table 2 we present the 10 eigenvalues closest to zero, obtained with n = 30 and with

n = 31. We can verify that maxk=−5,...,5 |λk(30)− λk(31)| < 5× 109.

k λk(n = 30) λk(n = 31)

-5 -19.674904478 -19.674904482
-4 -13.62505355977 -13.62505355969
-3 -13.200062264051 -13.200062264066
-2 -7.0356879747644 -7.0356879747642
-1 -6.59716200235713 -6.59716200235723
1 1.951702364990329 1.951702364990324
2 4.28611106118016 4.28611106118021
3 7.5459203349991 7.5459203349981
4 10.126005915959 10.126005915966
5 13.52870217426 13.52870217408

Table 2: Eigenvalues of Example 4 with n = 30 and n = 31. Decimal places presented are those that
coincide, until to the first distinct two.
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Abstract. The Krugman’s (1979) model shows that international trade can arise and
lead to mutual gains even when countries are similar in technology and endowments. The
emerging intra-industry trade between countries is based on economies of scale, exchange
of differentiated varieties of the goods that are produced under monopolistic competition,
and heterogenous preferences. We extend the baseline model by considering two dynamic
settings, with special focus on the producer side. The former reveals that long-run gains of
trade are concomitant with short-run loses for workers in the smaller country due to the
competitiveness gap. Until the competitiveness gap is filled, the decrease in nominal wages
or a decline in the exchange rate are required for the country to keep its production capacity
and a balanced international trade position. Then we consider that the cost structure of an
industry also depends on factors that can not devalued via exchange rate. Here, workers in
firms that have a competitive disadvantage due to a low efficiency starting point, might feel
a negative impact during a transition period, losing purchasing power. While the country
as a whole gains, some agents within the country might lose, at least in the short-term.
Results are illustrated numerically, using the Matlab, calibrated against the example in
Krugman and Obtsfeld (2006).

1 INTRODUCTION

According to traditional international trade theory, Classic and Neoclassic, trade could
only arise, and lead to mutual gains, if countries differed in their technologies (Classic,
David Ricardo) or in their endowments (Neoclassic, Hecksher-Ohlin). Moreover, inter-
national trade would consist only of exchanges of goods in different product categories
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(inter-industry trade).
However, since the major part of world trade takes place between developed countries –

which are similar, not different, in their technologies and endowments – and their interna-
tional trade is mainly intra-industry trade, Krugman (1979) was shown that international
trade: (i) can also arise and lead to mutual gains if countries are similar; (ii) can consist
of exchanges of goods within the same product category (intra-industry trade). Indeed,
it was necessary to wait for the year 1979, when Krugman wrote a paper, known as “In-
creasing Return, Monopolistic competition and International Trade”, recognized as one of
the most important paper for the international trade, for the introduction of a new trade
theory. This paper, which helped the famous economist to win the Nobel Memorial Prize
in 2008, starting by the unquestionable masterpiece of Dixit-Stiglitz (1977) [4], showed
an alternative explanation to the international trade, based on the fundamental concepts
of economies of scale and the so-called “love for variety” preferences. The main causes
of the developed of this new theory were many empirical evidences, which could not be
explained by the traditional theory. In particular, the postwar period experienced a boom
in the international trade, explained by the literature, and principally by Balassa (1967)
[3] and Kravis (1971) [5], through the economies of scale.

According with Krugman’s (1979) model this intra-industry trade between similar
countries is based on economies of scale, exchange of differentiated varieties of the prod-
ucts that are produced under monopolistic competition, and heterogenous preferences.
To sum up, the essence of the model is as follows: preferences are heterogeneous between
and within countries, production experiences economies of scale, products are differenti-
ated Industries within a country will produce goods that are targeted for the majority of
their home consumers, thereby, exploiting economies of scale. However, not all consumers
have the same preferences. Some minority will have preferences for the varieties produced
abroad. Domestic firms find small production runs costly and forgo this segment of the
market. This minority then winds up buying imported goods. The converse is also true
that some portion of foreign consumers will have a greater preference for home country
varieties and home country winds up exporting to foreign’s minority’s share of the market.

The implications for this model transcends a simple explanation of intra-industry trade.
It lies at the heart of the controversy of managed trade and industrial policy. With
economies of scale there are only a feasible small number of firms to satisfy world demand
(aircraft, for example). Under these conditions, the principle of first movers winning
market share makes for compelling logic for advocates of managed trade.

The Krugman (1979) model assumes that, when international trade starts, firms would
immediately adapt to the new optimal scale, by focusing on the perspective of the con-
sumers. As a result, now we extend the model to analyse the perspective of the productive
side, looking at its dynamic perspective after the openness to the international trade since
indeed firms do not adjust immediately to the new equilibrium. For example, the signals
from the market can take long time to understand, the capital markets might not be
perfect and delay financing for expansions, inefficient firms might take a long time to dis-
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appear and release resources if the fixed costs are large enough or if they are subsidized,
mergers and other consolidation activities might take time to happen for regulatory or
other reasons, and labour markets might be too rigid, lowering incentives for firms to
merge. To assess this facts, we build the dynamic model in a setting where all the pro-
duction costs are wage-based. Then, we move to a setting in which part of the production
costs are not labour-based and impossible to devalue to regain competitiveness. In these
two dynamic models, we will assess the impact from international trade on real wages,
prices, number of firms, firms’ scale and working hours.

In order to illustrate the results, the model is developed numerically, using the Matlab,
calibrated against the example in Krugman and Obtsfeld (2006).

After this short introduction, section 2 summarizes the Krugman and Obstfeld (2006)
presentation of Krugman’s (1979) model. In section 3, we present two dynamic extensions
of the baseline model, with and without labour costs. Section 4 ilustrates the numerical
resolution of the baseline model and the two dynamic extensions. Section 5 concludes.

2 Baseline Krugman model

The Krugman’s model (1979) proceeds in two steps. Firstly, it is characterized the
autarkic equilibrium in a monopolistic competitive industry. Then, it is analysed the
effect of international trade on that equilibrium. In the standard model of monopolistic
competition, all firms are assumed to be symmetric; that is, “the demand function and cost
function are identical for all firms (even though they are producing and selling somewhat
differentiated products) Krugman (2006) [6]. Krugman (1979) [7] assumes the following
linear cost function, C, for the typical firm:

C = F + c.Q, (1)

where F is a fixed cost, Q is the production level, and c the constant firm’s marginal cost.
This linear cost function implies economies of scale since the larger the firm’s production,
the less is the fixed cost per unit. Specifically, the firm’s average cost, AC, is:

AC =
C

Q
=
F

Q
+ c =

nF

S
+ c, (2)

where S is the size of the industry’s market, which is fixed and does not depend on price,
and n is the number of firms. Equation (2) implies that the average cost declines as Q
increases since the fixed cost is spread over a larger output. One implication of this cost
function is that, given the size of the industry’s market, S, the more firms there are in
the industry, the higher the AC of each firm. Indeed, if the number of firms, n, increases,
each firm will sell and produce less since Q = S

n
and, therefore, will have an higher average

cost. This upward sloping relationship between n and AC is represented in Figure 1 by
the blue, red, and green lines.

In turn, in a monopolistic competitive industry, the demand biased towards the product
of the typical firm, Q, decreases with its own price, P , and the number of firms in the
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industry, n, and increases with the size of the total demand for the industry’s product,
S, and the average price charged by the firm’s rivals, P ∗. With these assumptions, all
it is needed to understand the equilibrium of the industry is the number of firms (which
will also give us the quantity produced by each firm) and the market price (which is also
the price charged by each individual firm and their average cost). In the next section,
we will define how the market equilibrium is achieved. In a model “in which consumers
have different preferences and firms produce varieties tailored to particular segments of
the market” (Krugman and Obstfeld, 2006, p. 117), the following specification for the
demand is proposed:

Q = S.

[
1

n
–b.(P − P ∗)

]
, (3)

where b is a constant term representing the responsiveness of a firm’s sales to its own price,
P , and the average price charged by its competitors, P ∗. This equation can be given the
following intuitive explanation: “if all firms charge the same price, each will have a market
share 1

n
. A firm charging more than the average of the other firms, P > P ∗, will have

a smaller market share, while a firm charging less, P > P ∗, will have a larger share”
(Krugman and Obstfeld, 2006, p. 117). Krugman (1979) assumes furthermore that “the
total industry sales S are unaffected by the average price charged by the firms in the
industry. That is . . . firms can gain customers only at each other’s expense. This is
an unrealistic assumption but simplifies the analysis and helps focus on the competition
among firms” (Krugman and Obstfeld, 2006, p. 118). A crucial implication of equation
(3) is that, given the size of the industry’s market, S, the more firms there are, the lower
the (profit-maximizing) price each firm will charge since “the more firms there are, the
more intense will be the competition among them and hence the lower the price. This
turns out to be true in this model, but proving it takes a moment” ([6]).

Krugman (1979) is aware that an explanation for lower prices as a result of more intense
competition is insufficient and, for that reason, makes a mathematical demonstration of
his point. Firstly, Krugman (1979) obtains the marginal revenue, MR, function from the
demand curve facing the typical firm (3), which is given by MR = P − X

Sb
. Afterwards,

Krugman (1979) equalizes the MR to the marginal cost c. Finally, Krugman (1979) solves
the resulting equation to obtain a relationship between P (the profit-maximizing price)
and n (the number of firms), resulting:

P = c+
1

b.n
. (4)

Equation (4) informs us that the more firms there are in the industry, n , the greater
the competition and, consequently, the lower the price, P , charged by each firm and this
downward sloping relationship between P and n is represented by the downward sloping
curve in Figure 1 represented by the black curve.
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Concerning the industry equilibrium, given free entry and exit, it is given by the zero-
profit condition; i.e., by equations (2) and (4):

P = AC. (5)

This equilibrium is defined by the number of firms and the average price they charge. It
corresponds to point of intersection between the black curve and each of the other curves
in Figure 1, where there are n firms in the industry and where their profit maximizing
price, P ; the equilibrium point (n, P ) is a stable equilibrium: If the number of firms is
n1 < n, their profit maximizing price P1 is higher than their average cost AC1. Thus,
established firms are making above-normal profits and, as a result, new firms enter the
market. This drives the price down and the average cost up until they are equal at the
equilibrium point. In turn, if the number of firms is n3 > n, the opposite happens.

The key contribution of Krugman (1979) is to show that international trade, by creating
a combined market larger than any of the national markets that comprise it, allows more
varieties of each good to be produced, at lower average costs, than in any national market
alone. Krugman’s (1979) demonstration is based on the following, bearing in mind Figure
1: in autarky, the industry equilibrium in each country is at point (6; 10, 000) for country
A and (8; 8, 750) for country B; when international trade starts, the market size of the
industry increases, S, and, given the number of firms, n, the sales of each firm rise,
Q = S

n
. As a result, the AC of each firm falls for any given n. Therefore, international

trade and the ensuing increase in the size of the market do not have any effect on the
curve P = 1 + 1

b.n
, which relates the profit-maximizing price with the number of firms

since the “size of the market does not enter into the equation that defines P” (Krugman
and Obstfeld, 2006, p. 122). Conclusion: in Figure 1 the industry equilibrium shifts
toward the equilibrium point (10; 8, 000), which means that the number of firms increases
while the price falls. As stated by (Krugman and Obstfeld, 2006), consumers prefer to be
part of a large market than a small one since a greater variety of products is available at
a lower price.

To sum up, an increase in S due to international trade shifts the average cost curve
downwards thus lowering the price of the good, while increasing the number of viable
firms. The greater the number of firms the more the number of differentiated products,
thus international trade provides consumers with greater variety and lower prices. The
P = 1 + 1

b.n
curve is independent of S and, therefore, does not shift. Note though that

with a non-horizontal P = 1 + 1
b.n

curve, the number of firms that exist in the long run
with international trade is less than the sum of the numbers across countries in autarky.
It is also useful to note the impact of the different parameter and variables in the two
equations: (i) c, the marginal cost, has a positive impact on both average cost and price.
The impact is 1-to-1, which can be seen in the derivatives of equations (2) and (4) with
respect to c; (ii) F , the fixed cost, impacts directly the average cost (2) such that the
higher the fixed costs, the higher the average cost; (iii) b, the consumer price sensitivity,
affects directly the market price (4) and the higher b the lower the price will be; (iv) S,
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the size of the market, the larger the more firms can produce and, thus, the lower average
cost (2) will be; (v) n, the number of firms, implies that, all other things being equal, the
larger the number of firms, the higher the average cost (2) in the market. This is because,
a higher number of firms for the same quantity demanded will let each firm produce less.
Since the model has economies of scale, lower scale at the firm level results in higher
average costs. On the other hand, the number of firms has the opposite effect on price
(4). Everything else constant, the more firms there are, the lower the market price will
be.

It is clear from Figure 1 that the larger the market of the firms, the more savings they
can obtain from economies of scale and the more varieties of the product a customer have
access to. We also know the implications for the openness to consumers.

However, since zero profit assumption remains for all firms, the most competitive firms
(with the larger scale) will still have price equal to the average cost. Additionally, since
countries are now a single market for the product, there are a worldwide single price.
Thus, to compete in the market, the other firms need to adjust factor costs.

Fixed costs represent now the number of working hours required for a firm to function
regardless of quantity produced, multiplied by the wage per hour: Ft = wtl, where F is
the fixed cost per firm, w is the wage per hour, and l is the fixed number of working hours
required for the firm to function in each period, regardless of produced units. In turn, the
variable cost depends on the number of hours required to build one unit of the product
multiplied by the wage rate: Ct = wth, where C is the variable cost and h represents
tyhe working hours required to produced one additional unit of product. Replacing these
expressions in equation (2), the new average cost is

AC =
wtl

Qt

+ wth. (6)

Given that P a = P b, and P = AC then
wa

t l

Qa
t

+ wa
t h =

wb
t l

Qb
t

+ wb
th. For these equality to

hold, Qa
t < Qb

t , w
a
t < wb

t . In summary, the economy is ruled by the following dynamic
system in each period of time:

Q∗ = (S.b.wt.l)
0.5 (7)

Qa
t = (1− αa)Qa

t−1 + αaQ∗ (8)

Qb
t = (1− αb)Qb

t−1 + αbQ∗ (9)

Pt = mim

(
wa

t h+
Qa

b.S
, wb

th+
Qb

b.S

)
(10)

Pt = P a
t = P b

t = ACa
t = ACb

t (11)
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ACa
t =

wa
t l

Qa
t

+ wa
t h = ACb

t =
wb

t l

Qb
t

+ wb
th (12)

2.1 Without labour costs

In the previous Subsection, we have considered that the only costs faced by the firms
were labour costs. Both fixed and variable costs were assumed to be labour related. Now
we change this assumption to account for the fact that firms might have some costs that
are not possible to devalue via exchange rate. We can think of several examples such as
internationally traded raw materials, oil, or other intermediate goods that the price does
not depend on the internal dynamics of the economy. For that purpose, I will now make
the variable cost be a constant, c, just as in the baseline case in Section 2. This parameter
c represents the cost of the additional raw materials required to produce one more unit
of good. Since for the purposes of this subsection, it is irrelevant whether labour costs
are only partially or fully excluded from the variable component we exclude labour costs
since it is more intuitive and algebraically easier to illustrate. Hence, in relation to the
previous case, we have one main change: the variable costs are ct = c to produce an
additional unit of the good (not possible to deflate via exchange rate). We thus can get
the new average cost:

AC =
wtl

Qt

+ c. (13)

Given that, as before, P a = P b, and P = AC then
wa

t l

Qa
t

+ c =
wb

t l

Qb
t

+ c. In summary, the

economy is now ruled by the following dynamic system in each period of time:

Q∗ = (S.b.c)0.5 (14)

Qa
t = (1− αa)Qa

t−1 + αaQ∗ (15)

Qb
t = (1− αb)Qb

t−1 + αbQ∗ (16)

Pt = mim

(
c+

Qa

b.S
, c+

Qb

b.S

)
= c+min

(
Qa

b.S
,
Qb

b.S

)
(17)

Pt = P a
t = P b

t = ACa
t = ACb

t (18)

ACa
t =

wa
t l

Qa
t

+ c = ACb
t =

wb
t l

Qb
t

+ c (19)
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Figure 1: Baseline case. The upward sloping curves represent the relationships between
n and AC. The downward sloping curve represent the relationship between n and P .

Figure 2: Baseline case. Main results in autarky and under international trade.

3 Numerical resolution

3.1 Baseline Krugman model

In the baseline case we consider the following values for parameters and exogenous
variables in line with [6]: the market price sensitivity, b, is 1

30,000
, the home market size,

Sa, is 900, 000, the foreign market size, Sb, is 1, 600, 000, the fixed cost, F , is 750, 000, 000,
and the marginal cost, c, is 5, 000. Results are shown is Figure 1.

3.2 Dynamic Krugman model with labour costs

Then, we adapt the baseline case to our dynamic extensions. The fixed number of hours
required per firm, l, is 15, 000, 000, the number of working hours required per additional
unit of product, h, is 100, wage per hour, w, is 50, the flexibility parameter, α, is 0.1.
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Thus, the variable cost is hw. The wage is in international units of currency (IUC), which
coincides with the value in local currency in period t = 1 for both countries. We assume
that nominal wages have downwards rigidity in local currency, so downwards adjustments
in wages are done via exchange rate.

In period t = 1, we assume the autarky equilibrium calculated in the previous Sub-
section – see Figure 2: Qa = 150, 000; Qb = 200, 000; na = 6; nb = 8; P a = 10, 000;
P b = 8, 750; . Q∗ is the quantity that resulted from the integrated markets equilibrium –
see Figure 2: Q∗ = 250, 000; n∗ = 10; P ∗ = 8, 000.

In this case we also need to observe what happens in terms of number of working hours
in the economy to produce, e, the price level of the product in each country divided by
the price of the product in the cheapest country in autarky, P , the real wage that is the
wage rate divided by the price level, wr, and the exchange rate corresponding to the price
of the product in local currency in country B divided by the price of the product in local
currency in country A (it is easy to prove that, in this case, it is equal to the ratio of
nominal wages in IUCs). The exchange rate is assumed to be 1 in the t = 1, although the
value has no special meaning in Autarky.

Figure 3 summarises the main results. In the first period, both economies are in
autarky. Under international trade the product price is the same in both countries,
representing a larger gain for the consumers initially in the smaller country who had
to pay a larger price for the product. It is also worth noting that the price does not
move immediately towards the equilibrium price defined in the previous assignment. This
is because firms do not reach the optimal scale immediately after international trade
becomes possible. The optimal quantity produced per firm (the scale of production) is
250, 000. With a flexibility parameter of α = 0.1, the economies take about 37 periods to
reach the optimal scale; however, most of the gains are obtained in the first 15 periods.
In the first periods there is a significant difference in scale between firms in the originally
smaller A and the originally larger market B. That difference starts to vanish over time.
Towards the end, firms in both countries achieve similar scale, operating at the same level
of efficiency. Given that, by assumption, market size is fixed, this additional scale by
individual firms will result in less firms as the ones incapable of scaling-up are eliminated
or merged.

Although consumers will not get immediately the full benefit of the price reduction
(specially consumers in B), they still benefit from additional choices as soon as the coun-
tries open to international trade. Assuming that the varieties originally available in the
smaller country are not a sub-group of the ones available in the large country, even the
consumers in the large country benefit from additional varieties of the product. In the
extreme case where the product varieties originally available in the two countries are mu-
tually exclusive, the consumers benefit more from in terms of product varieties in the
transition period than in the final equilibrium. In summary, from the consumer perspec-
tive, there are some big immediate gains for consumers in the smaller country A who can
see a large price drop after international trade, benefiting from the production efficiency

281



O. Afonso and P. B. Vasconcelos

of the trade partner. Consumers in the larger country B also benefit from a lower price,
but are restricted by the capacity of its firms to optimize. Both can benefit significantly
by additional varieties, but that benefit decreases during the transition period as the
industry consolidates.

The number of hours of work required to produce the fixed quantity (remember we
have inelastic demand and no trade deficits/superavites) goes down over time as firms
optimize, meaning that firms need less and less workers or the workers can work less and
less hours to produce the same. As a consequence, the real wage per hour goes up over
time. In the larger country B, the real wage per hour in the first period corresponds to
the nominal wage as per the normalization defined in the previous chapter. In the smaller
country A the nominal salary is adjusted by the price of the product, starting at a lower
point. With International trade the real wages converge over time.

The exchange rate is calculated assuming that nominal wages in local currency have
full downwards rigidity. They will not be lower than 50 units in local currency as per the
initial equilibrium. If we assume a parity starting point, the smaller country will have to
do a sharp devaluation once the economy opens up to international trade. However the
exchange rate value in autarky has little meaning since, without trade and international
flows, there is no real exchange rate setting mechanism. The main take away here is
that, as productivity in the smaller country converges with that of the larger country, the
currency of the small country will gain in value over time.

In terms of sensitivity analysis, we start by looking at the speed of adjustment, α. we
first observe what would be the impact of doubling the adjustment rate in both countries
(a proxy for increasing the flexibility of the economy. The outcomes can be seen in
Figure 4. The old scenarios remain there for comparison and the new scenarios are
represented with dotted lines. As expected, a higher adjustment rate leads to a faster
movement towards the final equilibrium. It is interesting to notice that double the rate
of adjustment will make the adjustment period last for roughly one third of the original
time. Both countries benefit, but it is obvious by observing the chart that the smaller
country A gets in absolute and relative terms bigger gains in terms of scale and real wage.
The devaluation requirement in the period after opening up to international trade is also
lower and parity is achieved faster.

We are assuming so far that the economies’ flexibility factor moves in parallel in both
countries. We now check the cases in which the flexibility factor is larger only in of the
countries. First, we will assume that αb = 0.2, while αa remains at 0.1 – see Figure 5.
The additional flexibility allows the large economy to increase real wages, firms’ scale
faster, as expected. Overall market price also lowers, which benefits consumers in both
countries. So, increasing economic flexibility in one country actually benefits its trade
partners indirectly. In order to compensate for the additional gap in competitiveness, the
currency in the small country is forced to decline further when opening up to trade and
remain below for all periods until equilibrium is reached.

Now we check the case in which the flexibility factor is larger in the smaller economy,
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Figure 3: Dynamic Krugman model with labour costs – main results.
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Figure 4: Dynamic Krugman model with labour costs, αa = αb = 0.2.
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Figure 5: Dynamic Krugman model with labour costs, αa = 0.1 and αb = 0.2.
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Figure 6: Dynamic Krugman model with labour costs, αa = 0.2 and αb = 0.1.

which, by considering αa = 0.2, becomes more flexible. The outputs are summarised in
Figure 6. With additional flexibility, firms can adjust quicker to the new equilibrium.
They can adjust so quick that the initial competitiveness advantage coming of the large
economy resulting from more scale disappears after five periods. After five periods firms
in country A become more efficient and closer to the optimal scale. As such, the real wage
in the small economy also becomes higher. The exchange rate even remains slightly above
parity until the large country achieves equilibrium. The roles in price determination also
change: it is now the turn for consumers in the large country to benefit from lower prices
due to the additional competitiveness of the smaller economy.

In summary, the economy flexibility factor is crucial to understand the length of the ad-
justment period, and the currency devaluation requirements. Inflexibility in the economy
drives large devaluations and real wage losses for long periods of time.

3.3 Dynamic Krugman model with non-labour costs

This model drops the parameter h and regains the parameter c, considering that c =
5000 matchs the initial value for the variable cost both in the baseline model and in
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Figure 7: Dynamic Krugman model with non-labour costs – main results.

the dynamic model with labour costs. Figure 7 summarizes the main results. If we
compare Figures 7 and 3, it is easy to conclude that nothing has changed. Both the
final equilibrium and the path towards that equilibrium remain unchanged. This happens
because the price level of the firms’ optimization path are determined by the economy’s
flexibility and the path of the most efficient economy, which are unaltered by a shift in
how the variable costs are calculated. For the same values of α, same final equilibrium
and same initial equilibrium, these curves remain unchanged. The price declines as much
as in the previous model. However, the less competitive economy is unable to devalue
all the production costs to match the price decline. There is a portion of the costs that
are not possible to devalue via exchange rate. The implication of this is that the costs
that can be devalued, need to be devalued more than before. Hence, the exchange rate
will have to decrease further in order to ensure that firms’ average costs in IUC decline
as much as before to regain competitiveness.

Now, the exchange rate declines further in the initial moment when international trade
starts, followed by a quicker recovery than before, reaching equilibrium at the same time.
However, the exchange rate in this model remains always below the exchange rate in the
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previous model, only meeting in the end where both exchange rates meet parity. The
exchange rate differences are significant in the initial periods of the adjustment when the
scale differences are higher and fixed wage costs represent a higher proportion of the cost
structure. As the firms scale up, gain economies of scale and fixed wage costs represent
a lower proportion of total costs, the exchange rate in this model becomes more similar
to the previous model. It is now important to observe the impact of this exchange rate
evolution in the real wage. In the previous model, the exchange rate decline in the small
economy was of the exactly same magnitude as the price decline. One (the exchange
rate) was a direct response to the other. The impact of this was that the real wage never
declined after international trade. The real wage started at the same point as in autarky,
increasing from there as a result of firms scaling up and gaining efficiency.

Nothing changed in the real wage of the large country B. The significant change
occurs in the real wage of country A. The real wage benefits from a decrease in the
product’s price just as in the previous model, but it is affected negatively by the decline
in exchange rate. This time, the decline in exchange rate is larger than the decline in
price, so, unless the economy’s flexibility is very large, the real wage will decline in the
period after international trade starts. Hence, workers of the most inefficient country
producing the tradable good can actually have a short-term decline in their purchasing
power after international trade. Thus, while consumers (that in this example can be seen
as the people working in the non-tradable sector) benefit from the international trade,
workers can see their purchasing power decline.

In terms of the sensivity analysis, we start by looking at variations in the economy’s
flexibility factor α. If the factor is double the original value, as expected, exchange rate
decreases less and returns to parity faster than in the main model – Figure 8. The real
wage also returns faster to the value before international trade, rising faster above it
afterwards. Unsurprisingly, we have the opposite situation when we take a flexibility
factor half of the original value. In conclusion, the more flexible the economy is, the
shorter is the period workers spend with a net loss in real salary after international trade.
As firms are allowed to grow, consolidate and scale-up, they increase eciency, produce
more at a lower cost leading to an increase in exchange rate, which raises workers’ real
wage.

The second sensitivity worth analyzing is the weight of the nonlabor costs in firms’ cost
structure. To do that, we have tripled the nonlabor variable cost, increasing it from 5, 000
to 15, 000 – Figure 9. The starting point of the real wage is higher because (as mentioned
in the beginning) it is indexed against the larger economy. But the interesting insights
are twofold: the exchange rate stays exactly the same as the original model. This occurs
because the relative diferences in productivity (although lower in absolute value) remain
unchanged. Second, and most importantly, the drop in real wage is more steep and it also
takes longer to regain the same level of real wage as before international trade. Higher
variable costs impossible to devaluate do not erase relative productivity differences, but
decrease the potential gains of efficiency that make real wages increase over time. The
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Figure 8: Dynamic Krugman model with non-labour costs, αa = αb = 0.2.
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Figure 9: Dynamic Krugman model with non-labour costs, c = 15, 000.

higher the non-labor component of the cost structure, the more the workers will see their
real wages falling and the longer it will take until they start gaining from international
trade deals.

4 Concluding remarks

Although a major contribution to the international trade theory, Krugman’s (1979)
demonstration that ‘trade can arise and lead to mutual gains even when countries are
similar in technology and endowments’ due to economies of scale and imperfect competi-
tion. A larger market from international trade allows firms to produce more and benefit
from additional economies of scale. This, in turn, is reflected in lower consumer prices.
The increased market size permits the activity of more firms, increasing the number of
varieties of the same product. Hence, consumers in a small closed economy will tend to
pay more and have less variety of a product than consumers in a large closed economy.
Therefore, once the economies open up to international trade, the market size increases
and both economies have access to the same number of varieties at the same price. It
is noteworthy that, although being mutually beneficial, consumers in small economies
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benefit even more than consumers in large economies from opening up to trade.
As is standard in international trade theory everyone stands to gain from opening up

to international trade. While that is true in equilibrium, the transition periods can tell
a different story. Despite the fact that consumers in the small country are the ones who
have more to gain from international trade, it is also the workers of the small country
that have the most short-run loses. When we assume, as in the first model, that the
whole cost structure is dependent on wages, then the efficiency downwards adjustment in
wages (we have done it via exchange rate, but it could equally be done by nominal wage
decreasing) is compensated by the decrease in prices, leaving real wages unaltered, just
with the upside from the additional productivity coming from economies of scale. We
observe that, even in a dynamic setting, workers real wage could only increase by opening
to international trade. But that is only true when there are only labor costs in the cost
function.

When we consider that the cost structure of an industry also depends on factors that
can not devalued via exchange rate, workers in firms that have a competitive disadvantage
because of a low efficiency starting point (the smaller country in our model) might feel a
negative impact during a transition period, losing purchasing power. While the country
as a whole gains (specially those in non-tradable sectors that benefit from lower prices of
tradable goods), some agents within the country might have something to lose, at least
in the short-run.

A flexible economy, allowing firms to adjust fast to the new reality, might significantly
shorten in length this short-run loss. However, if the economy is too rigid and/or the
initial efficiency differential is too large, the workers might lose purchasing power for a
long period of time. International trade is a major driver of global growth and most
nations, specially the smaller ones, have taken big jumps in productivity and welfare
after getting more involved in international trade. However, political leaders need to
ensure that economies are enough flexible to reduce transition times and that there are
mechanisms in place to soften the short-run losses of those that pay the price od the
international trade deals.
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Abstract. We present an algorithm to compute robust orthogonal rational approximants.
This algorithm is a generalization to the introduced in 2013 by P. Gonnet et al to compute
robust Padé approximants of power series. Some numerical results are also presented.

1 INTRODUCTION

Let f be a function represented by a formal power series f(z) ∼ ∑∞k=0 ckz
k. A Padé

approximant (PA) of f is a rational function whose numerator and denominator are chosen
so that its power series expansion agrees with f as far as possible.

Nowadays, PA are found in many numerical algorithms: equation solving, integration,
integro-differential equations, approximation of special function and z−transform. The
PA are also related with non linear extrapolation methods, e.g. the ε−algorithm and
the Shanks transformation, and they are a powerful technique to investigate non-linear
problems.

There are several generalizations of Padé approximants: multi-point Padé approxi-
mants, algebraic and differential Hermite-Padé approximants, Baker-Gammel approxi-
mants, Padé-Borel approximants and Padé approximants from orthogonal polynomial
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expansions (being the last ones the main subject studied in this work). These rational
approximations have a wide areas of applications: pure mathematics, numerical analysis,
theoretical physics, chemistry, mechanics.

The definition of Padé approximants from orthogonal polynomial expansions is similar
to the definition of a Padé approximants from power expansions. In fact, let {ϕk}k≥0
be a system of orthogonal polynomials, with respect to the weight function w. Given a
function f represented by a formal orthogonal polynomial expansion

f(z) ∼
∞∑

k=0

ckϕk(z). (1)

An orthogonal Padé approximant of f is a rational function whose numerator and de-
nominator are chosen so that is expansion agrees with f as far as possible.

In practice these rational approximations are fragile. The reasons for that are essen-
tially due to the following facts:

a) The Padé table can be non-normal,

b) The existence of Froissart doublets, originated by rounding errors on a computer
and errors on the series coefficients.

In order to overcome this drawback P. Gonnet et al (2013) proposed a new rational
approximant, called robust Padé approximants and gave an algorithm to compute them
[4]. B. Beckermann and Ana C. Matos [3], have studied the algebraic properties of these
approximants and they gave a proof for their forward stability (or robustness).

The main purpose of his paper is to present a robust orthogonal Padé approximant, in
the sense that this PA have not Froissart doublets.

2 LINEAR ORTHOGONAL PADÉ APPROXIMANTS

In this section we describe an algorithm to compute linear orthogonal Padé approxi-
mants. We follow closely the algorithm proposed by A.C. Matos [5].

Consider a function f represented by the orthogonal polynomial expansion (1). Given
two non negative integers n and m, a type (n,m) FPA of f is a rational function

Φn,m(z) =
pn,m(z)

qn,m(z)
=

∑n
k=0 akϕk(z)∑m
k=0 bkϕk(z)

that satisfies the condition

f(z)qn,m(z)− pn,m(z) = O (ϕmaximum(z)) . (2)

This condition, can always be satisfied through order n+m or higher, i.e.
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f(z)qn,m(z)− pn,m(z) =
∑

k≥n+m+1

ekϕk(z). (3)

Assuming that the orthogonal expansion of the functions ϕkf , k = 0, 1, . . . take the
form

ϕk(z)f(z) =
∞∑

j=0

hj,kϕj(z), k = 0, 1, . . . (4)

Thus the denominator coefficients, of Φn,m, are given by a non trivial solution of the
homogeneous linear system (6) with m + 1 equations and m unknowns. Knowing the
denominator coefficients of Φn,m, we use relation (5) to get the numerator coefficients of
Φn,m.

m∑

i=0

hj,ibi = aj, j = 0, . . . , n (5)

m∑

i=0

hj,ibi = 0, j = n+ 1, . . . , n+m. (6)

Under the condition that the matrix Hn,m

Hn,m =



hn+1,0 · · · hn+1,m

...
...

hn+m,0 · · · hn+m,m


 , (7)

have full rank, all non trivial solutions, b = [b0 b1 · · · bm]T , of (6) with m + 1 (the
denominator coefficients of Φn,m) are multiple of each other.

In order to compute Φn,m, we will use the normalization condition ||b|| = 1, where || · ||
is the vector 2-norm.
Thus, with this normalization condition, the vector b is the last column of matrix V,
where the product UΣV∗ is the singular value decomposition of matrix Hn,m. Once
determined the vector b, we obtain the n+ 1 numerator coefficients a = [a0 a1 · · · an]T

from relation

a = Gn,mb, with Gn,m =



h0,0 · · · h0,m
...

...
hn,0 · · · hn,m


 .

The coefficients hj,i can be computed by recurrence using the following result [5]. Lets

xϕi(x) = Aiϕi+1(x) +Biϕi(x) + Ciϕi−1(x), i ≥ 0, (8)
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be the recursion relation associated with the family of orthogonal polynomials {ϕk}k≥0
and µi the w-norm of ϕi, i ≥ 0 (µi =

[∫
ϕ2
i (z)w(z)dz

]1/2
).

Proposition 1 The coefficients hj,i satisfy the recursion recurrence

hi,j+1 =
1

Aj

(
µi+1

µi
Aihi+1,j + (Bi −Bj)hi,j +

µi−1
µi

Cihi−1,j − Cjhi,j−1
)
, i, j ≥ 1 (9)

with initial values hi,0 = ϕ0ci, i ≥ 0. And, the coefficients hj,i satisfy the relation hj,i =
µi/µjhi,j.

3 DIVISION OF ORTHOGONAL POLYNOMIALS

In this section we describe an algorithm to find the great common divisor between two
orthogonal polynomials and perform division of orthogonal polynomials without basis
transformations. We follow the scheme proposed by Stephen Barnett [1, 2].

Writing the recurrence relation (8) in form

ϕi(z) = (αiz + βi)ϕi−1(z)− γiϕi−2(z), i ≥ 2, where ϕ0(z) = 1 and ϕ1(z) = α1z + β1,

Given a polynomial pn(z), with exact degree n, written in {ϕi(z)}i≥0 basis

pn(z) = ϕn(z) + ã1ϕn−1(z) + . . .+ ãnϕ0(z)

with comrade matrix

Cϕ ; p =




− β1
α1

1
α1

0 0 0 . . . 0 0

γ2
α2

− β2
α2

1
α1

0 0 . . . 0 0

0 γ3
α3

− β3
α3

1
α3

0 . . . 0 0
...

. . .
. . .

. . .
...

0 . . . 0 γn−1

αn−1
− βn−1

αn−1

1
αn−1

−ãn
αn

−ãn−1

αn−1
. . . . . . −ã3

αn

−ã2+γn
αn

−ã1−βn
αn




(10)

Let qm(z) = ϕm(z) + b̃1ϕm−1(z) + . . . + b̃mϕ0(z) be another polynomial with exact
degree m < n and let define the matrix R = qn(Cϕ ; p). Then we have [1, 2],
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Theorem 1 The polynomials pn(z) and qn(z) are relatively prime if and only if

det R 6= 0.

By other hand, If their greatest commom divisor (g.c.d.) in monic form, written in
basis {ϕi}i≥0, is

d(x) = ϕk(z) + d̃1ϕk−1(z) + . . .+ d̃kϕ0(z) (11)

then k = n− rank(R) and the coefficients d̃i, i = 1, . . . , k satisfy the relations

ci = d̃k+1−ick+1 +
n∑

j=k+2

xi,jcj, i = 1, 2, . . . , k (12)

where ci, i > k, are the linear independent columns of matrix R.

As consequence we have the following

Corollary 1 Let d(z), in (11), be the monic g.c.d. of pn(z) and qm(z) with pn(z) =
µ(n, k)g(z)d(z), where,

µ(n, k) =
αt+1αt+2 . . . αn
α1 . . . αm

, (13)

g(z) = ϕs(z) + g1ϕs−1(z) + . . .+ gsϕ0(z) (14)

and s = n− k then the rows r1, . . . , rs+1 of R satisfy the relation

rs+1 + g1rs + . . .+ gsr1 = 0. (15)

In order to compute de the g.c.d the quotient µ(n, k)g(z) = pn(z)/d(z) we will follow
the algorithm suggested in [2]. We define the n× 2n matrix

Y =
[
R, In,

]
(16)

and using elementary row operations to reach the matrix Y′ where,

Y′ =
[
Y1,Y2

]
=




m︷ ︸︸ ︷
∗ · · · ∗ ∗ ∗ ∗

t︷ ︸︸ ︷

...
...

...
...

... Dt
∗ · · · ∗ ∗ ∗ ∗
∗ · · · ∗ ∗ ∗ ∗
∗ · · · ∗ ∗ ∗ ∗ Y2
∗ · · · ∗ ∗ ∗ 0
...

... . .
. ...

∗ · · · ∗ 0 · · · 0 0
0 · · · 0 0 · · · 0
0 · · · 0 0 · · · 0




Y1

, (17)
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where the block Dt is a t× t diagonal matrix and the ∗’s in Y1 denote (generally) nonzero
entries.

The sth row of Y1 gives the coefficients of d(x).
The entries in row s+ 1 of Y2 are now those of g(z) in (14)
The entries of row t+1 are now those of c(z) and r(z) where, pn(z) = µ(n,m)(c(z)qm(z)+

r(z)) with
c(z) = ϕt(z) + c1ϕt−1(z) + . . .+ ctϕ0(z)

and
r(z) = r0ϕm−1(z) + r1ϕm−2(z) + . . .+ rm−1ϕ0(z).

4 ROBUST ORTHOGONAL PADÉ APPROXIMANTS

In order to built a robust orthogonal Padé approximant of Φn,m(z) = pn(z)/qm(z),
we need to vanish eventual common factors of polynomials pn(z) and qm(z) (here, for
convenience, we simplified the notation used on the first section). So we proceed in the
following way.

1. Multiply pn(z) and qm(z) by p−10 and q−10 respectively, where p−10 (q−10 ) is the coef-
ficient of ϕn in pn(z) (in qm(z)).

2. Construct the comrade matrix, Cϕ ;pn , associated to pn(z), in (10), if n ≥ m (or
associated to qm(z) if m > n);

3. Build the matrix R = qm(Cϕ ;pn) (or R = pn(Cϕ ;qm));

4. Given a small positive number toldet,

• If |detR| > toldet then p(z) and q(z) have not common factors, STOP.

• If |detR| < toldet, build the matrix Y , in (16)

5. Use row elementary operations to Y to obtain the Y′. Compute k = n − s, where
s = rank Y1, Y1 in (17).

6. The coefficients of the g.c.d., d(x), of p(z) and q(z), and the coefficients of g(z),
pn(z)/d(z) = µ(n, k)g(z) = ḡ(z), are given in the sth of Y1 and in the (s + 1)th row
of Y2.

7. The division ĝ(z) = qn(z)/d(z) is computed using algorithm indicated in section 2
in [2].

8. The new Padé approximant is Φ(z) = ḡ(z)/ĝ(z).
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Abstract. The development of operator theory is motivated by the need to solve problems
emerging from several fields in mathematics and physics. On the study of the operator’s
kernel some progress has been achieved for some classes of singular integral operators
whose properties allow the use of particular strategies. However, the existing algorithms
allow, in general, to study the kernel of some kind of singular integral operators but they
are not designed to be implemented on a computer. This paper contains some results on
the kernel of some special classes of paired singular integral operators, with essentially
bounded coefficients defined on the unit circle. The main goal of this work is to show how
the symbolic and numeric capabilities of the computer algebra system Mathematica can be
used to compute the kernel of special classes of paired singular integral operators. It is
considered the one-dimensional and the matrix cases. Some nontrivial examples obtained
with the use of symbolic computation are presented.

1This research was partially supported by Fundação para a Ciência e Tecnologia (Portugal) through
the Center for Functional Analysis, Linear Structures and Applications
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1 INTRODUCTION

The development of operator theory is motivated by the need to solve problems emerging
from several fields in mathematics and physics. On the study of the operator’s kernel
some progress has been achieved for some classes of singular integral operators whose
properties allow the use of particular strategies. However, the existing algorithms allow,
in general, to study the kernel of some kind of singular integral operators but they are
not designed to be implemented on a computer.
In our work we use the computer algebra system Mathematica2 to implement on a com-
puter analytical algorithms developed by us and other authors within operator theory. In
the last years we designed and/or implemented analytical algorithms for solving integral
equations [10, 15], analytical algorithms to factorize scalar and matrix functions [14, 15],
calculation techniques to compute singular integrals [13], and more recently analytical
algorithms to study the spectrum [19, 20] and the kernel [18] of several classes of singular
integral operators.
Singular integrals are classic mathematical objects with a vast array of applications (see,
for instance, [29, 30, 33, 35, 39]). There are several numerical algorithms and approxi-
mation methods for evaluating some classes of singular integrals. Also, there are several
analytical techniques that allow the exact computation of singular integrals for particular
cases. However, the [SInt] and [SIntAFact] algorithms [13] are the only analytical algo-
rithms, up to our knowledge, written and implemented for computing singular integrals
with general functions. [SInt] and [SIntAFact] compute Cauchy type singular integrals
with essentially bounded functions defined on the unit circle. Both algorithms were im-
plemented using the numeric and symbolic computation capabilities of Mathematica. In
particular, the implementation of the [SInt] algorithm3 makes the results of lengthy and
complex calculations available in a simple way to researchers of different areas.
The study of singular integral operators has applications in different research areas, such
as theory of diffraction of acoustic and electromagnetic waves, theory of scattering and of
inverse scattering, and factorization theory (see, for instance, [1, 12, 16, 24]). In [15] it is
described the [AEq] algorithm that allows to compute the solutions of special classes of
solvable singular integral equations related to the solution of the non-linear Schrödinger
equation (see, for instance, [24]) and to the generalized Riemann-Hilbert problem (see,
for instance, [35]). In addition, some subclasses of singular integral equations that can be
solved by the [AEq] algorithm are directly related with the study of the factorability of
special classes of essentially bounded matrix functions [10].
Factorization theory has a long and interesting history [38], and is closely related to
the computation of singular integrals. The relations between the factorization of matrix
functions, Riemann-Hilbert boundary value problems, and systems of singular integral

2Wolfram Mathematica is a symbolic mathematical computation program used in many scientific,
engineering, and computing fields. It was conceived by Stephen Wolfram and is developed by Wolfram
Research.

3The corresponding source code of [SInt] is made available in the online version of [13].
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equations have been known from the early stages of factorization theory [27]. At present
time, the theory has wide application in the theory of linear and non-linear differential
equations, in linear transport theory, in theory of diffraction of acoustic and electro-
magnetic waves, in theory of scattering and of inverse scattering, among others (see, for
instance, [9, 16, 24, 33, 39]). In particular, the problem of finding the partial indices
of a matrix factorization is one of the most important problems in factorization theory
(see, for instance, [12, 34, 35]). Some progress has been achieved for some classes of
matrix functions whose properties allow the use of a particular strategy in the study of
the factorization problem but there is no general method for obtaining a factorization
for a given matrix function. Also, the existing algorithms show, in general, that it is
possible to obtain some kind of factorization but are not designed to be implemented on
a computer (see, for instance, [1, 8, 23, 25, 37]). On the determination of the partial
indices, some developments have also been made but, even in the rational case (and in
recent publications), the methods are difficult to apply and were not also designed to
be implemented on a computer (see, for instance, [4, 7, 31, 40]). In addition, the vast
majority of explicit analytical factorization methods depends on the knowledge of the
zeros of scalar functions. As a consequence, in many applications in the real world, a
numerical analysis of such methods is inevitable. However, due to many non-stability
issues, such as the ones affecting the factorization partial indices (see, for instance, [27]),
the numerical approach of factorization theory is a very difficult problem. Due to this
fact, the design of new analytical methods, even if only for some restrict, special classes
of functions, is still very significant to the development of such theory. The generalized
factorization algorithm [AFact] uses the inner-outer factorization concept and was par-
tially implemented on a computer using the computer algebra system Mathematica, (see,
for instance, [10, 15]). The classes of essentially bounded matrix functions that can be
factorized by this analytic algorithm are closely related to the solution of the non-linear
Schrödinger equation (see, for instance, [24]), to the generalized Riemann-Hilbert problem
(see, for instance, [17, 18, 35, 36]), and to the study of singular integral operators related
with Hankel operators (see, for instance, [16]). It was shown that, for these type of matrix
functions, a generalized factorization, when it exists, can be obtained using the solutions
of two non-homogeneous singular integral equations [10, 11, 12] which in turn, can be
computed by the [AEq] algorithm. Due to its innovative character, the implementation
of [AFact] potentiated the future design of algorithms dedicated to specific domains of
application. For instance, in [13] we used the factorization algorithm [AFact] to design
the [SIntAFact] algorithm that computes some special classes of Cauchy type singular
integrals defined on the unit circle. In [14] it is presented the implementation of complete
and explicit rational functions factorization algorithms, for the scalar ([ARFact-Scalar])
and matrix ([ARFact-Matrix]) cases. Both algorithms were also implemented using the
computer algebra system Mathematica. In particular, it is shown that the [ARFact-Scalar]
algorithm always computes the factorization index thanks to the symbolic computation
capabilities of Mathematica.
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Spectral theory has many applications in several main scientific research areas (structural
mechanics, aeronautics, quantum mechanics, ecology, probability theory, electrical engi-
neering, among others) and the importance of its study is globally acknowledge. There
are thousands of articles and books on the role of the spectrum on operator theory. An-
drew and Green [2] said that the spectral theory of operators on a Hilbert space is a rich,
beautiful, and important theory. The beautiful structure of the spectrum of some opera-
tors is shown in [3]. At present time, some progress has been achieved (see, for instance,
[2, 3, 5, 28, 32]) for some classes of singular integral operators whose properties allow the
use of particular strategies in the study of the spectral problem but, despite several major
developments, there is no general and explicit method for obtaining the spectrum of a
given singular integral operator. As for the factorization problem, the existing algorithms
show, in general, that it is possible to study the spectrum of some kind of singular integral
operators but are not designed to be implemented on a computer. The source code of the
[ARFact-Scalar] and [ARFact-Matrix] algorithms were used in the design of the spectral
algorithms [ASpecPaired-Scalar] and [ASpecPaired-Matrix] for paired singular integral
operators, defined on the unit circle [21]. These automated processes allow us to check,
for each considered singular integral operator, if a complex number (chosen arbitrarily)
belongs to its spectrum [20].
On the study of the kernel of an operator the importance of the factorization theory is
well known (see, for instance, [29, 30, 36]). In [17] it is described how the generalized
factorization concept is related with estimates of the dimension of the kernel of some
classes of singular integral operators with non-Carleman shift. In [18] it is described how
the algorithms [AFact], [ARFact-Matrix], and [SInt] can be used to estimate the dimension
of the kernel of some classes of singular integral operators with non-Carleman shift and
conjugation.
The main goal of this work is to show how the symbolic and numeric capabilities of the
computer algebra system Mathematica can be used to compute the kernel of special classes
of paired singular integral operators. It is considered the one-dimensional and the matrix
cases.
This paper contains some results on the kernel of some classes of paired singular integral
operators, with essentially bounded coefficients defined on the unit circle. The paper is
organized as follows: In Section 2 is introduced the basic definitions and properties of
paired singular integral operators and the factorization concepts. Section 3 is dedicated
to some relations between the generalized factorization concept and the kernel of paired
singular integral operators. It is considered the one-dimensional and the matrix cases. It
is also explained how the symbolic and numeric computation capabilities of the computer
algebra system Mathematica can be used to study the kernel of some classes of paired
singular integral operators. The paper also contains some nontrivial examples and final
remarks about our current work.
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2 BASIC DEFINITIONS AND PROPERTIES

Let >> denote the unit circle in the complex plane. Let >>+ and >>− denote the open unit
disk and the exterior region of the unit circle (∞ included), respectively. Let L∞(>>) be
the space of all essentially bounded functions defined on the unit circle. Let H∞(>>) be
the class of all bounded analytic functions in the interior of the unit circle.

2.1 Paired singular integral operators

Let us consider the singular integral4, defined almost everywhere on >>, associated with
the singular integral operator S>>,

S>>ϕ(t) =
1

πi

∫

>>

ϕ(τ)

τ − t dτ, t ∈ >>, (1)

with Cauchy kernel, defined on the Lebesgue space L2(>>). It is known that (1) is a
selfadjoint, unitary, and bounded linear operator in L2(>>) (see, for instance, [30]). Thus,
we can associate with S>> two complementary projection operators

P± = (I ± S>>)/2, (2)

where I represents the identity operator.
The projectors (2) allow us to decompose the space L2(>>) in the topological direct sum

L2(>>) = L+
2 (>>)⊕ L−,02 (>>)

where L+
2 (>>) = imP+ and L−,02 (>>) = imP−. We also consider the space L−2 (>>) =

L−,02 (>>)⊕ C.
Let us consider essentially bounded matrix functions ϕ and ψ. Operators of the form
T = ϕI + ψS>> and T̃ = ϕI + S>>ψI are linear and bounded singular integral operators
(see, for instance, [30]). In the following, these operators will be written in a more
convenient form as

T{A,B} = AP+ +BP− (3)

and

T̃{A,B} = P+AI + P−BI, (4)

where A = ϕ + ψ and B = ϕ − ψ. We will call these operators, paired singular integral
operators, with coefficients A and B.
Obviously, since S>> = P+ − P−, S>> is a paired singular integral operator that belongs to
classes (3) and (4).

4The [SInt] algorithm described in [13] computes (1) when the essentially bounded function ϕ can be
represented as ϕ(t) = r(t)[x+(t) + y−(t)], where x+, y− ∈ H∞(>>) and r is a rational function without
poles on >>.
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2.2 Generalized factorization concept

Let us now introduce the generalized factorization concept in L2(>>) (see, for instance,
[9, 36]).

Definition 1 A matrix function A ∈ [L∞(>>)]n,n admits a left (right) generalized factor-
ization in L2(>>) if it can be represented as

A = A+ΛA− (A = A−ΛA+), (5)

where

A±1+ ∈
[
L+
2 (>>)

]
n,n
, A±1− ∈

[
L−2 (>>)

]
n,n
, Λ(t) = diag{tκi}nj=1, (6)

κj ∈ Z, j = 1, n, with κ1 ≥ κ2 ≥ ... ≥ κn, and A+P+A−I (A−P+A+I) represents a
bounded linear operator in [L2(>>)]n.

The number κ =
n∑

j=1

κj is called the left (right) factorization index of the matrix function

A. The integers κj are called the left (right) partial indices of A. If κj = 0, j = 1, n, then
A is said to admit a left (right) canonical generalized factorization.
For the particular scalar case we say that a function a ∈ L∞(>>) admits a generalized
factorization in L2(>>) if it can be represented as

a(t) = a+(t)tκa−(t), (7)

where κ is an integer and a± are essentially bounded functions having the following
properties

• a±1+ ∈ L+
2 (>>), a±1− ∈ L−2 (>>)

• a+P+a−I represents a bounded linear operator in L2(>>).

Remark 1 A natural and nontrivial question is the relation between the left and right
partial indices of a generalized factorization of a matrix function A. Whenever both left
and right generalized factorizations in L∞(>>) exist, the left and right factorization index
of the matrix function A must be the same. That is, the factorization index of the scalar
valued function det A(t) coincides with the sum of all partial (both left and right) indices
of A, the integer number κ. It was proved in [26] that this relation is the only existing
one between the sets of the left and right partial indices.

Remark 2 The left (right) partial indices κi are uniquely determined by the matrix func-
tion A, that is, in a factorization (5), the matrix Λ is uniquely defined. However, this is
not true for A± and the general relation between the factors of two distinct generalized
factorizations of the same matrix function A is described, for instance, in [27].
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The next result5, which comes directly from Remark 1, relates a generalized factorization
in L2(>>) of a factorable matrix function A to a generalized factorization of its determi-
nant.

Theorem 1 Let A ∈ [L∞(>>)]n,n be a non-singular factorable matrix function. If detA(t)
admits a non-canonical generalized factorization in L2(>>), then A admits a non-canonical
generalized factorization in L2(>>).

Remark 3 If detA(t) admits a canonical generalized factorization in L2(>>), then a fac-
torable matrix function A can admit a canonical or a non-canonical generalized factoriza-
tion in L2(>>).

The importance of Theorem 1 increases with the development of the use of symbolic com-
putation within operator theory. In fact, using algorithms to compute the factorization
index of scalar functions [14], it is possible to conclude, for certain classes of matrix func-
tions, its type of factorization and, consequently, to study the spectrum and the kernel of
associated singular integral operators [18, 20].
Let R(>>) be the algebra of rational functions without poles on >> and let R±(>>) denote
the subsets of R(>>) whose elements are without poles in >>±.
Any non-singular rational matrix function A ∈ [R(>>)]n,n admits a left (right) generalized
factorization of the form (5) (see, for instance, [27]), where

A±1+ ∈ [R+(>>)]n,n , A±1− ∈ [R−(>>)]n,n .

For the particular rational scalar case

κ = z+ − p+, (8)

where z+ is the number of zeros of A in >>+ (with regard to their multiplicities) and p+
is the number of poles of A in >>+ (with regard to their multiplicities) (see, for instance,
[14]).
From the computational point of view the [ARFact-Scalar] and [ARFact-Matrix] algo-
rithms [14] can be used to compute explicit factorizations that allow to study the kernel
of some classes of paired singular integral operators (see subsection 3.3).

Remark 4 Note that the success of the [ARFact-Scalar] algorithm depends on the possi-
bility of finding solutions of polynomials equations. This can be a serious limitation when
working with polynomials of the fifth degree or higher. However, even in this case, thanks
to the symbolic and numeric capabilities of Mathematica, it is still possible to obtain an

5Although many of the results presented in this paper can be generalized (see, for instance, [6, 22])
to the space Lp(Γ), where Γ is a closed Carleson curve, we decided to state them only for L2(>>) due to
the use of symbolic computation for the construction of nontrivial examples.
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explicit, and for all purposes exact, rational factorization for the one-dimensional case.
In fact, Mathematica uses Root objects to represent solutions of algebraic equations in
one variable, when it is impossible to find explicit formulas for these solutions. The Root
object is not a mere denoting symbol but rather an expression that can be symbolically
manipulated and numerically evaluated with any desired precision. In particular, it is still
possible to know if any given Root lies in >>, in >>+, or in >>−, which is all the informa-
tion the algorithm needs to compute the factors a± and the index κ [20] (see Figure 1 and
Figure 2).

Remark 5 For the [ARFact-Matrix] algorithm, due to the complexity of the matrix case,
the use of the Root objects to obtain an explicit factorization is not as feasible as before
since the dimension of the matrix function is also a limiting factor, even when the entries
of A are rational functions with low degree polynomials [14]. However, the algorithm was
designed in such a way as to have only an exact factorization as an output, that is, when
it is not possible to determine a factorization due to the size of the matrix function or
due to the degree of a polynomial, the algorithm does not give any factorization as an
output. So, that there is no problem related to the unstable case of a factorization (when
the difference between the first and last partial index is greater than 1).

Taking into account the Remark 4 and Theorem 1 it is evident the importance of the use
of symbolic computation in the factorization theory. In fact, since it is always possible
to determine the factorization index κ (when it exists) of a scalar rational function, if
κ > 0, we can conclude that the corresponded matrix function (when factorable) admits
a non-canonical factorization.

3 ON THE KERNEL OF PAIRED SINGULAR INTEGRAL OPERATORS

In this section it is described how the study of the factorability is related to the study of
the kernel of the paired singular integral operators T{A,B} and T̃{A,B} defined in (3) and
(4), for the one-dimensional and matrix case.

3.1 On the dimension of the kernel of singular integral operators

Let E denote the n×n identity matrix function. Concerning the questions of invertibility
or Fredholm theory the existing references, up to our knowledge, only consider the one-
dimensional case (see, for instance, [29, 30]) or matrix paired singular integral operators

in the form T{A,E} = AP+ + P− or T̃{E,A} = P+ + P−AI (see, for instance, [9, 37]).
With the same ideas used in the proof of Theorem 2.2 in [21], there arises the following

result6 about the kernel of the operators T{A,B} and T̃{A,B} (for the one-dimensional case
see, for instance, [29]).

6An analogous result can also be stated for the case when B−1 ∈ [L∞(>>)]n,n changing(
I ± P∓A−1BP±

)
A∓1I by

(
I ± P±AB−1P∓

)
B∓1I.
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Theorem 2 Let A±1, B ∈ [L∞(>>)]n,n. If AB = BA, then

dim kerT{A,B} = dim ker T̃{A,B}. (9)

Proof. Let us consider the operators

W1 =
(
I + P−A

−1BP+

)
A−1I and W2 =

(
I − P+A

−1BP−
)
AI.

The operators (3) and (4) are related by the equality

W1 T{A,B}W2 = T̃{A,B}.

Since W1 and W2 are invertible operators, we can conclude (9). �

Remark 6 The invertible operator W2 considered in the proof of Theorem 2 can be used
to compute the T̃{A,B} kernel’s through the kernel of T{A,B}. In fact, a base of the kernel

of T̃{A,B} can be constructed by applying the operator W−1
2 to the elements of a base of the

kernel of T{A,B}. In a similar way, the T{A,B} kernel’s can be computed through the kernel

of T̃{A,B} applying the operator W2 to its base.

In the case when AB 6= BA, the equality (9) is not necessarily satisfied. In fact, several

interesting examples where dim ker(T{A,B}) 6= dim ker(T̃{A,B}) can be easily constructed
with the use of the computer algebra system Mathematica (see Example 3). Obviously,
in the one-dimensional case the equality (9) is always satisfied.
As a consequence of Theorem 2, there arises the following result about the invertibility
of the operators T{A,B} and T̃{A,B}.

Corollary 1 Let A,B ∈ [L∞(>>)]n,n. If AB = BA, then T{A,B} and T̃{A,B} are invertible
operators only simultaneously.

Now we will see how the computation of the partial indices of a matrix function is related
with the study of the kernel of paired singular integral operators T{A,B} and T̃{A,B} defined
by (3) and (4). In particular, since the calculation of the factorization index is always
possible (see Remark 4) in the scalar rational case by using the [ARFact-Scalar] algorithm,
the dimension of the kernel of the one-dimensional paired singular integral operators T{A,B}
and T̃{A,B} can be computed using the computer algebra system Mathematica.
The next result7 on the dimension of the kernel of the paired singular integral operator
T{A,B} defined by (3) is well known (see, for instance, [36]).

7A similar result can be obtained for the case when B−1 ∈ [L∞(>>)]n,n and the matrix function B−1A
admits a right generalized factorization in L2(>>). In this case, the dimension of the kernel of the paired
singular integral operator T{A,B} corresponds to the sum of the modulus of the right negative partial
indices of B−1A.
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Theorem 3 Let A,B ∈ [L∞(>>)]n,n. If A−1 ∈ [L∞(>>)]n,n and the matrix function A−1B
admits a left generalized factorization (5) in L2(>>), then dim kerT{A,B} <∞. In this case,
the dimension of the kernel of the paired singular integral operator T{A,B} corresponds to
the sum of the left positive partial indices of A−1B.

Based on the same ideas, similar results8 can be formulated for the singular integral
operator T̃{A,B} defined by (4).

Theorem 4 Let A,B ∈ [L∞(>>)]n,n. If A−1 ∈ [L∞(>>)]n,n and the matrix function BA−1

admits a left generalized factorization (5) in L2(>>), then dim ker T̃{A,B} <∞. In this case,

the dimension of the kernel of the paired singular integral operator T̃{A,B} corresponds to
the sum of the left positive partial indices of BA−1.

The next result9 is a complement to the Theorem 3.

Theorem 5 Let A,B ∈ [L∞(>>)]n,n. If A−1 ∈ [L∞(>>)]n,n and the matrix function A−1B
admits a left generalized factorization (5) in L2(>>),

A−1B = F+ΛF−,

then
kerT{A,B} = {ϕ : ϕ = [F+ − F−1− Λ−1]P},

where P = (Pκ1−1, · · · , Pκn−1), Pκj−1(t) denotes an arbitrary polynomial of degree at most
κj − 1.

Analogously, formulas for the kernel of the operator T̃{A,B}, defined in (4), can be obtained
using a left generalized factorization of the matrix function BA−1 or a right generalized
factorization of the matrix function AB−1.
So, in the rational case, the [ARFact-Matrix] algorithm can be used to compute the kernel
of T{A,B} by computing the factors of a left factorization (5) of the matrix function A−1B

(or the factors of a right factorization of B−1A). For the operator T̃{A,B} the [ARFact-
Matrix] algorithm compute a left factorization (5) of the matrix function BA−1 (or the
factors of a right factorization of AB−1).

8Similar results can be obtained for the case when B−1 ∈ [L∞(>>)]n,n and the matrix function AB−1

admits a right generalized factorization in L2(>>). In this case, the dimension of the kernel of the paired
singular integral operator corresponds to the sum of the modulus of the right negative partial indices of
AB−1.

9A similar result can be obtained for the case when B−1 ∈ [L∞(>>)]n,n and the matrix function B−1A
admits a right generalized factorization in L2(>>).
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The one-dimensional case

Let us now consider the one-dimensional paired singular integral operators

T{a,b} = aP+ + bP− (10)

and

T̃{a,b} = P+aI + P−bI, (11)

where a, b ∈ L∞(>>).
From Theorem 3, Theorem 4, and Theorem 5 we get the following result10 that allows us
to compute the kernels of T{a,b} and T̃{a,b}.

Theorem 6 Let a, b ∈ L∞(>>) and assume that the function f = a−1b admits a general-
ized factorization f(t) = f+(t)tκf−(t) in L2(>>). In this case,

dim kerT{a,b} = dim ker T̃{a,b} = max{0,κ}. (12)

Furthermore, for κ > 0 and g(t) = f+(t)− f−1− (t)t−κ,

kerT{a,b} = span{g, gt, · · · , gtκ−1} (13)

and

ker T̃{a,b} = span{a−1f−1− t−κ, a−1f−1− t−κ+1, · · · , a−1f−1− t−1}. (14)

So, in the rational case it is always possible to compute the dimension of the kernel of
(10) and (11) since the factorization index of function a−1b can be computed (when it

exists) by using the [ARFact-Scalar] algorithm. Furthermore, kerT{a,b} and ker T̃{a,b} can
be effectively computed since the [ARFact-Scalar] algorithm also computes the factors
a± of a factorization (7). On the other hand, the [SInt] algorithm [13] can be used to

compute the kernel of T̃{a,b} through the kernel of T{a,b}, or vice versa (see Remark 6).

3.2 How to relate one-dimensional and matrix cases

This subsection is dedicated to some results11 that relate the dimension of the kernel of
a one-dimensional paired singular integral operator to the dimension of the kernel of a
paired singular integral operator with matrix coefficients.

Theorem 7 Let A,B ∈ [L∞(>>)]n,n such that F = A−1B admits a left generalized fac-
torization in L2(>>). If dim ker (P+ + detFP−) > 0, then dim kerT{A,B}) > 0.

10[29] contains formulas to compute the kernels of T{a,b} and T̃{a,b} using the factors of a factorization
of the function ab−1.

11Similar results can be obtained for the case when the matrix function BA−1 admits a left generalized
factorization in L2(>>).
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Proof. If the factorization index of the determinant of the matrix function F is a positive
number, then there exists at least one positive left partial index of F . So, by Theorem 3
we get that the paired singular integral operator T{A,B} has a non trivial kernel. �

On the spectrum of the operator T{A,B} we get the following result.

Corollary 2 Let A,B ∈ [L∞(>>)]n,n such that F = A−1B admits a left generalized fac-
torization in L2(>>). If dim ker (P+ + FP−) > 0, then 0 ∈ σ(T{A,B}).

Similar results were obtained for the operator T̃{a,b} considering left generalized factoriza-
tion in L2(>>) for the matrix function BA−1.

Remark 7 If the operators P+ + det(A−1B)P− and P+ + det(BA−1)P− have trivial ker-

nels, then T{A,B} and T̃{A,B} can have trivial or nontrivial kernels (see Example 3).

3.3 Nontrivial examples

Let us now explain how the symbolic and numeric computation capabilities of the com-
puter algebra system Mathematica can be used to construct some interesting examples to
illustrate the results of this section.

3.3.1 One-dimensional case

Example 1 Let us consider the paired singular integral operators T{a,b} and T̃{a,b}, defined
in (10) and (11), with polynomial coefficients

a(t) = 3t3 − 5t2 − 4 and b(t) = t6 − 3t4 + t3 − 2t2 + 2t− 1.

The [ARFact-Scalar] algorithm computes a factorization of the function

a−1(t)b(t) =
t6 − 3t4 + t3 − 2t2 + 2t− 1

3t3 − 5t2 − 4

by computing its zeros and poles, with regard to their multiplicities, and determines
whether they lie in >>, >>+, or >>− (Figure 1). The factorization index is computed
as κ = 4− 2 = 2. Thus max{0,κ} = 2 and we can conclude that

dim kerT{a,b} = dim ker T̃{a,b} = 2.

Remark 8 In this example, by using the [ARFact-Scalar] algorithm we get a factorization
(7) of the function a−1b, with

a+(t) =
(t− α1)(t− α2)

3(t− 2)
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and

a−(t) =
(t− α3) (t− α4) (t− α5) (t− α6)(

t+ 1
6

(
1− i

√
23
)) (

t+ 1
6

(
1 + i

√
23
))
t2

,

where the constants αi(i = 1, . . . , 6) represent the exact ith root of the polynomial equation
t6 − 3t4 + t3 − 2t2 + 2t − 1 = 0. Thus, it is possible to obtain explicitly the kernels of the
paired singular integral operators T{a,b} and T̃{a,b} using the formulas (13) and (14).

Figure 1: Snippet of the calculations made by the computer algebra system Mathematica for studying
the zeros of the rational function a−1b. In spite of the impossibility of computing, in an explicit way, the
roots of the sixth degree polynomial t6− 3t4 + t3− 2t2 + 2t− 1 it is still possible to know if they lie in >>,
>>+, or >>−. Mathematica uses the objects Root[#16 − 3#14 + #13 − 2#12 + 2#1− 1&, i] to represent
the solutions of t6 − 3t4 + t3 − 2t2 + 2t− 1 = 0. In this case, there are 4, out of 6, poles lying inside the
unit circle.

Example 2 Let us consider the paired singular integral operators T{a,b} and T̃{a,b}, defined
in (10) and (11), with rational scalar coefficients

a(t) = (t9 + 5t2 − 1− i)t−2 and b(t) = t9 + t3 + 2t− 10− i.
The [ARFact-Scalar] algorithm computes a factorization of the function

a−1(t)b(t) =
t11 + t5 + 2t3 − (10 + i)t2

t9 + 5t2 − 1− i
by computing its zeros and poles, with regard to their multiplicities and determines whether
they lie in >>, >>+, or >>− (Figure 2). The factorization index is computed as κ = 2−2 =
0. Thus max{0,κ} = 0 and we can conclude that

dim kerT{a,b} = dim ker T̃{a,b} = 0.

Remark 9 Also for this example it is possible to obtain explicitly the kernels of the paired
singular integral operators T{a,b} and T̃{a,b} using the formulas (13) and (14).
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Figure 2: Snippet of the calculations made by Mathematica for studying the zeros and poles of a−1b. In
this case there are 2 zeros and 2 poles lying in the interior of >>.

3.3.2 Matrix case

Example 3 Let us consider the paired singular integral operators T{A,B} and T̃{A,B}, de-
fined in (3) and (4), with rational matrix coefficients

A(t) =




0 0 t
0 t−1 0
1 0 0


 and B(t) =




1 0 0
0 t−1 0
0 0 t


.

There are no poles in the entries of the matrix functions A and B lying in >>.
In this case AB 6= BA. As a consequence, the equality (9) is not necessarily satisfied.
The matrix function

A−1(t)B(t) =




0 0 t
0 1 0
t−1 0 0




admits a left factorization with the left partial indices κ1 = 1, κ2 = 0, κ3 = −1. From
Theorem 3 we can conclude that

dim kerT{A,B} = 1.

On the other hand, the matrix function

B(t)A−1(t) =




0 0 1
0 1 0
1 0 0




admits a left factorization with the left partial indices κ1 = κ2 = κ3 = 0. From Theorem
4 we can conclude that

dim ker T̃{A,B} = 0.
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This example illustrates the fact that the dimensions of the kernels of T{A,B} and T̃{A,B}
are not necessarily the same.

Remark 10 In this example, the one-dimensional operators P+ + det(A−1B)P− and
P+ + det(BA−1)P− have trivial kernels. However, for the matrix paired singular inte-

gral operators T{A,B} and T̃{A,B} we get dim kerT{A,B} = 1 and dim ker T̃{A,B} = 0 (see
Remark 7).

Example 4 Let us consider the paired singular integral operators T{A,B} and T̃{A,B}, de-
fined in (3) and (4), with rational matrix coefficients

A(t) =




1− 2i+ it

t− 2
0 0 0 0 0 0

0
1− i+ 4it

4t− 1
0 0 0 0 0

i

t− 2
0 0 0 0 0 0

0 0 0 1 + i 0 0 0

0 0 0 0 i
1

t
0

0 0 0 0 1 i 0

− 1

t(t− 2)
0 0 0 0 0 1 + i




and

B(t) =




i
i

t− 7i
0

1

t− 2
0 0

1

t− 2

0
i(1 + 4t)

4t− 1

t+ 1

4t− 1
0

1

t
0 0

0 − 1

t− 7i
i

i(t− 1)

t− 2
0 0

i

t− 2
0 0 −1 i 1 0 0
1

t
0 0 1

1 + it2

t2
0 0

1
1

t
0 0 0 i 0

0 − i

t(t− 7i)
0 − 1

t(t− 2)
0 1

it2 − 2it− 1

t(t− 2)




.

There are no poles in the entries of the matrix functions A and B lying in >>.
In this case AB 6= BA. As a consequence, the equality (9) is not necessarily satisfied.
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The computer algebra system Mathematica computes the determinant of

A−1(t)B(t) =




0
i(−2 + t)

−7i+ t
0 1 0 0 1

0 2i 1 + t 0
4t− 1

t
0 0

0 0 0 −1 0 0 0
0 0 −1 0 1 0 0

1
1

t
0 0 0 0 0

1 0 0 t
1

t
0 0

0 0 0 0 0 1 0




,

det (A−1(t)B(t)) = (t2 + (5 + 2i)t − 1)t−2. There are no zeros of the determinant of
A−1(t)B(t) in >>.
The [ARFact-Matrix] algorithm computes the left partial indices κi of A−1B as κ1 = κ2 =
κ3 = κ4 = κ5 = κ6 = 0 and κ7 = −1. From Theorem 3 we can conclude that

dim kerT{A,B} = 0.

Remark 11 In this example the [ARFact-Matrix] algorithm failed to determine the left

partial indices relative to the operator T̃{A,B} due to the high degree of the polynomials of
the entries of the matrix function BA−1.

4 CONCLUSIONS

• The design of our analytical algorithms is focused on the possibility of implementing
on a computer all, or a significant part, of its extensive symbolic and numeric
calculations.

• The methods developed so far rely on innovative techniques of operator theory and
have a great potential to be extended to ever more involved and general problems.
By implementing these methods on a computer, new and powerful tools are cre-
ated which allow to explore that same potential, making the results of lengthy and
elaborate calculations available in a simple way to researchers of different areas.

• Furthermore, we note that the majority of the concepts and results established for
the unit circle within operator theory can be generalized for the real line. It is our
opinion that the design and implementation of analytical algorithms that work with
singular integral operators defined on the real line can constitute a very interesting
new line of research.

• We hope that these analytical methods, and their implementation using a computer
algebra system with large symbolic and numeric computation capabilities, may con-
tribute to the development of the numerical approach in operator theory.
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APPENDIX

Example 3

Left non-canonical factorization of A−1B:



0 0 t
0 1 0
t−1 0 0


 =




1 0 0
0 1 0
0 0 1






t 0 0
0 1 0
0 0 t−1






0 0 1
0 1 0
1 0 0




Left non-canonical factorization of BA−1:



0 0 1
0 1 0
1 0 0


 =




1 0 0
0 1 0
0 0 1






1 0 0
0 1 0
0 0 1






0 0 1
0 1 0
1 0 0




Example 4

Left non-canonical factorization of A−1B = F+ΛF−:

F+(t) =




i− 28− 98i

k1(t− 7i)

−2(7 + 2i)k2t

k1(t− 7i)
0 1 0 1 0

k3 −1− k2t 1 + t 0 0 0 −1 + 4t
0 0 0 −1 0 0 0
1 0 −1 0 0 0 t
0 1 0 0 0 0 0
0 1 0 t 0 0 1
0 0 0 0 1 0 0




,

Λ(t) =




1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0

0 0 0 0 0 0
1

t




, F−(t) =




k2 1 0 0 0 0 0

1
1

t
0 0 0 0 0

k2 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 1 0
k4 0 0 0 0 0 1
0 −1 0 0 1 0 0




k1 = −5− 16i+
√

25 + 20i,
k2 = −1

2

(
5 + 2i−

√
25 + 20i

)

k3 = 1
2

(
3 + 2i+

√
25 + 20i

)

k4 =
(
2i
[
9 + 2i−

√
25 + 20i+

(
(−33− 24i) +

√
565 + 1600i

)
t
])

(k1k5)
−1

k5 = 5 + 2i+
√

25 + 20i+ 2t
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[31] Janashia, G., Lagvilava, E., ”On Factorization and Partial Indices of Unitary Matrix-
Functions of One Class”, Georgian Math. J., Vol. 4(5), pp. 439-442, 1997.

[32] Kravchenko, V.G., Lebre, A.B., Litvinchuk, G.S., ”Spectrum Problems for Singular
Integral Operators with Carleman Shift”, Math. Nachr., Vol. 226(1), pp. 129-151,
2001.

[33] Kravchenko, V.G., Litvinchuk, G.S., Introdution to the Theory of Singular Inte-
gral Operators with Shift, Mathematics and its Applications 289, Kluwer Academic
Publishers, Dordrecht, 289, 1994.

[34] Kravchenko, V.G., Nikolaichuk, A.M., ”On partial indices of the Riemann problem
for two pair of functions”, Soviet Math. Dokl., Vol. 15(1), pp. 438-442, 1974.

[35] Litvinchuk, G.S., Solvability Theory of Boundary Value Problems and Singular In-
tegral Equations with Shift, Mathematics and its Applications, Kluwer Academic
Publishers, 523, 2000.

[36] Litvinchuk, G.S., Spitkovskii, I.M., Factorization of Measurable Matrix Functions,
Operator Theory: Advances and Applications, Birkhäuser, Basel, 25, 1987.
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Abstract. It is generally acknowledged the importance of using educational software as
an efficient tool to help students grasp with hard-to-understand mathematical concepts
and gain more quickly a deeper understanding of the materials being taught firsthand.
Current digital technology allows students to work with a large number and variety of
graphics, in an interactive way. Obviously, calculations with the support of technology are
not a replacement for paper and pencil calculations, and they should be properly combined
with other methods of calculation, including mental calculation. The computer algebra
system Mathematica is a very powerful software that allows the implementation of many
interactive visual applications. Thanks to the symbolic and numerical capabilities of Math-
ematica, these applications are eminently dynamic tools, where the user can interact with
the graphical and analytical information in real time.
Active learning is generally defined as any instructional method that engages students in
the learning process. The core elements of active learning are the students’ activity and
engagement in the learning process within the classroom. In short, active learning requires
students to engage in meaningful learning activities and think about what they are doing.
The main goal of this paper is to show how some dynamic and interactive mathematical
tools, created with Mathematica, can be used as active learning tools to promote a better
student activity and engagement in the learning process, among students enrolled in socio-
economic programs.

1This paper is financed by National Funds of the FCT - Portuguese Foundation for Science and
Technology within the project UID/ECO/04007/2019.
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1 INTRODUCTION

It is generally acknowledged the importance of using educational software as an efficient
tool to help students grasp with hard-to-understand mathematical concepts and gain more
quickly a deeper understanding of the materials being thaugth firsthand (see, for instance,
[11], [12], [13], [15], and [20]).
In recent years, new approaches to mathematics education have been suggested. There
has been much interest in incorporating computers into the teaching of mathematics,
particularly the use of computer algebra systems (CAS) in introductory calculus courses.
On the other hand, students learn mathematics by doing mathematics. Moreover, it is
not possible to achieve the objectives and skills of a modern mathematics course without
resorting to graphic concepts. These concepts can be more easily understood when the
students work with a large number and variety of graphics, in an interactive way, with
the support of the appropriate technology [9]. Obviously, calculations with the support
of technology do not replace paper and pencil calculations, and they should be properly
combined with other methods of calculation, including mental calculation. Some studies
conclude that students who use CAS are at least as good in ”pencil and paper” skills
as their traditional counterparts [14]. Also, the use of technology in the classroom can
lead to advances in conceptualization contributing thereby to students’ engagements and
motivation [13]. According to [15], one of the reasons for students to use CAS is their
believe that these tools help their understanding of the mathematics concepts.
The CAS Mathematica2 is a very powerful software that allows the implementation of
many interactive visual applications. Thanks to the symbolic and numerical capabilities
of the Mathematica, these applications are eminently dynamic tools, where the user can
interact with the graphical and the analytical information in real time. In fact, combin-
ing the power of a CAS like Mathematica and the resolution and graphics engine now
accessible in even relatively inexpensive laptop computers, makes possible a degree of
visualization and helps to develop graphical reasoning and graphical intuition. More im-
portantly, it takes the graphics out of the textbook and puts them under the control of
the user, who can manipulate, investigate, and explore these characteristics. Graphics are
always helpful in learning, but [15] states that it makes a difference whether the students
interaction with graphic visualization is active or passive. Students who have used Math-
ematica at least for one year identified this kind of visualization as other of the significant
benefits they found in the use of Mathematica [15]. Conrad Wolfram, from Wolfram Re-
search, described3 his vision of what a new mathematics curriculum could look like if the
full power of the available technology was exploited. Mathematics is clearly important
for an increasing number of technical jobs in a quantitative world. It also develops the
ability to think logically. Neither of these aims is supported by an excessive focus on the

2Wolfram Mathematica is a symbolic mathematical computation program used in many scientific,
engineering, and computing fields. It was conceived by Stephen Wolfram and is developed by Wolfram
Research.

3Conrad Wolfram TED Talk: http://www.youtube.com/watch?v=60OVlfAUPJg
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mechanics of calculating. According to Conrad, the broader mathematics processes are:
1. Posing the right questions;
2. Real world −→ math formulation;
3. Computation;
4. Math formulation −→ real world, verification

Unfortunately, mathematics education is often focused on the third of these stages even
though this is the only one that computers can do better! Many examples have been used
to show that the usage of technology to perform the calculations, manipulations, or to
demonstrate results graphically could give the students enough time to concentrate on
the other three processes.
In fact, related to the use of technology Bert Waits states ”Some Mathematics becomes less
important . Some Mathematics becomes more important. Some Mathematics becomes
possible.”
On the other hand, classes taught in higher education institutions are no longer compatible
with traditional teaching methodologies. In fact, as reported by [21], the academics in
a higher education institution should not only worry about the contents, but also give
attention to the learning environment [6].
The higher education is attended by students with different motivations and levels of
involvement, which may affect the teaching and learning process. There are students
with a more active attitude, who, even in a more transmissive class, theorize, apply and
relate, and there are those who exhibit a more passive behavior. Clearly, these students
require different orientation and teaching methods so that they are able to fully engage in
the classroom activities. This type of learning denotes a style of teaching that provides
classroom opportunities for students to talk, listen to, and reflect on as they participate
in a variety of learning activities [18].
Active learning is generally defined as any instructional method that engages students
in the learning process. The core elements of active learning are the students’ activity
and engagement in the learning process within the classroom. In short, active learning
requires students to do meaningful learning activities and think about what they are
doing. A student learns better and feels more motivated to achieve his/her purposes
when he/she has a more active role in his/her learning. It is up to the teacher to create
”opportunities for students to practice, create, and reflect on what they have learned”
[3]). However, teachers can expect that, in any classroom, some students will prefer to
be receivers (observers or listeners), while others will prefer to be active participants. In
fact, teachers who employ active learning in their classrooms are unlikely to please all
students all the time [1]. But neither a faculty member who rely regularly on traditional
lectures.
The active learning also aims to improve the students’ performance and develop the skills
they need, for example, to obtain a better classification in a specific curricular unit [3].
In many cases, active learning can be employed without increased costs and with only a
modest change in current teaching practices. The risk is low and the return is high [1].
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Unfortunately, there are some gaps in the practice of higher education including the gap
between teaching and learning, the gap between teaching and testing, and the gap between
educational research and practice [10]. A serious gap also exists between how faculty
members typically teach (i.e., relying largely on the ”lecture method”) and how they know
they should teach (i.e, employing active learning to facilitate students’ mastery of subject
matter, develop intellectual skills, and form personal attitudes and values). Moreover,
teachers see few incentives to change for several common reasons. First and foremost is
the pervasive belief that ”we are all good teachers”. Besides that, any faculty member
who has ever attempted to lead a true one hour class discussion where students talk
and respond to one another knows how difficult it is to have control over the discussion.
Unfortunately, as long as teachers consider themselves enchanted listeners to their own
lectures, students will not be able to share that same passion.
The main goal of this paper is to show how some dynamic and interactive mathemati-
cal tools can be used as active learning tools to promote a better student activity and
engagement in the learning process, among students enrolled in socio-economic sciences
programs.

2 DYNAMIC AND INTERACTIVE MATHEMATICAL TOOLS

At present time, there are several software applications available for download (free or
not) in the World Wide Web. In particular, there are many dynamic and interactive
mathematical tools dealing with precalculus and differential calculus, implemented with
the CAS Mathematica, already available in the Wolfram Demonstrations Project website4.
However, up to our knowledge, none of these applications provides all the graphical and
analytical information necessary for a good understanding of the concepts associated
with the study of each class of functions, as they are presented, for instance, at the
secondary and/or university levels. In fact, in our survey, we could only find precalculus
and differential calculus applications providing information either graphical or analytical,
but not both, and/or only for some finite number of particular functions5.

The F-Tool concept

The F-Tool concept6 was created as an interactive Mathematica notebook, specifically to
explore the concept of real functions and their graphics, by analyzing the effects caused
by changing the values of the parameters of general analytical expressions [9]. Each F-
Tool allows the study of a typical class of functions. For each class a set of parameters

4In this project (http://demonstrations.wolfram.com) the creators of Mathematica promote and
divulge globally the innovations designed by its users.

5See, for instance, demonstrations.wolfram.com/FunctionTransformations/ and
demonstrations.wolfram.com/MultipleDerivatives/.

6The F-Tool concept was first presented in the 1st National Conference on Symbolic Computation in
Education and Research, IST Portugal 2012, where was distinguished with the Timberlake Award for
Best Article by a Young Researcher.
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is considered such that the class is fully determined by the corresponding analytical ex-
pression. This means that each F-Tool provides graphical and analytical information for
all the functions within the corresponding class. The F-Tools were designed to be inter-
active and dynamic mathematical tools very user-friendly and therefore appropriate for
less experienced computer users.
Currently, the tools F-Linear, F-Quadratic, F-Exponential, F-Logarithm, F-Sine, and
F-Cosine are available7 in the Computable Document Format(CDF)8. This format al-
lows anyone with a computer to fully use the F-Tools, even without an active Wolfram
Mathematica license. [19] presents a new and improved F-Tool, called F-Logistic. The
logistic model has many applications in several areas of research such as Probabilities
and Statistics, Economics, Management, Chemistry, Biology, Biomathematics, Sociology,
Demographics, among others.
A F-Tool is divided in three main panels (see Figure 1). The controls and options for
all the functionalities can be found in the left panel. All the graphical and analytical
information presented in the middle and right panels is displayed in real time, as the user
interacts dynamically with the F-Tool.

Figure 1: A general usage example of the F-Logistic tool.

7 The corresponding CDF files can be downloaded for free in https://sapientia.ualg.pt.
8On how to work with the CDF format please see http://www.wolfram.com/cdf-player/.
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In this paper we intend to show how the F-Tool concept can be used as an active learning
tool to promote a better student activity and engagement in the learning process, among
socio-economic sciences students.

3 THE F-TOOL CONCEPT IN SOCIO-ECONOMIC SCIENCES

The knowledge level of mathematics of those students who attend a degree in the area
of socio-economic sciences is, in general, much lower than the knowledge level of students
attending natural sciences courses.
Taking into account the experience of using dynamic and interactive mathematical tools,
such as the F-Tools, as active learning tools in natural science courses, we decided to
adapt this type of approach to mathematics subjects integrated in socio-economic sci-
ences courses. The idea is to focus the teaching process on the student, stimulating their
participation and motivating those students with a level of math knowledge, often insuf-
ficient, to obtaining new knowledge in a solid way. In this way, it becomes possible to
teach mathematical concepts, which should be already familiar to the student, in a solid
and consistent way.
In this section, we intend to show how the F-Tool concept can be used as an active
learning tool in the classroom to promote a better student activity and engagement in
the learning process, among socio-economic sciences students. This section is structured
in three subsections, the use of the F-Tool concept in the classroom, the use of the F-
Tool concept in autonomous work context, and finally, its use in the students evaluation
process.

3.1 The F-Tool concept as an active learning tool in the classroom

Faculty members who regularly use strategies to promote active learning typically find
several ways to ensure that students learn the assigned content: promoting the dialog
and reflection, promoting the acquisition of new knowledge and the transmission of the
acquired knowledge and doing short-assessments every week.
The F-Tool concept in the classroom allows a dynamic approach to various concepts re-
lated to the study of functions, and promotes new ways of reasoning/thinking, evaluating,
teaching and learning. The F-Tool was conceived as an active learning tool, that is, its
adequate use provides a context of teaching and learning where students and teachers
are also invited to contribute [7]. Through dynamic changes of the parameters values, it
is possible to obtain rigorous analytical information, presented in exact or approximate
arithmetic, as well as static and non-static visual information [4]. Although it is a dy-
namic and interactive educational software, it can also be used in the construction of
multiple choice and open response evaluation questions [6]. Figures 2, 3, and 4 illustrate
some activities that could be carried out in the classroom, motivating the participation
and making the acquisition of new knowledge more interesting.
During the use of the digital tool, the user gets the answer to the question by selecting
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the options related to the question, which are displayed on the left panel.

3.1.1 Promoting the dialog and reflection

The most common way for faculty members to engage students in active learning is
by stimulating the discussion [1]. In fact, when the objectives of a course include to
retain information, to be able to apply knowledge to new situations, to motivate students
toward further learning in the subject area, or to develop students’ thinking skills, then
a discussion is preferable to a tradicional lecture [16].

Figure 2: Example of exercise proposed to encourage discussion, dialogue and reflection in the classroom:
what will happen with the range and with the first derivative if we change dynamically the parameter d?

Creating a supportive classroom environment involves more than merely having the skills
that encourage students to participate and learn in the classroom. More important, in-
structors must create an intellectual and emotional environment that encourages students
to take risks. Perhaps the single most important act that faculty members can do to im-
prove the environment in the classroom is to know the students’ names. Students will
appreciate the effort, even though the instructor is unable to learn all the names.
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A variety of materials and techniques can be used to trigger out the discussion. Each
teacher can provide several experiences that will stimulate the discussion among students.
Demonstrations during a lecture can be used to stimulate the students’ curiosity and
to improve their understanding of conceptual material and processes, particularly when
the demonstration invites students to participate in the research process through the use
of such questions as ”What will happen if we . . .?” [22]. So, the faculty member
can encourage discussion, dialogue and reflection in the classroom, proposing stimulating
exercises that lead to a constructive debate in the classroom context (see Figure 2).

3.1.2 Promoting the acquisition of new knowledge and the transmission of
acquired knowledge

An interactive lecture can start with a brainstorming among the students on ”what they
know or think they know” about a given topic, while the teacher (or a fellow student)
writes all contributions on the board. Then these contributions are used to build a concep-
tual framework for the topic under discussion and to correct any apparent misconceptions.
A variation of this approach is to develop a problem-solving lecture, engaging the stu-
dents in possible solutions of the issue or problem raised. So, the faculty can provide
classroom opportunities for students to practice, to reflect on what they have learned and
to transmite their knowledge in the classroom, improving the students’ performance.

Figure 3: Example of a proposed activity that can be projected and asked to be resolved by a student
on the classroom board involving the concept of symmetry with respect to the origin.

328



Jorge M. Andraz and Ana C. Conceição

One of the possibilities to promote the acquisition of new knowledge and the transmission
of the acquired knowledge may be the proposal of some interesting problems that can be
projected in the classroom board and solved by a student that is invited to explain to
their mates the ways used to solve them [6].
The exercise illustrated in Figure 3 can be projected on the classroom board using the
F-Quadratic digital tool [19], and the students asked to solve it in the same board. Then
the students can be asked to use the digital tool to confirm the graphical and/or analytical
resolution option they had made. In the case of the graphical solution, in particular, the
projection made by the educational software would appear to be superimposed on the one
represented by the student, if it is correct (Figure 4). These strategies motivate learning
in a context of collaborative communication where all entities (teachers and students) are
participants.

Figure 4: Resolution of the exercise displayed on Figure 3 through the digital F-Quadratic tool.

3.1.3 Promoting self evaluation through faculty evaluation

One way to modify traditional lectures to increase students’ learning is to include a test,
after a lecture, concerning the subject material recently covered. Some research reveals
that the average student immediately recalls 62% of the information presented but this
percentage declines to approximately 45% after three or four days and continues to fall
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down to 24% after eight weeks. If students were asked to take an exam immediately after
the lecture, however, they would retain almost twice as much information, both factual
and conceptual, after eight weeks [17].
Thus, in an active learning environment it is possible to use the F-Tool concept in short
quizzes and short-problems related to the concepts acquired/worked during the previous
week. The student must solve the problems individually, being able to consult his/her
notes and use the F-Tool digital tools. In the next class, feedback of the problems reso-
lution should be given to the students and they should be encouraged to analyze all the
comments. In this sharing of information between the teacher and the students, the com-
munication and the perception of different forms of resolution and thought are promoted.
Figure 5 is an example of a proposed short-problem.

Figure 5: Example of a short-problem proposed in the classroom to be solved individually.
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3.2 The F-Tool concept and students’ autonomous work

One of the faculty members’ strategies to promote active learning can go through the
proposal of some challenging problems to be solved autonomously by students. One
of the ways to propose those challenging problems is through the use of dynamic and
interactive exercises (see Figure 6) using the CDF format [4]. The student must resolve
the challenge outside the classroom and send it to the teacher by email.

Figure 6: Image that illustrate part of a challenging problem that can be solved as autonomous students’
work.

3.3 The F-Tool concept and evaluation questions design

The F-Tool concept, correctly used in the classroom, can promote new ways of thinking,
teaching and learning. Furthermore, it can also be used to the design of evaluation
questions, multiple choice and open response questions, as a part of written tests or
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exams (to be solved without the use of any F-Tool). Figures 7 and 8 illustrate some
examples [5].

Figure 7: Example of a multiple choice question (about the derivative concept), as a part of a written
test/exam (to be solved without the use of any F-Tool).

Figure 8: Example of a open response question (about the invertibility concept), as a part of a written
test/exam (to be solved without the use of any F-Tool).
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4 FINAL REMARKS

This paper shows how some dynamic and interactive mathematical tools, created with
the CAS Mathematica, can be used as an active learning tool to promote a better student
activity and engagement in the learning process, among socio-economic sciences students.

• Teaching is both an art and a learned skill.

• Several authors argue that the use of alternative learning and evaluation methods,
such as the use of F-Tool, for example, have a positive impact on learning [2].

• The use of dynamic and interactive mathematical tools can provide a context where
students and teachers are also invited to contribute, and can also motivate adapta-
tion and innovation in evaluation [6].

• We believe that the F-Tool concept, by providing teachers and socio-economic stu-
dents with new tools to explore some concepts, will contribute positively to the
teaching and learning process in the areas of pre-calculation and differential calcu-
lus.

”Calculators are to calculate, F-Tool are for teaching and learning” [8].
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Abstract. In 1865 Charles Hermite introduced the multivariate version of his orthogo-
nal polynomials, suitable for a multidimensional problem with a Gaussian weight in the
Ornstein–Uhlenbeck formalism. Such tensorial polynomials have often been used in theo-
retical physics to describe the quantum harmonic oscillator, by means of Hermitianization
process and second-quantization algorithm, introducing the vacuum state and the ladder
(creation/annihilation) operators.

We will show an interesting application of this framework to classical fluid dynamics,
in order to obtain the transport properties and the temporal evolution of the concentration
of particles carried by a flow field. Namely, we study the sedimentation and diffusion of
inertial particles, endowed with a small-but-finite radius and a mass density different from
the surrounding environment, as well as their dispersion following a spatially-localized
emission (a point source).

The theory provides generic formulae in the phase space, too hard to tackle even nu-
merically. It is therefore necessary to focus on perturbative limits where the analytical
investigation can proceed further, such as the cases of little particle inertia or of quasi-
neutral buoyancy. After a power-series expansion — either regular or multiscale — in the
corresponding small parameter, a projection on the basis of multivariate Hermite polyno-
mials allows for a strong simplification of the problem to the physical space, with a huge
reduction in the dimensionality and in the number of degrees of freedom. Tools such as
Mathematica, Maple and Matlab can be extremely helpful in the symbolic calculus associ-
ated with this computational procedure.
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1 INTRODUCTION

Let us focus on an isolated, spherical, small inertial particle — of radius r and mass
density ρp — subject to Brownian diffusivity and gravity (g), and immersed in a fluid
with mass density ρf and kinematic viscosity η. Let us consider an incompressible flow
field u(x, t) (i.e. ∂ · u = 0) and let us define two common quantities, the added-mass
coefficient β ≡ 3ρf/(ρf + 2ρp) and the Stokes response time τ ≡ r2/3ηβ. The particle
position X (t) and covelocity V(t) evolve according to [1, 2]:





Ẋ (t) = V(t) + βu(X (t), t) +
√

2Dµ(t)

V̇(t) = −V(t)− (1− β)u(X (t), t)

τ
+ (1− β)g +

√
2κ

τ
ν(t) ,

where the added-mass term has been taken into account in a simplified way, and the
action of the fluid has been modelled through the Stokes viscous drag. The corrections
due to Faxén, Basset, Saffman and Oseen have been neglected, as well as any additional
feedback on the fluid and any possible interaction with boundaries or other particles.
Here µ(t) and ν(t) are two independent realizations of the vectorial standard white noise
mimicking thermal fluctuations, coupled to the dynamics through two distinct Brownian
diffusivities D and κ in full generality. The covelocity differs from the particle velocity
via V(t)− Ẋ (t) = −βu(X (t), t)−

√
2Dµ(t) by definition.

A rigorous procedure consists in writing down the Fokker–Planck equation for the particle
concentration ρ(x,v, t) in the phase space:

{
∂

∂t
+

∂

∂xµ
(vµ + βuµ) +

∂

∂vµ

[
(1− β)uµ − vµ

τ
+ (1− β)gµ

]
−D ∂2

∂xµ∂xµ
− κ

τ 2
∂2

∂vµ∂vµ

}
ρ

= f(x,v, t) , (1)

with f denoting any possible particle source. When f 6= 0, the phase-space concentration ρ
and its physical-space counterpart

∫
dv ρ(x,v, t) are complicated functions which describe

the particle dispersion following their emission [3]. In the absence of sources, f = 0 and
the behaviour of ρ is easier to describe, but is still nontrivial because it gives rise to
interesting particle transport properties, such as their terminal velocity [4] and effective
diffusivity [5].

2 EXPANSIONS

Equation (1) cannot clearly be solved analytically except for very peculiar flows, and
also a numerical resolution is usually prohibitive because, if d (= 2 or = 3 for us) is the
dimension of the physical space, then such an equation lies in a (2d+1)-dimensional space.
It is therefore necessary to focus on specific situations where perturbative expansions can
be performed in terms of a small parameter, and further analytical progress is possible.
Two cases already tackled in the past concern the limits of small particle inertia or large
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Brownian diffusivity, but here we focus on a scenario where the mass densities of particles
and fluid differ weakly: ρp ' ρf ⇒ β ' 1 ⇒ α ≡ |1 − β| � 1. All quantities are then
expanded in a power series in α, as well as the linear operator in curly braces in (1) and
possibly the forcing term f too. For our procedure to work, also the diffusivity κ must
be assumed small — of the same order as α, such that K ≡ κ/α keeps finite — while no
assumption is made on its counterpart D. Finally, let us define z(x, t) ≡ u(x, t)+ τg and
J ≡ sgn(1− β).
The following step consists in a Hermitianization of the problem, i.e. in an expansion
of the relevant quantities in terms of multivariate Hermite polynomials [6, 7, 8] times a
Gaussian measure. Let us denote by G(y) the normalized centered Gaussian distribution,
with variance exactly corresponding to σ2 ≡ K/τ :

G(y) ≡ (2πσ2)−d/2e−y
2/2σ2

.

Note that such a Gaussian represents the physically-admissible kernel of the operator
O ≡ ∂y · y + σ2∂2y related to the Ornstein–Uhlenbeck formalism. The d-dimensional
Hermite polynomials associated with G(y) are then defined as

H
{m}
i1...im(y) ≡ (−1)m

G(y)

(
m∏

l=1

∂

∂yil

)
G(y) ,

with the degree-m polynomial being a symmetric rank-m tensor. For instance, H{0}(y) =

1, H
{1}
i (y) = yi/σ, H

{2}
ij (y) = yiyj/σ

2−δij, H{3}ijk (y) = yiyjyk/σ
3−(δijyk+δjkyi+δkiyj)/σ,

and so on. For our scope, the four basic properties of such polynomials can conveniently
be expressed as follows, descending from orthonormalization,

∫
dyH{m}(y)G(y) = δm0 ,

eigenfunctionality,
O[H{m}(y)G(y)] = −mH{m}(y)G(y) ,

grading,

∂[H
{m}
i1...im(y)G(y)]

∂yim+1

= −H
{m+1}
i1...imim+1

(y)G(y)

σ
,

and recursion:

yim+1H
{m}
i1...im(y) = σ

m∑

l=1

δim+1ilH
{m−1}
i1...il−1il+1...im

(y) + σH
{m+1}
i1...imim+1

(y) .

By interpreting y as a suitable renormalization of the covelocity variable v, every quantity
can then be expanded on the complete basis formed by these polynomials, provided that
appropriate integrability conditions are satisfied.
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3 RESULTS

3.1 Point-source dispersion

In this subsection, let us consider a particle continuous emission at a constant rate T −1
from a localized source, which for the sake of simplicity can be considered as punctual
and located in the origin: f(x,y, t) = δ(x)F (y)/T . A typical example is represented by
a chimney emitting some particulate in the atmosphere, even if in this case some eddy
diffusivity should be taken into account in order for our model to work; other instances
with real thermal fluctuations are given by the emission of microparticles in a channel (e.g.
from a syringe) and the deposition of powders in filters or in the lung alveoli. Performing
a half-integer-order expansion in α joint with Hermitianization,

F (y) =
∞∑

n=0

∞∑

m=0

αn/2F
[n,m]
i1...imH

{m}
i1...im(y)G(y) ,

ρ(x,y, t) =
∞∑

n=0

∞∑

m=0

αn/2ρ
[n,m]
i1...im(x, t)H

{m}
i1...im(y)G(y) ,

we are left with the following set of equations for the unknown ρ
[n,m]
i1...im(x, t), forced by the

(known) F
[n,m]
i1...im [9]:

(
∂t + u(x, t) · ∂x −D∂2x +

m

τ

)
ρ
[n,m]
i1...im(x, t) =

δ(x)

T F
[n,m]
i1...im − σ

m+1∑

l=1

∂xjρ
[n−1,m+1]
i1...il−1jil...im

(x, t)

−σ∂ximρ
[n−1,m−1]
i1...im−1

(x, t) +
Jzim(x, t)

τσ
ρ
[n−1,m−1]
i1...im−1

(x, t) + Ju(x, t) · ∂xρ
[n−2,m]
i1...im (x, t) .

This system of advection–diffusion–reaction equations can easily be solved numerically
since living in the physical space and no more in the phase space.

3.2 Sedimentation and diffusion

Let us now assume f = 0, in the presence of a zero-mean flow field, steady or periodic
in time (with period T ), and cellular or parallel in space. The same technique can also
be extended to handle the case of a random, homogeneous, and stationary velocity field.
Investigating the particle dynamics at large length and time scales, with respect to those
typical of the flow, we can use the multiple-scale technique [10, 11] and isolate a possible
ballistic degree of freedom related to the settling velocity, in order to be left with a purely
diffusive large-scale behaviour.
Namely, the particle terminal velocity describing average sedimentation is defined as [12]:

w ≡
∫ T

0

dt

T

∫
dx
∫

dv [v + βu(x, t)]ρ(x,v, t) .
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Investigating the difference between this quantity and the corresponding asymptotic bare
value (i.e. the one found in still fluids: (1−β)τg), we assess the influence of an externally-
imposed fluid flow on the falling or rising of inertial particles.
Sitting now in the frame of reference moving with w, one is then left with a diffusion
equation for the particle concentration at large scales, where the (tensorial) coefficient
represents the effective diffusivity [13]:

Kij = −1

2

∫ T

0

dt

T

∫
dx
∫

dv {[vi +βui(x, t)−wi]sj(x,v, t) + [vj +βuj(x, t)−wj]si(x,v, t)} .

Here the vectorial field s(x,v, t) satisfies the so-called auxiliary equation or cell prob-
lem, which turns out to be well defined in the presence of suitable initial and boundary
conditions and obeys to the Fredholm alternative for solvability:
{
∂

∂t
+

∂

∂xµ
(vµ + βuµ) +

∂

∂vµ

[
(1− β)uµ − vµ

τ
+ (1− β)gµ

]
−D ∂2

∂xµ∂xµ
− κ

τ 2
∂2

∂vµ∂vµ

}
s

= −[v + βu(x, t)−w]ρ(x,v, t) .

Once again, all these equations and quantities can be expanded in a power series in
the small parameter α and then on the basis of multivariate Hermite polynomials. The
resulting advection–diffusion equations can be solved numerically in general, and further
analytical results are available for flows vertically antisymmetric or pointing always and
everywhere in the same direction.

4 CONCLUSIONS

Quasi-neutrally-buoyant inertial particles [14, 15] in flowing fluids have been investi-
gated, both in the presence and in the absence of sources. Such particles are particularly
relevant in biophysical applications, where most of the aquatic microorganisms [16] have
a mass density very close to the one of water. Intensive use has been made of softwares
such as Mathematica, Maple and Matlab to perform strong symbolic calculus associated
with this problem.
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Abstract. It is not possible to achieve the objectives and skills of a modern economic
course, at the secondary and undergraduate levels, without resorting to graphic concepts.
In this way, the use of educational software has been increasingly recognized as a useful
tool to promote students’ motivation to deal with, and understand, new economic con-
cepts. Current digital technology allows students to work with a large number and variety
of graphics, in an interactive way, complementing therefore the theoretical results and
the so often used paper and pencil calculations. The computer algebra system Mathemat-
ica is a very powerful software that allows the implementation of many interactive visual
applications. Thanks to the symbolic and numerical capabilities of Mathematica, these ap-
plications are eminently dynamic tools, where the user can interact with the graphical and
analytical information in real time. Active learning is generally defined as any instruc-
tional method that engages students in the learning process. The core elements of active
learning are the students’ activity and the engagement in the learning process in the class-
room. In short, the active learning requires students to do meaningful learning activities
and think about what they are doing. The F-Tool concept was created as a dynamic and
interactive Mathematica notebooks. This educational software is very user-friendly and
therefore appropriate for less experienced computer users. In this paper we discuss some
teaching possibilities offered by the F-Tool concept that can provide an active learning
environment in socio-economic sciences subjects. Some relevant examples are presented.

1This paper is financed by National Funds of the FCT - Portuguese Foundation for Science and
Technology within the project UID/ECO/04007/2019.
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1 INTRODUCTION

It is not possible to achieve the objectives and skills of a modern economic course, at
the secondary and undergraduate levels, without resorting to graphic concepts. In this
way, the use of educational software has been increasingly recognized as a useful tool to
promote students’ motivation to deal with, and understand, new economic concepts.
Current digital technology allows students to work with a large number and variety of
graphics, in an interactive way, complementing therefore the theoretical results and the
so often used paper and pencil calculations. In fact, some economic concepts can be more
easily understood when the students work with a large number and variety of graphics,
in an interactive way, with the support of the appropriate technology [6]. Obviously,
calculations with this kind of support do not replace paper and pencil calculations, and
they should be properly combined with other methods of calculation, including mental
calculation. Some studies conclude that students who use computer algebra systems
(CAS) are at least as good in ”pencil and paper” skills as in their traditional counterparts
[9]. Also, the use of technology in the classroom can lead to advances in conceptualization
contributing thereby to the students’ engagements and motivation [8].
The CAS Mathematica2 is a very powerful software that allows the implementation of
many interactive visual applications. Thanks to the symbolic and numerical capabilities
of the Mathematica, these applications are eminently dynamic tools, where the user can
interact with the graphical and the analytical information in real time. In fact, combin-
ing the power of a CAS like Mathematica and the resolution and graphics engine now
accessible in even relatively inexpensive laptop computers, makes possible a degree of
visualization and helps to develop graphical reasoning and graphical intuition. More im-
portantly, it takes the graphics out of the textbook and puts them under the control of
the user, who can manipulate, investigate, and explore these characteristics. Graphics are
always helpful in learning, but [10] states that it makes a difference whether the students
interaction with graphic visualization is active or passive.
On the other hand, classes taught in higher education institutions are no longer compatible
with traditional teaching methodologies. In fact, as reported by [12], the academics in
a higher education institution should not only worry about the contents, but also give
attention to the learning environment [4].
The higher education is attended by students with different motivations and levels of
involvement, which may affect the teaching and learning process. There are students
with a more active attitude, who, even in a more transmissive class, theorize, apply and
relate, and there are those who exhibit a more passive behavior. Clearly, these students
require different orientation and teaching methods so that they are able to fully engage in
the classroom activities. This type of learning denotes a style of teaching that provides

2Wolfram Mathematica is a symbolic mathematical computation program used in many scientific,
engineering, and computing fields. It was conceived by Stephen Wolfram and is developed by Wolfram
Research.
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classroom opportunities for students to talk, listen to, and reflect on as they participate
in a variety of learning activities [11].
Active learning is generally defined as any instructional method that engages students in
the learning process. The core elements of active learning are the students’ activity and
engagement in the learning process in the classroom. In short, active learning requires
students to do meaningful learning activities and think about what they are doing. A stu-
dent learns better and feels more motivated to achieve his/her purposes when he/she has
a more active role in his/her learning. It depends on the teacher to create ”opportunities
for students to practice, create, and reflect on what they have learned” [2]). However,
teachers can expect that, in any classroom, some students will prefer to be receivers (ob-
servers or listeners), while others will prefer to be active participants. In fact, teachers
who employ active learning in their classrooms are unlikely to please all students all the
time [1]. But neither a faculty member who rely regularly on traditional lectures.
The active learning also aims to improve the students’ performance and develop the skills
they need, for example, to obtain a better classification in a specific curricular unit [2].
In many cases, active learning can be employed without increased costs and with only a
modest change in current teaching practices. The risk is low and the return is high [1].
In this paper we discuss some teaching possibilities offered by the use of some new dynamic
and interactive tools that can provide an active learning environment in socio-economic
sciences subjects. Some relevant examples are presented.

2 BASIC CONCEPTS

In this section, some economic concepts are presented and some notation related to the
new tools are introduced.

The demand function

A demand function is a mathematical expression which represents the demand of a good or
service as a function of its price and other factors such as the prices of the substitutes and
complementary goods, income, taxes and other factors that affect the product demand.
The inverse function relates the price of the good or service to the quantity demanded and
all the other factors. The product’s price can be represented by the general expression

P = −aQ+ b, a, b ∈ R+, (1)

where P denotes the market unit price, Q represents the demanded quantity, a represents
the price sensitivity to the demanded quantity, and b represents all the other factors that
affect the market price.

The long-run average cost

In Economics, the long-run refers to that time horizon over which all production factors
are variable, which means that firms will be able to change their scale of production only
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in the long run. Therefore, the long-run average cost (LRAC) is the per unit cost of
producing a good or service in the long run when all inputs under the control of the firm
are variable. In other words, it is the ratio of the long-run total cost to the quantity of
output produced.

The price elasticity of supply

A firm’s supply curve shows the quantity supplied of goods at different prices. The price
elasticity of supply (PES) gives the percentage change in the quantity supplied in response
to a 1% change in the price, that is:

PES(Q0) =
Percentage change in quantity supplied

Percentage change in price
(2)

Algebraically, the price elasticity of supply is given by the following expression:

PES(Q0) =

4Q0

Q0

4P
P

=
4Q0

4P
P

Q0

=
1

4P
4Q0

P

Q0

(3)

where, Q0 is the quantity supplied and P represents the price.
Considering the definition of derivatives, the expression for the price elasticity of supply
can by expressed as:

PES(Q0) =
1

dP

dQ
(Q0)

P

Q0

(4)

The price elasticity of supply takes non-negative values. The elasticity takes the value
of zero if the quantity supplied does not react to price changes. The elasticity takes the
value of 1 if a 1% change in price causes identical change in the quantity supplied. The
elasticity takes a value between 0 and 1 if a 1% change in price causes a lower change in
the quantity supplied. In this case, the supply is said to be inelastic or rigid with respect
to the price. Finally, the elasticity takes a value above 1 if a 1% change in price causes a
higher change in the quantity supplied. In this case, the supply is said to be elastic with
respect to the price.

3 DYNAMIC AND INTERACTIVE MATHEMATICAL TOOLS

Currently, there are several software applications available for download (free or not) in
the World Wide Web. In particular, there are many dynamic and interactive tools dealing
with some economic concepts, implemented with the CAS Mathematica, already available
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in the Wolfram Demonstrations Project website3. However, up to our knowledge, none
of these applications provides all the graphical and analytical information necessary for a
good understanding of the concepts as they are presented, for instance, at the university
levels. In fact, in our survey, we could only find some applications providing information
either graphical or analytical, but not both, and/or only for some particular cases4.

3.1 The F-Tool concept

The F-Tool concept5 was created as an interactive Mathematica notebook, specifically to
explore the concept of real functions and their graphics, by analyzing the effects caused
by changing the values of the parameters of general analytical expressions [6]. Each F-
Tool allows the study of a typical class of functions. For each class a set of parameters
is considered such that the class is fully determined by the corresponding analytical ex-
pression. This means that each F-Tool provides graphical and analytical information for
all the functions within the corresponding class. The F-Tools were designed to be inter-
active and dynamic mathematical tools very user-friendly and therefore appropriate for
less experienced computer users.
The existing F-Tools6, designed to be used in precalculus and differential calculus, are
available in the Computable Document Format(CDF)7. This format allows anyone with a
computer to fully use the F-Tools, even without an active Wolfram Mathematica license.
The knowledge level of mathematics of those students who attend a degree in the area
of socio-economic sciences is, in general, much lower than the knowledge level of students
attending natural sciences courses.
Taking into account our experience of using dynamic and interactive mathematical tools
[4], as active learning tools in natural science courses, we decided to adapt this type of
approach to some economic concepts creating new dynamic and interactive tools. The
idea is to focus the teaching process on the student, stimulating their participation and
motivating those students with a level of math knowledge, often insufficient, to obtaining
new knowledge in a solid way. In this way, it becomes possible to teach new concepts in
a solid and consistent way.
In this paper we present new F-Tools that can provide an active learning environment in
socio-economic sciences subjects. In Figure 1 we can see an example using the F-Quadratic
(Long-run average cost), one of the new F-Tools, designed to explore the long-run average
cost concept.

3In this project (http://demonstrations.wolfram.com) the creators of Mathematica promote and
divulge globally the innovations designed by its users.

4See, for instance, http://demonstrations.wolfram.com/ElasticityFunction/ and http://

demonstrations.wolfram.com/LongRunAverageTotalCost/.
5The F-Tool concept was first presented in the 1st National Conference on Symbolic Computation in

Education and Research, IST Portugal 2012, where was distinguished with the Timberlake Award for
Best Article by a Young Researcher.

6 The corresponding CDF files can be downloaded for free in https://sapientia.ualg.pt.
7On how to work with the CDF format please see http://www.wolfram.com/cdf-player/.
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Figure 1: A general example of the F-Quadratic (Long-run average cost) tool.

3.2 Designing the new F-Tool

Using the symbolic computation capabilities of Mathematica, and its own programming
language, along with the pretty-print8 functionality, enables us to implement on a com-
puter, and in a rather straightforward manner, all the ideas that go into the F-Tool
concept.
A F-Tool is divided in three main panels[6]. The controls and options for all the func-
tionalities can be found in the left panel. All the graphical and analytical information
presented in the middle and right panels is displayed in real time, as the user interacts
dynamically with the F-Tool. When choosing the option I, the user will then see the
corresponding graphics moving continuously and the analytical information changing ac-
cordingly. It is through this kind of dynamic interaction that ”computer algebra systems
present new opportunities for teaching and learning” [7].
Each and every F-Tool has a common general code structure[6]. The code consists of

8Pretty-print is a functionality that allows to write mathematical expressions on the computer using
the traditional notation, as on paper.
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some initial definitions that pertain to each particular class of real functions, followed by
a single command Manipulate. This command is responsible for creating the interactive
object that contains the three panels. In particular, the command Manipulate generates
all the functional controls, such as sliders for the parameter values and checkboxes for the
plot options. Also, integrating this command with a DynamicModule[· · · ] allows us to
create, for instance, the locator functionality, available in the middle panel, by enabling
the dynamic update of selected variables.
In summary, each F-Tool is essentially created by a single Manipulate command, whose
output is not just a static result but a running program that we can interact with.
For the new F-Tools we use the same code structure but we made several adaptations
and added new fields (related to the economic concepts).
Figure 2 presents a block of the code that generates the value of the price elasticity supply.

Figure 2: Code snippet of the F-Exponential (Price elasticity of supply). This block of the code generates
the value of the price elasticity supply.

In the case of the F-Linear (Demand Function), illustrated in Figure 3, given that the
demand function has the form (1), only positive values for the parameters a and b are
considered in the code (the range of values that run through the slider, see Figure 4).
However, the user can also input directly the value of any parameter but, in the case
a < 0 and/or b < 0 the chosen set of values no longer generates a demand function.

3.3 The F-Tool concept in a teaching-and-learning environment

The F-Tool concept in the classroom can promote new ways of reasoning/thinking, evalu-
ating, teaching and learning. The F-Tool was conceived as an active learning tool, that is,
its adequate use provides a context of teaching and learning where students and teachers
are also invited to contribute [5]. Through dynamic changes of the parameters’ values,
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Figure 3: A general example of the F-Linear (Demand Function) tool.

Figure 4: Code snippet of the F-Linear (Demand Function). This block of the code generates the range
of values for the parameter a that run through the slider.

it is possible to obtain, approximate or exact analytical information, as well as well as
static and non-static visual information [6]. Examples 5 and 6 illustrate some activities
that could be carried out in the classroom, motivating the participation and making the
acquisition of new knowledge more interesting.
The most common way for faculty members to engage students in active learning is by
stimulating the discussion [1]. A variety of materials and techniques can be used to trigger
out the discussion. Each teacher can provide several experiences that will stimulate the
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discussion among students. Demonstrations during a lecture can be used to stimulate the
students’ curiosity and to improve their understanding of conceptual material and pro-
cesses, particularly when the demonstration invites students to participate in the research
process through the use of such questions as ”What will happen if we . . .?” [13]. So,
the faculty member can encourage discussion, dialogue and reflection in the classroom,
proposing stimulating exercises that lead to a constructive debate in the classroom context
(see Figure 5).

Figure 5: Example of exercise proposed to encourage discussion, dialogue and reflection in the classroom.

In an active learning environment it is also possible to use the F-Tool concept in short-
problems related to the concepts acquired/worked during previous classes. The student
must solve the problems individually, being able to consult his/her notes and use the
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F-Tool digital tools. Figure 6 is an example of a proposed short-problem (this kind of
problem can also be used to encourage discussion, dialogue and reflection in the class-
room).

Figure 6: Example of a short-problem problem proposed in the classroom to be solved individually.

One of the faculty members’ strategies to promote active learning can go through the
proposal of some challenging problems to be solved autonomously by students. One of the
ways to propose those challenging problems is through the use of dynamic and interactive
exercises (see Figure 7) using the CDF format [3] (which may be the continuation of a
proposed exercise for a short problem). The student must resolve the challenge outside
the classroom and send it to the teacher by email.
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Figure 7: Image that illustrate part of a challenging problem that can be solved as autonomous students’
work.
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4 FINAL REMARKS

This paper presents the new F-Tools and describes how these dynamic and interactive
tools can be used in the classroom.

• The symbolic computation capabilities of the computer algebra system Mathematica
make it possible to analyze, in an interactive way, some economic concepts.

• Using the F-Tool concept as an active learning tool it is possible to promote a better
student activity and engagement in the learning process, among socio-economic
sciences students.

• We believe that this new approach constitutes a relevant contribution to the teaching-
and-learning process in socio-economic sciences.
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Abstract  
  

Numerical integration is a fundamental technique of numerical analysis, with applications 

across science and engineering. In this work we describe three recent techniques to obtain 

cubature rules on the triangle. The first technique exploits the two types of invariance in 

fully symmetric rules to reduce the problem to one amenable to symbolic solution. The two 

other techniques are numerical, involving either minimal orthonormal bases or variable 

projection. In all three cases, the new techniques have allowed the computation of new 

rules of practical and theoretical interest. We also consider issues related to developing 

new cubature rules for use in computational mechanics applications, going beyond the 

standard rules based on outer products of Gaussian quadrature rules, and to the 

development of efficient embedded cubature rules. 
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Abstract  
  

After decades without looking at the evolution of the factor shares, the literature has been 

searching for the reasons that may explain the fall in the labor share - widely recognized 

by the empirical studies on US and European data. The impact of innovation on the labor 

share is attracting attention, with special focus on the role of automation to predict its 

effect on jobs, wages and income distribution. Our paper brings the factor distribution 

into an industrial organization framework, and we use a rich innovation-driven growth 

model to study the behavior of the labor share. By considering both incumbent and 

entrant innovative firms, and by introducing labor overheads in all sectors, we obtain a 

fully endogenous labor share, not attached to any closed-form specification of the 

production function. The model is dynamic, and the introduction of a spillover effect - 

which reflects diminishing technological opportunities - insures the existence of a saddle-

path stable steady state under a certain set of calibrated parameters. We moved from the 

analytical to numerical analysis, using Matlab software, to study the steady state and its 

stability. Such was necessary due to the complexity introduced in the model by both the 

labor overheads - which “break” the production functions’ homothety - and the 

knowledge spillover. The steady state for the control (total consumption expenditures) and 

state variables (number of entrant firms) is subject to exogenous productivity shocks, 

numerically computed. 

 

361



 

362



SYMCOMP 2019
Porto, 11-12 April 2019
c©ECCOMAS, Portugal

AN IMPROVED INTUITIONISTIC FUZZY ESTIMATION
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Abstract. We propose here an improvement of the estimation of the interior proposed
by the first two authors in a paper from 2014 (Marinov et al. An intuitionistic fuzzy
estimation of the area of 2D-figures based on the Pick’s formula [5]). The said improve-
ment consists in an iterative procedure for estimation of the area surrounded by a simple
closed curve in the real 2D space. Pick’s Formula is employed for calculating the area sur-
rounded by a special types of polygons. Also a formula for intuitionistic fuzzy estimation
for the area surrounded the curve is presented in this paper. The result is a numerical
method permitting the implementation of the algorithm in any procedural language. The
iterative process stops when a satisfactory small enough limit between the upper and lower
estimation has been reached.
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1 INTRODUCTION

In this paper a formula for intuitionistic fuzzy estimation for the area surrounded by
a continuous simple closed curve in the real 2D space, i.e. the area of its interior, which
is an improvement of the formula given in [5], is proposed. By a simple curve we mean
that the has no self intersections and if, moreover, the curve is continuous, this implies
that its interior is a simply connected domain (cf. Munkres [8, Ch. 9]). In contrast
with Marinov et al. [5], the algorithm introduced in this paper is improved by selection
of more appropriate intuitionistic fuzzy estimation of the lower and upper bound for the
considered area.

Pick’s theorem provides a simple formula for calculating the area S surrounded by this
polygon in terms of the number I of grid-points in the interior of the polygon, i.e. not
touching any of the sides, and the number B of grid-points on the boundary, i.e. placed
on the polygon’s perimeter. Assuming that we have a grid with grid-step equal to one,
Pick’s formula provides the number of unit squares through the following expression [6]:

S = I +
B

2
− 1 (1)

Therefore, assuming a grid-step equal to l0, the formula provides

S(l0) = l0

(
I +

B

2
− 1
)

(2)

for the area surrounded by the given polygon.
Given a 2D Cartesian coordinate system Oxy and a simple curve

parametrized by
~r(t) = (r1(t), r2(t)) : [0, 1]→ R× R (3)

we are going to split the underlying space to a grid with lines parallel to the two axes
(see Fig 1.). This mesh has to be fine enough for a good estimation of the given curve.
Finally, we will consider the smallest possible part of the grid having borders, consisting
of squares from the grid, which enclose the curve and we shall denote it:

S(~r, l0), (4)

where l0 is the length of the grid cell.
In order to define the intuitionistic fuzzy measure of the area enclosed by the initial

curve, we are going to introduce an algorithm that provides a special type of polygon
surrounding the initial curve ~r. We suppose that the given parametrization ~r of the curve
provides a positive orientation, i.e. anti-clockwise orientation. That is, following the path
of ~r on the figure, the outer part will be on the right-hand side, while the inner one will lie
on the left-hand side. Applying the same procedure for the curve −→r −1(t) = ~r(1− t), for
which the inner part of−→r −1 coincides with the outer one of ~r, while its outer part coincides
with the inner part of ~r. Therefore, in order to build an inner and outer polygon enclosing

364



K. Atanassov, E. Marinov, P. Vassilev and A. Alexandrov

Figure 1: Simple curve and a grid with lines parallel to the two axes.

the given initial curve, it suffices to describe only the outer (surrounding) polygon of ~r.
These two polygons will be used to build a hull of the curve, which is analogous of the
square hull introduced in [7]. We will further present an intuitionistic fuzzy estimation
through the constructed hull of polygons introduced in the following section.

2 BUILDING THE OUTER POLYGON OF ~r

Taking initially the grid with a step of length l0, supposed to be sufficiently small, we
pass along the curve with ~r(t) letting the parameter t runs from 0 to 1 and, as stated
in the previous section, the curve is positively oriented. Along its path, ~r(t) intersects
the lines of the grid in different points and may pass through various squares of the grid
leaving/entering them through their vertices or edges.

2.1 Basic notions and definitions

When further we mention squares, by default this is to be understood as the square
taken with its boundary, i.e. together with the four corresponding edges and vertices as
we did in [7] and [5]. In [7], we took the approximated square hull to consist of squares
only, while here as in [5] through the inner and outer polygons we introduce a better
approximation considering the diagonals of the squares as well.

Some of the notions and procedures below were introduced in [5] but we give them
here to provide a clearer and more self-contained exposition.

Let us consider all the nodes of the grid as being marked as white in the beginning.
Subsequently, passing through some nodes while the procedure is running, they will be
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Figure 2: Minimal polygon with edges parallel to the axis part of the grid containing the curve. The area
of this figure is S(~r, l0) = 264× l0.

marked either as “black” or “not-allowed”, i.e. nodes already found in the P − stack
(program stack). For the detailed definition of the notion P − stack, the reader may
consult [7]. In short, the procedure passes through some nodes constructing the outer
polygon by edges and diagonals of squares of the grid putting them in the so called
P−stack. It has to be mentioned that every node N of the grid has exactly eight neighbors
because the node belongs to exactly four squares. These four squares have 4 × 4 = 16
nodes (vertices), four of them taken two times in the sum and the node in consideration
is counted four times as well. Therefore, the neighbor nodes of the node in consideration
are exactly 16− 4− 4 = 8. They can be diagonal or edge nodes in respect of the current
vertex, i.e. four diagonal neighbors and four edge neighbors as well – to be denoted
DiagN(N) and EdgeN(N), respectively (see Fig. 3). Let us denote NeighborN(N) =
DiagN(N)∪EdgeN(N) and define the square consisting of all this neighbor nodes as the
neighbor square of the current node and denote it by NeighborS(N). The border of the
neighbor square consists of eight sides, to be denoted by ∂NeighborS(N). There are also
four inner sides of length the grid-step l0 and for diagonal sides (edges) of length

√
2l0,

denoted by StraightE(N) and DiagE(N), respectively. Let us denote by InnerE(N) =
StraightE(N) ∪ DiagE(N) all the inner sides of NeighborS(N). We can also consider
NeighborS(N) as the union of eight right isosceles triangles, i.e. triangles with a right
angle (π

2
), and also two equal angles (sides). The family of these eight triangles will be

denoted by NeighborT (N).
The grid is infinite in principle but for the sake of simplicity we will concentrate our

attention, as already done in [7], on the minimal part of the grid, which contains the curve
as shown on Fig 2. This constraint is important because on the basis of this picture we
are going to introduce intuitionistic fuzzy estimation in the next section.
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Figure 3: The vertex N with the neighbor square NeighborS(N) and the border ∂NeighborS(N) in
bold.

Just after a node (vertex) has been colored “black” and put into the P−stack, consider
only the “allowed” ones of its neighbors as candidates to be taken as “next node” when
building the oriented polygon. The orientation of the closed polygon enclosing ~r will be
the same as the one of ~r, i.e. anti-clockwise. Starting by the first vertex lying near the
curve in the outer part of ~r, we are going to describe a procedure which will add new
nodes to the P − stack in a sequence building correctly the outer polygon. If, according
to the rules of the algorithm, we come to a step where the ”next“ node, say N ′′, which
should be added to the stack, would be such one that the atomic particle N ′N ′′ of the
polygon crosses the curve, we stop the procedure and start again with a twice shorter
grid-step l0

2n
if the current grid-step is l0

2(n−1) . In what follows, with N ′ we will always
denote current node, i.e. the last node in the P − stack. In case that in the current step
of the procedure we cross some part of the polygon already constructed and lying within
the P −stack, we break and start the procedure again with a twice shorter grid-step than
the current one.

Let us suppose that at the beginning of the procedure we have a list of the vertices
(nodes), which lie in the inner part of the initial curve - InnerN(~r). In what follows, we
will denote the nodes lying outside of or on ~r by OuterN(~r), where OuterN(~r) are the
points lying outside of the closed curve.

And therefore, we can check if a node lies inside the curve, outside or on it.

2.2 Algorithm producing the outer polygon of ~r

Further we describe the procedure in a meta-programming style, as done in [7]. We take
as initial grid-step a sufficiently small number l0 and start from a point N ∈ OuterN(~r)
as shown on Fig. 4. Supposing that the procedure has already accomplished few steps
and N is the last node in the P − stack, let us describe the next step. In what follows,
by R(t) we will denote the point from the curve ~r at t ∈ [0, 1], i.e. ~r(t) = OR(t) where
O is the origin of the coordinate system. For the point N (see Fig. 5) we want that for
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Figure 4: The vertex N with the neighbor square and all the neighbor nodes A, B, C, D, E, F , G and
H. This is the right lower corner from Figure 1 .

some t0 ∈ [0, 1] the point R(t0) lies on some edge from StraightE(N) and therefore we
have that d(R(t0), N) ≤ l0. Let for t1 ≥ t0 the point R(t) enter the inside of some of
the four neighbor triangles T ∈ NeighborT (N). Suppose that R(t) then goes outside of
the triangle T and enters T again, i.e. there are t3 > t2 > t1 such that R(t1), R(t3) ∈ T
while R(t2) /∈ T . If this happens, then we break and start the procedure again with a
grid-step l0

2
. Therefore, we can suppose that the grid-step l0 is small enough so that the

above situation can not happen, i.e. for any right angle triangle T with vertices - three
neighbor nodes on the grid, it is not possible that

(∃t1, t2, t3 ∈ [0, 1])(R(t1), R(t3) ∈ T &R(t2) /∈ T ).

Let us go back to the current last point N in the P − stack with R(t0) lying on one of
the StraightE(N). Then, we have two cases

• IF R(t0, 1) lies in the neighbor square of N, i.e. NeighborS(N). That means
that the first point from the P − stack, N1, belongs to NeighborS(N), i.e. N1 ∈
NeighborN(N). If all the points of NN0 lie in the outside of ~r, then the procedure
finishes successfully in letting N be the last node in the P − stack. Otherwise,
if NN0 has a point belonging to the inside of ~r, then break and restart the
procedure with a grid-step l0

2
.

• ELSE there is t′ ∈ (t0, 1] for which R(t′) ∈ ∂NeighborS(N). If all the points of
NR(t′) lie in the outside part of ~r, then the procedure continues in letting R(t′)
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Figure 5: The vertices N1, N2, N3, which are the first three nodes from the P − stack. This is the right
lower corner from Figure 1.

be the current last node in the P−stack. Otherwise, if NR(t′) has a point belonging
to the inside of ~r, then break and restart the procedure with a grid-step l0

2
.

Thus, the whole procedure of finding an outer polygon square has been described.
As we have already mentioned, we may apply the same procedure for the curve

−→r −1(t) = ~r(1 − t), for which the inner part of −→r −1 coincides with the outer one of
~r, while its outer part coincides with the inner part of ~r. Let us suppose that the pro-
cedure has stopped successfully with a grid-step l0

2n1
in finding the outer polygon and

l0
2n2

for the inner polygon. We then take the minimum of the two grid-steps to be l0
2j0

(j0 = max(n1, n2)) and start the procedure again to find a new outer polygon (if n1 > n2)
or to find a new inner polygon (if n1 < n2). Therefore, we get the outer (in blue) and
inner polygons (in green) in the same grid with grid-step l0

2j0
as shown on Fig. 6 and Fig. 7.

3 Intuitionistic fuzzy estimation of the inner area

We will now give an intuitionistic fuzzy estimation of the initial curve based on the
inner and outer polygons produced by the algorithm proposed in the last section.

The notion of intuitionistic fuzzy set (or abbreviated as IFS) provides a very intuitive
and natural tool for an adequate estimation of the area enclosed by a simple continuous
curve. As an application of this method we give an estimation for the area of a forest fire
spread.

A fuzzy set (FS) in X (cf. Zadeh [10]) is given by

A
′

= {〈x, µA′ (x)〉|x ∈ X} (5)
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Figure 6: The inner and outer polygons with the end grid-step l0
2j0

. This is the right lower corner from
Figure 2.

where µA′ (x) ∈ [0, 1] is the membership function of the fuzzy set A
′
. The fuzzy sets is

extended to an intuitionistic fuzzy set (IFS) (cf. [2] and [3]) A, given by

A = {〈x, µA(x), νA(x)〉|x ∈ X} (6)

where: µA : X → [0, 1] and νA : X → [0, 1] such that

0 ≤ µA(x) + νA(x) ≤ 1 (7)

and µA(x), νA(x) ∈ [0, 1] denote a degree of membership and a degree of non-membership
of x to A, respectively. An additional concept for each IFS in X, that is an obvious result
of (6) and (7), is called

πA(x) = 1− µA(x)− νA(x) (8)

the degree of uncertainty, expressing a lack of knowledge of whether x belongs to A or not
(cf. [2]). It is obvious that 0 ≤ πA(x) ≤ 1, for each x ∈ X. Hesitation margins turn out
to be relevant for both applications and the development of theory of IFSs. For instance,
distances between IFSs are calculated in the literature in two ways, using two parameters
only (cf. Atanassov [2]) or all three parameters (cf. Szmidt and Kacprzyk [9], Atanassov
et al. [4]).

As described in the previous section, the iterative procedure starts with inputs - the
simple continuous curve ~r(t), an initial sufficiently small grid-step l0. The algorithm ends
up at an iteration, say j(~r, l0) = j0, where we may assume that j0 is the maximum of the
numbers of iterations producing the inner and outer polygons at first approximation of
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Figure 7: The whole picture of the inner and outer polygons with the end grid-step l1 = l0
2j0

of the first
iteration. The inside area of the inner polygon is 205.5 while the area of the outer one is 252.5.

the procedure. And therefore, the end grid step becomes l1 = l0
2j0

. In what follows, we

denote the already defined Sj0 = S(~r, l0
2j0

) by analogy with (4). Let us give, on the basis
of the below defined Ao and Ai, an intuitionistic fuzzy estimation.

The area enclosed by the inner and outer polygons for the given grid-step will be
denoted by Ai(~r, l0

2j0
) and Ao(~r, l0

2j0
), respectively. The areas Ai and Ao can be calculated

by Pick’s formula (2). Moreover, the numbers I and B of the interior and boundary
vertices for any of the polygons can be determined, for instance, with the algorithm given
by D. Alciatore and R. Miranda in [1].

Definition 1. In the above notations let us define

µ(~r,l0)(0) =
Ai(~r, l0

2j0
)

Sj0
and ν(~r,l0)(0) =

Sj0 −Ao(~r, l0
2j0

)

Sj0
,

µ(~r,l0)(1) =
Ai(~r, l0

2j0+1 )

Sj0
and ν(~r,l0)(1) =

Sj0 −Ao(~r, l0
2j0+1 )

Sj0
.

More generally, let us inductively define for any positive integer k,

µ(~r,l0)(k) =
Ai(~r, l0

2j0+k )

Sj0
and ν(~r,l0)(k) =

Sj0 −Ao(~r, l0
2j0+k )

Sj0
.
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Taking into consideration the last definition we may write down the degree of un-
certainty for the k–th step as π(~r,l0)(k) = 1 − µ(~r,l0)(k) − ν(~r,l0)(k). Therefore, we have
that

π(~r,l0)(k) =
Ao(~r, l0

2j0+k )−Ai(~r, l0
2j0+k )

Sj0
,

which is exactly the intuitionistic fuzzy estimation of the degree of uncertainty for the
corresponding grid-step l0

2j0+k . It can be easily proved that for k1 < k2 we have that
π(~r,l0)(k1) > π(~r,l0)(k2), which means exactly that π(~r,l0) is a decreasing function on the
set of positive integer numbers N. Therefore, we may suppose that we are given a small
enough positive real number ε0 based on the curve ~r, which interior is supposed to be
estimated. Through the described algorithm, we are computing then iteratively upper
and lower estimations (through outer and inner polygons) until a positive integer k has
been reached for which 0 ≤ π(~r,l0)(k) ≤ ε0. The k-th iteration provides then a satisfac-
tory intuitionistic fuzzy estimation of the curve. This also means that Ao(~r, l0

2j0+k ) and

Ai(~r, l0
2j0+k ) provide a corresponding satisfactory upper and inner estimations of the area

surrounded by the curve.

Example 1. As an example of a curve ~r consider the one provide in Fig. 7.According to
the Pick’s formula, for the corresponding areas we have, (say after the end of the procedure
started for first time with a grid-step l0 and finishing with end grid-step l1 = l0

2j0
), that

• S(~r, l1) = Sj0 = 264× l1,

• Ai(~r, l1) =
(

178 + 57
2
− 1
)
×l1 = 205.5× l1,

• Ao(~r, l1) =
(

223 + 61
2
− 1
)
×l1 = 252.5× l1.

Therefore, for the intuitionistic fuzzy estimations after the first application of the
procedure, we have that

• µ(~r,g,l0)(1) = 205.5
264

,

• ν(~r,g,l0)(1) = 264−252.5
264

= 11.5
264

,

• π(~r,g,l0)(1) = 252.5−205.5
264

= 47
264

.

Let us remark that, as done in [7], for the second, third etc. time repeating the initial
procedure producing the polygons, we use the same S0 which is the output from the first
start of the procedure with grid-step l0.
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4 Conclusion

The described procedure and the intuitionistic fuzzy estimation provide an iterative
numerical algorithm, which can be implemented in any procedural programming language.

The method described in this paper can be adequately applied to the estimation of the
area of a forest fire spread. The reader may compare the proposed algorithm with the one
described in [7]. In future research, we will discuss a modification of the Pick’s formula
for 3D-figures.
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Abstract:  
  

Different mathematical models were proposed along the years to deal with complex viscoelastic fluids 

(e.g. polymer solutions and melts), that can be classified as: differential and integral. The differential 

models make use of the local deformation field and in general allow a faster numerical solution of the 

differential equations involved. The integral models allow a better modelling (at every instant they 

consider all past deformations), however, they are computationally expensive and may lead to error 

propagation. Therefore, it is important to improve the fitting capabilities of differential models and 

reduce the computational effort needed to compute integral models. 

In this work, we propose new analytical and semi-analytical solutions for the pure Couette and 

Poiseuille-Couette flows under slip, described by the recently proposed viscoelastic model, known as 

the generalised Phan-Thien-Tanner (gPTT) constitutive equation. This model considers the Mittag-

Leffler function as a functional of the trace of the stress tensor (instead of the classical linear and 

exponential functions), and gives one or two new fitting constants in order to obtain additional fitting 

flexibility. The analytical solutions derived in this work allow a better understanding of the model, and 

also to improve the modelling capabilities of differential constitutive equations. 

 
Keywords: PTT model, Mittag-Leffler, Couette flow, Poiseuille-Couette flow, generalised simplified PTT, wall slip 
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Keywords: Multiple objective programming, decision support, integer programming, 
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Abstract This paper proposes a visual exploration tool implementing an interactive 

method for multi-objective integer and mixed integer programming. The interactive 

method follows an open communication protocol and, at each step of the human/computer 

dialogue, the decision maker (DM) provides indications about the sub-regions where 

she/he desires to continue the search for non-dominated solutions. The method enables to 

progressively eliminate criteria regions, either by dominance or unfeasibility, and ends 

when the DM considers having sufficient knowledge about the set of non-dominated 

solutions. 

Obtaining non-dominated solutions and comparing them is typically difficult both from 

computational and cognitive points of view. The proposed interactive visualization tool, 

having great concerns regarding usability, may allow DMs to easily search for these 

solutions and fully understanding their trade-offs; effectively helping DMs finding the 

preferred solution in multi-objective optimization problems. 
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1. INTRODUCTION 

Mixed integer programming (and the special case, “pure” integer programming) has been 

used in many applications. Examples include modelling production levels [1], investment 

choices [2], location analysis [3], among others. Most of these resource management 

decisions inherently involve numerous trade-offs, making them multi-objective, and 

prompting the use of multi-objective integer and mixed integer programming (MOMIP). 

Interactive methods have shown to be effective for dealing with multi-objective problems as 

they enable reducing the computational effort and usually provide means to assist the DM in 

finding her/his preferred solution [4]. The preferred solution is often obtained from the Pareto 

set and is the one chosen by the DM to implement. In many cases, however, Pareto sets 

cannot be computed efficiently; even if it is possible to find all non-dominated solutions, they 

are often of exponential size [5]. 

Interactive methods alternate between human intervention and computation phases. 

Preference elicitation (human intervention/decision phase) and solution generation 

(computation/optimization phase) alternate until the DM considers having sufficient 

knowledge of the non-dominated set. The DM is provided with some information at each 

iteration and is asked to evaluate the proposed solutions, or to provide additional information 

regarding her/his preferences [6]. The underlying idea of interactive methods embodies the 

major motivation behind contemporary decision support systems [7]. 

Interactive methods for MOMIP have been surveyed by Evans [8], Rasmussen [9], Clímaco et 

al. [10], and Alves and Clímaco [11]. According to [11] different paradigms exist for 

interactive methods. Some represent the DM’s preferences by an implicit utility function, then 

methods try to obtain the best result regarding it, usually requiring no contradiction exists in 

the human intervention phase. Others aim at a progressive and selective learning of the non-

dominated set (open communication protocol). In the latter, the method does not intend to 

converge to any given solution, but rather help the DM in identifying satisfactory solutions. 

Furthermore, in the open communication paradigm, there are no irrevocable decisions during 

the solution-finding process, allowing the DM to return to previous iterations. 

The characteristics of open communication protocol methods lead to believe that these may be 

a better fit for current decision-making scenarios [11] [12]. This justifies the study of this type 

of methods, and the development of new tools implementing them. 

For multi-objective methods, a separation can be made concerning the number of objectives 

(due to the inherent difference in complexity). Some methods for bi-objective models are not 

directly applicable for models with three or more objectives as complexity increases (e.g. 

when obtaining the nadir point). However, models for three objectives are easily adaptable to 

several other objectives. 

Looking at the literature on open communication interactive methods, only the method by 

Ferreira et al. [13] is restricted to the bi-objective case. This method, using the weighted sum 

program, and later the Tchebycheff metric [14], allows eliminating regions by unfeasibility or 

dominance, requiring minimal cognitive effort from DMs. 

The remaining methods can address multi-objective models and use the Tchebycheff metric. 

These are the methods in [15] and [16] which use an interactive branch-and-bound tree; and 
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the methods in [17] [18] [19] which, although proposed for multi-objective integer linear 

programming, are also applicable to the mixed integer case [11]. In the three methods, the 

same type of information is required from the DM, namely, her/his preferences: the aspiration 

(reference point) and reservation levels for the objective functions. More recently, Alves and 

Clímaco [4] presented a method that uses branch-and-bound techniques where Tchebycheff 

scalarizing programs are solved successively in order to obtain non-dominated solutions. 

In interactive methods the computational effort and the cognitive burden to DMs are main 

concerns. Methods in [15] and [16] require solving at each iteration several mixed integer 

programs, and thus are very demanding computation wise. In [17], [18], [19], [4] an attempt 

in made to reduce the computational effort without placing many questions to the DM. Still, 

the method by Ferreira et al. [13] (later extended in [14]) seems to be among the least 

demanding from both computational and cognitive points of view [11]. However, the 

method’s application is limited to bi-objective models. 

In this paper an interactive method for MOMIP following an open communication protocol is 

proposed, extending the method in [13] to more than two objectives. The proposed interactive 

method is implemented in a visual exploration tool for models with three objective functions. 

The paper is organized as follows. Section 2 defines the problem and makes some preliminary 

considerations. In Section 3 a description of the proposed interactive method is made. The 

developed tool, with the proposed visualization solutions for the 3-objective case is shown in 

Section 4. Finally, conclusions and future research directions are presented in Section 6. 

2. BACKGROUND 

Consider the following multi-objective problem: 
 

(MOP) max 𝑍1 = 𝑓1(𝑥) (1) 

 ...   

 max 𝑍𝑘 = 𝑓𝑘(𝑥) (2) 

 s.t.: 𝑥 ∈ 𝑋.  (3) 

 

There are 𝑘 objective functions 𝑓(𝑥) = (𝑓1(𝑥), 𝑓2(𝑥), …, 𝑓𝑘(𝑥)) and 𝑋 ⊂ ℝ𝑛 represents the 

set of feasible solutions defined by the set of functional constraints, 𝑥 ≥ 0 and 𝑥𝑗 integer 

for 𝑗 ∈ 𝐽 ⊆ {1, 2, ..., 𝑛}, 𝐽 ≠ ∅; 𝑋 is assumed compact and non-empty. If all variables of 

MOP are integer, the problem is considered a multi-objective integer problem; multi-

objective mixed integer problem otherwise. 

Given the existence of 𝑘 ≥ 2 objective functions, the complete ordering of feasible 

solutions is usually not possible, emerging the concept of Pareto efficiency [20].  

A solution �̅� ∈ 𝑋 is efficient for the MOP if and only if there is no 𝑥 ∈ 𝑋 such that 𝑓𝑖(𝑥) ≥
𝑓𝑖(�̅�) for all 𝑖 ∈ {1, 2, ..., 𝑘} and 𝑓𝑖(𝑥) > 𝑓𝑖(�̅�) for at least one 𝑖. A solution �̅� ∈ 𝑋 is weakly 

efficient for the MOP if and only if there is no 𝑥 ∈ 𝑋 such that 𝑓𝑖(𝑥) > 𝑓𝑖(�̅�) for all 𝑖 ∈ {1, 2, 

..., 𝑘}. Let 𝑍 = (𝑍1, 𝑍2, …, 𝑍𝑘) ⊂ ℝ𝑘 be the image of the feasible region 𝑋 in the objective 

functions (criteria) space. A point 𝑧̅ ∈ 𝑍 is called (weakly) non-dominated if it corresponds to 
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a (weakly) efficient solution �̅� ∈ 𝑋. As follows, dominance relations will refer to both 

strong and weak as the proposed method works similarly regardless; when otherwise, 

differences are highlighted. 

A non-dominated point (solution) 𝑧̅ ∈ 𝑍 is called unsupported if is dominated by a convex 

combination (not belonging to 𝑍) of other non-dominated criterion points (belonging to 𝑍). In 

the feasible region unsupported non-dominated solutions may exist inside the duality 

gaps, i.e., located inside the convex hull. Thus, unlike in multi-objective linear 

programming, the set of non-dominated solutions of MOP may not be fully obtained by 

varying the parameter λ on the weighted sum of the objective functions: 
 

(MOP 𝜆) 
 

max ∑ 𝜆𝑖𝑓𝑖(𝑥)
𝑘

𝑖=1
 (4) 

  s.t.: 𝑥 ∈ 𝑋  (5) 

 

where 𝜆 ∈ 𝛬 = {𝜆 ∈ ℝ𝑘: 𝜆𝑖 > 0 ∀𝑖, ∑ 𝜆𝑖 = 𝑘
𝑖=1 1}. 

Even if the complete parameterization of 𝜆 is attempted, unsupported non-dominated 

solutions cannot be reached. One way to overcome this is by adding additional constraints 

into MOP 𝜆, imposing bounds on the objective function values [21]: 
 

(MOP 𝜆,𝛼) max ∑ 𝜆𝑖𝑓𝑖(𝑥)
𝑘

𝑖=1
 (6) 

 s.t.: 𝑥 ∈ 𝑋,  (7) 

  𝑍𝑖 ≥ 𝛼𝑖 𝑖 = 1, 2, ..., 𝑘 (8) 

 

where 𝜆 ∈ 𝛬 and 𝛼 ∈ ℝ𝑘. 

Every solution obtained by MOP 𝜆,𝛼 is non-dominated and there is always an 𝛼 such that 

MOP 𝜆,𝛼 returns a specific non-dominated solution. Thus, although possibly impractical for 

𝑘 ≥ 3, MOP 𝜆,𝛼 allows determining the complete set of non-dominated solutions of MOP. 

The ideal values (𝑍𝑖
∗, 𝑖 = 1, 2, ..., 𝑘) are the maximum criterion values over the set of 

efficient solutions 𝐸, and can be obtained by individually optimizing each objective function. 

The resulting ideal point 𝑍∗ = (𝑍1
∗, 𝑍2

∗, ..., 𝑍𝑘
∗) is usually not feasible, otherwise no conflict 

exists between criteria and the solution is optimal. 

The minimum criterion values over the efficient set 𝐸 are called nadir values (�̆�𝑖, 𝑖 = 1, 2, 

..., 𝑘). Unlike the ideal point, the nadir point �̆� = (�̆�1, �̆�2, ..., �̆�𝑘) is generally very hard to 

obtain for 𝑘 ≥ 3, requiring searching for the worst values of the complete set of non-

dominated solutions [22]. 

Both ideal and nadir points provide the range of objective values within which all non-

dominated solutions are found. This information is valuable as (i) it allows DMs to size 

the multi-objective problem, (ii) is relevant for the graphical representation of non-

dominated points, and (iii) can be used to normalize objectives [23]. 

Due to the estimation of the true nadir values being an unsolved computing problem for 
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more than two objectives, the minimum values of the payoff table are often used. The 

payoff table comprises the non-dominated solutions which optimize each objective 

function individually (see Table 1). In the 𝑖th row of the table it can be found the criterion 

values (𝑍1(𝑥𝑖), ..., 𝑍𝑖
∗..., 𝑍𝑘(𝑥𝑖)) for the efficient solution 𝑥𝑖 ∈ 𝐸 that maximizes the 𝑖th 

objective (𝑖 = 1, 2, ..., 𝑘). 

 
 

Efficient solution 𝑍1 𝑍2  𝑍𝑘 

𝑥1 𝑍1
∗ = 𝑍1(𝑥1) 𝑍2(𝑥1) ... 𝑍𝑘(𝑥1) 

𝑥2 𝑍1(𝑥2) 𝑍2
∗ = 𝑍2(𝑥2) ... 𝑍𝑘(𝑥2) 

... ... ... ... ... 

𝑥𝑘 𝑍1(𝑥𝑘) 𝑍2(𝑥𝑘) ... 𝑍𝑘
∗ = 𝑍𝑘(𝑥𝑘) 

Table 1. Payoff table 

The main diagonal of the payoff table provides the ideal point 𝑍∗, while the minimum 

values for each column provides an estimate for the nadir point �̆�. This is in most cases an 

overestimation of the true nadir point that tends to be farthest from it as the size of the 

problem increases. However, in the bi-objective case (𝑘 = 2), if both solutions are strongly 

non-dominated, the true nadir point always corresponds to the minimum value for each 

column of the payoff table. 

3. PROPOSED INTERACTIVE METHOD 

The proposal presented here to tackle MOMIP searches for non-dominated solutions in the 

objective space, allowing the DM to obtain any non-dominated solution (both supported 

and unsupported). There are no irrevocable decisions throughout the process, and the 

method is not too demanding regarding the information required from the DM. The 

general framework of the proposed method is depicted in Figure 1 as a flowchart.  

Graphical and numerical information are provided and updated at each iteration. The 

graphical information in the objective space is: 

• The range of values for each objective (obtained with the ideal and nadir points)  

• The currently known non-dominated solutions 

• A colour hierarchy regarding the different regions, otherwise explored. For the 𝑐1, 

𝑐2, …, 𝑐𝑘 colours used, 𝑐1 corresponds to the highest-ranking colour followed by the 

remaining in descending order of rank. Colours have the following meaning: 

o 𝑐1 – infeasible/dominated regions obtained in the previous iteration 

o 𝑐2 – non-dominated unexplored regions (with only one criterion better) 

o 𝑐3 – non-dominated unexplored regions (with two criteria better) 

o … 

o 𝑐𝑘 – non-dominated unexplored regions (with 𝑘 − 1 criteria better) 

• The sub-region which the DM wants to explore, called region of interest. 
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Figure 1. Flowchart of the general framework of the proposed interactive method . 

 

The numerical information provided is the following: 

• Values of efficient solutions in the decision space 

• Values of non-dominated solutions in the objective space. 

For illustrative purposes, three maximization objectives are assumed as follows (𝑘 = 3) 

and the used colour coding is red for 𝑐1, yellow for 𝑐2, green for 𝑐3, and blue for the region 

of interest. 

The method starts out by computing the ideal and nadir points using, for example, any 

software package for solving mixed-integer programming. This is done by individually 

optimizing each objective function, thus obtaining the payoff table with three solutions 

(considering 𝑆𝑙 = (𝑍1(𝑥𝑙), 𝑍2(𝑥𝑙), 𝑍3(𝑥𝑙)), obtained solutions are 𝑆1, 𝑆2, and 𝑆3), from where 

the ideal point 𝑍∗ and (for simplicity’s sake) an estimation of the nadir point �̆� are obtained. 

Using both points the initial region is drawn, representing the (estimated) range of values for 

each objective function. The resulting region is a rectangular parallelepiped, which is 

No 

Yes 
DM considers having 

sufficient knowledge about the set of 

non-dominated solutions? 

The DM indicates a sub-region to carry on 

the search for non-dominated solutions 

Stop 

Start 

Computation of the ideal and nadir points 

Determination of non-dominated 

solutions in the region of interest 
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unexplored with regards to the existence of non-dominated solutions, thus assuming the 

colour green (Figure 2). 

 

 

Figure 2. Output of the first step of the interactive method for three criteria . 

 

Often, the first three solutions (𝑆1, 𝑆2, and 𝑆3) allow drawing conclusions regarding the 

unexplored region, as the values for the objective functions, disregarding the ideal and 

(estimated) nadir values, are usually better than the (estimated) nadir value. For the sake of 

simplicity, here, it will be assumed that 𝑍𝑖(𝑥𝑙) = �̆�𝑖 for 𝑖 ≠ 𝑙 (𝑖 = 1, 2, 3 and 𝑙 = 1, 2, 3). 

When it is not the case, the inclusion of each of the three solutions is handled as an 

iteration (with the corresponding procedure being described as follows), not requiring the 

DM intervention (and thus skipping the definition of the region of interest and the 

computation of the weighted sum program). 

Until the DM considers having sufficient knowledge of the set of non-dominated 

solutions, the following iterations are performed (depicted in Figures 3-8). 

The DM is required to indicate a sub-region to carry on the search for non-dominated 

solutions. This can be done by: choosing a pair of (currently) adjacent non-dominated 

solutions or by imposing bounds on the objective functions. In the latter, the bounds can 
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be defined numerically or graphically, having in mind that the definition of the sub-region 

should be done within the non-dominated unexplored region (coloured green or yellow). 

The chosen sub-region is called region of interest and is represented with colour blue 

(Figures 3, 5, and 7). 

 

 

Figure 3. First iteration of the method with the DM-defined region of interest. 

 

Within the region of interest a weighted sum program (MOP 𝜆,𝛼) is solved to optimality 

with 𝑘 = 3 and the additional constraints: 
 

  𝑍𝑖 ≥ 𝛼𝑖
𝑚𝑖𝑛 𝑖 = 1, 2, 3, (9) 

  𝑍𝑖 ≤ 𝛼𝑖
𝑚𝑎𝑥 𝑖 = 1, 2, 3. (10) 

 

Where 𝛼𝑖
𝑚𝑖𝑛 and 𝛼𝑖

𝑚𝑎𝑥 are respectively the lower and upper bounds of the DM-defined region 

of interest for objective function 𝑖 (�̆�𝑖 < 𝛼𝑖
𝑚𝑖𝑛 < 𝛼𝑖

𝑚𝑎𝑥 < 𝑍𝑖
∗, 𝑖 = 1, 2, 3). The resulting non-

dominated solution, say 𝑆𝑘+𝑖𝑡 for the 𝑖𝑡th iteration, allows characterizing and eliminating 

regions in the objective space (see Figures 4 and 6). 
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Figure 4. First iteration of the method with the region characterization after obtaining 𝑆4. 

 

The first regions to be updated are the ones coloured red (found to be infeasible or 

dominated in the previous iteration). These are now considered explored and cleared of  

any colour, in order not to clutter the image. Then, the following non-dominated 

unexplored regions (currently yellow or green) are coloured red and will be considered 

explored in the next iteration: 

• By unfeasibility, where 𝑍1 ≥ 𝑍1(𝑥𝑘+𝑖𝑡) ∧ 𝑍2 ≥ 𝑍2(𝑥𝑘+𝑖𝑡) ∧ 𝑍3 ≥ 𝑍3(𝑥𝑘+𝑖𝑡) 

• By dominance, where 𝑍1 ≤ 𝑍1(𝑥𝑘+𝑖𝑡) ∧ 𝑍2 ≤ 𝑍2(𝑥𝑘+𝑖𝑡) ∧ 𝑍3 ≤ 𝑍3(𝑥𝑘+𝑖𝑡). 

The non-dominated unexplored regions are separated and represented in yellow and green. 

Albeit any solution found in these regions using MOP 𝜆,𝛼 is non-dominated, it was made a 

separation between regions characterized as: yellow, where found solutions have only one 

criterion in which are better than any one solution obtained thus far; and green, where 

found solutions have two criteria in which are better than any currently obtained solution. 

By making and showing this separation, the DM is easily aware of regions where found 

solutions provide a trade-off which (s)he may consider potentially more advantageous. 
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Figure 5. Second iteration of the method with the DM-defined region of interest. 

 

The regions to be coloured yellow are the currently green ones where: 

• 𝑍1 ≥ 𝑍1(𝑥𝑘+𝑖𝑡) ∧ 𝑍2 ≤ 𝑍2(𝑥𝑘+𝑖𝑡) ∧ 𝑍3 ≤ 𝑍3(𝑥𝑘+𝑖𝑡) 

• 𝑍1 ≤ 𝑍1(𝑥𝑘+𝑖𝑡) ∧ 𝑍2 ≥ 𝑍2(𝑥𝑘+𝑖𝑡) ∧ 𝑍3 ≤ 𝑍3(𝑥𝑘+𝑖𝑡) 

• 𝑍1 ≤ 𝑍1(𝑥𝑘+𝑖𝑡) ∧ 𝑍2 ≤ 𝑍2(𝑥𝑘+𝑖𝑡) ∧ 𝑍3 ≥ 𝑍3(𝑥𝑘+𝑖𝑡). 

The remaining (green) regions stay unaltered. Tests have shown that, often, the green 

region is quickly reduced, remaining only yellow non-dominated unexplored regions. 

The colour hierarchy may enable a fast identification of the different explored/unexplored 

regions, and even their relative importance in terms of trade-offs. Solutions found in 𝑐𝑘-

coloured regions may be the most interesting to DMs concerning trade-offs. 

Previously, it was assumed that the weighted sum program (MOP 𝜆,𝛼) found a (non-

dominated) solution in the region of interest. If this is not the case, and no solution was 

found, conclusions can nevertheless be drawn: the region of interest is considered 

explored and cleared of any colour. This procedure can be seen in Figure 8 where, in the 

same iteration, no solution was found in the DM-defined region of interest (sub-region 

seen in Figure 7 with colour blue), thus considered explored. 
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Figure 6. Second iteration of the method with the region characterization after obtaining 𝑆5. 

 

The proposed interactive method has several interesting features (inherited from the 

method proposed in [13]), from both the DM as well as the computational point of view. 

Regarding the DM choices, none is irrevocable, meaning (s)he can, at any time, return to 

previous unexplored regions and proceed from there. Also, the information required from 

the DM in each iteration is not too demanding, as it is only required to be indicated a sub-

region within which the search for non-dominated solutions is to be continued. The 

indication of this region of interest can be done by choosing two adjacent non-dominated 

solutions or by imposing bounds on the objectives (where both graphical and numeric 

inputs are allowed). 

From the computational point of view, a single-objective mixed integer programming 

problem is solved at each iteration. Moreover, as the structure of the problem remains 

almost unchanged, computational advantages exist. 

Finally, the method enables finding any non-dominated solution of the problem (both 

supported and unsupported). 
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Figure 7. Third iteration of the method with the DM-defined region of interest. 

 

For four or more objectives, the graphical representation may become increasingly 

difficult to interpret. Nevertheless, the procedure remains the same, only requiring 

defining an additional colour in the previously described colour hierarchy (if one wishes  

to distinguish the different non-dominated unexplored regions). It should be noted, 

however, that the regions to be eliminated by unfeasibility or dominance are always only 

two per iteration (given a non-dominated solution is found). As the number of different 

regions obtained in each iteration is 2𝑘, regions to be eliminated may become less relevant 

as the number of objectives increases. For example, if five objective functions are considered 

(𝑘 = 5), at each iteration 32 different regions are generated, from which only 2 can be 

eliminated by unfeasibility or dominance. 

 

388



Rui Borges Lopes, Carlos Ferreira and Beatriz Sousa Santos 

 

Figure 8. Third iteration of the method after no solution was found in the region of interest. 

 

4. VISUAL EXPLORATION TOOL 

As hand drawing of the objective space for more than 2 objectives may be somewhat 

confusing and error prone, a visual exploration tool was developed implementing the 

proposed interactive method for the case of three objectives. 

The tool, available at http://sweet.ua.pt/rui.borges/, was developed for Microsoft Windows 

using XAML and C# as code-behind. During development the profile of the target user 

was taken into account: someone with higher education, knowledgeable of the problem, 

having some computer literacy, and using these methods infrequently. For showing the 

proposed tool, a 3-objective set covering problem will be used as follows. 

The main options of the tool, accessible through the toolbar, are: “Model”, “Explore”, and 

“Solutions”. In “Model” (Figure 9), users can create/load/edit/save the formulation of a 3-

objective MOMIP problem following the CPLEX LP file format (information on the 

format can be found in http://lpsolve.sourceforge.net/5.0/CPLEX-format.htm). For 

starting the interactive method, users must choose “Solve”. 
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Figure 9. Tool with option “Model” selected and a 3-objective formulation inserted. 

 

Using the GLPK software (an open-source software package for solving mixed-integer 

programming available at https://www.gnu.org/software/glpk/) the tool obtains the three 

solutions that individually optimize each objective. This allows drawing the objective 

space, displayed in “Explore”, and is the first step of the interactive method. As 𝑘 = 3, a 

3D objective space is obtained, each axis corresponding to an objective. Additionally, the 

solutions allow further characterization of the different regions (Figure 10). The colour coding 

of the different regions is: red for 𝑐1, yellow for 𝑐2, green for 𝑐3, and blue for the region of 

interest. 

The “Explore” option allows interacting with the representation of the objective space. 

Each solution is represented as a cube, coloured black; corresponding objective values are 

displayed in the cube’s tooltip or can be read by projecting the cube on each axis. Users 

may freely navigate in this 3D environment, for example, rotating, zooming in/out, 

panning, looking into/from within, etc.. Additionally, they may search for further non-

dominated solutions. To do so, users must define the region of interest, making option 

“Find Solution” available (Figure 10). Using this option, the formulation is updated with 

the user defined bounds and is solved again by GLPK. 

If a new non-dominated solution is found, following the proposed interactive method, the 

3D object is updated to reflect the new region characterization. This can be seen in Figure 

11 where the green region (𝑐3, possibly the most interesting) is reduced and the red region 

(𝑐1, infeasible/dominated region) indicates that no solution can be found there. Until users 

consider having sufficient information of the non-dominated set, they may continuously 

perform searches (Figure 12 depicts the region characterization after several searches).  
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Figure 10. Tool with option “Explore” selected after obtaining the first three solutions and with the user-

defined region of interest (coloured blue). 

 

 

Figure 11. “Explore” option with region characterization after obtaining a new solution. 

 

 

391



Rui Borges Lopes, Carlos Ferreira and Beatriz Sousa Santos 

  

Figure 12. Front-view (left) and rear-view (right) of the region characterization after successive iterations 

obtaining non-dominated solutions. 

 

The objective space information, although very important to DMs, is typically 

insufficient. As models portrait a simplified approach of the real problem, decision space 

information is essential for correctly supporting decisions. In the tool, within the objective 

space, users are able to access decision space information (namely, decision and 

slack/surplus variables values) and update/see solutions graphical representation. This is 

done using modeless dialog boxes provided once users click a solution (Figure 13).  

 

 

Figure 13. Decision space information accessible at the objective space. 
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Concerning the “Explore” option, further features meant to help the user/DM better 

understand the problem are available through a left expandable panel, among which: the 

ability to gradually change the regions transparency; centring on a specific solution; and 

manually inserting a new solution (possibly obtained using other software). Some of these 

features are depicted in Figure 14. 

 

 

Figure 14. “Explore” option with left panel displayed, yellow regions at 50% transparency and fully 

transparent red regions. 

 

Finally, in option “Solutions”, users can compare currently obtained non-dominated 

solutions. Full solution data can be seen in “Solution Data” (Figure 15, left); “Compare 

Solutions” enables overlapping their graphical representations, allowing changing 

transparency and offset (Figure 15, right). By overlapping decision space information 

(graphical representation) differences between solutions can be more clearly identified; as 

seen in Figure 15, right, where graphical representations of three non-dominated solutions 

are overlapped. 

Heuristic evaluation and usability tests were performed for evaluating and better 

understanding the potential and limitations of the proposed tool (and, to some degree, of 

the proposed interactive method). The heuristic evaluation [24] was performed by four 

evaluators with knowledge in usability. A list of possible usability problems was 

produced; mostly concerning error prevention and visibility of system status. The 

following positive aspects were highlighted: very simple interface and without 

information overload; consistency in interface, standards and menus; and freedom and 

flexibility when exploring the 3D environment. 
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Figure 15. Tool with option “Solutions”, “Solution Data” (left) and “Compare Solutions” (right). 

The usability tests were made with the collaboration of 9 users: Computer Engineering 

students attending an introductory course on Human-Computer Interaction. Observation 

techniques and questionnaires [25] were used to evaluate the tool, namely, the adopted 

interface objects, some of the proposed visualizations, and data input aspects. Users were 

asked to perform a set of 10 tasks representative of operations to be performed by target 

users – in this case, the problem concerned determining the location of undesirable 

facilities. Full data concerning the usability tests is available in [26]. Results were found 

generally positive concerning user satisfaction, ease of learning and ease of use.  

5. SUMMARY AND CONCLUSIONS 

In this paper a visual exploration tool implementing a new interactive method for MOMIP 

is proposed. The proposed method is based on the method in [13], extending it to the 

multi-objective case (as it was restricted to problems with two objective functions). It 

relies on graphical and numerical information, not being too demanding from the DM 

point of view (possibly even allowing unfolding data in a way that makes it visually 

appealing and fosters further insight). Computation wise, it uses a weighted sum program 

that enables to obtain all non-dominated solutions of any given MOMIP problem. The 

profile of target users (DMs) as well as the tasks they have to perform was taken into 

consideration in the development of the visualization and interaction solutions  included in 

the tool. The developed tool can also be useful for teaching purposes, allowing a hands-on 

approach, allowing to experiment and consolidate MOMIP concepts and methods. 

A limitation of the interactive method is that for more than three objectives the graphical 

representation may become confusing; although equally valid numerically. Moreover, the 
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number of sub-regions to be eliminated may be less relevant as the total number of 

obtained sub-regions greatly increases with the number of objectives considered (while 

still only two of the sub-regions are to be eliminated by unfeasibility and dominance). 

As future work, and following the work by Ferreira [14], a new proposal can also be 

made. By applying the Tchebycheff metric, it may be possible to increase the knowledge 

regarding the explored regions at each iteration. Larger regions would be eliminated by 

unfeasibility, while still maintaining the advantages of the proposed method. Concerning 

the visual exploration tool, further testing the proposed visualizations using virtual reality 

and different input devices may be promising research avenues. 
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Abstract: The Game Method for Modelling (GMM) was developed as an extension of the 

Conways’ Game of Life. In a series of papers, the GMM was applied to modelling of forest fire 

spreads. In the present paper, for the first time the opposite problem – locating the ignition 

point of a wildfire – is solved by the means of the GMM, and it is illustrated with a sample 

configuration. Possible intuitionistic fuzzy evaluations of the surface of the burnt area are 

discussed and a formula for the intuitionistic fuzzy estimation of the nearness of two 

configurations is given. 

 

1. INTRODUCTION 

The origin of forest fires may be natural or human-caused. The necessary conditions for a 

wildfire to occur are known as the Fire Triangle: fuel, oxygen, and a heat source. Wildfires burn 

in landscapes like grasslands, scrublands, woodlands, and other sources of fuel, which are 

measured on horizontal and vertical axes. The natural heat sources that cause the occurrence of 

wildfires are primarily lightning. Human-caused ignition points can be cigarettes, campfires, 
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sparks from transportation vehicles, and others. Following [7, 10, 12], we mention that the fire 

behaviour is dependent on weather ingredients as temperature, wind or moisture, as well as 

factors from the topography. The wind can help the fire spread while moisture in the form of 

humidity and precipitation works against the fire. The topographic factors include slope 

steepness and terrain specifics of the investigated area.  

In the present paper we propose a method for locating the ignition point(s) of a wildfire using 

the Game Method for Modelling (GMM) with whose help processes of development of fires 

have already been described, e.g. in [13–16, 21, 22]. In this first paper, for simplicity we will 

consider the case when the terrain is plain (no slopes) and there is no wind. 

2. GAME METHOD FOR MODELLING 

The GMM is a modification of the Conway's Game of Life (CGL), introduced by John 

Conway in 1970 as an example of cellular automaton. A cellular automaton consists of a grid 

of cells to which a finite number of states can be assigned. Each cell has a set of its 

neighbourhood cells. In the CGL, a “universe” is an infinite two-dimensional orthogonal grid 

of square cells. The cells have two possible states––“alive” or “dead”. The cells in the grid 

interact with its eight neighbours, placed vertically, horizontally or diagonally. Many variations 

of the presented rules exist and different combinations of numbers for “alive” and “dead” cells 

are also known in the literature.  

The Game Method for Modelling (GMM) is an extension of CGL. In a series of papers, the 

theory and applications of the GMM have been presented [1, 2, 4–6, 8, 9, 11, 13–22]. In the 

GMM theory several elements ought to be determined for starting the simulation: a set of 

symbols S, an n-dimensional simplex, a set of objects that are placed on the vertices on the 

simplex and a set of rules A. Each object is presented by its number, an n-tuple of coordinates 

representing its location in the simplex, and a symbol from the set S determining the 

specifications of the object.  

In our case the space is two-dimensional, the symbols are the natural numbers from 0 to 9 and 

they represent the quantity of wood mass per unit square.  

An initial configuration is the combination of every ordered set of (n + 2)-tuples with an initial 

component being the number of the object; the second, third, etc., until the (n + 1)-st being its 

coordinates; and the (n + 2)-nd being its respective symbol from the set S. The final 

configuration is in the same format but after an iterative procedure of modification within a 

given number of iterations, where the rules from A are being applied. An elementary step in the 

transformation of the model is the single application of a rule from A over a given configuration 

K and that will be denoted by A(K). In this sense, if K is the initial configuration, and L is the 

final configuration obtained from K in the course of multiple application the rules from A, then 

configurations K0, Ki, ..., Km will exist, for which: 

K0 = K, 

  Ki + 1 = A1(Ki), for 0 < i < m – 1,  (1) 

Km = L. 

The algorithm for applying the GMM is described in details in [1].  
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3. APPLICATION OF GAME METHOD FOR MODELLING  

TO LOCATING THE FOREST FIRE’S IGNITION POINT 

If some rule determines that symbol B must be changed with symbol C, we will further denote 

this fact by B → C. 

The rules for changing the digits during the fire: 

A.1. R → R; 

A.2. S → S; 

A.3. n → n – 1, for n ∈ [1, 9]; 

A.4. 1 → 0. 

In the example below, R denotes a river, S – denotes stones (rocky area), and as it was stated 

above, the digits represent the quantity of wood mass (fuel) per unit square.  

On the first step, we take a field of the forested area in the form of a grid with the above 

denotations (configuration Kb , ‘b’ staying for “before the fire”). On the next step, we take the 

same field but with configuration Ka after the fire has burnt out. Then, we build a configuration 

D0 = Kb – Ka . This configuration contains as elements digits corresponding to the quantity of 

burnt wood mass. Using the above rules in a stepwise manner, from configuration D0 we 

subsequently obtain configurations D1, D2, … This process of generating configurations 

finishes when only few squares remain in the field containing the number 1. These squares are 

the potential ignition points of the fire. For each of them, we determine its coordinates and after 

that for each of them we consider sequentially the initial configuration Kb in which fire occurs 

at the point with the respective coordinates. On this configuration we apply the following rules: 

B.1. R → R; 

B.2. S → S; 

B.3. 0 → 0; 

B.4. In the initial time-step, the fire starts from a fixed cell containing digit n  

(1 > n > 9) that represents the density of the trees in the forest. On the second time-step 

for the same cell n → (n – 1). On the third time-step for the same cell 

  
0, if 1

( 1) .
2, if 1

n
n

n n

=
− → 

− >
  (*) 

B.5. In the same moment all neighbouring cells of the cell with the fire change their 

digits according to the rule (*); 

B.5. In the next moment all cells with fire change their digits by the rule (*) and all their 

neighbouring cells in which there is no fire yet, also change their digits according to the 

rule (*); 

B.6. The process continues until all cells in the region contain only digit 0. In the 

opposite case, go to Step B.5. 

As a result, for each potential ignition point with coordinates (p, q) we obtain a final 

configuration Kf (p, q) and we compare each of them to the configuration Ka. The one that 

resembles the most Ka in shape and value of digits corresponds to the most likely origin of fire.  
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The cell in the configuration Kb containing the number ‘9’ is a cell with highest quantity of 

wood mass prior to the fire. The field also contains cells marked with letters ‘R’ and ‘S’ used 

for determining the unburnable places with rivers (water) and stones or rocks (Fig. 1). 

 

 

Figure 1. Grid of cells in the initial configuration Kb 

The final configuration Ka represents the same field after the fire. The affected cells by the 

forest fire contain the smaller digit or the number ‘0’. The cell with value ‘0’ is a “dead cell” or 

the respective forest territory has been devastated by the fire. The containing the letters ‘R’ and 

‘S’ determine again the places with rivers (water) and stones or rocks, respectively, and they 

remain unchanged (Fig. 2). 

 

 

Figure 2. Grid of cells in the final configuration Ka 

Thereafter, we transform the model to calculate the difference between the initial configuration 

Kb and the final configuration Ka to determine the configuration the fire damages D0. The cells 

containing the digit ‘0’ are those parts of the area that have not been affected by the fire. For 

instance, the two cells containing ‘7’ in the lower right corner of the field correspond to parts 

of the forest on the opposite of the river, which have remained undisturbed by the fire (cf. Figs. 

1–3). The cells containing values in the [1, 9] range are devastated with grading degrees of 

damage. The stones (or rocks) and rivers (‘S’ and ‘R’) are cells that cannot be affected by fire. 
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The GMM over the area burnt by the forest fire will be applied to detect the origin of the fire, 

i.e. its ignition point. 

 

 

Figure 3. Grid of cells in the configuration with the fire damages D0 

 

Figure 4. Grid of cells after the first iteration D1 

 
Figure 5. Grid of cells after the second iteration D2 
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In the next steps, the grid of cells will be transformed using the rules A for the fire distribution 

in reverse order. In the first iteration all cells’ values decrease by 1 (Fig. 4). In the next 

iterations, the transformation will be made in the same way. The iterations of applying the 

GMM over the burnt area are presented on the Fig. 4–9. 

 

 
Figure 6. Grid of cells after the third iteration D3 

 

Figure 7. Grid of cells after the fourth iteration D4 

 

Figure 8. Grid of cells after the fifth iteration D5 
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Figure 9. Grid of cells after the sixth iteration D6 

The application of the GMM over a selected area determines two possible ignition points for 

locating the fire. Considered together, these cells can be investigated as a single ignition point 

from where the fire has started, or two ignition points that have occurred simultaneously. 

Applying the rules B described above, we obtain the different final configurations as we 

discussed above. In this manner, we determine the possible points of origin of the forest fire.  

In the first case, we consider that the fire has started from the cells with digit ‘8’, from the 

ignition points from the previous example. The rules B will be applied over the grid of cells to 

obtain the final configurations comparable to the final configuration discussed above (Fig. 2). 

The initial configuration is presented (Fig. 10). Six iterations of the GMM have been performed 

(Fig. 11–15). The resulting configuration (Fig. 15) is compared to the final configuration (Fig. 

2) in order to find possible similarities. Obviously, there are two grids of cells that are not 

exactly the same. However, we can conclude that the resulting grids are congruent according to 

half of the closest digits in the cells. 

 

Figure 10. Grid of cells after activating the first cell  
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Figure 11. Grid of cells after the activating the first cell – first iteration D1 

 

Figure 12. Grid of cells after the activating the first cell – second iteration D2 

 

Figure 13. Grid of cells after the activating the first cell – third iteration D3 
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Figure 13. Grid of cells after the activating the first cell – fourth iteration D4 

 

Figure 14. Grid of cells after the activating the first cell – fifth iteration D5 

 

Figure 15. Grid of cells after the activating the first cell - sixth iteration D6 

In the second case the fire begins from the ignition point containing the digit ‘9’ (Fig. 16). The 

GMM is applied to determine the possible damages of the fire (Fig. 17–22). 

405



V. Bureva, L. Atanassova, K. Atanassov and A. Delkov 

 

 

Figure 16. Grid of cells after activating the second cell  

 

Figure 17. Grid of cells after the activating the second cell – first iteration D1 

 

Figure 18. Grid of cells after the activating the second cell – second iteration D2 
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Figure 19. Grid of cells after the activating the second cell – third iteration D3 

 

Figure 20. Grid of cells after the activating the second cell – fourth iteration D4 

 

Figure 21. Grid of cells after the activating the second cell – fifth iteration D5 
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Figure 22. Grid of cells after the activating the second cell – sixth iteration D6 

The resulting configuration of the presented simulation is more similar to the final configuration 

of the first application (Fig. 2). The digits of the cells are identical or similar. The ignition point 

in the cell with the digit ‘9’ presents a more accurate model of the forest fire spread. 

In the third case, the fire can start from two ignition points simultaneously. The process of fire 

spread will be simulated using GMM in the following six steps. 

 

Figure 23. Grid of cells before the fire spread  

In the current investigation, we will consider the purpose of the fire starting from two cells 

(Fig. 23). They will be activated and the fire spread will be modelled. Six steps will be used to 

apply GMM (Fig. 24–29). Firstly, the ignition points are activated. In the second step, the 

neighbours of the “alive” cells are introduced. In the next steps, the process repeats. 
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Figure 24. Grid of cells after the activating the first and the second cell – first iteration D1 

 

Figure 25. Grid of cells after the activating the first and the second cell – second iteration D2 

 

Figure 26. Grid of cells after the activating the first and the second cell – third iteration D3 
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Figure 27. Grid of cells after the activating the first and the second cell – fourth iteration D4 

 

Figure 28. Grid of cells after the activating the first and the second cell – fifth iteration D5 

 

Figure 29. Grid of cells after the activating the first and the second cell – sixth iteration D6 

The third case of modelling the fire spread is the one most similar to the final configuration of 
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the forest fire (Fig. 2). The digits for the grid of cells are the closest to the values in the final 

configuration of the presented case of forest fire spread. The fire develops smoothly and evenly. 

Thus, in a stepwise manner we construct the model of the given process. 

More formally, let us define for a cell si,j with coordinates (i, j) in Kb, Ka, E, F and G, the pairs 

〈 , ,,U U
i j i jµ ν 〉 for U, coinciding with E, F or G, by 

, , , ,

, ,

, ,

min( , ) max( , )
, 1 .

a U a U
i j i j i j i j

b b
i j i j

U U
i j i j

s s s s

s s
µ ν= = −  

Obviously, , ,0 , 1U U
i j i jµ ν≤ ≤  and , ,0 1U U

i j i jµ ν≤ + ≤ . Therefore, 〈 , ,,U U
i j i jµ ν 〉 is an intuitionistic 

fuzzy pair (see [3]). Hence, we can define a degree of nearness between two configurations by 

the formula 

( ), ,

1 1

1
( , ) 1 ,

r r
U U

a i j i j

i j

d K U
s

µ ν
= =

= − −∑∑  

where s is the number in the cells in Ka with symbols being positive integers. In the present 

paper, s = 41, since from the total number of 49 cells we remove the 4 ‘R’ cells and the 4 ‘S’ 

cells. The particular configuration Ka (Fig. 2) shows with the highest probability the situation 

with two simultaneously occurring fires in the ignition (red) points in configuration D6 (Fig. 9). 

4. CONCLUSION AND FURTHER RESEARCH 

Another possibility for representing the field is by using regular hexagons instead of square 

cells. In this case, for the above described process before and after the fire, the configurations 

will be as given in Fig. 30. In a future leg of this research, we will describe the rules by which 

we can search for the potential ignition points of the fire, starting from Fig. 30. 

 

Figure 30. Initial configuration (left) and final configuration of the hexagonal grid of cells (right)  
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In a next work, rules will be constructed for square and hexagonal grids which take into account 

situations including presence of wind, humidity, terrains of different steepness, and other 

factors relevant to the fire ignition and spread.  
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numerical technique. Nevertheless, the literature describes other competent discrete advanced 
numerical techniques – such as meshless methods - that can handle the same problems as the 
FEM and, in some cases, can be even more efficient. To discretize the problem domain, 
meshless methods only require an unstructured nodal distribution. Thus, unlike the FEM, 
there is no previous relationship between nodes, which simplifies the refinement procedure 
and avoids re-meshing processes. This work proposes a non-linear computational 
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Abstract. The problem of finding optimal trajectories for marine vehicles in areas with
strong time-varying ocean currents is formulated, analyzed and solved in the framework
of dynamic optimization. The focus is on problems where a vehicle must reach a specified
target set while minimizing a given cost function.

The approach is based on the numerical solution of a Hamilton-Jacobi partial differen-
tial equation. This partial differential equation is solved using a publicly available open-
source implementation of level set methods for Matlab R©.

We illustrate the approach with two simple representative examples and discuss the
quality of the numerical solutions as well as the performance of the available methods.
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1 INTRODUCTION

The problem of trajectory optimization for marine vehicles is receiving significant at-
tention from the research community and from the industry. From the industry, there
is the motivation to reduce transportation costs, as well as to plan for the operations of
unmanned vessels. From the research community the motivation comes from the consid-
eration of most of the relevant aspects affecting optimal trajectory design. These include,
for example, weather and ocean forecasts, as well as other constraints, such as those re-
lated to rules of operation, especially in confined waters. Finally, and driven in part by
the robotics revolution, there is also a growing interest in trajectory planning for marine
robots under temporal and spatial coordination constraints. Examples of coordination
constraints include automated launch and recovery of unmanned vehicles, operations in
areas with tidal-driven currents, and iterated rendezvous involving manned and unmanned
vehicles.

The research community has been relying heavily on numerical methods to solve tra-
jectory optimization problems simply because most of these problems cannot be solved in
closed analytical form. The problem with most of these methods, and with the underlying
theories, is that they are typically tailored to solve one specific type of problems and are
not amenable to tackle most of the relevant aspects affecting the quality of a trajectory.
Moreover, most of these methods, and of the associated theories, are not amenable to
solve multi-stage optimization problems associated to coordination constraints involving
multi-vehicle systems.

Dynamic optimization techniques have the modeling power to capture the most relevant
aspects affecting the quality of a trajectory, as well as complex time-space coordination
constraints. This is because these techniques can be easily applied to systems with both
continuous and discrete dynamics. Moreover, these techniques have also been used to
solve problems with multiple agents using different cost functions, even in adversarial
settings. Their application to a specific problem hinges on the application of the celebrated
Principle of Optimality. However, there are problems to which we are not able to apply
the Principle of Optimality, at least in the most intuitive manner. Further research is
needed in this direction.

The general trajectory optimization problem is typically described by a cost function,
some continuous and/or discrete dynamics, and some initial and final position. The appli-
cation of dynamic programming techniques embeds this problem into a more general class
of problems in which either the initial or final position are free. The more general class
of problems consists in associating an optimal cost to all initial or final positions, given
a final or some initial position. This problem is solved using the Dynamic Programming
Principle that, for continuous-time problems, generates a partial differential equation, the
Hamilton-Jacobi-Bellman (HJB) equation. The problem of finding the solution of this
equation is still considered to be the holy grail in controls. This is because there are few
instances of the original problem for which a closed form solution is known. The problem
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is that numerical methods suffer from the so-called ‘curse of dimensionality’.
In the last two decades researchers have developed efficient methods to solve the HJB

equation, at least for low-dimensional spaces. More recently, the advent of cloud comput-
ing is paving the way to the solution of more complex problems using dynamic program-
ming techniques. But this will require familiarity with these methods, as well as with
their limitations.

This paper aims at discussing dynamic programming techniques for optimal trajectory
generation with emphasis on numerical methods for solving the HJB equation. This is
done with the help of several examples to illustrate the most interesting, and sometimes
‘tricky’, aspects of these techniques.

The paper is organized as follows. In Section 2 we briefly describe how the framework of
dynamic programming can be used to reduce the trajectory optimization problems we are
interested in to the solution of a Hamilton-Jacobi partial differential equation. Section 3
is a review of trajectory optimization methods for ocean vehicles, while Section 4 presents
the state of the art in numerical methods for the solution of Hamilton-Jacobi partial
differential equations. In Section 5 we illustrate the preceding discussion with two simple
examples of trajectory optimization problems. Finally, in Section 6 we summarize the
findings and discuss future research directions.

2 PROBLEM STATEMENT AND FORMULATION

The general problem we consider is the following: given a target set Ω and a function
g which maps vehicle positions to R>0, find a trajectory x(·) for the vehicle such that
x(T ) ∈ Ω for some T and the trajectory cost

∫ T

t0

g(x(t))dt (1)

is minimized. This general formulation encompasses a number of practically interesting
scenarios [1].

In order to apply results from dynamic programming to the problem, one must specify
a motion model for the vehicle. Here we restrict ourselves to planar planning problems,
so we model the vehicle’s position as a point in R2. The velocity is considered to be equal
to the superposition of a control u with an Euclidean norm bounded by r > 0 and the
ocean current velocity v:

ẋ(t) = u(t) + v(t,x(t)) (2)

The problem is then that of choosing the control u at each instant of time to mini-
mize (1). Using standard arguments [1, 2], it can be shown that the optimal choice is (|p|
denotes the Euclidean norm of a vector p):

u(t) = −r
∂V
∂x

(t,x(t))∣∣∂V
∂x

(t,x(t))
∣∣ (3)
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where V , known as the value function, is the solution of the following Hamilton-Jacobi
PDE:

r

∣∣∣∣
∂V

∂x

∣∣∣∣−
(
∂V

∂t
+
∂V

∂x
· v
)

= g (4)

with a Dirichlet boundary condition

V (t,x) = 0, x ∈ ∂Ω. (5)

The value V (t0,x0) is equal to the cost of the optimal trajectory departing from x0 at
time t0.

Once the solution to the PDE is known, an optimal trajectory starting from x(t0) = x0

can be calculated by solving the differential equation

ẋ(t) = −r
∂V
∂x

(t,x(t))∣∣∂V
∂x

(t,x(t))
∣∣ + v(t,x(t)) (6)

with the appropriate initial conditions. Thus, the problem is reduced to computing a
numerical approximation of the solution of (4).

If v is time-invariant, then so is V and (4) reduces to

r

∣∣∣∣
∂V

∂x

∣∣∣∣−
∂V

∂x
· v = g. (7)

3 RELATED WORK

A wealth of methods for path planning and trajectory generation have been developed
in robotics for the more traditional situation of planning in passive environments, such
as the A* method or rapidly exploring random trees [3]. In the case of path planning
and trajectory generation for AUVs, some of these methods have been adapted so that
an external velocity field (the ocean current) is taken into account in some way [4, 5, 6].
However, here we focus on methods based on applying results from optimal control to the
problem, which is typically done using simple kinematic models of the vehicle, as in this
paper.

In [7], the problem is formulated as an optimal control problem and is numerically
solved using a software package which converts the problem into a nonlinear program-
ming problem. A simple kinematic model is used, and the cost functions considered
include both time and energy components. The time-varying nature of the ocean current
is modelled using a receding horizon approach. A correspondence between the optimal
trajectories and Lagrangian Coherent Structures (LCS) present in the flow is established,
which the authors suggest can be used to simplify planning or to initialize iterative nu-
merical methods for trajectory generation.

This work is extended in [8], where a fully time-varying model is considered for the
ocean currents. This is shown to make a difference in the time-optimal paths. A dynamic
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model of the vehicle is also considered, but the difference in the trajectories is not dis-
cussed. In this framework, the correspondence with LCS in the flow field is strengthened.
Recent work has also confirmed the value of LCS-based planning for large-scale ocean
glider missions [9].

In [10], an extremal field method is derived for numerically approximating the solution
of (4). The necessary conditions derived from the Pontryagin maximum principle are
shown to be parameterized by the arrival time and the direction of the costate variable at
the final state. These parameters are sampled to generate optimal trajectory candidates
and the globally optimal trajectories are selected among these.

An approach based on level set methods is described in [11]. A partial differential
equation for a function ϕ(t,x) whose zero-level set {x | ϕ(t,x) = 0} gives the reachability
front at time t from a given source point is derived. This function can then be used to plan
time-optimal paths from the source point to any other point, for a fixed departure time.
Problems with multiple vehicles and obstacles are considered. Real-time sea exercises
have confirmed the pratical applicability of this approach [12]. The approach has also
been extended to stochastic flows [13] and to multi-waypoint mission planning [14].

4 NUMERICAL METHODS

There is a large body of literature concerning numerical methods for the solution of
the Dirichlet problem for Hamilton-Jacobi equations, ranging from the Eulerian and semi-
Lagrangian schemes described below to several other approaches, including Lagrangian
schemes (see [15]), hybrid Lagrangian-Eulerian schemes (e.g., [16]), Galerkin method (e.g.,
[17]), radial basis functions (e.g., [18]) and spectral methods (e.g., [19]).

In [20] and [21], Dijkstra-inspired methods are presented for isotropic control problems,
more specifically, for problems that can be cast in the following form:

r

∣∣∣∣
∂V

∂x

∣∣∣∣−
(
∂V

∂t

)
= g (8)

This approach is not suitable for applications where the velocity may depend on the di-
rection of motion (anisotropic problems). Nevertheless, these two methods led to further
research on numerical methods for Hamilton-Jacobi equations arising from control prob-
lems where the velocity may depend on the direction of motion (anisotropic problems),
see e.g. [22, 23].

In [24], the authors proposed a level set formulation, later generalized as level set
methods (see, e.g., [15]), for the solution of Hamilton-Jacobi equations. This method
handles the computation process as a front expansion problem. The front, ϕ, also denoted
implicit surface in some references, is defined in a extended space composed of the product
of R by the original space (i.e., the dimension of the extended space equals the dimension
of original problem space plus one). Moreover, ϕ(0, ., .) is chosen to be zero on the
boundary condition, negative on its interior and positive elsewhere. In order to solve
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the front expansion problem, an Hamilton-Jacobi PDE is solved in the extended space.
Finally, the value function for the original problem is given by

V (τ,x) = s ⇐⇒ ϕ(s, τ,x) = 0. (9)

The main virtue of this method is that, under suitable conditions, ϕ remains bounded
and continuous for all time. This property can be explored to achieve improved accuracy
when developing or choosing numerical schemes.

In [25], the authors describe a publicly available toolbox for Matlab R© based on level
set methods. This toolbox provides several numerical schemes for approximation of the
gradient, integration routines, among other utilities. The equation is solved on a regular
grid, corresponding to the descretization of a user defined region of the problem space.
This toolbox is used in the numerical experiments described in this paper.

In [26], an iterative algorithm for the numerical solution of deterministic infinite horizon
control problems is proposed. The algorithm is based on a semi-Lagrangian scheme. For
each point of a given grid, the algorithm computes the solution of a discrete-time Dynamic
Programming equation

V (τ, x) = min
u∈U

∫ τ+∆

τ

g(x(t; τ, x, u), u)dt+ V (τ + ∆, x(τ + ∆; τ, x, u)) (10)

where U is the set of admissible controls. Assuming continuous dynamics, Euler time
discretization and first order simplicial interpolation, the algorithm is shown to achieve
first order rate of monotone convergence to the viscosity solution. This scheme was later
extended for boundary value problems and differential games, both for unconstrained and
state constrained scenarios (see, e.g., [27]). In what concerns implementation aspects, the
literature reports extensions to arbitrary number of dimensions [28] and parallel execution
(see, e.g., [29]). However, to our best knowledge, no implementation of these algorithms
is publicly available.

5 EXAMPLES AND DISCUSSION

We now illustrate the discussed method with two simple numerical examples which are
solved using ToolboxLS.

5.1 Static current field

Our first example involves a time-invariant vector field which changes direction abruptly
transversally to the line x1 = x2, so that there are two spatial regions with distinct flow
behaviors. The flow can be described analytically by the equations

v1(x) = v2(x) =
0.9√

2
sign(x1 − x2) (11)

and is represented in Figure 1.
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Figure 1: The vector field for the first example

We consider a minimum-time problem for a vehicle travelling with unit velocity under
this flow. The considered region is the set [−1, 1]2, which is discretized to a grid with
201 points in each dimension. The target is a sphere of radius 0.02 centered at the point
x = (−0.75, 0.75).

To solve the problem using ToolboxLS, three parameters need to be set, namely:

• the approximation (boundary condition) to use for nodes in the computational
boundary;

• the upwind approximation of the first (spatial) derivative;

• the integrator;

• the maximum admissible value of the cost.

The boundary condition can be chosen among a few different types. In our case,
the relevant types are extrapolation or Dirichlet boundary conditions. The first type is
used when there are no physically appropriate boundary conditions at the computational
boundary (so that the solution can extend beyond the considered region). The second
imposes a constant solution value at the computational boundary, and this can be used
to force trajectories to stay inside the computational region (by choosing a relatively high
value for the solution at the computational boundary). For the examples considered in
this paper we choose extrapolated boundary conditions.

The choice of upwind approximation of the first derivative (UAD) and integrator con-
trols the accuracy of the resulting solution. ToolboxLS provides a variety of upwind
approximations ranging form first to fifth order. The available integration routines are
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a collection of CFL-constrained Total Variation Diminished Runge-Kutta (TVD RK)
schemes ranging from first to third order accurate.

Finally, a maximum value for the cost must be set a priori. This is due to the fact that
the integration is done along the cost variable, so the equation will be integrated from
zero to this maximum value. Except for simple problems, it is not trivial to estimate an
upper bound of the solution value on the region of interest. Thus, in practice this value
should be seen as a maximum admissible cost, and points which have a cost higher than
this value are disregarded – the target is considered unreachable from those points with a
cost greater than the maximum admissible value. For this problem we choose a maximum
value of 5 units of cost.
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Figure 2: Contours of the value function for the problem in the first example

Figure 2 shows the contours of the numeric solution obtained with a Weighted Es-
sentially Non-Oscillatory fifth-order accurate (WENO5) UAD and a third-order accurate
TVD Runge-Kutta integrator (the highest accuracy choices available in ToolboxLS).
The solution was computed on a HPC cluster 1 node with two Intel R© Xeon R© E5-2650
processors with 8 cores each and 8 GB of RAM, taking approximately 364 seconds of
wallclock time, corresponding to approximately 3059 seconds of CPU time.

One can observe that the maximum value is not reached in this case. Note the ‘defects’
in the solution near the boundary, most notably for the x1 = 1 boundary and the x1 =
−1 boundary for x2 > 0.25. Trajectories starting near these regions will ‘escape’ the

1https://grid.fe.up.pt
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computational region, and if the target was unreachable from these points, then the value
function could not have a finite value in these points to begin with. This contradiction
shows that the value function is not accurately computed in these regions.

This poor convergence near the boundary is consistently observed when using this
method.

UAD Integrator Abs. `∞ error Rel. `∞ error Rel. wallclock time
First order Explicit Euler 2.1192 1455.26% 4.07%
ENO2 TVD RK2 0.3313 88.12% 17.91%
ENO3 TVD RK3 0.1989 21.21% 42.47%

Table 1: Errors and execution time compared to the solution computed using a WENO5 approximation
of the first derivative and a TVD RK3 integrator.

The errors and the wallclock time for different choices of approximations of the first
derivative and integrators are presented in Table 1.

In Figure 6 three optimal trajectories with different initial conditions are plotted, using
the solution computed with the highest accuracy options. The current field is also plotted
along the trajectory. Note that the trajectories are composed of segments of straight lines.
The trajectories are somewhat rounded near the region where the field changes direction,
which is due to the finite spatial resolution.

The trajectories were obtained by integrating (6) using a fourth-order Runge-Kutta
scheme. The gradient of the value function is calculated using a second order accurate
finite difference formula. Since the trajectories pass through points which are not on the
grid, the value function and the vector field are linearly interpolated to those points.

In Figure 10, the trajectory shown in Figure 3 is plotted for the options listed in Table 1.

5.2 Time-varying current field

For this example, we multiply the vector field in the previous example by a sinusoidal
function of time, so that the field becomes time-dependent:

v1(t,x) = v2(t,x) =
0.9√

2
sin

(
2π

T
t

)
sign(x1 − x2) (12)

We consider the case T = 1.5 For this example we solve the minimum-time problem in
the region (t,x) ∈ [0, 5]× [−1, 1]2, on a grid with 101 points in the spatial directions and
251 points in the time direction. The target set is the same as in the previous example, as
are the ToolboxLS parameters (using the highest-order accuracy integrator and UAD).

The solution was computed on the same HPC platform on a node with the same hard-
ware specs as the node used in the first example. The wallclock time was approximately
92 minutes, corresponding to a CPU time of approximately 493.23 minutes.

Note that due to the time dependence an extra grid dimension is necessary, and the
computation times become much longer.
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Figure 3: x(0) = (−0.25,−0.75)
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Figure 4: x(0) = (−0.75, 0.25)
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Figure 5: x(0) = (0.5, 0.8)

Figure 6: Three optimal trajectories for the first example.
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Figure 7: First Order UAD / Explicit Euler
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Figure 8: ENO2 / TVD RK2
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Figure 10: Comparison of trajectories obtained from solutions using different UAD and integrators.
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Figure 11: Contours of the value function with respect to the spatial variables for different instants of
time.
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Figure 11 shows the contours of V (t, ·) for three different values of t, with the flow field
superimposed. Since the field is periodic with period T = 1.5, a vehicle departing from a
point x at t = t0 and following some trajectory to the target will have exactly the same
velocity values as a vehicle departing from x at t = t0 +1.5. Consequently, the costs of the
trajectories are the same, and so V (t, ·) = V (t + 1.5, ·). In fact, we observe in Figure 11
that the contours of the solution for t = 0 are equal to the contours for t = 1.5.

In principle it would have sufficed to include t ∈ [0, 1.5] in the computational region.
However a trajectory which takes more than 1.5 seconds to reach the target must have
access to values of the flow for t > 1.5, so that the computational region must be enlarged
in the temporal dimension. In this particular case, periodic boundary conditions for the
temporal variable could be used to compute the solution with t ∈ [0, 1.5], and then one
would consider V (t + 1.5, ·) = V (t, ·) to obtain the optimal trajectories. For generic
vector fields which are not necessarily periodic, we restrict the starting times t to the
interval contained in the computational region, and the target is considered unreachable
for starting times outside of this interval.
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Figure 12: Four optimal trajectories for the fourth example.

Figure 12 shows four optimal trajectories departing from the same point at different
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initial times. The method used to calculate these is the same as in the first example.

6 CONCLUSIONS

The problem of optimal trajectory generation for ocean vehicles in time-varying ocean
currents was formulated in a dynamic programming framework. The solution of a Hamilton-
Jacobi partial differential equation is used to generate globally optimal trajectories start-
ing from any point and time in the computational region.

Two simple examples were solved using a level set methods toolbox which is publicly
available and open source. Although the method is versatile and gives correct results
for this problem, some problems with the solution quality were identified. Namely, some
convergence defects appear near the boundary of the computational region.

Additionally, the computational times we report are not particularly attractive, and
we believe other methods can do better in this regard.

On the other hand, this is, to the knowledge of the authors, the only publicly avail-
able and tested solver for general Hamilton-Jacobi equations. In addition, from a user’s
perspective ToolboxLS is a ‘plug and play’ solution with which someone who is not
necessarily an expert in numerical methods can quickly set up and solve problems.

As a future objective, we hope to present a detailed comparison of the method described
in this paper with other methods applicable to the class of equations we described in this
paper. We are also investigating the application of these numerical methods to problems
involving temporal and spatial coordination constraints.
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Numerical methods for delayed optimal control problems
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We propose direct methods to compute solutions of optimal control problems with distinct discrete time
delays in state and control variables. Discretization methods developed in [2] are used, and the resulting
large-scale nonlinear programming problem are conveniently formulated with the help of the Applied Mod-
eling Programming Language AMPL [1] which can be linked to several powerful optimization solvers, for
example, the Interior-Point optimization solver IPOPT developed by Wächter and Biegler [5]. Necessary
optimality conditions are verified for the delayed optimal control problem, and for the undelayed case also
sufficient optimality conditions are verified. Two concrete delayed optimal control problems, applied to
Tuberculosis and HIV models, will be analyzed [4, 3].
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Abstract  
During its lifetime, human skeleton is exposed to several internal and external stimuli. 

Bone is able to respond through bone remodeling, adapting its apparent density. This 

work studies bone’s response to a mechanical stimulus, proposing a new mathematica l 

model of bone remodelling. When bone is overloaded, osteoblasts become activated, 

increasing the apparent density of bone so it can withstand the loading scenario. The 

opposite occurs when bone is under disuse, occurring bone’s resorption through 

osteoclasts’ activation. Therefore, this model includes the functioning of osteoclasts and 

osteoblasts and their impact on bone’s apparent density. It also considers the biological 

regulation of these bone cells, reproducing the autocrine and paracrine signaling 

pathways through a new set of parameters. The implemented algorithm is combined with 

two numerical techniques - the Finite Element Method (FEM) and the Natural Neighbor 

Radial Point Interpolation Method (NNRPIM). The new mathematical model here 

presented is validated with two benchmark examples analyzing two-dimensional bone 

patches. Results reveal that bone is able to adapt its morphology to the applied loading 

scenario, attaining a trabecular structure which reflects the orientation of the applied 

loads. Moreover, the dynamical response of osteoclasts and osteoblasts is in agreement 

with the data existent in the literature, validating the new approach proposed by this 

work.  
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Abstract  
We show that reproducing kernels of Christoffel-Darboux type admit expansions in terms 

of Schur polynomials and also give an equivalent expansion in terms of Chebyshev 

polynomials of second kind. The expressions follow from results on averages of 

characteristic polynomials in random matrix ensembles. We give explicit expansions for 

classical and q-deformed orthogonal polynomial kernels on the real line and on the unit 

circle. Some physical applications of the expansions in quantum fermionic problems are 

explained as well. 
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Abstract Bone has a major role on several physiological processes. One of those processes 
is bone remodelling, which can be induced by internal and/or externals stimuli in order to 
adapt bone’s structure, but still, ensuring that bone is capable to keep its physiological 
functions. Many mathematical models are being developed to study the remodelling 
process, by considering mechanical and/or biological factors. In the mechanical and 
mechanobiological models, one of the key factors is the accurate estimation of the 
mechanical properties of bone tissue. Bone can be classified as a hierarchical structure, 
where the different structural levels can be identified from the microscale to macroscale. 
The bone remodelling process has impact in the morphological changes of these structures, 
leading to changes in the bone mechanical properties. With this, many authors started to 
develop models correlating the changes in the bone micro and macro structure, with bone 
mechanical proprieties. One of the used methods to estimate the mascroscale bone 
mechanical proprieties (considering the bone micro structures) are the homogenization 
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techniques. In this work, it is proposed an innovative 3D homogenization technique for 
trabecular bone tissue, using the fabric tensor concept and a bone phenomenological 
material law, in order to link the apparent bone density, and the bone micro structure, 
aiming to mechanically characterize the bone. The proposed methodology efficiently 
homogenizes highly heterogeneous medium, allowing to define its homogenized microscale 
mechanical properties and to reduce the analysis computational cost (when compared with 
classical homogenization techniques). The accuracy and robustness of this methodology 
was analysed using a set of benchmark examples. The proposed methodology correlates the 
orientation distribution function (ODF) data with the input micro-CT image Representative 
Volume Element (RVE), representative of the trabecular micro structure. At last, some 
mechanical simulations, using Finite Element Methods, prove that exists a mechanical 
correlation between the models with highly heterogeneous problem domains (with 
mechanical properties obtained from the literature), with the models with homogeneous 
problem domains, with mechanical properties obtained using the developed 
homogenization technique. 
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Abstract The feature set is one of the key elements to predict correctly. There are many 
ways to choose the relevant properties to be considered for a data mining procedure, at 
the end of a knowledge discovery in databases task. Typically, the attributes are retained 
following a single measure. This paper introduces the application of multi-objective 
feature selection guided by a genetic algorithm. Particularly, the target classifiers are 
neural network models. A good number of problems have been assessed showing the 
classification results with and without feature selection. According to the reported results, 
some improvements are achieved. Moreover, the model complexity is reduced and hence 
the interpretability is higher compared with the model with the full feature set. 
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Abstract This paper introduces an approach to distinguish between different kinds of 

particles in the context of pulse shape analysis. The particles have been accelerated in a 

specific device to conduct this task. For every particle there are several points and the 

goal of the classifiers is to be able to recognize which is the concrete type of an unseen 

particle. Different kinds of feed-forward neural network and topologies have been trained 

and the results are very competitive. Up to now, the pulse shape analysis has not been 

extensively studied from a data mining perspective and hence this contribution opens the 

possibility to consider mathematical models to create a decision-making system. 
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Abstract. We present an ADI type method with structured grids to solve the steady state
2D convection diffusion equation on curved boundary domains. The main objective of this
publication, is the design of a highly parallelized method for multi-core implementation.
In this paper, we will prescribe the exact solution of the problem in the barycenter of the
ghost cells. The massive multi-threading code, takes advantage of the ADI formulation
that solve independently 1D problem corresponding to each line or each column. Our aim
is to obtain efficient data structures and to create optimal algorithms to avoid the memory
bounded problem, providing excellent speed-ups, even for a very large number of cores.

1 INTRODUCTION

In this paper, we demonstrate that the Alternating Direction Implicit method (ADI)
turns to be a very efficient numerical technique to solve problems in the many-core hard-
ware context due to a high level of parallelization by providing Locally-One-Dimensional
(LOD) schemes [3]. The computational domain is defined on a structured grid, where
the boundary is a curved line that not fit the grid edges. To test the ADI parallelization
efficiency, we consider the steady state, 2D Convection Diffusion equation with Dirichlet
boundary condition as a benchmark. The boundary condition will be defined as the ex-
act solution of the problem at the centroid of the boundary cells in each direction since
we focus the work on the computational aspect of the method. Parallelization of ADI
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is achieved due to its specific structure that leads to the resolution of a large number
of independent sub-problems and enable to achieve a high level of speed-up. Our final
goal is the development of a very fast solver for the 3D Navier Stokes and the simple
prototype we consider here is a fundamental piece for the numerical technique to assess
the potential of parallelism. ADI method was a very popular technique in the 60’s [2, 1]
when computer memory was too small to hold the whole 2D or 3D problems. Nowday,
the renew of the ADI methods derives from, on the one hand, the High-Order Compact
scheme paradigm [5, 4], and on the other hand, its high capacity to provide a built-in
parallelization formulation [6, 7]. The paper is organized as follows. Section 1 is a short
introduction. Section 2 presents the necessary mathematical notation and discretization.
In the Section 3 we give a brief presentation of the used numerical techniques ADI and
SOR (for comparison). Section 4.1, is dedicated to the efficiency of ADI versus SOR
techniques, while subsection 4.2 we presents the implementation of ADI, in the parallel
framework, presenting some of its main features, and validating the technique focusing
on the speed up achieved. Finally, on the last section, we present conclusion and future
work.

2 Mathematical notation and discretization

Domain Ω is an open connected set with a curved boundary ∂Ω we assume to be a
regular Jordan curve. The 2D steady state convection diffusion equation with Dirichlet
boundary conditions reads

−∇.(L∇φ) +∇.(U∇φ) = f(x, y) in Ω, (1)

with the common Dirichlet condition

φ = g on ∂Ω, (2)

where φ is the unknown function while L and U stand for the convection and diffusion
constant coefficients. Function f(x, y) is the source term and g is given along the boundary
as displayed on Figure 2 .

Figure 1: Physical domain Ω with curved boundary ∂Ω and point m stands for a centroid of the cell.

Real domain is approximated by a computational domain Ω∆ –represented in yellow,
composed of grid cell surrounded with the computational boundary Γ∆ as depicted in
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Figure 2 . The cells are denoted by Cij with centroid mij while the solution φ will be
approximated at the centroid φ(i, j) ≈ φ(mij). To take the boundary condition into
account, a set of ghost cells are depicted in grey.

Figure 2: Dicretized domain Ω∆ with cell Cij of centroid mij .

Introducing the following operators,

Gx = −L ∂2

∂x2
+ U

∂

∂x
; Gy = −L ∂2

∂y2
+

∂

∂y
, (3)

the convection-diffusion equation reads

(Gx +Gy)φ = f. (4)

Second order centered scheme approximates the derivatives and leads to

G∆xφi,j = − L

∆x2
[φi+1,j − 2φi,j + φi−1,j] +

U

2∆x
[φi+1,j − φi−1,j], (5)

where i = 1 · · ·ny is the row of the cells, and j = 1 · · ·nx is the column of the cell. The
discretized version of the convection diffusion equation writes in a compact form:

(G∆x +G∆y)φ∆ = f∆. (6)

3 One-core efficiency analysis

A one-core version of the ADI method has been implemented and compared to the
classical SOR method in order to assess the complexity and the efficiency.
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3.1 The Alternating Direction Implicit method - ADI

We first address the Alternating Direction Implicit method and its implementation
as an iterative method. The 2D problem is decomposed into two sets of locally 1D
independent problems with alternating directions. It consists in two steps per iteration.
At substep n + 1/2, we solve equation (7) to provide φ

n+1/2
∆ , where the right-hand side

term is explicit, computed with the solution of iteration n, namely

(αI +G∆x)φ
n+1/2
∆ = (αI −G∆y)φ

n
∆ + f∆ (lines). (7)

The second sub-step n+ 1 solves equation 8 to compute φn+1
∆ with a right-hand side term

deriving from the former sub-step and reads

(αI +G∆y)φ
n+1
∆ = (αI −G∆x)φ

n+1/2
∆ + f∆ (columns). (8)

Parameter αφ∆ weights the matrix diagonal which value strongly conditions the number
of iterations to achieve convergence. The procedure is repeated until |φn+1

∆ −φn
∆| < ε for a

given threshold. Note that we have to solve a simple tridiagonal system of linear equations
at each ssub-step The Thomas algorithm is adopted in order to strongly minimized the
computational effort.

We have implemented a specific storage saving solutions φ
n+1/2
∆ and φn+1

∆ in two different
memory structures that we go through following the column (index n + 1/2) of the line
(index n+1) to ensure that we are reading contiguous data (and therefore take advantage
of the cache and hardware prefetching). Figure 3.1 presents the two ways to store vector.

On the left panel, vectors φ
n+1/2
∆ and φn+1

∆ are successively stored in the same array
following the lines. Increment of column index provoke a jump in the memory that
strongly affect the L3 cache and keep from efficiently use the prefetching algorithm. On
the other hand, middle and right panel represent the two array where we store respectively
φ
n+1/2
∆ and φn+1

∆ that respect the order we increment the index, fully taking advantage
of the prefetching and cache lines. Moreover we created a structure of arrays that will
represent the tridiagonal matrix involved in the problem to be solved with the Thomas
algorithm.

3.2 SOR method

To draw some comparison about the computational efficiency, we solve the 2D problem
using the SOR method. The linear system (G∆x+G∆y)φ∆ = f∆ is a penta-diagonal matrix
we rewrite as D+L+U where D is the diagonal component, L is a lower triangular matrix
and U is the upper one. We recall that the iterative method writes

(D + wL)φ
(k+1)
∆ = wf∆ − [wU + (w − 1)D]φ

(k)
∆ , (9)

where φ
(0)
∆ is an initial guessed solution. Coefficient w ∈ [0, 2] has to be chosen properly

in order to reduce the necessary iterations until convergence.
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Figure 3: Model (a) represents a conventional array structure where the memory access to the columns
is strongly penalized by the L3 cache system and the L1 cache line. We use two arrays (b) and (c) to
ensure an efficient read with contiguous data following the line (b) or the column (c).

3.3 Efficiency comparison of the methods

The computational grid ]0, 2[×]0, 2[ is a Cartesian one with nx = ny where the physical
domain of the problem is the point such that (x−1)2 +(y−1)2 ≤ 0.52. The exact solution
is φ(x, y) = exp(x+ 2y) and we compute the corresponding source term with U = L = 1.

We ran several tests to compare the performance between ADI and SOR. We used an
Intel i5-2450m with 2.3GHz, 64KB cache L1, 256KB cache L2 and 3MB cache L3 and
profiled the code using Linux’s perf.

3.3.1 ADI

Each iteration of ADI involves: 2 × nx × (nx × (2 mult. + 2 add. + 1 div.)). Since
divisions are the most expensive operations, the average cost is about ∼ 2×nx2 divisions.
Table 3.3.1 gives the order of the method, the time consumption, the number of iterations
and the time per iteration for several meshes. The order of convergence obtained was 2, as
expected, since we used second order centered schemes to dicretize the derivatives in the
equation.The number of iteration has been minimized tuning the α value for each mesh.
Running time per iteration grows as the square of nx in accordance with the complexity.

Memory management is a crucial issue since data transfer bottleneck may slow down
the execution and CPUs, stalled in an idle state, are waiting for data. Table 2 shows
that ADI method struggles with memory access specially for problems with large size as
indicated by the L3 cache-miss (nx = 160 and nx = 2560). For nx = 160, the number of
instructions per cycle (IPC) is 1.26, while it dive to 0.92 for nx = 2560 since the whole
data does not entirely fit in L3 cache.
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nx α err L∞ order its time time/it
80 0.1700 3.41E-6 — 144 0.03 2.04E-4
160 0.0800 8.58E-7 1.99 250 0.18 7.20E-4
320 0.0300 2.15E-7 1.99 430 1.27 29.5E-4
640 0.0160 5.37E-8 2.00 803 8.27 103E-4
1280 0.0085 1.34E-8 2.00 1652 83.69 506E-4
2560 0.0042 3.36E-9 2.00 3649 679 1860E-4

Table 1: Results for ADI method applied to the problem with one thread.

nx instructions cycles IPC L3 miss L1 miss
160 6.39E8 5.05E8 1.26 14% 2%
2560 25177E8 27416E8 0.92 80% 8%

Table 2: Computational efficiency for ADI method applied to the problem with 1 thread.

3.3.2 SOR

Each iteration of the SOR algorithm involves nx2× (4 mult.+ 4 add. + 1 div.)) hence
the cost is of order nx2 divisions which corresponds to half the number of divisions for
the ADI.

Table 3.3.2 provides the error, convergence rate, execution times and running time per
iteration. The value of w was tuned to minimize the number of iteration for each mesh.
The SOR running time is slightly lower than the ADI one by combining two ingredients:
the time execution per iteration is lower for the SOR whereas the number of iteration is
lower for the ADI. As expected, it takes half the time to perform an SOR iteration that
seems to indicate that the running time is compute bound and not memory bound.

nx w err L∞ order its time (s) time/it
80 1.84 3.41E-6 — 183 0.02 1.1E-4
160 1.92 8.58E-7 1.99 352 0.11 3.13E-4
320 1.96 2.15E-7 1.99 742 0.91 12.3E-4
640 1.98 5.37E-8 2.00 1286 6.6 51.3E-4
1280 1.99 1.34E-8 2.00 2656 51.78 195E-4
2560 1.995 3.36E-9 2.00 5221 517 990E-4

Table 3: Results for SOR method applied to the problem with 1 thread.

Table 3.3.2 shows that SOR method has a different kind of memory problems. The L3
cache-miss is relatively low even with large amount of memory. However, due to the poor
locality of the data, the L1 cache-miss is larger. Indeed the data in the extra diagonal
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entries do not fit in the L1 cache.

nx instructions cycles IPC L3 miss L1 miss
160 2.37E8 2.52E8 0.94 4% 12%
2560 10880E8 11897E8 0.91 10% 22%

Table 4: Computational efficiency for SOR method applied to the problem with 1 thread.

4 Many-cores ADI implementation

In order to obtain a highly parallelized method for multi-thread implementation, we
carry out the following alterations.

1. Split the problem into simpler independent sub problems: where we spatially split
the 2D problem into independent 1D sub problems.

2. Choose the most adequate memory structures as well as a code organization in
order to take advantage of the cache hierarchy (data locality) and other tools such
as hardware prefetching.

3. Implement explicit parallelism at the CPU level using intrinsic vectorization instruc-
tions and

4. Use the OPENMP pragma for multi-threading.

We implemented a parallel multi-threading version of ADI where we associate one
thread per row (equation 7) and column (equation 8). This new version of the code was
implemented in such a way it could take advantage of having a machine with multiple
cores. We used a node of the SEARCH cluster in the Computer Department of the
University of Minho with the following specifications: 2x Intel Xeon E5-2650v2 with
2.6GHz, 64KB cache L1, 256KB cache L2 and 20MB cache L3 with 16 cores.

Table 5 presents times of execution and speed up obtained for the cases (160 × 160
cells) and (2560 × 2560 cells), dependent on the number of threads used. The speed up
is still far from optimum, but we can clearly see that for the same problem solved using
the ADI multi-core algorithm, for a grid with 2560× 2560 cells, we achieved the solution
almost 7 times faster than using SOR. The speed-up is around 9 using 16 cores. Note that
the speed up obtained for the two meshes are very similar and arise some question about
the efficiency management of the cores. Indeed, the 160× 160 situation should not suffer
of miss-cache problem hence the speed-up would be only bounded by the computational
effort. Therefore, speed-up should scale very well with the number of cores.
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Dimension Threads Time (s) Speed up Dimension Time (s) Speed up
160x160 1 0.170 x 2560x2560 679 x
160x160 2 0.093 1.83 2560x2560 376 1.81
160x160 4 0.055 3.09 2560x2560 226 3.00
160x160 8 0.035 4.85 2560x2560 138 5.22
160x160 16 0.021 8.09 2560x2560 78 8.71

Table 5: Results for ADI method applied to the problem with multiple threads: cases 160× 160 cells and
2560× 2560 cells.

5 Conclusion and Future Work

We have achieved an ADI parallelized method that allows us to solve the 2D steady
state convection diffusion equation already with a good degree of parallelization.

Some new features can be added to this version of ADI, so as to still improve the
speed up. These features will focus on solving the memory problem that currently exists
and that limits the overall performance. Possible improvements include splitting the grid
in multiple tiles, which can fit inside the cache and re-organizing the data structures in
order to reduce the amount of memory being used. These improvements are likely to help
mitigate the memory bottleneck.

Another future evolution will include the use of the massive parallel potential of GPUs.
The usage of GPUs, imply using a different parallel strategy from the one used in CPUs.
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Abstract Computational mechanics appeared with the rise of the first computers and has 

being under strong development since those days. Today, the literature describes several 

advanced discretization numerical techniques capable to perform efficiently structural 

analyses. The finite element method (FEM) was one of the first discrete numerical methods 

to be developed, and nowadays is the most popular numerical technique within the 

computational mechanics research community. FEM is easy to program, robust and it 

allows to obtain fair approximations. Although its efficiency and success, in the last decade 

of last century, new mature advanced discretization techniques appeared – the meshless 

methods. In opposition to the FEM, which discretizes the problem domain using a grid of 

nodes organized following a structured element mesh, meshless methods discretize the 

problem domain with an unstructured nodal distribution. Thus, with meshless methods it is 

possible to obtain a discrete geometrical model directly from medical images or CAD 

geometries. Thus, this meshing advantage is a true asset in computational mechanics and 

biomechanics. This work presents a broad description of the origin and evolution of 

advanced discretization techniques in computational mechanics and biomechanics, 

showing the most relevant ones and their formulations. It also presents several demanding 

numerical applications in computational mechanics and biomechanics developed by the 

authors, such as: the transient behaviour of bone tissue; the elastoplastic behaviour of 

metallic and biological tissues, the blood fluid flow and the structural response of implants 

and bio-structures. The meshless results are compared with FEM solutions, allowing to 

understand the efficiency and accuracy of meshless methods. 
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1. INTRODUCTION 

In computational mechanics and biomechanics there are three important phases: the 

modulation, the simulation and the analysis. In order to perform them, it is necessary to use a 

discretization technique. This design process is naturally recurrent and strongly depends on the 

selected numerical methodology. The research community continuously seeks the best 

numerical approach to reproduce numerically the studied biological phenomenon. Presently, 

there are many numerical methods available and capable to successfully handle the previously 

mentioned phases on design [1]. However, the different numerical approaches described in the 

literature are fundamentally very dissimilar, which lead to distinct numerical performances. 

Nowadays, the finite element method (FEM) is the most popular discretization technique 

available in the literature [2]. The FEM replicates the physical domain with a geometrical model 

constructed with finite elements that do not overlap each other and do not present any gap 

disrupting the model continuum. This discretization technique requires a heavy pre-processing 

phase to build a balanced element mesh. The FEM performance relies strongly on the model’s 

mesh quality and any mesh modification or mesh refinement during the analysis represent an 

extra (heavy) computational cost, which is a significant drawback.  

1.1. Meshless methods  

Recently, within the computational mechanics scientific community, meshless methods became 

a focus of interest for solving partial differential equations. Since the field functions are 

approximated within an influence-domain rather than an element, in meshless methods the 

nodes can be arbitrary distributed [3] [4] [5] [1] [6].  

The influence-domain is a geometrical concept that permits to enforce the nodal connectivity 

in meshless methods [1]. In opposition to the FEM’s no-overlap rule between elements, in 

meshless methods the influence-domains may and must overlap each other, and it is the overlap 

of influence-domain that ensures the nodal connectivity.  

It is commonly accepted that it is possible to classify a numerical method by three fundamental 

parts: the field approximation (or interpolation) function, the used formulation and the 

integration. 

Regarding the approximation or interpolation functions, in the literature one can find several 

options [1]. The most common approximation functions are: the Taylor approximation; the 

moving least-square approximation; the reproducing kernel approximation; and the hp-cloud 

approximation function. Alternatively, the most popular interpolation functions are: the 

polynomial interpolation; the parametric interpolation; the radial interpolation; and the Sibson 

interpolation. 

These functions require a domain of applicability, outside this domain the function assumes 

null values – the support domain. In the FEM the concept of “support domain” is substituted 

by the concept of “element”. Additionally, the “element” contains the information regarding 

the connectivity, meaning that each element is linked to its neighbours and that information is 

available since the construction of the element mesh. In meshless methods, the element 

connectivity is substituted by the nodal connectivity, which is obtained with the “influence-

domain” concept, Fig. 1(a). Thus, it is necessary to determine the influence-domain for each 
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node within the node cloud discretizing the problem domain, Fig. 1(a). The technique to obtain 

the influence-domain varies with the used meshless method [1]. 

Concerning the formulation, discretization numerical methods can be classified in two 

categories: the strong formulation and the weak formulation. In order to obtain the solution, the 

strong formulation uses directly the partial differential equations. Alternatively, the weak 

formulation uses a variational principle to minimize the residual weight of the differential 

equations governing the phenomenon [1]. Both the FEM and the majority of meshless methods 

use weak formulations. The reason is simple: a differential equation may have solutions which 

are not exactly differentiable and the weak formulation allows to find such solutions. In fact, 

many differential equations governing the real biomechanical phenomena do not admit 

sufficiently smooth solutions, thus, the use of strong formulations is unpractical.  

The third fundamental part is the numerical integration, which is necessary to obtain the integral 

of the residual weight of the differential equations. Thus, it is necessary to select a numerical 

integration scheme. The most common schemes consist in background meshes, covering the 

entire problem domain and made with integration points. The integration points, which cannot 

overlap each other, possess an influence area (or volume) and a weight, corresponding to the 

theoretical infinitesimal mass portion defined in the integral expression. If the integration points 

locations and weights are obtained directly from the nodal distribution, then, the meshless 

method is a ‘truly meshless method’. The point collocation and the nodal integration techniques 

permit to obtain truly meshless methods [1] [7] [8] [9] [10] [11] [12]. This class of meshless 

methods allow to acquire the nodal cloud directly from CAD parts for structural mechanical 

analyses. Alternatively, in biomechanics, these truly meshless methods allow to obtain the 

nodal discretizaiton directly from medical CAT scans or MRI by considering the pixels (or 

voxels) position and then obtain the nodal connectivity, the integration points and the shape 

functions using only the nodal spatial information [1]. Using the grey tones of medical images, 

truly meshless methods are even capable of recognizing distinct biomaterial and then affecting 

directly to the nodes the corresponding material properties. 

Truly meshless methods, possessing interpolating properties, are very attractive in 

computational mechanics. Thus, the next subsections show some relevant works dealing with 

such efficient techniques. 

1.2. Meshless methods in structural mechanics 

After a first experience programing and developing the element free Galerkin method (EFGM) 

[13] for elasto-static and nonlinear elastoplastic analysis of thick plates and laminates using 

equivalent single layer theories [14] [15] [16], the author has decided to develop new meshless 

methods. The goal was to develop a truly interpolation meshless methods, capable to use the 

same boundary imposition techniques already developed for FEM. Thus, two truly interpolation 

meshless methods were developed - the Natural Neighbour Radial Point Interpolation Method 

(NNRPIM) [7] and the Natural Radial Element Method (NREM) [8]. The NNRPIM combines 

the shape function technique of the Radial Point Interpolators (RPI) [17] [18] [1] [19] with the 

natural neighbour concept [9] [10]. The NNRPIM is very accurate, allowing to obtain numerical 

solutions very close with the analytical exact solution. The NREM is an improved version of 
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the NNRPIM, in which the shape functions are built using a much more reduced number of 

nodes. The nodal connectivity and integration scheme is again obtained using the natural 

neighbour concept. The NREM can be directly coupled with the FEM [8]. 

Afterwards, NNRPIM and NREM were extended to the elasto-static analysis of thick plates and 

laminates assuming a first order shear deformation theory (FOSDT) [20] [21] [22] and other 

high order shear deformation theories [23]. For the specific case of thick laminates considering 

FOSDT, the performance of these two interpolation meshless methods was compared with the 

performance of high-order finite element formulation and the EFGM [6]. Also for beams, the 

NNRPIM was applied to analyse thick laminated beams under several load conditions [24] [25]. 

Afterwards, a new shell-like 3D formulation was developed for the NNRPIM to simulate thin 

structures under transversal loads [26] [27]. This technique was applied to solve thin isotropic 

and laminated shells. 

The nonlinear dynamic analysis of structures was also a topic addressed with the NNRPIM. 

The first works deal with the dynamic analysis of 2D and 3D structures [28] [29]. Then, using 

an unconstrained high order shear deformation theory, the NNRPIM was extended to the 

dynamic analysis of laminated plates under transversal loads [30]. 

Taking advantage of the remising flexibility of NNRPIM, an non-linear geometrically 

algorithm was implemented (large strain analysis) [31], allowing to confirm the superior 

performance of the NNRPIM in demanding non-linear analysis. In addition to the large 

deformations, the NNRPIM was also extended to the nonlinear analysis of elastoplastic 

anisotropic material (showing both elastic anisotropy and hardening anisotropy) [32] and 

continuum damage mechanics for brittle materials, such as concrete and ceramics [33] [34] [35] 

[36]. Some research works on the NNRPIM were capable to validate the method with 

experimental data, showing that the numerical technique is capable to simulate accurately the 

elastoplastic response of steel alloys [37] and aluminium alloys [38] [39]. 

Several other fields in computational mechanics were covered by the NNRPIM, such as the 

fracture mechanics [40] [41] [42] [43] [44]. In these works, it was shown that the NNRPIM is 

capable to achieve, effortless, solutions very close with the experimental data or with other 

well-established techniques, such as the eXtended-FEM (XFEM) [45]. The analysed examples 

were demanding, involving mixed crack modes and double fractures [40] [41] and the presence 

of material discontinuities, such as small and large holes [42] [43]. More recently, the NNRPIM 

was extended to the multi-scale analysis of composite materials, allowing to obtain the 

homogenized material properties at the micro-scale and then use it at the macro-scale [46] [47]. 

1.3. Meshless methods in biomechanics 

Meshless methods possess several advantages over the FEM, such as the remeshing efficiency, 

which permits to simulate explicitly fluid flow (the hemodynamics, the swallow, the respiration, 

etc.) and to deal with the large distortions of soft materials (internal organs, muscles, tendons, 

skin, etc.). Furthermore, the smoothness and the accuracy of the solution fields (displacements, 

stresses, strain, etc.) obtained with meshless methods are very useful to predict the remodelling 

process of biological tissues and the rupture or damage of such biomaterials. Additionally, 

recent works show that the combination of medical imaging techniques (CAT scan and MRI) 
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with meshless methods is more efficient than using the FEM [48] [49]. Such observation was 

again verified using the NNRPIM [50]. Due to its advantages, meshless method are a strong 

alternative to FEM in biomechanics [51]. 

The work of Doweidar et al. [52] showed that meshless methods possess clear advantages over 

the FEM in biomechanical problems dealing with large strains, such as in the simulation of the 

human lateral collateral ligament and the human knee joint. Additionally, Zhang et al. [53] 

extended a meshless method to the nonlinear explicit dynamic analysis of the brain tissue 

response. Later, the NNRPIM was used to study the brain response due to a sudden impact [54] 

[50]. The results confirmed the accuracy of meshless methods to deal with highly demanding 

nonlinear hyperelastic biomaterials. 

Furthermore, meshless methods are frequently used to simulate hemodynamics. In the literature 

it is possible to find research works in which meshless methods are used to simulate the motion 

of a deformable red blood cell in flowing blood plasma [55] or to study the effect of red blood 

cells on the primary thrombus formation [56]. Furthermore, particle meshless methods are 

capable to study other bio-fluids, such as the endolymph in the inner ear [57], allowing to 

simulate and understand the disorders of the vestibular system [58] [59]. The NNRPIM is 

capable to complement these studies, providing the expected dynamic response of solid 

structures (such as the cupula) surrounded by the endolymph [60]. 

Another popular computational biomechanical field in which meshless methods proved to 

possess clear advantages is the numerical prediction of bone tissue remodelling [61]. The first 

work dealing with bone structures and using meshless methods was published by Liew et al. 

[62]. Then, other authors applied meshless methods to simulate the bone tissue remodelling 

process with success [63] [64]. Recently, Belinha et al. [65] [66] presented a new bone tissue 

remodelling algorithm relying on the meshless method accuracy. The methodology was capable 

to obtain numerical solutions very close with the clinical X-ray images of natural bones [65] 

[66] [67], and natural bones with implants [68] [69]. The methodology was applied also to 

predict the bone biological behaviour dental biomechanics, with and without the presence of 

implants [70] [71] [72] [73] [74].  

Regarding bone tissue simulation, the NNRPIM and the RPIM were combined with the fabric 

tensor concept in order to achieve an homogenization procedure for bone tissue [75] [76]. The 

developed technique allows to performed multiscale analyses in a fraction of time, when 

compared with traditional homogenization techniques. Such performance is magnified by the 

accuracy of both meshless methods, allowing to achieve accurate results using a lower number 

of nodes. 

The simulation of the non-linear behaviour of biological material was also addressed with 

meshless methods. In this class of problems, due to its iterative nature, the precision and 

smoothness of the stress/strain field is very important to achieve stable and robust solutions. 

Belinha and co-workers have developed non-linear elasto-plastic constitutive models to 

reproduce the biomechanical behaviour of bone structures [72] and atherosclerotic plaque tissue 

[77]. These models were combined with meshless methods. The results allow to predict with 

precision the failure of those biological structures. Another interesting application of meshless 

methods is the simulation of endolymph, fundamental part of the vestibular system, which plays 

an important role in vertigo. 
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2. MESHLESS METHOD GENERAL FORMULATION  

NNRPIM and NREM are truly meshless methods and the only information required to 

discretize the problem's domain is the initial nodal distribution. Then, to determine the nodal 

connectivity, a Voronoï diagram is constructed, as the one presented in Fig. 1(c). This diagram 

is composed of 𝑁 Voronoï cells, one for each node 𝑛𝑖 of the nodal distribution 𝑿, being 𝑿 =
{𝑛1, 𝑛2, … , 𝑛𝑁}. Each Voronoï cell, 𝑉𝑖, is the geometric place where all points in the interior of 

𝑉𝑖 are closer to node 𝑛𝑖 than to any other node 𝑛𝑘, being  𝑛𝑘 ∈ 𝑁 (𝑘 ≠ 𝑖). To establish nodal 

connectivity, the concept of natural neighbour is applied [7], [78], in which each Voronoï cell 

can be considered an “influence cell”. So, for a node 𝑛𝑖, the first natural neighbours nodes are 

defined, composing a set of “first-degree influence cells” represented in light-grey in Fig. 1(b). 

Thus, it is assumed that the respective node of each influence cell communicates with node 𝑛𝑖 

and so the connectivity of node 𝑛𝑖 is established. The "second-degree influence cells" can also 

be defined, only implicating that the natural neighbours of the first natural neighbours are also 

added to the connectivity, as represented in Fig. 1(b). 

Regarding numerical integration, NNRPIM and NREM are considered truly meshless methods 

since the background integration mesh is dependent on the nodal distribution. Thus, applying 

Delaunay triangulation, each Voronoï cell is subdivided in several sub-cells. So, for a Voronoï 

cell, 𝑉𝑖, the nodes whose Voronoï cells have common boundaries with 𝑉𝑖 are connected, 

defining the intersection points, 𝑃𝐼𝑖, and the middle points, 𝑀𝐼𝑖. Then, as presented in Fig. 1(d), 

𝑉𝑖 is divided in 𝑠 quadrilateral sub-cells, 𝑆𝐼𝑖, being 𝑠 the number of natural neighbours of node 

𝑛𝑖. Only then it is possible to define the spatial localization of the integration points. Using 

again the isoparametric concept, each sub-cell is isoparameterized and filled with integration 

points following the Gauss-Legendre quadrature scheme, as presented in Fig. 1(e). In the end, 

it is possible to obtain all the integration points, Fig. 1(d). In this work, second degree influence-

cells are used and each sub-cell contains one integration point, as suggested in [7]. 

1.3. RPI shape functions 

The RPIM, the NNRPIM and the NREM use the Radial Point Interpolators (RPI) technique to 

construct the respective shape functions. The RPI combines a polynomial basis function with a 

radial basis function (RBF) in order to build an approximation function, which exactly 

interpolates the nodal data.  

Consider a function space T  defined in the predetermined domain 
d . The finite 

dimensional space hT T  discretizing the domain   is defined by: 

 : : ( )h i mT r i i N p     x x x , where : dr  is at least a 1C  function and 

: d

mp  is defined in the space of polynomials of degree less than m . 

Here, as in the previous subsection, it is consider an interpolation function ( )
h

u x  defined for an 

influence-domain 
I   of an interest point 

2

I x . The influence-domain of Ix  is defined 

by n  nodes: 1 2{ , ,..., }I nn n nN , whose Cartesian coordinates are: 
2

1 2{ , ,..., }n i  X x x x x . 
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(a) (b) (c) 

 
 

 

(d) (e) (f) 

Fig. 1 – (a) Typical influence-domains. (b) Influence-cell (NNRPIM). (c) Voronoï diagram of the nodal 

discretization; (d) Voronoï cell of node I; (e) Quadrilateral with one integration point. (f) Discretized domain 

with nodes and integration points 

 

The RPI permits to constructs an interpolation function ( )hu Tx  capable to pass through all 

nodes within the influence-domain. Thus, since the nodal function value is assumed to be iu  at 

the node ix , ( )i iu u x , consequently: ( ) ( )h

i iu ux x . The interpolation function  ( )hu Tx  

can be defined at the interest point 
d

I x  (not necessarily coincident with any i x X ) 

using a RBF ( )r x   and a polynomial basis function ( )p x , 

T T

1 1

( ) ( ) ( ) ( ) ( ) ( )
n m

h

I i I i j I j I I I

i j

u r a p b u
 

    x x x r x a p x b = x , (1) 

where 
T

1 2{ , ,..., }na a aa  are the non-constant coefficients of 
T

1 2( ) { ( ), ( ),..., ( )}nr r rr x x x x  

and 
T

1 2{ , ,..., }mb b bb  the non-constant coefficients of 
T

1 2( ) { ( ), ( ),..., ( )}mp p pp x x x x . The 

integer n  and m  are respectively the number of nodes inside the influence-domain of the 

interest point Ix  and the number of monomial terms of the polynomial basis 
T( )p x . 
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Regarding the RBF used to construct the shape function. The RPIM, the NNRPIM and the 

NREM use the Multiquadrics Radial Basis Function (MQ-RBF) [17][7][79][8], which can be 

defined by  2 2( ) ( )
p

i I iI iId d c  r x s . The variable iId  is the distance between the interest 

point { , }T

I I Ix yx  and a node { , }T

i i ix yx  inside the influence-domain. Thus, it can be 

defined as:    
2 22

iI i I i Id x x y y    . The variables c  and p  are the shape parameters of 

the MQ-RBF. The efficiency of the meshless method is affected by the variation of shape 

parameters c  and p . 

In previous works regarding the RPIM [17], the following values are suggested: 1.42c   and 

1.03p  . Alternatively, for the NNRPIM, the literature [7] shows that the optimal values 

should be 1c   and 1p  . Hence, as suggested in the literature, the values used in this work 

for the NNRPIM are 0.0001c   and 0.9999p  . The literature showed that these shape 

parameters permit to accuracy solve laminated plate problems [80] [27] [29]. 

The NREM uses a simplified version of the MQ-RBF, in which the 0c   and 0.5p  , 

becoming the square of a Euclidean norm basis function [8]. 

The original RPI formulation requires a complete polynomial basis function, which for the two-

dimensional space can be defined by 
T 2 2( ) {1, , , , , ,...}i i i i i i ix y x x y yp x . Nevertheless, in 

previous research works, it was shown that using a simple constant basis ( ( ) {1}i p x ) increases 

the efficiency of the RPI formulation [7][20][8][70]. Therefore, in this work, for the RPIM, 

NNRPIM and NREM only the constant basis is considered. In this case, the number of 

monomial terms is defined by 1m . 

It is possible to obtain the non-constant coefficients ia  and 
jb , equation (1), by forcing the 

interpolation function to pass through all the n  nodes belonging to the influence-domain [7]. 

Thus, at the thk  node, the interpolation function is defined by, 

1 1

( , ) ( , ) ( , ) ,     1,2, ,
n m

h

k k i k k i j k k j k

i j

u x y r x y a p x y b u k n
 

    
. 

(2) 

In order to assure a unique solution, the following polynomial equation has to be included in 

the system of equations [7], 

1

( , ) 0,     1,2, ,
n

j i i i

i

p x y a j m


 
. 

(3) 

The computation of the shape functions can be written in a matrix form, 

T

         
          

         

R P a u a u
G

P Z b z b z
, 

(4) 

where G  is the complete moment matrix, Z  is a null matrix defined by 

0, {{ , } :{ , } }ijZ i j i j m     and the null vector z  can be represented by 0, { : }iz i i m   
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. The vector for the variable nodal values is defined as ( ), { : }i iu u i i n   x . The radial 

moment matrix R  is represented as, 

1 1 1 1 2 2 1

2 1 1 2 2 2 2

[ ]

1 1 2 2

( , ) ( , ) ( , )

( , ) ( , ) ( , )

( , ) ( , ) ( , )

n n

n n

n n

n n n n n

r x y r x y r x y

r x y r x y r x y

r x y r x y r x y



 
 
 
 
 
 

R

 

(5) 

and polynomial moment matrix P  is defined as, 

1 1 1 2 1 1 1 1

1 2 2 2 2 2 2 2

[ ]

1 2

( , ) ( , ) ( , )

( , ) ( , ) ( , )

( , ) ( , ) ( , )

m

m

n m

n n n n m n n

p x y p x y p x y

p x y p x y p x y

p x y p x y p x y



 
 
 
 
 
 

P

. 

(6) 

Since the distance is directionless, ( , ) ( , )i j j j i ir x y r x y , i.e. ij jiR R , matrix R  is symmetric. 

A unique solution is obtained if the inverse of the radial moment matrix R  exists, 

1   
   

   

a u
G

b z
. 

(7) 

The solvability of this system is usually assured by the requirement:  ( )rank p m n   [1]. For 

the NNRPIM formulation used in this work, each interest point 
2

I x  usually will 

possesses between 4 and 9 nodes inside the influence-domain. Therefore, since in this work 

only the constant polynomial basis is used, the previous condition is largely satisfied. The RPI 

function is obtained with 

   1( ) ( ) ; ( ) ( ) ; ( )h T T T T

I I I I Iu     
    

   

u u
x r x p x G x x

z z
 

, 
(8) 

where ( )Ix  is the interpolation function vector, which can be defined as 

 1 2( ) ( ) ( ) ( )I I I n I  x x x x
. (9) 

The residual vector ( )Ix , with no relevant physical meaning, is expressed as follows, 

 1 2( ) ( ) ( ) ( )I I I m I  x x x x
. (10) 

Since  

 ( ) ( ) ( ) ; ( )h T T T

I I I Iu
 

   
 

u
x x u x x

z
 

, 
(11) 
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it is possible to obtain the partial derivatives of the interpolated field variable with respect to x  

and y , 

( ) ( ) ( ) ( )
;

( ) ( ) ( ) ( )
;

T T Th

I I I I

T T Th

I I I I

u

x x x x

u

y y y y

       
    

       


      
           

ux x x x
u

z

ux x x x
u

z

 

 





. 

(12) 

Since the moment matrix G  does not depend on the variable Ix , the interpolation function term 

of equation (12) can be rewritten as 

  

  

1

1

1

1

( ) ; ( )( ) ( ) ( ) ( )
; ;

( ) ; ( )( ) ( ) ( ) ( )
; ;

T TT T T T
I I

I I I I

T TT T T T
I I

I I I I

x x x x x

y y y y y









             
          


         

   
          

r x p x Gx x r x p x
= = G

r x p x Gx x r x p x
= = G

 

 

. 

(13) 

The partial derivatives of the MQ-RBF vector ( )Ir x , with respect to x  and y , can be obtained 

for each component ( ) /i Ir x x  and ( ) /i Ir y x  with the expression, 

2 2 1

2 2 1

( )
2 ( )( )

( )
2 ( )( )

pi I
i I iI

pi I
i I iI

r
p x x d c

x

r
p y y d c

y






   


   


x

x

. 

(14) 

The RPI test functions ( )Ix  depend uniquely on the distribution of scattered nodes and are 

linearly independent in the influence-domain [17][1]. Additionally, these previous works, attest 

that RPI test functions possess the Kronecker delta property. If a polynomial basis is included, 

the RPI test functions have reproducing properties and possess the unity partition property [1]. 

Because the obtained RPI test functions have a local compact support, it is possible to assemble 

a well-conditioned and banded stiffness matrix. 

3. FEMAS  

FEM is the most popular discretization technique in computational mechanics. Much of 

FEM success comes from it robustness, accuracy and programing simplicity. It is possible 

for an undergraduate engineering student to write FEM programs. Furthermore, there are 

numerous FEM software available for engineering, many of them are free and most of the 

commercial software possess their own student version, allowing students and researchers 

to use them. For meshless methods the scenario is quite different. Although accurate, 

meshless methods are much more complex than FEM and much harder to program. The 
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available software are rare and out of range for the general computational mechanics 

community. Thus, in order to overcome this difficulty, the author as developed during the 

last 5 years a complete and easy-to-use meshless software, the Finite Element method and 

Meshless Analysis Software (FEMAS – cmech.webs.com). The software allows students 

and researchers to perform their analysis using a friendly graphic user interface (GUI), Fig. 

2(a). Presently, the software is capable to analyse several computational mechanics 

problems such as: static linear-elastic and elasto-plastic material analyses; crack opening 

path prediction; bone tissue remodelling simulation; free vibration and buckling analyses; 

viscoelastic and viscoplastic fluid flow (low velocities) analyses; thermo-mechanical 

analyses; and structural optimization analyses. 

 

 

 

(a) (c) 

Fig. 2 – (a) FEMAS graphical user interface. (b) Finite element formulations programed in FEMAS. 

 

Furthermore, the author has included several finite element method formulations for 2D and 

3D analysis, Fig. 1(b), and two meshless methods – the RPIM and the NNRPIM. With this 

software, the user is capable to implement the same analysis/formulation using several 

numerical approaches and perform comparative studies. Also, the user can write his/her 

own routines and include them straightforwardly in the software, reducing learning periods 

and increasing scientific advances.  

4. NUMERICAL APPLICATIONS - MECHANICS  

Regarding solid mechanics, meshless methods allow to analyse several structural problems. 

In this section, some nonlinear applications developed and solved by the author using 

meshless methods are presented. Programing the nonlinear elasto-plastic material 

behaviour, including small or large deformations, is one of the most demanding procedures 

in computational mechanics. Fig. 3(a) and (b) shows the elasto-plastic response of a simply 

supported plate and a clamped plates, respectively. The results were obtained with the 

NNRPIM combined with a full Newton-Raphson nonlinear solution algorithm adapted for 

elastoplastic formulations [32]. Fig. 3(c) shows the solution of a roll-up beam submitted to 

a constant moment at the tip [31]. This solution is only possible if large strains are assumed. 

Applying the same nonlinear algorithm, the deformation of thick plates is achieved Fig. 3(d) 

and (e). As the literature shows, these solutions are in accordance with theoretical solutions. 
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(c) (d) (e) 

Fig. 3 – Elasto-plastic response of a (a) simply supported plate and a (b) clamped plate under uniform distributed 

load. Non-linear geometrical analysis of a (c) roll-up beam under a constant tip moment and (d) simply 

supported and (e) clamped plates under uniform distributed load. 

 

Another demanding application in computational mechanics is the development of crack 

opening path algorithms. The author has developed a universal algorithm that can be 

simultaneously applied with the FEM and/or meshless methods [40] [41] [42] [43]. Fig. 4 

shows the crack path prediction on a three point bending beam with a central circular hole. 

The results are in accordance with experimental results and XFEM [42] [43]. In crack 

opening prediction meshless methods are an asset because the evolution of the crack tip is 

achieved by the blind inclusion/elimination of nodes at the crack tip [40]. 

Although the proper development of self-contact in contact mechanics is a demanding task, 

meshless methods are particularly suited to analyse contact problems with moving essential 

boundaries. In Fig. 4(c) is shown a rubber circular ring under compression. The upper boundary 

is compressing the ring until the inner upper surface of the ring contacts its lower inner surface. 

In Fig. 4(d) a cantilever beam is submitted to a uniform distributed transversal load along its 

length. With the deformation, the beams finds a circular boundary and, due to the implemented 

contact formulation, the beam slides on the circular boundary (no friction is assumed).  
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(a) (b) 

    
(c) 

    
(d) 

Fig. 4 – (a) Crack opening path prediction using the NNRPIM load. (b) detail near the crack tip. (c) Compression 

of a circular ring and (d) bending of a cantilever beam contacting a circular boundary.  

5. NUMERICAL APPLICATIONS - BIOMECHANICS  

Using the several developed algorithms for solving nonlinear problems with meshless 

methods, it is possible to analyse the structural response of biological structures. Bone tissue 

remodelling analysis is one of the most relevant studies in biomechanics. The literature 

possesses several research works within the topic, most of these studies are performed using 

the FEM. However, the author has found that meshless methods allow to predict with much 

more accuracy the bone tissue response to external loads [65]. The obtained solutions are 

always very close with observed clinical cases. The developed algorithm can be used to 

predict the bone transient response to the insertion of implants, allowing to select the most 

suitable solution for each patient. As Fig. 5 shows, for several analysed cases, the obtained 

trabecular distribution is clear and provides strong indications regarding the bone 

remodelling. Many biological materials present an elasto-plastic response. The 

atherosclerotic plaque tissue is one of them [77]. Thus, an artery containing a layer of 

atherosclerotic tissue was modelled and analysed using FEM and meshless methods, Fig. 6(a). 

The results have shown that the blood pressure is not enough by itself to induce an elasto-plastic 

response on this biomaterial. In Fig. 6(b) is shown the evolution of the plastic strains with the 

increase of the blood pressure. 

The visco-elastic flow theory proposed by Zienkiewicz [2] was successfully adapted to simulate 

blood flow using meshless methods. In Fig. 6(c) is shown the blood velocity inside a bifurcated 

artery and in Fig. 6(d) it is presented the velocity field inside an aortic aneurism. Another 

interesting topic in biomechanics is the free vibration analysis of biological structures. Such 

studies can provide indications to assist new therapies and new diagnosis. Thus, using meshless 
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methods it was possible to determine the natural frequency of brains, red blood cells (RBC), 

human chromosomes, etc. In Fig. 6(e) to (h) the corresponding vibration modes and frequencies 

of these structures are presented. 

 

   
(a) (b) (c) 

Fig. 5 – Bone tissue remodelling analysis of (a) a proximal femur, (b) a femur bone due to the insertion of a 

femur implant and (c) a mandible patch due to the insertion of dental implant. 
 

      
(a) (b) (c) (d) 

     
(e) (f) (g) (h) 

Fig. 6 – (a) Artery containing atherosclerotic plaque and its (b) plastic strains due to increasing blood pressures. 

Velocity field inside (a) a bifurcated artery and (b) an aortic aneurism. Vibration modes of (a) a human brain, (b) 

a normal RBC, a sickled RBC and a ovaloid RBC and (g) and (h) human chromosomes. 

6. CONCLUSIONS 

There are several research works available in the literature showing the numerical efficiency 

of meshless methods [1]. Based on those manuscripts and in the author’s personal experience, 

it is expected that in the near future meshless methods (or advanced discretization meshless 

techniques) will substitute traditional numerical techniques, such as the FEM, in the 

computational mechanics and biomechanical analysis. There are several mechanical 

computational fields waiting to be explored, combining distinct physics behaviours, such as: 

electrical, magnetic, chemical, thermic, biological and fluid/solid mechanics. Up to now, 
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meshless methods proven to be capable to deliver an accurate solution to all mentioned physics 

problems. Combining the discretization flexibility of this innovating technique with its 

accuracy will permit to break the present science frontiers, offering new therapeutic solutions 

in biomechanics and predicting pathological conditions. For instances, in biomechanics, it is 

expected that in the near future meshless methods will: (1) assist surgical operations, governing 

a virtual numerical model that will guide the surgeon in real-time; (2) permit to make hundreds 

of in-silico experiments, testing the effects of new drugs at the micro-scale level (cellular level) 

and at the macro-scale level (muscles, bones, tendons, etc.); (3) predict the regeneration of soft 

and hard tissues, allowing to select the most efficient physical or chemical therapy; (4) assess 

the health or the risk of failure of all biological structures after a complete CAT scan; (5) design 

patient specific instrumentation or prosthesis much more adapted to the patient physiognomy. 

With meshless methods, there is no limits in computational mechanics and biomechanics. The 

limit is bounded by our imagination and necessity. 
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Abstract  
 

Felgueiras is no exception. A solution may be that the trucks that do the collection of the 

individual containers take the solid wastes to the landfill. However, this represents high 

transport costs and the trucks do not reach their maximum capacity. The installation of 

transfer stations is a solution that has been studied by several municipalities with the aim 

of reducing costs and maximize the trucks capacities. In this work, we present a 

mathematical model for support the decision of the installation of transfer stations on the 

municipality of Felgueiras. Two scenarios of the landfill installation are consider. The 

results show a significant reduction on the cost of solid waste collection and treatment . 
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Abstract. Nonholonomic systems can be defined as systems with constraints imposed
on the motion [2]. Wheeled vehicles, airplanes, robot manipulators are some examples of
nonholonomic systems. From a kinematic point of view a nonholonomic car-like robot is a
car model which rolling without slipping between the wheels and the ground. The dynamic
is described by a system of differential equations involving control functions.

To obtain the approximate solution of these control problems we investigate the appli-
cation of Tau spectral method [3, 4].

In this work, the solutions were computed using a MATLAB toolbox that allows ob-
taining solutions of several types of integral and differential problems - the TauToolbox
[7, 8].
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1 INTRODUCTION

The kinematic model of robot’s that move by rolling wheels, can be defined by a set of
differential equations of the form

ẋ = f1(x, y, v, u, θ, φ)
ẏ = f2(x, y, v, u, θ, φ)

θ̇ = f3(x, y, v, u, θ, φ)

where (x, y) ∈ R2 is the robot’s position space, θ is the angle with respect to x-axis, φ is
steering wheels angle with respect to the robot’s longitudinal axis and v is the velocity.
(see Figure 1).

v

y

x

θ

φ

L

Figure 1: Car-like robot model

A nonholonomic car-like robot is a car model which rolls without slipping between the
wheels and the ground. This constraint is expressed by the equation

ẋ sin(θ)− ẏ cos(θ) = 0 (1)

The simplest model of these kind of robot’s, corresponds to a robot with a single
wheel: the unicycle model. In this model the wheel rolls on a plane while keeping its
body vertical. Is an unrestricted model because it can rotate freely while standing in its
position (x, y). The dynamics is characterized by





ẋ = vcos(θ)
ẏ = vsin(θ)

θ̇ = u
(2)
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The Dubin’s car is a car-like robot that is assumed to have constant linear velocity, v,
and only move forward. This robot can be parameterized by its position and angle.

The dynamics for the Dubin’s car is given by





ẋ = vcos(θ)
ẏ = vsin(θ)

θ̇ = vu
(3)

where v and u are control inputs representing the linear velocity and curvature, respec-
tively.

The problem of finding the shortest continuously differentiable path between two given
points taken by a car-like robot is known as the Dubin’s problem.

2 OPTIMAL CONTROL PROBLEMS

An optimal control problem (OCP) can be formulated as

Minimize J(x(t), u(t)) =

∫ tf

t0

F (x(t), u(t)) dt

subject to

ẋ(t) = f(x(t), u(t)), t ∈ [t0, tf ]
x(t0) = x0
x(tf ) = xf
x(·) ∈ X
u(·) ∈ U
tf ∈ [t0,+∞[

(4)

where J is the cost function, x is the state vector representing the dynamics, u is the
control vector, x0 is the initial configuration and xf is the final configuration.

The solution of OCP can be obtained following a standard procedure, which consists
in applying Pontryagins Maximum Principle and obtaining the necessary optimality con-
ditions along with the transversality condition resulting into a two-point boundary value
problem (BVP).

2.1 Pontryagin Maximum Principle

Considering the Hamiltonean function

H(x(t), u(t),λ) = F (x(t), u(t)) + λf(x(t), u(t))

where F and f are the functions described above and λ = [λ1(t), λ2(t), . . . , λn(t)] is a vec-
tor of co-state variables and considering that (x, u∗) is a controlled trajectory defined over
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the interval [t0, tf ] then (x, u∗) is optimal, for all admissible controls u, if the Pontryagin′s
maximum principle holds, i.e.,

H(x, u∗,λ) ≥ H(x, u,λ)

The Pontryagin maximum principle garantees that if (x, u∗) is an optimal pair, solution
of the problem (4), then the first order necessary conditions [1] satisfies the Hamiltonian
maximization, i.e.,

Hx = −λ̇ (5)

Hu = 0 (6)

with transversality conditions given by λ(tf ) = 0 for tf <∞.
In most problems the equation (6) can be manipulated to find a representation of u

in terms of t, x and λ and substituted into the equation ẋ(t) = f(x(t), u(t)) of (4). The
equation obtained together with (5) and the the conditions x(t0) = x0, λ(tf ) = 0 form a
boundary value problem to be solved.

3 DUBIN’S PROBLEM AS AN OCP

As Dubins’ car only moves forwards, the initial configuration of the car can be fix to be
the origin, then it is assumed that t0 = 0.

The cost function for Dubin’s OCP in finding the shortest path between two given
points in R2 is

J =

∫ tf

0

√
ẋ2 + ẏ2dt =

∫ tf

0

|v|dt

If it is assumed that linear velocity, v, is constant and equal to 1, the system (3) can
be rewrited as





ẋ = cos(θ)
ẏ = sin(θ)

θ̇ = u

where u ∈ [−1, 1].
Note that for v = 1, the cost function for the shortest path problem will equal to a

minimum time problem, i.e., J =
∫ tf
0

1dt = tf .
Hence, the Dubin’s OCP can be stated as
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Minimize

∫ tf

0

1dt

subject to

ẋ(t) = (cos(θ(t)), sin(θ(t)), u(t))
x(0) = (x0, y0, θ0)
x(tf ) = (xf , yf , θf )
x(·) ∈ R2 × S
u(·) ∈ [−1, 1]

(7)

The Hamiltonean function is

H(x, u,λ) = 1 + λ[ẋ]T (8)

with x = (x, y, θ), λ = [λx λy λθ] and [ẋ] = [cos(θ) sin(θ) u]

4 TAU METHOD

Introduced by Lanczos in 1938, to approximate the solution of ordinary differential equa-
tions on ]a, b[, the Tau method is a spectral method that produces a polynomial approxi-
mation, yn(x), of the solution, y(x), of a given diferential problem Dy(x) = f(x), defined
on ]a, b[. It is based on solving a system of linear algebraic equations, obtained by impos-
ing that the supplementary conditions are verified exactly and the residual is minimized
in a quadrature sense, i.e, is orthogonal to the first elements of an orthogonal polynomial
basis. It can be applied to initial, mixed or boundary value problems.

4.1 Preliminaires and Notations

Let D : P → P be the linear differential operator of order ν ≥ 1 with polynomial
coefficients defined by

D ≡
ν∑

r=1

dr

dxr
pr(x) (9)

and y be the exact solution of the differential problem
{
Dy(x) = f(x) a < x < b
gj(y) = σj j = 1 : ν

(10)

where f ∈ P is a polynomial, gj are ν linear functionals to be satisfied by the required
solution y, representing initial, boundary or mixed conditions, acting on Cν [a, b] and P
represents the space of all algebraic polynomials.

The main idea of the Tau method is to approximate y by a polynomial yn =
∑n

i=0 aiPi
where P = [P0 P1 . . .] is an orthogonal polynomial basis defined by a lower triangular
matrix.
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The Tau approximant yn to y is the unique polynomial solution of the perturbed
problem {

Dyn(x) = f(x) + τ(x) a < x < b
gj(yn) = σj j = 1 : ν

(11)

where τ is a polynomial perturbation close to zero in ]a, b[, in the sense that the first
n+ 1− ν coefficients in the P base are null, τ(x) =

∑
i≥n+1−ν τiPi.

Using suitable matrices, the differential problem (11) can be translated into an algebraic
problem and will be reduced to a set of matrix operations.

4.2 Nonlinear problems

Nonlinear differential problems are solved iteratively by first linearizing the problem
and then by applying the Tau method to the linear subproblem.

Let

F

(
x,
dy

dx
, . . . ,

dνy

dxν

)
= 0, x ∈]a, b[ (12)

be a differential equation, where F is a differential operator that could be nonlinear in
y and on its derivatives. A linear operator Dm,n can be defined to approximate F such
that if ym,n ≈ y then Dm,ny ≈ F

(
x, dy

dx
, . . . , d

νy
dxν

)
. Taking to Dm,n the first order Taylor

polynomial of F centered in ỹm,n = (x, ym,n, y
′
m,n, . . . , y

(ν)
m,n)

Dm,ny = F (ỹm,n) +
ν∑

k=0

(y(k) − y(k)m,n)
∂F

∂y(k)

∣∣∣∣
ỹm,n

(13)

then Dm is a linear differential operator. We can replace F by Dm,n in (12) and solve
ν∑

k=0

y(k)
∂F

∂y(k)

∣∣∣∣
ỹm,n

= −F (ỹm,n) +
ν∑

k=0

y(k)m,n

∂F

∂y(k)

∣∣∣∣
ỹm,n

(14)

Applying the Tau method to the linear differential equation (14), and taking

ỹm1,n1 = (x1, ym1,n1 , y
′
m1,n1

, . . . , y(ν)m1,n1
)

as the solution, we can start an iterative process, solving for ym+1 the differential equation

Dm,nym+1(x) = 0, m = 0, 1, . . . . (15)

4.3 Tau approximants for non-polynomial functions

If F (ỹm,n), as well as each partial derivative in ym,n, are not polynomials, an auxiliary
step is required to approximating those coefficients by appropriate polynomials [4].

This approximation can be made using the Tau method itself. In [7] several approxi-
mations for non-polynomials functions, together with the associated differential problem,
were obtained by the tau method using the Tau Toolbox1 library.

1It’s a MATLAB library developed to solve, by the tau method, linear and non-linear systems of
integro-differential problems.
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5 ILLUSTRATIVE EXAMPLE

Consider the nonlinear differential problem described in (7).
After applying the Hamiltonean, calculating the necessary conditions and the transver-

sality conditions, the associated BVP to solve is





ẋ = cos(θ)
ẏ = sin(θ)

θ̇ = u
C1ẏ − C2ẋ = 0 C1, C2 ∈ R
(x(0), y(0), θ(0)) = (x0, y0, θ0)
(x(tf ), y(tf ), θ(tf )) = (xf , yf , θf )
u ∈ [−1, 1]

(16)

Let z ≈ θ be a polynomial approximation of θ, then linear approximations of cos(θ)
and sin(θ) are

cos(θ) ≈ −θ sin(z) + cos(z) + z sin(z)
sin(θ) ≈ −θ cos(z) + sin(z)− z cos(z)

To obtain an approximated solution of this problem we first need to approximate cos(z)
and sin(z) by a polynomial.

As in the Newton method, an iterative process wil be implemented, solving at each
iteration a linear approximated problem with the tau method.
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Abstract While electric grid and turbine maintenance management call for reliable esti-
mation of forthcoming wind power availability, this is difficult due to the chaotic nature of 
wind. Forecasting tools range from computationally intensive CFD simulations to statisti-
cal models. Traditionally, the latter consists of auto-regressive models considering the 
series’ historic values and a stochastic term, and thus have the disadvantage of exclusively 
using the time series itself and no other series that may influence the target variable. 
Recently, there has been an increasing interest in Random Forest (RF) models. These use 
random processes involving several variables (features) that may influence the target 
variable series, to generate, in a training phase, a multitude of decision trees, which are 
then selected and combined to produce a regression model of the problem addressed. Unlike 
neural-networks, the model implicitly ranks the features used. The quality of a RF based 
forecast can be increased using feature engineering, i.e., the creation of more relevant 
features stemming from the ones originally present in the data set. 
This work proposes features in the context of wind power exploitation and assesses their 
relevance in forecast improvement. A 1-year data set obtained in a wind farm located in 
complex terrain is used. The model is benchmarked against a naïve model. 
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1. INTRODUCTION 

1.1. Importance of short-term wind forecast 

Wind, solar radiation and waves are among the renewable resources that are subjected to 
resource intermittency. The integration of such renewable energy systems in the electrical 
network raises issues related to balancing offer and demand, electric current peaks, and quality 
of the electric power (e.g. harmonics) [1]. In the case of wind, wind fluctuations also cause 
unsteady loads on the various wind turbine components raising maintenance issues. 
Maintenance should preferably be performed in periods of low availability of the wind resource. 
Hence, both electric grid management [2, 3] and turbine maintenance management [4] shall 
benefit from reliable estimations of forthcoming wind power availability. This paper focuses 
on short-term wind forecast but the discussion may be useful for other renewable resources. 
Wind forecasting is difficult due to the chaotic nature of wind and, in the context of power 
generation, it has resorted to tools ranging from computational fluid dynamics (CFD) [5] to 
statistical models such as ARIMA [6-8]. CFD tools can make accurate short-term forecasts if 
they cover a large domain (mesoscale) and are fed with plenty of instantaneous data at the 
domain boundaries. This is a difficulty in itself, that adds to the difficulty of allocating the 
massive computational power required for real-time prediction. Statistical models, on the other 
hand, can be more agile but may become detached from the physics of wind flow. 
Any forecasting tool should produce an estimation that surpasses that of a simple naïve model, 
in which the future observation is said to be identical to the current observation. 

1.2. Statistical models for time-series forecast 

Traditionally, in forecasting future values of a time series auto-regressive models are employed-
ed. These models consider the series historic values and a stochastic term, and have the disad-
vantage of exclusively using the time series that is being attempted to forecast, without con-
sidering other series that may influence the target variable. Therefore, they are not as robust as 
models that input different time series as variables [9, 10]. 
More recently, statistical methods of automatic learning (machine learning) have been explored 
given their low computational cost and potential of providing more reliable results. These 
include, among others, neural network approaches [11-14], and the method that is explored 
in this paper, Random Forest (RF), which belongs to the area of machine learning called 
ensemble learning. Unlike RF, neural networks do not rank the features used. The RF 
algorithm has been chosen here for its simplicity of implementation, ability to rank the 
feature importance and low computational requirements [15]. In addition, recent studies 
have shown the potential of RF for wind power forecasting, including its interest over neural 
networks [16-22], and analysis [23-26], as well as time series forecast in other contexts 
ranging from animal diseases [9, 10], solar power [27, 28], and streamflows [29]. 

1.3. Random Forest algorithm 

Random Forest (RF) is an ensemble-learning type of algorithm, i.e. one that aggregates various 
models. In machine learning, variables that may influence the target variable are called features. 

488



André R. B. Menor1, Daniel C. Vaz1,2* and Alda N. Carvalho3,4 

The RF algorithm, developed by Breiman [30], uses random processes involving the several 
features to generate, in a training phase, a multitude of classification and regression trees 
(CART). These tree models are then combined to produce a classification or regression model 
of the problem addressed. 
The quality of RF-based forecasts can be improved by parameter tuning, or even more by what 
is denoted as feature engineering, i.e., the creation of more relevant features stemming from the 
ones originally present in the data set [31]. Check [9,10] for examples. 

1.4. Research goal 

The literature lacks studies on feature engineering in Random Forest, in the context of short-
term wind forecasting, as well as the benchmarking of such models, that is, comparison of RF 
results against results of other models, like a simple naïve model, described in the next section. 
The research goal of this work is to assess the performance of a RF approach in forecasting 
wind turbine power. Various features are created from the variables in the original data set and 
employed to generate several RF models. These models are then compared to corresponding 
naïve models. 
The RF models that have been generated incorporate wind speed and generated power, which 
are traditional variables in wind power analysis. Then, feature engineering brings new variables 
into the analysis: historical values, spatial averages, and moving averages. The incorporation 
of these concepts from auto-regressive models is an original aspect of the present work. 
The concept is applied to a one-year data set obtained in a wind farm on complex terrain. The 
models are employed to make short-term forecasts of turbine power, that is forecasts 1, 3 or 6 
data points ahead. Given that in the data set at hand, data points are 10 minutes apart, the 
forecast horizons are of 10, 30 and 60 minutes, respectively. 

2. MATERIALS AND METHODS 

2.1. Global data set, target variable and forecast horizons 

The global data set was registered over the course of the year 2010 by a turbine’s SCADA 
system, belonging to a wind farm in a mountain range in northern Portugal. Entries in the da-
tabase are 10 minutes apart, and each is a list of statistical values – means (�̅�), standard devia-
tions (s), minima (min) and  maxima (max) – calculated from data sampled at a higher rate. 
The target variable is forthcoming wind power availability. 
Three forecast horizons are studied: 1, 3 and 6 data points (that is, 10, 30 and 60 minutes). 

2.2. Naïve model 

In the naïve model the forecast value 𝑦  equals a historical value 𝑦 , where t is time in terms 
of data points and f is a number of data points: 

 𝑦 = 𝑦  (1) 
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2.3. Random forest 

2.3.1. Implementation 

For the current implementation, the “R package randomForest” by Liaw [32] is used. Liaw 
describes the RF algorithm in the following steps: 

1. From the original data set, create ntree samples, with reposition, called bootstrap 
samples. This guarantees that each tree is built with a different combination of data and 
features, decreasing the correlation between the trees. 

2. A tree (CART) is built for each bootstrap sample. For the creation of each node of a 
tree, mtry features are considered from the M features available in the original data set.  

3. The typical number of considered features in each node is 𝑚𝑡𝑟𝑦 = √𝑀 for classification 
problems, and 𝑚𝑡𝑟𝑦 = 𝑀 3⁄  for regression problems. However, the optimal value of 
this parameter may vary according to the problem. 

4. For the split value, a random cut-point is selected for each of the considered mtry 
features. The random splits are then evaluated by a greedy function that minimizes, in 
the case of a regression problem, the Sum of Squares Errors (SSE) between the tree and 
its respective bootstramp sample, thus choosing the feature and respective split value 
that yields better results. 

This implementation is of simple use, allowing for the creation of models with the manipula-
tion of only two parameters: mtry and ntree. It allows the visualization of feature importance. 
The default values mtry=M/3 and ntree=300 have been used for the implementation of each of 
the created models. 

2.3.2. Training and test data sets 

All models have been trained with three months of data: January to March 2010 (12960 data 
points). They have been tested on the month of April 2010 (a total of 4320 data points). 

2.3.3. Features and derived features. 

For this implementation, the variables considered have been wind speed (in ms-1) and power 
(in kW). From these selected variables, new features have been created: coefficients of 
variation, historical values, moving and spatial averages. 
The coefficient of variation 𝐶𝑣 of a sample of data is defined as the ratio of the standard 
deviation 𝑠 to the average value �̅� of the data of the given sample: 

 𝐶𝑣 =
𝑠

𝑥
 (2) 

Coefficients of variation have been created for wind speed and power. 
Historical values, or lags, are lagged values of a given time series. A historical value 𝑙  may be 
obtained by lagging the value of a time-series 𝑦  by a time interval f (the subscript t and f may 
also be interpreted as observations): 

 𝑙 = 𝑦  (3) 
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A moving average of a time series is another time series in which each value 𝑎  is the average 
of k elements of the first time series 𝑦 : 

 𝑎 = ∑ 𝑦  (4) 

A spatial average is defined in the context of this study as a time series in which each value 𝑠  
is the average of values of a given variable registered, at the same instant t, for a number j of 
neighbouring wind turbines: 

  𝑠 = ∑ 𝑦 ,  (5) 

2.3.4. Approach for feature engineering assessment 

Forecasting accuracy and model robustness are expected to improve with the introduction of 
new variables, like those previously described. In order to understand the impact of the feature 
engineering phase on model implementation, results are produced for five cases of increasing 
completeness of the set of new variables. Since cases consist of adding a number of new 
variables to the previous case, they are denoted as different models. They are summarised in 
Table 1. For each variable i (between active power (P) and wind speed (WS)), the variables lag 
(L), moving average (MA) and spatial average (SA), as defined in section 2.3.3 (Features and 
derived features), are introduced in the order shown in the table. 
 

Model 
no. 

New features added, to the previous model, as selected or created from 
the variables in the data set 

No. 
variables 

1 𝑥  2 
2 𝑠 , Cv , min   and max  +8 
3 for each variable in model 2: L with f=1, 2, 3, and MA with k=3, 6 +40 
4 for each variable in model 2: MA with k=2, 4, 5 +24 
5 SA for j=1, 3 (of active power and wind speed) +4 

Table 1. Feature engineering: description of the new variables added from model to model 

2.4. Evaluation metrics 

After the training phase, the RF models forecast the test set and results are evaluated according 
to two error metrics: Mean Absolute Error (MAE) and Root Mean Square Error: 

 𝑀𝐴𝐸 = ∑ |𝑦 − 𝑦 | (6) 

 𝑅𝑀𝑆𝐸 = ∑ (𝑦 − 𝑦 )  (7) 

where n is the number of observations in the test set, 𝑦  is a value predicted by the model, and 
𝑦  the observed value. 
The errors of the model created by the random forest algorithm are compared with the corres-
ponding error metrics for the naïve model. 
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3. RESULTS AND DISCUSSION 

3.1. Feature engineering 

Each model in Table 1 has been tested with a forecast horizon of 1, 3 and 6 data points (10, 30 
and 60 minutes). Homologous results have been produced with the naïve model, described in 
section 2.2, for comparison. Table 2 presents the MAE and RMSE yielded by the models run 
on the test set. 
 

Error metric 
(kW) 

Forecasting 
horizon (minutes) 

Model 1 Model 2 Model 3 Model 4 Model 5 Naïve 

MAE 
10 285.56 96.45 86.98 84.62 85.35 74.07 
30  393.93 171.64 155.72 248.98 151.45 131.35 
60 523.06 280.06 249.85 249.72 233.78 183.09 

RMSE 
10 309.76 147.22 142.51 142.28 142.07 142.58 
30  430.45 251.00 240.93 239.53 238.60 239.60 
60 575.46 371.36 351.91 351.91 348 323.10 

Table 2. Error metrics of the implemented RF and naïve models, on the test set, for forecasting horizons of 
1, 3 and 6 data points 

The results show a clear decrease of both MAE and RMSE, for all forecast horizons with the 
introduction of new variables. However, the fourth model does not yield better results. 
Therefore, the introduction of further moving averages and historical values beyond those 
introduced in the third model, does not improve the models any further. 
The R implementation of the RF algorithm used allows ranking the model’s features. The 
relative importance of the 10 most important variables for each forecast horizon is plotted in 
Figure 1. 
 

 
Figure 1 - Relative importance of the top 10 features, for forecasting horizons of 1, 3 and 6 data points 
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It can be seen that average power (𝑥 ) is consistently the most important variable, showing that 
future power is highly correlated with the historical values of power, for the forecast horizons 
considered. For each forecast horizon, the short-term moving averages of the active power are 
consistently among the three most important variables again suggesting that the self-correlating 
property of the short-term wind power generation. 
The addition of the new variables does not significantly increase the models’ performance, for 
any of the three forecast horizons. 
 
The performance of the model can be graphically assessed by comparing plots of its predictions 
of wind power production against actual values and predictions made with the naïve model. An 
example is given in Figure 2, for the case of a 30-minute forecast obtained with the fourth 
model. A period of one day, corresponding to 144 data points, is shown. This day, from early 
April, includes a variety of interesting situations, from the point of view of testing forecasting 
models: small periods of nominal and null power production, and periods of prolonged rise or 
fall of the generated power (which take the name of “ramps”). The response of the model to 
transitions from one situation to another reveals the overall performance of the model. 
 

 
Figure 2 - Graphical representation of the forecasted power, with a 30-minute forecast horizon 

It can be seen that there is a lag between the actual and forecast values, with an extent similar 
to that of the forecast horizon. Hence, the RF model is functioning similarly to the naïve model, 
projecting a past (historical) value into the future. The absolute error is lower on periods without 
power variation, as would be expected. However, the error increases significantly in periods of 
unsteady power generation. 

3.2. Algorithm parameter tuning 

Thus far, the focus of the implementation has been on the introduction of new features. To 
understand how the manipulation of parameters of the algorithm influences the results of the 
models, the most important parameter – mtry – has been manipulated. 
The models presented above were built with the default mtry value of M/3. Considering that the 
third model used a data set with 60 variables for training, this means a value of mtry=20 was 
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considered in previous models. The model used in the third model will be trained again, 6 times, 
with values of mtry of 5, 10, 20, 30, 40 and 60. Results are plotted in Figure 3. 
The variation of the mtry parameter yields no significant difference in results. If anything, the 
model with the highest value of mtry shows a slight decrease in performance. 
 

 
Figure 3 – Error metrics for a 30-minute forecast with varying mtry 

3.3. Discussion 

While short term moving averages are ranked as the most important features, the method has 
been unable to create a model yielding MAE or RMSE lower than the naïve model errors. A 
possible explanation is that the RF algorithm proceeds to build trees out of bootstrap samples 
which include time periods that have substantially distinct characteristics. For example, it is 
known that wind speed varies between the nocturnal and diurnal periods (the day depicted in 
Figure 2 is a good example of that). By aggregating trees built from night and day data, the 
resulting model shall not grasp the night/day component in the behaviour of wind power 
generation. This may also happen with seasonal wind fluctuations. One way to surpass this 
difficulty could be the introduction of a “seasonal” variable, such as the period of day or year 
of each data point entry. A model with these features should be trained with a full year of data. 
Given the naïve model results and the understanding of the correlation between the short-term 
future power and the short-term historical values and moving averages, a naïve-based approach 
could be the basis for a more robust model, which would yield lower MAE and RMSE at a low 
computational cost. 

4. CONCLUSIONS 

A new set of features is proposed for the creation of short-term forecasting models (1, 3 and 6 
data points of forecast horizon) of power in a wind turbine. The added features consisted of 
moving averages, historical values (lag) of the mean, maximum, minimum and standard devi-
ation of active power and wind speed data points, as well as spatial averages of the registered 
wind speed and power of the considered turbine and other three turbines. 
The models implemented with the Random Forest algorithm demonstrate a worse performance 
than a naïve model. However, this fact is not consistently reviewed in the presented biblio-
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graphy, as the references presented in this document showcase implementations of the random 
forest algorithm but fail to benchmark the results against simpler models. 
The introduction of standard deviations, maxima, minima, and coefficients of deviation as 
features, significantly decrease the error of the model for a forecast horizon of 10-minute but 
decreases the error by a factor of just 0.5 for 30- and 60-minute forecasts. The average power 
generated is ranked as the variable of higher importance, followed by short term moving aver-
ages of the generated power. This shows that the future power is highly correlated to historical 
values of the power time series, for the forecast horizons considered. 
A suggested explanation for this performance is that, by aggregating data from different 
“seasonal” periods, the RF algorithm produces a model that is not sensitive to the “seasonal” 
nature of the wind speed. A way to overcome this could be the introduction of “seasonal fea-
tures”, such as the time of day or year. However, given the performance of the naïve model, it 
is suggested that a naïve-based approach could yield higher accuracy in forecasting problems 
of the same nature as the one here studied. 
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Abstract The formation of new blood vessels from pre-exist ones is an essential process to maintain 

tissue homeostasis. This process is called angiogenesis and allows the reestablishment of the normal blood 

flow, the exchange of oxygen and nutrients and the removal of metabolic waste, necessary for cell survival. 

During angiogenesis, the vascular endothelial growth factor (VEGF) stimulates endothelial cell 

proliferation and migration [1]. Biological systems are very complex, being difficult to understand all the 

parameters that affect its regulation. Accordingly, computational models, able to simulate biological 

processes, are useful tools to explore its complexity. This work aimed to mimic the endothelial cell 

migration due to chemotaxis, using a meshless method technique. Thus, the numerical method used was the 

Radial Point Interpolation Method [2]. In our model, the endothelial cell moves according to a diffusion -

reaction equation, following the VEGF gradient concentration. The branching of the growing capillaries 

and the anastomosis process were also implemented in this proposed model. The endothelial cell migration 

pattern achieved in the simulations were somehow similar to the one obtained in vivo. Furthermore, the 

obtained numerical results are in accordance with previous experimental studies that showed that VEGF 

induces endothelial cell motility and chemotactic response [3, 4]. In the future, it is intended to increase 

the model complexity and to include more biological parameters such as different cell populations and the 

anisotropic behavior of the tissue.  
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Abstract  
 

The use of neural networks for image processing tasks in the previous decade has set the 

pace of current research in this area. However, the general intrinsic "black box" nature of 

such algorithms is a drawback in the context of medical applications. We propose the use 

of deep learning techniques on already established non-linear diffusion schemes in order 

to optimize the parameters for each specific task. Consequently, we obtain improved 

image restoration models with good mathematical foundations. The learning framework 

and resulting models are presented along with related numerical results and image 

comparisons. 
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Abstract  
 

Using outsourcing services is a current strategy for firms in the shoe sector. In particular 

for firms in the Felgueiras region which presents a big concentration of firms in this 

sectors. In this work, a mathematical model is developed in order to otimize the 

outsourcing strategy of a firm in the industrial shoe sector. By selecting from a set of 

suppliers of services, the developed model aims at maximizing production while 

minimizing costs. Several real instances provided by a firm are tested. Furthermore, the 

comparison to the firm’s current strategy and the results obtained with the developed 

model is presented. Different time horizons are tested. The results show that a weekly 

planning is the one that presents larger reductions on the costs. 
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Abstract  
 

It is estimated that about 3% of trauma patients, many of whom will acquire life-long 

disabilities, are affected by peripheral nerve injuries. Unlike what happens in the central 

nervous system, the peripheral nervous system has a permissive environment for the 

regeneration process. In neurotmesis injuries, the nerve is completely transected, which 

makes it the most challenging type of injury repair. The tissue engineering approach is to 

repair and regenerate damaged tissue using materials that will support and reinforce the 

regenerating tissue. One of the strategies is to develop nerve guidance channels (NGCs) 

made of biomaterials that should be biocompatible, biodegradable, and have optimal 

mechanical properties suited for their utilization. As a natural polymer that promotes cell 

adhesion and proliferation, chitosan is one of the biomaterials considered for nerve 

regeneration. To study the mechanical behavior of chitosan NGCs when subjected to an 

external force, discrete models of these structures were developed using the FEMAP 

software (cmech.webs.com). Two geometrical variables of the NGCs were considered: the 

tube length and the thickness of the tube wall. Afterwards, a numerical analysis was 

performed using the finite element method (FEM) and a meshless method - the radial 

point interpolation method (RPIM) [1]. With these discretization techniques, one can 

predict the structural response of the chitosan NGCs by estimating damage or nonlinear 

behaviors. 
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Abstract  
 

We live in a current situation strongly influenced by globalization, radical and frequen t 

changes as well as by the increasing importance of applying knowledge through the 

efficient implementation of innovation. The term innovation has been a focus of attention 

because of its importance in the competitive advantage of companies, thus encompassing 

fields beyond technological innovations such as Marketing Innovation. 

 

Thus, the main objective of this study is to understand what factors influence Marketing 

innovation and establish a profile of companies that do not innovate and innovate in 

Marketing. Given these objectives, it was justified to use multivariate statistical 

techniques, such as, Multiple Linear Regression and Discriminant Analysis. 

 

The results suggest that there are several variables which explains Marketing Innovation, 

although in this study, we find that the variables with more contribution to Marketing 

Innovation are: the Organizational Innovation Index, the Customer and / or User 

Suggestions and Intellectual Property Rights and Licensing. In parallel, this study proved 

to be useful to understand that the different indices of Marketing Innovation have no 

influence on the results, since they were equivalent when used a dummy variable 

(innovated / not innovated in marketing). 

Key words: "Marketing innovation"; "CIS 2014"; "Multiple Linear Regression"; 

“Discriminant Analysis”. 
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Abstract  
 

This paper intends to define which factors contribute to introduce new or significantly 

improved goods or services with environmental benefits, between 2012 and 2014, using 

the database from the Community Innovation Survey 2014 (CIS 2014) applied to 7083 

Portuguese companies. 

This edition of CIS presents new questions related to Innovation with environmental 

benefits and Intellectual Property Rights and Licensing. This new module introduced in 

the CIS2014 allowed to obtain information about the environmental benefits within the 

company, the environmental benefits potentially obtained during the consumption / use of 

a good or service by the final consumer, as well as to evaluate the degree of importance of 

the factors that led the company innovations with environmental benefits. 

We can see that 3 factors can be defined for the innovation issues with environmental 

benefits for innovative in goods companies: F1g - taxes or regulations; F2g - good 

practices and company reputation; F3g - public constraints. 

For the innovative companies in services, we can only distinguish 2 factors: F1s - Benefits 

in regulations; F2s - Company image and costs. 

Through discriminant analysis it was concluded that the F1 - taxes or regulations and 

F2g – good company practices and reputation components are variables with a good 

discriminatory power of companies that innovate in the product of those that do not 

innovate, while the public constraints do not have discriminating power. 

The MANOVA analysis allows us to conclude that the companies that innovate in services 

give importance to the image of the company. Because, for F2s – Company image and 

costs, there is a significant difference between the innovative companies of services and 

the non-innovative companies of services, being that those who innovated in services give 

greater importance to this factor in comparison to those that do not innovate. 
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Abstract. In this research we tried to answer the question: How to optimize the total
production of economy. To find an answer we used as ingredients two concepts: 1) The
capital, in control of the decisions in production, will want to maximize total production
since the profit is empirically always 5% of production. 2) A worker will be incentivated
to work if he sees it pays off. When his neighbor below him earns less and above him
earns more he will work harder and produce more. The productivity of the worker is
proportional to this ’derivative’ in the income curve. (Note: a worker’s salary is not
assumed necessarily proportional to his productivity)

We used these two ingredients in evolutionary computation. Starting with a distribu-
tion, we make random small changes to it and if the total production increases, the capital
will decide to implement these changes. This procedure is repeated until the distribution
is stable.

The results of our computations are:
- There are a few people that work a little, and get no income
- There are many who do nothing and get a meager salary
- There are few who work tremendously and get the lion’s share of income
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1 INTRODUCTION

One of the prime goals of society is to organize economy in such a way that it optimizes
the production of goods, assuming that wealth is equal to the consumption of goods and
consumption makes people happy. In fact, it is the prime ingredient of the philosophical
school of Utilitarianism of Jeremy Bentham (1748-1832) and John Stuart Mill (1806-1873):
”The greatest good for the greatest number”[1].

Slightly changing this goal, we tried to answer the question: How to optimize the total
production. To find an answer we used as ingredients two concepts. Either of the two
can be questioned, but seem quite reasonable:

1. The capital, in control of the decisions in production, will want to maximize total
production since the profit is empirically always 5% of production[2]; increasing
production will increase profit.

2. A worker will be incentivated to work if he sees it pays off. When his neighbor below
him earns less and above him earns more he will work harder and produce more.
The productivity of the worker is proportional to this ’derivative’ in the income
curve.

(Note: a worker’s salary is not assumed necessarily proportional to his productivity)

2 RESULTS AND DISCUSSION

We used these two ingredients in an evolutionary computation, or ’molecular dynamics’,
that works in the following way. Starting with a distribution, we make random small
changes to it and if the total production increases (if the ’energy’ is lower), the capital
will decide to implement these changes; in the molecular dynamics simulation we keep
them. This procedure is repeated until the distribution is stable. We call this the final
state.

The distribution of people’s income is given in the sorted vector p, where an element
pi represents the income of person i, with i running from 1 to N , the total number of
people simulated. We call this the ’percentile’ (which is also adequate when the number
of persons simulated is 100). The production vector w is given by the ’derivative’ of the
income curve,

wi =
pi+1 − pi−1

2
, (1)

with the two special boundary cases given by

w1 = p2 − p1

wN = pN − pN−1. (2)

See Figure 1. The total income and production are given by, respectively,

P =
N∑

i=1

pi,
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W =
N∑

i=1

wi. (3)

In
c
o
m

e
 p
i

Percentile i

w
i

Figure 1: Detail of the distribution of income pi as a function of percentile i. The production of worker
i (shaded) is given by the ’derivative’ of the income curve, namely the difference (divided by two) of the
incomes of the two immediate neighbors (shown by the blue line), Eq. 1.

We can for instance start with a full-equality distribution. A set of N = 100 people that
all earn equally (∀i : pi = 1 unit). The total income is P = 100 and the total production
is W = 0. In the absence of incentives, nobody is doing anything (wi = 0), and people
live in misery: The price of things is infinite, price is all income divided by all production,
C ≡ P/W = ∞. A worker, on average, has a real income of W/P = 0. A modal worker
(percentile 50) also has a real income equal to his share of income: c50 = W ×(p50/P ) = 0.
In fact, any worker has a real income of 0. Society incentivating laziness and dying. ”Why
should I work? No benefit to be gained from it!”

We can now make a small change to the distribution. We take 1% away from the
income of any worker and give it to any other worker. After that we’ll sort the array,
placing the lowest salary in percentile 1, p1 = 0.99, and the highest salary in percentile
100, p100 = 1.01. All the others remain unaltered, pi = 1 for i = 2 . . . 99. See Figure 2.
We now see that not only the one with higher salary (i = 100) starts working, but also
worker 1 (who had his salary reduced), as well as workers 2 and 99:

w1 = p2 − p1 = 1 − 0.99 = 0.01

w2 = (p3 − p1)/2 = (1 − 0.99)/2 = 0.005
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w99 = (p100 − p98)/2 = (1.01 − 1)/2 = 0.005

w100 = p100 − p99 = 1.01 − 1 = 0.01. (4)

All others remain inactive. The total production is now given by the sum of the above
numbers, W = 0.03. The total income remains unaltered at P = 100 (since we just
transfered salary from one person to another). The price of things has dropped, from
infinity to C = P/W = 100/0.03 = 3300. A worker, on average, has a real income (in
terms of goods that can be bought) of W/P = 0.0003, a few crumbs. Even people that
do nothing (i = 3 . . . 98) get some crumbs, c50 = W × (p50/P ) = 0.03 × 1/100 = 0.0003.
The poorest worker gets a little less (99% of that) and the richest a little more (101% of
c50). Note that, while we took away income from someone, everybody benefits, even that
person that was fleeced! And even the ’parasites’ – the majority of the population – that
do nothing. Moreover, in a system where capital works on a for-profit-basis, and profit is
proportional to production – Piketty demonstrates an empirical rule of 5% per year – and
the capital is the entity that makes the decisions in production in a free market – a.k.a.
’capitalism’ – the system will decide to implement these changes somehow.
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Figure 2: Distribution of income pi and production wi as a function of percentile i, after a single step in
income redistribution, as explained in the text.

This is not a work on promoting a political dogma, nor will we discuss how capital-
ism manages to implement the changes (for instance through a government that tries to
optimize this GDP), we just assume that these changes are implemented. Encouraged
by the above results, Let’s see how the system will evolve. We now used the following
procedure: We take a random person and transferred a random part of his income to a
neighbor. We then sort the income vector p and calculate the production of the workers
wi and the total production W . If this production increased, the changes were kept. If
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not, the previous distribution was kept. Then a new iteration was made. This until the
distribution did not change significantly anymore.

The final distribution is given in Figure 3. As we can see it goes completely off-scale.
It seems nearly all workers have zero income and zero production, while a small group at
the top do all the work and get all the income. The second panel of the figure shows the
same in logarithmic scale, to better present the effects.
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Figure 3: Final distribution of income pi (rectangles) and production wi (red line) as a function of
percentile i. The left panel shows the results in linear scale, the right panel in logarithmic scale.

First of all, the total production has gone up to W = 150.0, with the total income at
P = 100, the average worker has W/P = 1.5 of real income. The poorest worker gets no
income whatsoever (it is within the range of significance of the calculations), p1 ≈ 0, while
he produces w1 = 5 × 10−7. A modal worker does very little, w50 < 10−11 and gets a tiny
income p50 = 1.08 × 10−7. How much can he buy from that? Not much, c50 = 1.6 × 10−5,
much less than in the situation before. The lion’s share of consumption goes to the top
percentile, who has an income of p100 = 99.999989 for which he can buy basically all 150
production. This guy – ’top management’ – also has to work a lot, actually doing most of
the work, w100 = 99.999989, but is also flanked by ’middle management’ that works a lot,
p99 = 49.999995, but who has nearly no income p99 = 1.08 × 10−7, like the modal worker.

3 CONCLUSIONS

The results of our computations can be summarized as:

• There are a few people that work a little, and get no income. The cohort of the
’miserables’
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• There are many who do nothing and get a meager salary. The cohort of the ’useless’

• There are few who work tremendously and get the lion’s share of income. The co-
hort of the ’elite’

We can compare this to a stadium where football takes place. One person, let’s call him
Cristiano Ronaldo, does most of the work and also gets a high reward. He is assisted
by some second echelon players to fill the field. They also put in a lot of effort, but get
hardly any reward. In the stadium are thousands of spectators that do nothing and get
nearly no consumption right. After the match, the janitors do a little work of cleaning
up the stadium and preparing the pitch for the next game. They do not get paid.

The question is how realistic is this? Moreover since it only addresses the work market,
while there are also other agents in an economy and society. Some doubts can be placed
on the validity of the simplistic assumptions:

• Do all workers have all the information about incomes of everybody? Is the market
’efficient’.

• (In capitalism) also capital gets reward. There will be people owning the means of
production that will not (have to) work at all and still get rich. They are playing
on another board, in another vector field.

• Workers are not only incentivated by their direct neighbors, but also further up and
down the income ladder.

• Not all people are equal and equally informed. Some simply have more qualities
and produce more with the same incentive

• Not all people are incentivated into work by income (only).

• Production is not a linear function of income difference.

• Income is not something that can be disconnected entirely from production, as was
assumed here. In most cases, are incomes a function of productivity.

Yet, we find these results interesting enough and may help in the eternal discussion of
wealth (re)distribution.
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Abstract. Currently, the research on invariants of certain algebraic structures is very
extended, because having them allows researchers to take steps forward in the study of those
structures, especially those referred to obtaining classifications of them. Starting from a
paper published by Hrivnák and Novotný in 2007 on invariant functions of algebras we
describe in this communication the process of construction of a new invariant function of
algebras, particularly of Lie and Malcev algebras, and we show its main applications.
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1 INTRODUCTION

Since Hrivnák and Novotný introduced in 2007 two invariant functions for algebras [11],
the authors have been doing research on this topic and have, in turn, introduced new
invariant functions for algebras. Indeed, Hrivnák and Novotný introduced the invariant
functions for algebras ψg and ϕg, for Lie algebras g, and obtained some properties of them.
They also calculated the values of both functions for other different types of algebras.

Later, continuing with this topic, the authors of this paper introduced two new invariant
functions for algebras: the one-parameter function υg [2] and the two-parameter function
ψ̄g[5].

Now, according to the research carried in [11], the main objective of this communication
is to introduce a third new invariant function of algebras starting from these two last
functions υg and ψ̄g: the invariant function φ̄g, for Lie algebras g.

The structure of this communication is as follows: after this Introduction, in Section
2 we recall some preliminaries on algebras in general and on Lie and Malcev algebras
in particular. The definitions and main properties of the invariant functions of algebras
ψg and ϕg, previously mentioned, are also indicated. Section 3 is devoted to show the
introduction of the new two-parameter invariant function φ̄ and to comment some of
its applications. In the last section some final considerations and the main results and
conclusions drawn from the work are indicated.

2 Preliminaries

In this section we recall some preliminaries on Lie and Malcev algebras and on invariant
functions of them. For a further review on these topics, the reader can consult [9, 14] for
Lie algebras, [15] for filiform Lie algebras and [10, 13] for Malcev algebras, for instance.

2.1 Preliminaries on Lie and Malcev algebras in general

An n-dimensional Lie algebra g over a field K is an n-dimensional vector space over
K endowed with a second inner law, named bracket product, which is bilinear and anti-
commutative and satisfies the following expression, named Jacobi identity

J(u, v, w) = [u, [v, w]] + [v, [w, u]] + [w, [u, v]] = 0, for all u, v, w ∈ g.

A derivation on g is a linear map d : g→ g verifying the following condition:
d([u, v]) = [d(u), v] + [u, d(v)], for all u, v ∈ g.

Two Lie algebras g and h are said to be isomorphic if there exists a vector space
isomorphism f between them such that f([u, v]) = [f(u), f(v)], for allu, v ∈ g..

Let g be a Lie algebra. The sequence g1 = g, g2 = [g1,g], . . . , gk = [gk−1,g], . . . is
called the lower central series of g.

If there exists m ∈ N such that gm ≡ 0, then g is called nilpotent. The nilpotency
class of g if the smallest natural c such that gc+1 ≡ 0.
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An n-dimensional nilpotent Lie algebra g is said to be filiform if it is verified the
following: dim gk = n− k, for all k ∈ {2, . . . , n}.

A Malcev algebraM is a vector space with a second bilinear inner composition law ([·, ·])
called the bracket product or commutator, which satisfies the two following conditions

1. [u, v] = −[v, u], ∀u, v ∈M.

2. [[u, v], [u,w]] = [[[u, v], w], u] + [[[v, w], u], u] + [[[w, u], u], v], ∀u, v, w ∈M.

The second condition is named the Malcev identity and we use the notation M(u, v, w) =
[[u, v], [u,w]]− [[[u, v], w], u]− [[[v, w], u], u]− [[[w, u], u], v].

Given a basis {ei}ni=1 of a n-dimensional Malcev algebra M, the structure constants
chi,j are defined as [ei, ej] =

∑n
h=1 c

h
i,jeh, for 1 ≤ i, j ≤ n.

It is immediate to see that Malcev algebras and Lie algebras are not disjoint sets.
Indeed, every Lie algebra is a Malcev algebra, but the converse is not true. Therefore, as
we previously said we can distinguish between type Lie Malcev algebras and type non-Lie
Malcev algebras. Obviously, those Malcev algebras which are of the type Lie verify both
identities: Jacobi and Malcev .

2.2 Preliminaries on invariant functions of Lie algebras

In this subsection we recall the definitions and main properties of invariant functions ψ
and ϕ, obtained by Hrivnák and Novotný [11] in 2007. As it has been already indicated,
the main objective of this work is to introduce a new invariant function of algebras starting
from these two functions.

2.2.1 The invariant function ψ

Definition 2.1 Let g be a Lie algebra. An endomorphism d of g is said to be a (α, β, γ)-
derivation of g if there exist α, β, γ ∈ C such that

α d[X, Y ] = β [dX, Y ] + γ [X, dY ], ∀X, Y ∈ g.

The set of (α, β, γ)− derivations of g will be denoted by Der(α,β,γ)g.

Note that this definition is the extension of the usual definition of derivation of a Lie
algebra, which is the case in which α = β = γ = 1.

Hrivnák and Novotný gave in [11] the following definitions and results.

Theorem 2.2 Let f : g 7→ g̃ be an isomorphism between two complex Lie algebras g and
g̃. Then, the mapping ρ : Endg 7→ End g̃ defined as ρ(d) = f ◦d◦f−1 is an isomorphism
between the corresponding vector spaces Der(α,β,γ)g and Der(α,β,γ)g̃, ∀α, β, γ ∈ C.
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Corollary 2.3 The dimension of the vector space Der(α,β,γ)g is an invariant of the Lie
algebra g, ∀α, β, γ ∈ C.

Definition 2.4 The functions ψg, ψ
0
g : C 7→ {0, 1, 2, ..., (dim g)2} defined, respectively, as

(ψg)(α) = dimDer(α,1,1)g and (ψ0
g)(α) = dimDer(α,1,0)g, are called ψg and ψ0

g invariant
functions corresponding to the (α, β, γ)-derivations of g.

Theorem 2.5 Two 3-dimensional complex Lie algebras g1 and g2 are isomorphic if and
only if ψg1 = ψg2.

2.2.2 The invariant function ϕ

Definition 2.6 Let (V, f) be a representation of the Lie algebra g, where V is a complex
vector space. A V -cochain of dimension q is a q-linear mapping c : g × . . .× g︸ ︷︷ ︸

q−times

7→ V, such

that c(x1, . . . , xi, . . . , xj, . . . , xq)+ c(x1, . . . , xj, . . . , xi, . . . , xq) = 0, for all indices i, j, with
1 ≤ i < j ≤ q.

The vector space of all V -cochains of dimension q with q ∈ N will be denoted by
Cq(g, V ) and C0(g, V ) = V. Now, we define the mapping d : Cq(g, V ) 7→ Cq+1(g, V ),
with q = 0, 1, 2, . . . as

dc(x) = f(x) c, with c ∈ C0(g, V ),

dc(x1, . . . , xq+1) =
∑q+1
i=1 (−1)i+1 f(xi) c(x1, . . . , x̂i, . . . , xq+1)

+
∑q+1
i,j=1, i<j(−1)i+j c([xi, xj], x1, . . . , x̂i, . . . , x̂j, . . . , xq+1).

where x̂i means that xi has been omitted.

Under the same conditions as before, let κ = (κij) be a symmetric complex matrix of
dimension (q + 1)× (q + 1).

Definition 2.7 A κ-twisted cocycle (or simply κ-cocycle ) is any c ∈ Cq(g, V ), with
q ∈ N, verifying the following expression: 0 =

∑q+1
i=1 (−1)i+1κiif(xi)c(x1, . . . , x̂i, . . . , xq+1)

+
∑q+1
i,j=1, i<j(−1)i+jκijc([xi, xj], x1, . . . , x̂i, . . . , x̂j, . . . , xq+1).

If the vector space V is identified with the algebra g, then the adjoint representation
can be used as an action (see [9]). So, the equality of the definition 2.7 can be written as

0 =
q+1∑

i=1

(−1)i+1κii [xi, c(x1, . . . , x̂i, . . . , xq+1)]
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+
q+1∑

i,j=1, i<j

(−1)i+jκij c([xi, xj], x1, . . . , x̂i, . . . , x̂j, . . . , xq+1).

The set of all κ-cocycles of dimension q will be denoted by Zq(g, f, κ). Clearly, it is a
vector subspace of Cq(g, V ).

If the following notation is considered

coc(α1, α2, α3, β1, β2, β3)g = Z2


g, adg,



β1 α2 α3

α2 β3 α1

α3 α1 β2





 ,

it is easy to see that the vector space coc(α1, α2, α3, β1, β2, β3) is constituted by the B ∈
C2(g,g) such that ∀X, Y, Z ∈ g. Moreover, it is verified that 0 = α1B(X, [Y, Z]) +
α2B(Z, [X, Y ]) + α3B(Y, [Z,X]) + β1[X,B(Y, Z)] + β2[Z,B(X, Y )] + β3[Y,B(Z,X)].

The two following results will be used in next computations of the paper.

Theorem 2.8 [12] Let g : g 7→ g̃ be an isomorphism between Lie algebras g and g̃.
Then, the mapping ρ : Cq(g,g) 7→ Cq(g̃, g̃), for q ∈ N, defined by (ρc)(x1, . . . , xq) =
gc(g−1x1, . . . , g

−1xq), ∀c ∈ Cq(g,g) and ∀x1, . . . , xq ∈ g̃, is an isomorphism between the
vector spaces Cq(g,g) and Cq(g̃, g̃).

Corollary 2.9 [12] The dimension of the vector space Zq(g, adg, κ) is an invariant of
the Lie algebra g, for any q ∈ N and any complex (q + 1)-square symmetric matrix κ.

Definition 2.10 The invariant functions ϕ and ϕ0 corresponding to the n-dimensional

Lie algebra g are defined as ϕ : C 7→ {0, 1, . . . , n2(n−1)
2
}, (ϕg)(α) = dim coc(1,1,1,α,α,α)g,

and ϕ0 : C 7→ {0, 1, . . . , n2(n−1)
2
}, (ϕ0g)(α) = dim coc(0,1,1,α,1,1)g, respectively.

3 Introducing the two-parameter invariant function φ̄

In the following definition we introduce a novel twisted cocycle that we will use to
construct a new two-parameter invariant function φ̄. To generalize as much as possible
this study, we deal with Malcev algebras of Lie type.

Definition 3.1 Let g be a Malcev algebra of Lie type and let us consider B ∈ C2(g,g).
B is a new twisted cocycle if

α1B([[x, z], y], x) + α2B([[y, x], z], x) + α3B([[z, y], x], x) + β1 [B([x, z], y), x] +

β2 [B([y, x], z), x] + β3 [B([z, y], x), x] = 0, (1)

for all (x, y, z) ∈ g.
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It is easy to see that the set of these new twisted cocycles can be endowed with a vector
space structure. It will be denoted by cc(α1, α2, α3, β1, β2, β3)g.

Some properties related to this concept are next proved.

Proposition 3.2 Let g be a Malcev algebra of Lie type. Then,

cc(α1, α2, α3, β1, β2, β3)g = cc(α2, α1, α3, β2, β1, β3)g,

for all (α1, α2, α3, β1, β2, β3) ∈ C4.

Proof
If B ∈ cc(α1, α2, α3, β1, β2, β3)g, with (α1, α2, α3, β1, β2, β3) ∈ C4, changing each other

y and z in (1) we have that α1B([[x, y], z], x) + α2B([[z, x], y], x) + α3B([[y, z], x], x)+
β1 [B([x, y], z), x] + β2 [B([z, x], y), x] + β3 [B([y, z], x), x] = 0.

Now, by taking opposite signs and reordering, it is obtained that
α2B([[x, z], y], x) + α1B([[y, x], z], x) + α3B([[z, y], x], x) + β2 [B([x, z], y), x]+
β1 [B([y, x], z), x] + β3 [B([z, y], x), x] = 0.

Therefore, B ∈ cc(α2, α1, α3, β2, β1, β3)g.

In the other sense, the proof is similar.

Proposition 3.3 Let g be a Malcev algebra of Lie type. Then,

cc(α1, α2, α3, β1, β2, β3)g = cc(α1 + α2, α1 + α2, 2α3, β1 + β2, β1 + β2, 2 β3)g

∩ cc(α1 − α2, α2 − α1, 0, β1 − β2, β2 − β1, 0)g,

for all (α1, α2, α3, β1, β2, β3) ∈ C4.

Proof
If B ∈ cc(α1, α2, α3, β1, β2, β3)g, taking previous result into consideration we have

cc(α1, α2, α3, β1, β2, β3)g = cc(α2, α1, α3, β2, β1, β3)g.

Then,
α1B([[x, y], z], x) + α2B([[z, x], y], x) + α3B([[y, z], x], x)+

β1[B([x, y], z), x] + β2[B([z, x], y), x] + β3[B([y, z], x), x] = 0

and
α2B([[x, z], y], x) + α1B([[y, x], z], x) + α3B([[z, y], x], x)+

β2[B([x, z], y), x] + β1[B([y, x], z), x] + β3[B([z, y], x), x] = 0.

By now adding in the first place both expressions, we have

(α1 + α2)B([[x, y], z], x) + (α1 + α2)B([[z, x], y], x) + 2α3B([[y, z], x], x) +
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(β1 + β2)[B([x, y], z), x] + (β1 + β2)[B([z, x], y), x] + 2β3[B([y, z], x), x] = 0,

from which we deduce that B ∈ cc(α1 + α2, α1 + α2, 2α3, β1 + β2, β1 + β2, 2β3)g.

And by subtracting them secondly, we obtain

(α1 − α2)B([[x, y], z], x) + (α2 − α1)B([[z, x], y], x) +

β1 − β2)[B([x, y], z), x] + (β2 − β1)[B([z, x], y), x] = 0.

So, B ∈ cc(α1 − α2, α2 − α1, 0, β1 − β2, β2 − β1, 0)g.

Both results imply that

B ∈ cc(α1+α2, α1+α2, 2α3, β1+β2, β1+β2, 2β3)g ∩ cc(α1−α2, α2−α1, 0, β1−β2, β2−β1, 0)g

and thus

cc(α1, α2, α3, β1, β2, β3)g ⊂ cc(α1 + α2, α1 + α2, 2α3, β1 + β2, β1 + β2, 2β3)g

∩ cc(α1 − α2, α2 − α1, 0, β1 − β2, β2 − β1, 0)g.

In the other sense, the proof is similar.

Theorem 3.4 Let g be a Malcev algebra of Lie type. Then, there exists a quatern
(α, β, γ, τ) ∈ C4 such that cc(α1, α2, α3, β1, β2, β3)g is one of the following vextor spaces

1. cc(0, 0, α, 0, 0, β)g, cc(0, 0, α,−1, 1, β)g
cc(−1, 1, α, 0, 0, β)g, cc(α,−α, β, 1,−1, γ)g

2. cc(0, 0, α, 1, 0, β)g, cc(0, 0, α, 1, 1, β)g
cc(α,−α, β, 1, 0, γ)g, cc(1,−1, α, 1, 1, β)g

3. cc(1, 0, α, 0, 0, β)g, cc(1, 1, α, 0, 0, β)g
cc(1, 0, α, β,−β, γ)g, cc(1, 1, α, 1,−1, β)g

4. cc(1, 0, α, β + γ, β − γ, τ)g, cc(α + 1, α− 1, β, 1, 1, γ)g
cc(1, 1, α, β + 1, β − 1, γ)g, cc(1, 1, α, β, β, γ)g

Proof
We distinguish the following cases

Case 1 If α1 + α2 = 0 and β1 + β2 = 0.

In this case, we consider the following subcases
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- Subcase 1.1 If α1 = −α2 = 0 and β1 = −β2 = 0.

In this subcase, cc(α1, α2, α3, β1, β2, β3)g = cc(0, 0, α3, 0, 0, β3)g. Then, taking
α = α3 and β = β3 we obtain that

cc(α1, α2, α3, β1, β2, β3)g = cc(0, 0, α, 0, 0, β)g.

- Subcase 1.2 If α1 = −α2 = 0 and β1 = −β2 6= 0.

According to Proposition 3.3 we have

cc(α1, α2, α3, β1, β2, β3)g = cc(0, 0, 2α3, 0, 0, 2β3)g ∩
cc(0, 0, 0,−2β2, 2β2, 0)g = cc(0, 0, α3, 0, 0, β3)g ∩ cc(0, 0, 0,−1, 1, 0)g.

Apart from that, we also have that cc(0, 0, α3,−1, 1, β3)g =

cc(0, 0, 2α3, 0, 0, 2β3)g ∩ cc(0, 0, 0,−2, 2, 0)g = cc(0, 0, α3, 0, 0, β3)g ∩
cc(0, 0, 0,−1, 1, 0)g.

Then, taking α = α3 and β = β3, we obtain that

cc(α1, α2, α3, β1, β2, β3)g = cc(0, 0, α,−1, 1, β)g.

- Subcase 1.3 If α1 = −α2 6= 0 and β1 = −β2 = 0.

In a similar way as before, according to Proposition 3.3 we have

cc(α1, α2, α3, β1, β2, β3)g = cc(0, 0, 2α3, 0, 0, 2β3)g ∩ cc(−2α2, 2α2, 0, 0, 0, 0)g
= cc(0, 0, α3, 0, 0, β3)g ∩ cc(−1, 1, 0, 0, 0, 0)g.

Besides, cc(−1, 1, α3, 0, 0, β3)g = cc(0, 0, 2α3, 0, 0, 2β3)g ∩ cc(−2, 2, 0, 0, 0, 0)g

= cc(0, 0, α3, 0, 0, β3)g ∩ cc(−1, 1, 0, 0, 0, 0)g.

Taking α = α3 and β = β3, we obtain that

cc(α1, α2, α3, β1, β2, β3)g = cc(−1, 1, α, 0, 0, β)g.

- Subcase 1.4 If α1 = −α2 6= 0 and β1 = −β2 6= 0.

In a similar way as before, according to Proposition 4.3.3 we have

cc(α1, α2, α3, β1, β2, β3)g = cc(0, 0, 2α3, 0, 0, 2β3)g ∩
cc(α1 − α2, α2 − α1, 0, β1 − β2, β2 − β1, 0)g = cc(0, 0, 2α3, 0, 0, 2β3)g ∩
cc(2α1−α2

β1−β2 ,−2α1−α2

β1−β2 , 0, 2,−2, 0)g = cc(α1−α2

β1−β2 ,−
α1−α2

β1−β2 , α3, 1,−1, β3)g.

Taking now α = α1−α2

β1−β2 , β = α3, γ = α3, we have

cc(α1, α2, α3, β1, β2, β3)g = cc(α,−α, β, 1,−1, γ)g.
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Case 2 If α1 + α2 = 0 and β1 + β2 6= 0.

In this case, we consider the following subcases

- Subcase 2.1 α1 = −α2 = 0 and β1 − β2 6= 0.

In this subcase, we have

cc(α1, α2, α3, β1, β2, β3)g = cc(0, 0, 2α3, β1 + β2, β2 + β1, 2β3)g ∩
= cc(0, 0, 0, β1 − β2, β2 − β1, 0)g = cc(0, 0, 2α3

β1+β2
, 1, 1, 2β3

β1+β2
)g ∩

cc(0, 0, 0, 1,−1, 0)g = cc(0, 0, α3

β1+β2
, 1, 0, β3

β1+β2
)g.

Then, if we now take α = α3

β1+β2
and β = β3

β1+β2
, we obtain that

cc(α1, α2, α3, β1, β2, β3)g = cc(0, 0, α, 1, 0, β)g.

- Subcase 2.2 α1 = −α2 = 0 and β1 = β2 6= 0.

In this subcase, we have cc(α1, α2, α3, β1, β2, β3)g = cc(0, 0, α3

β1
, β1
β1
, β1
β1
, β3
β1

)g.

Then, taking α = α3

β1
and β = β3

β1
we obtain that

cc(α1, α2, α3, β1, β2, β3)g = cc(0, 0, α, 1, 1, β)g.

- Subcase 2.3 α1 = −α2 6= 0 and β1 − β2 6= 0.

In this subcase we have cc(α1, α2, α3, β1, β2, β3)g =

cc(0, 0, 2α3, β1 +β2, β2 +β1, 2β3)g ∩ cc(α1−α2, α2−α1, 0, β1−β2, β2−β1, 0)g
= cc(0, 0, 2α3

β1+β2
, 1, 1, 2β3

β1+β2
)g ∩ cc( 2α1

β1−β2 ,−
2α1

β1−β2 , 0, 1,−1, 0)g

= cc( α1

β1−β2 ,−
α1

β1−β2 ,
α3

β1+β2
, 1, 0, β3

β1+β2
)g.

Then, taking α = α1

β1−β2 , β = α3

β1+β2
γ = β3

β1+β2
we obtain that

cc(α1, α2, α3, β1, β2, β3)g = cc(α,−α, β, 1, 0, γ)g.

- Subcase 2.4 α1 = −α2 6= 0 and β1 = β2 6= 0.

In this subcase, cc(α1, α2, α3, β1, β2, β3)g = cc(0, 0, 2α3, β1+β2, β2+β1, 2β3)g ∩
cc(α1 − α2, α2 − α1, 0, β1 − β2, β2 − β1, 0)g = cc(0, 0, 4α3

β1+β2
, 2, 2, 4β3

β1+β2
)g ∩

cc(2,−2, 0, 0, 0, 0)g = cc(1,−1, 2α3

β1+β2
, 1, 1, 2β3

β1+β2
)g.

Then, taking α = 2α3

β1+β2
and β = 2β3

β1+β2
we obtain that

cc(α1, α2, α3, β1, β2, β3)g = cc(1,−1, α, 1, 1, β)g.
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Case 3 If α1 + α2 6= 0 and β1 + β2 = 0.

In this case, we consider the following subcases

- Subcase 3.1 α1 − α2 6= 0 and β1 = −β2 = 0.
In this subcase, we have

cc(α1, α2, α3, β1, β2, β3)g = cc(α1 + α2, α2 + α1, 2α3, 0, 0, 2β3)g ∩
cc(α1 − α2, α2 − α1, 0, 0, 0, 0, )g = cc(1, 1, 2α3

α1+α2
, 0, 0, 2β3

α1+α2
)g ∩

cc(1,−1, 0, 0, 0, 0)g = cc(1, 0, α3

α1+α2
, 0, 0, β3

α1+α2
)g.

Then, if we now take α = α3

α1+α2
and β = β3

α1+α2
, we obtain that

cc(β1, β2, β3, α1, α2, α3)g = cc(1, 0, α, 0, 0, β)g.

- Subcase 3.2 α1 = α2 6= 0 and β1 = −β2 = 0.
In this subcase, we have cc(α1, α2, α3, β1, β2, β3)g =
cc(α1

α1
, α1

α1
, α3

α1
, 0, 0, β3

α1
)g.

Then, taking α = α3

α1
and β = β3

α1
we obtain that

cc(α1, α2, α3, β1, β2, β3)g = cc(1, 1, α, 0, 0, β)g.

- Subcase 3.3 α1 − α2 6= 0 and β1 = −β2 6= 0.

In this subcase we have cc(α1, α2, α3, β1, β2, β3)g =
cc(α1 + α2, α2 + α1, 2α3, 0, 0, 2β3)g ∩
cc(α1 − α2, α2 − α1, 0, β1 − β2, β2 − β1, 0)g =
cc(1, 1, 2α3

α1+α2
, 0, 0, 2β3

α1+α2
)g ∩ cc(1,−1, 0, 2β1

α1−α2
,− 2β1

α1−α2
, 0)g =

cc(1, 0, α3

α1+α2
, β1
α1−α2

,− β1
α1−α2

, β3
α1+α2

)g.

Then, taking α = α3

α1+α2
, β = β1

α1−α2
and γ = β3

α1+α2
and we obtain that

cc(α1, α2, α3, β1, β2, β3)g = cc(1, 0, α, β,−β, γ)g.

- Subcase 3.4 α1 = α2 6= 0 and β1 = −β2 6= 0

In this subcase, cc(α1, α2, α3, β1, β2, β3)g = cc(α1+α2, α2+α1, 2α3, 0, 0, 2β3)g
∩ cc(α1 − α2, α2 − α1, 0, β1 − β2, β2 − β1, 0)g
= cc(2, 2, 4α3

α1+α2
, 0, 0, 4β3

α1+α2
)g ∩ cc(0, 0, 0, 2,−2, 0)g =

cc(1, 1, 2α3

α1+α2
, 1,−1, 2β3

α1+α2
)g.

Then, taking α = 2α3

α1+α2
and β = 2β3

α1+α2
we obtain that

cc(α1, α2, α3, β1, β2, β3)g = cc(1, 1, α, 1,−1, β)g.
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Case 4 α1 + α2 6= 0 and β1 + β2 6= 0

In this case we consider the following subcases

- Subcase 4.1 α1 − α2 6= 0 and β1 − β2 6= 0.

In this subcase we have cc(α1, α2, α3, β1, β2, β3)g =
cc(α1 +α2, α1 +α2, 2α3, β1 +β2, β2 +β1, 2β3)g ∩ cc(α1−α2, α2−α1, 0, β1−
β2, β2 − β1, 0)g =
cc(1, 1, 2α3

α1+α2
, β1+β2
α1+α2

, β1+β2
α1+α2

, 2β3
α1+α2

)g ∩ cc(1,−1, 0, β1−β2
α1−α2

,− β1−β2
α1−α2

, 0)g =

cc(1, 0, α3

α1+α2
, β1+β2
2(α1+α2)

+ β1−β2
2(α1−α2)

, β1+β2
2(α1+α2)

− β1−β2
2(α1−α2)

, β3
α1+α2

)g.

Taking now α = α3

α1+α2
, β = β1+β2

2(α1+α2)
, γ = β1−β2

2(α1−α2)
and τ = β3

α1+α2
we obtain

that

cc(α1, α2, α3, β1, β2, β3)g = cc(1, 0, α, β + γ, β − γ, τ)g.

- Subcase 4.2 α1 − α2 6= 0 and β1 = β2 6= 0.

In this subcase we have
cc(α1, α2, α3, β1, β2, β3)g = cc(α1+α2, α1+α2, 2α3, 2β1, 2β1, 2β3)g∩ cc(α1−
α2, α2 − α1, 0, 0, 0, 0)g = cc(α1+α2

β1
, α1+α2

β1
, 2α3

β1
, 2, 2, 2β3

β1
)g ∩

cc(2,−2, 0, 0, 0, 0)g = cc(α1+α2

2β1
+ 1, α1+α2

2β1
− 1, α3

β1
, 1, 1, β3

β1
)g.

Then, taking α = α1+α2

2β1
, β = α3

β1
and γ = β3

β1
we obtain that

cc(α1, α2, α3, β1, β2, β3)g = cc(α + 1, α− 1, β, 1, 1, γ)g.

- Subcase 4.3 α1 = α2 6= 0 and β1 − β2 6= 0.

In this subcase we have
cc(α1, α2, α3, β1, β2, β3)g = cc(2, 2, 2α3

α2
, β1+β2

α2
, β1+β2

α2
, 2β3
α2

)g∩
cc(0, 0, 0, 2,−2, 0)g = cc(1, 1, α3

α2
, β1+β2

2α2
+ 1, β1+β2

2α2
− 1, β3

α2
)g.

Then, if we now take α = α3

α2
, β = β1+β2

2α2
, and γ = β3

α2
we obtain that

cc(α1, α2, α3, β1, β2, β3)g = cc(1, 1, α, β + 1, β − 1, γ)g.

- Subcase 4.4 α1 = α2 6= 0 and β1 = β2 6= 0.

In this subcase we have
cc(α1, α2, α3, β1, β2, β3)g = cc(α1

α1
, α1

α1
, α3

α1
, β1
α1
, β1
α1
, β3
α1

)g.

If we now take α = α3

α1
, β = β1

α1
and γ = β3

α1
we obtain that

cc(α1, α2, α3, β1, β2, β3)g = cc(1, 1, α, β, β, γ)g.
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Theorem 3.5 Let g and ḡ be two type Lie Malcev algebras and let f : g → ḡ be an
isomorphism. Under these conditions, the mapping ρ : End g → End ḡ, defined by
D −→ fDf−1 is an isomorphism between the vector spaces cc(α1, α2, α3, β1, β2, β3)g and
cc(α1, α2, α3, β1, β2, β3)ḡ, for all (α, β, γ, τ) ∈ C4.

Proof
Let g = (V, ·) and ḡ = (V̄ , ∗) be two Type Lie Malcev algebras and let us consider

B ∈ cc(α1, α2, α3, β1, β2, β3)g, for any (α, β, γ, τ) ∈ C4 and for all x, y, z ∈ g. Then, we
have
α1B(((f−1(x) · f−1(z)) · f−1(y)), f−1(x)) + α2B(((f−1(y) · f−1(x)) · f−1(z)), f−1(x)) +
α3B(((f−1(z) · f−1(y)) · f−1(x)), f−1(x)) + β1(B((f−1(x) · f−1(z)), f−1(y)) · f−1(x)) +
β2(B((f−1(y) · f−1(x)), f−1(z)) · f−1(x)) + β3(B((f−1(z) · f−1(y)), f−1(x)) · f−1(x)) = 0

We also have that
α1B(((f−1(x) · f−1(z)) · f−1(y)), f−1(x)) = α1Bf

−1(((x ∗ z) ∗ y), x),
and similarly,
α2B(((f−1(y) · f−1(x)) · f−1(z)), f−1(x)) = α2Bf

−1(((y ∗ x) ∗ z), x),
α3B(((f−1(z) · f−1(y)) · f−1(x)), f−1(x)) = α3Bf

−1(((z ∗ y) ∗ x), x).
On the other hand, β1(B((f−1(x) · f−1(z)), f−1(y)) · f−1(x))

= β1(Bf
−1((x ∗ z), y) · f−1(x)), and similarly,

β2(B((f−1(y) · f−1(x)), f−1(z)) · f−1(x)) = β2(Bf
−1((y ∗ x), z) · f−1(x)) and

β3(B((f−1(z) · f−1(y)), f−1(x)) · f−1(x)) = β3(Bf
−1((z ∗ y), x) · f−1(x)).

So,
α1Bf

−1(((x∗z)∗y), x)+α2Bf
−1(((y ∗x)∗z), x)+α3Bf

−1(((z ∗y)∗x), x)+β1(Bf
−1((x∗

z), y) · f−1(x)) + β2(Bf
−1((y ∗ x), z) · f−1(x)) + β3(Bf

−1((z ∗ y), x) · f−1(x)) = 0
Then, by applying f to the previous expression, we have
α1fBf

−1(((x∗z)∗y), x)+α2fBf
−1(((y∗x)∗z), x)+α3fBf

−1(((z∗y)∗x), x)+β1(fBf
−1((x∗

z), y) ∗ x) + β2(fBf
−1((y ∗ x), z) ∗ x) + β3(fBf

−1((z ∗ y), x) ∗ x) = 0.
Therefore, fBf−1 ∈ cc(α1, α2, α3, β1, β2, β3)ḡ, which concludes the proof.

Corollary 3.6 Let g be a type Lie Malcev algebra. For all (α, β, γ, τ) ∈ C4, the dimension
of the vector space cc(α1, α2, α3, β1, β2, β3)g is an invariant of the algebra.

Next, taking into consideration the two following two-parameter sets cc(0, 0, α, 1, 1, β)g
and cc(1, 1, α, 1−1, β)g of the previous theorem, we introduce two new invariant functions
for Lie algebras as follows

Definition 3.7 (Main Definition) The two functions φ̄0
g, φ̄g : C2 7→ Z defined as

φ̄0
g(α, β) = dim cc(0, 0, α,−1, 1, β)g and φ̄g(α, β) = dim cc(1, 1, α, 1,−1, β)g

are respectively called φ̄0
g and φ̄g invariant functions corresponding to the 2-dimensional

new twisted cocycles of the adjoint representation of a Lie algebra g.
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Taking now into consideration this definition, the concept of isomorphism of algebras
and Theorem 3.5, it is easy to check that the following result is satisfied

Theorem 3.8 (Main Theorem) If two Lie type Malcev algebras g and h are isomor-
phic, then φ̄g = φ̄h and φ̄0

g = φ̄0
h.

4 CONCLUSIONS

This communication continues the research carried out in other previous ones by the same
authors in which they dealt with invariant functions and contractions of algebras (see from
[1] to [7] and [8], for instance).

In it, we have described the process of construction of a new invariant function of
algebras, particularly of Lie and Malcev algebras, which is different from those already
known, and we have shown some of its applications.

By dealing with all possible cases appearing in this process, we have proved Theorem
3.5, which affirms that if g and ḡ are two type Lie Malcev algebras and f : g→ ḡ is an iso-
morphism, then the mapping ρ : Endg→ End ḡ, defined by D −→ fDf−1 is an isomor-
phism between the vector spaces cc(α1, α2, α3, β1, β2, β3)g and cc(α1, α2, α3, β1, β2, β3)ḡ,
for all (α, β, γ, τ) ∈ C4.

As a consequence of this result, it is obtained that the dimension of the vector space
cc(α1, α2, α3, β1, β2, β3)g is an invariant of the algebra g, for all (α, β, γ, τ) ∈ C4, and this
assertion implies that we can define a new invariant two-parameter function of algebras,
which we have denoted by φ̄g, which corresponds to the 2-dimensional new twisted cocycles
of the adjoint representation of the algebra g.

The authors think that all of this suppose a step forward in the resolution of the
classification problem of algebras, because if (in this case, although the frame is general)
g and h are two isomorphic Lie type Malcev algebras, the φ̄g = φ̄h, which allows us to
set a new isomorphic criterion for classifying algebras.

As open problem, we can observe that proceeding in a similar way as we did, other
invariant functions of algebras could be defined by using the rest of vector spaces that ap-
pear in Theorem 3.4. In the respective cases, they would be two, three or four-parameter.
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[1] Escobar, J.M., Núñez, J., Pérez-Fernández, P. ”On contractions of Lie algebras”,
Mathematics in Computer Science Vol. 10 (3), pp. 353-364, 2016.
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Abstract.
It is well known that water is increasingly scarce, therefore the use of the resource in

an efficient way becomes imperative nowadays. Around the world, the highest expenditure
of water occurs in agriculture, with expenditures of about 70% and waste of around 40%.
This fact allows us to argue that efficient irrigation systems should be designed and used
in large scale. These irrigation systems must, not only reduce the amount of water spent
in agriculture, but also increase the quality of the crop. It was proven that modelling the
irrigation systems as an optimal control problem allows to reduce the water spent [1]. The
output of the model in [1], is the irrigation plan for the following 10 days (using a weather
forecast), instead an ON-OFF irrigation system.

The ON-OFF irrigation system, when activated, spends the same water for different
days. Using the proposed planning irrigation systems, the water is used accordingly to
the needs of the crop, and taking into account the weather conditions. In this work, the
predictive control techniques are used to improve the model [1], to correct the forecast
imprecisions of the weather data. Using the humidity soil data, the software determines
whether the water spent was lower or greater in comparison with the real needs, and the
replanning is activated when the estimated humidity of soil is not on a small vicinity of
the real humidity of the soil.

We test and compare different constrained optimization techniques, for solving the con-
strained optimization problem, that arise from the discretization of proposed optimal con-
trol problem.
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1 INTRODUCTION

We live in World where due to many factors, including man behaviour, climate change
is happening. It is there to stay unless human atitute towards nature changes drastically.
According to the Intergovernmental panel on climate change [2], temperature will raise
(global warming), longer and more frequent draught periods will occur, as well as all kinds
of extreme weather conditions. Many regions of the world are already facing severe water
scarcity. This will affect the whole ecosystem in vast areas of the World. Agriculture will
be very much affected and with it, lack of food and water will be the crude in some parts
of the world.

In many countries (like Portugal), irrigation of crop fields spends most of the water
resources in annually. So, it becomes crucial that a proper irrigation planning is able to
maximize the production of a crop field, while spending the least water resources possible,
with the highest efficiency [3]. It was proven that modelling the irrigation systems as an
optimal control problem allows to reduce the water spent [1]. The output of the model in
[1], is the irrigation plan for the following 10 days (using weather forecast), instead of an
irrigation with control ON-OFF, which is the most common, where an irrigation system
exists.

Optimal control theory emerged as a field of research in the 1950s in response to
problems concerning the aerospace exploitation [4] of the solar system. Nowadays, optimal
control is a recognized tool, known by its efficacy, which is applied to different areas, such
as robotics [5], biological systems [6], agriculture problems [7], among many others. The
goal of optimal control theory is to find a control law for a given system such that a
certain optimality criterion is achieved. In general, in optimal control problems (OCP),
the decision variables are subject to equality constraints defined by differential equations,
where these decisions variables are not necessarily smooth (non differentiable functions).
In an OPC it is also possible to use different tools to solve the problem, to characterize
it, to study the sensitivity of its variables, to study the stability of the problem and to
apply predictive control to replan the problem [7], [8].

In the current paper, we re-adapted a mathematical model [1] based on optimal control
theory to obtain a plan of irrigation of a crop field for the next 10 days. In the mentioned
work, the predictive control techniques are used to correct the forecast imprecisions of
the weather data, via a penalization of the objective function in the case the weather
predictions are too far from reality and the state constraint is violated - replan.

Herein a new model is proposed. We introduce the use of moisture sensors in the crop
field, to keep us informed on the real trajectory of the state variable. We force replan if
the value of soil moisture is far from reality. This is probably more accurate, since we are
dealing directly with the state and control variables. Also, we do not use the penalization
of the objective function, since it is not easy to know how much to penalize, when the
state constraint is violated. We opted to impose that the soil moisture in that day does
not violate the state constraint (we impose it has the minimum value such that it does
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not happen), adding the necessary value to the control variable. Then, we rerun the
programme and obtain a new irrigation plan based on real values of the trajectory. The
model was implemented in MatlabTM (Matlab is a registered trademark of the MathWorks,
Inc.).

In order to solve the control problem, three different direct methods available in fmincon
solver, namely, an interior point (IP) method, a sequential quadratic programming (SQP)
method and an active set method were used. Since the problem is convex, the optimal
solution found by the different optimization techniques is the same as expected. However,
the computation times are quite different. In the presented simulations, the number of
variables of the problem is small, and the optimization methods were able to find the
optimal solution in a reasonable time. However, this will be an important issue when the
discrete-time model will be a large-scale dimensional one.

This paper is structured in five sections. The Introduction is provided in the Section
1. The mathematical model and the need to have a replan strategy are given in Section
2. In Section 3, the results obtained are shown considering five scenarios that requires
the use of the replan strategy. A numerical comparison of the results obtained using the
IP, SQP and the Active Set methods when solving the optimal control problem is also
provided. In Section 4 the conclusions are drawn.

2 MATHEMATICAL MODEL

The model is written as an optimal control problem. The objective function (to be
minimized) is the amount of water used by the irrigation system, which is defined by the
sum of the control variables ui, subject to the dynamic equation in which the variation
of the moisture of the soil (the trajectory variable x) has to satisfy the water balance
equation. The inequality constraints are described as the amount of water that comes
from the tap (cannot be negative) and the moisture of the soil (have to satisfy the hydric
needs (xmin) of the crop). The formulation of the problem is:

minxi,ui
h

N∑

i=1

ui

s.t.: xi+1 = xi + hf(ti, xi, ui, xi+1), i = 1, .., N

xi ≥ xmin

ui ≥ 0, i = 1, .., N

x1 = xs,

where f(t, xl, u, xr) = KI ∗ u + KR ∗ rfall(t) − KC ∗ evtp0(t) − loss(t, xl, xr), with

loss(t, xl, xr) =

{
k(t)xr xl ≤ xFC

xl − xFC + k(t)xr xl > xFC .

The variable h represents the time step, N is the number of days of the irrigation
planning, KI is a coefficient associated with the type of irrigation, KR is a parameter
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associated with the rainfall (rfall), KC is the coefficient associated to the type of crop,
evtp0 is the reference evapotranspiration of site and xs is the moisture at the initial time
read by the sensor. The parameter k depends of the type of the soil and xFC represents
the amount of water retained in the soil after the soil was drained. More details about
the model can be found in [1].

Although the model intends to represent the reality, unforeseen events can always occur,
such as change of weather conditions, malfunctions of the irrigation systems, among many
others.

It is important to evaluate if the results obtained in the irrigation planning correspond
to the reality. If not, it is necessary to replan the solution using the real data: the current
state (moisture in soil) and the new weather predications.

3 RESULTS FOR DIFFERENT SCENARIOS

In this section, results obtained for five scenarios that require the use of a replan strat-
egy are shown. A numerical comparison of the execution times obtained using different
optimization methods: IP, SQP and the Active Set methods are presented.

3.1 Replanning Results

In this section, results for five scenarios are presented. In scenario 1, it is assumed that
the real moisture of the soil is close to the predicted one. As it is expected, the results
show that is not necessary to replan. The total amount of water to be used in the ten
days plan is 33.34 mm per m2. The optimal solution (x̄, ū) is equal to the initial solution
and it is:

x̄ = [19 18.72 18.72 18.72 18.72 18.72 18.72 18.72 18.72 18.72]
ū = [3.27 2.50 3.51 3.24 4.09 4.31 5.0 3.29 1.36 2.80] .

In scenario 2, it is assumed that on the fifth day, the moisture of the soil is less than
that it was expected (18.72 mm).

xs = [19 18.72 18.72 18.72 15] .

The results of scenario 2 are shown in Figure 1.
In the legend, the “control IS” and “trajectory IS” represents the initial solution when

solving the optimal control problem for the 10 days. Taking into account the data from
the sensor, the “control R” and the “trajectory R” are the solutions of the replanning
that use the new data: weather predication and soil moisture.

The “hydric needs” are the needs of the crop. It is important to satisfy this constraint.
When this constraint is violated (x < xmin) is imperative to correct the needs of the water
to avoid that the crop die.

From Figure 1, it can be seen that in the first four days the planning solution (solution
IS) is equal to the solution obtained in the replanning (solution R). After that, the needs
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Figure 1: Results for scenario 2.

of water are different than planning solution. In this scenario, the amount of water used
by the irrigation systems was 37.11 mm per m2, greater than the initial solution.

In the scenario 3, it is assumed that in three days (fifth, sixth, seventh) the sensor
reads that real humidity in the soil is less than it was expected. In this case, the data of
the sensor are:

xs = [19 18.72 18.72 18.72 15 16 17] .

In this scenario, it is necessary to replan three times. The results are depicted in Figure
2. In scenario 3, the needs of water increase as expected to 40.62 mm per m2.

Figure 2: Results for scenario 3.

In scenarios 4 and 5, it was considered that the reality humidity in the soil is greater
than what it was planed. Although in this case the crop does not die, it is possible reduce
significantly the water use in the irrigations system.

537



S.O. Lopes, M.F.P. Costa, R.M.P.S. Pereira, F.A.A.C. Fontes

In scenario 4, it is considered that in the fifth day, the moisture in the soil is greater
than it was expected. The results for this case are in Figure 3. At it was expected, the
replan occurs in the fifth day, and the water used was less than the initial solution, it was
equal to 31.96 mm per m2:

xs = [19 18.72 18.72 18.72 20] .

Figure 3: Results for scenario 4.

In scenario 5, it is assumed that in three days (fifth, sixth, seventh) the sensor reads
that real humidity in the soil is greater than it was expected. In this case the water used
in irrigation was 25.16 mm per m2 less than in the initial solution. Figure 4 shows the
results.

xs = [19 18.72 18.72 18.72 20 21 22 ] .

Figure 4: Results for Scenario 5.
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3.2 Execution times with different algorithms used

Next, we present a comparison of the three optimization methods available in the
fmincon solver of MatlabTM (Matlab is a registered trademark of the MathWorks, Inc.),
namely, a SQP method, a IP method and an Active Set method, when solving the optimal
control problem that arises at each scenario described above. All the three optimization
techniques were able to achieve the same optimal value for each control problem. These
results are reported in the column “water consumption” of the table 1. In terms of CPU
time, the Active Set method reveals to be more efficient than the SQP or IP methods, for
solving the optimal control problems herein proposed.

Scenario Water Consumption time (SQP) time (IP) time (Active Set)
1 33.34 0.861 1.6 0.61
2 37.11 1.373 3.17 1.1
3 40.61 2.631 6.35 2.1
4 31.96 1.63 3.23 1.36
5 25.14 3.69 6.70 2.91

Table 1: CPU Times

4 CONCLUSIONS

A good replanning algorithm was designed. Producing good results. Instead of penal-
izing the objective function (since it is not easy to know how much to penalize, when the
state constraint is violated), we opted to impose that the soil moisture in that day, “does
not violate the state constraint. We impose that it has the minimum value to guarantee
the hydric needs of the crop. In order to ensure that, the necessary value of the control
variable was corrected. A new plan was then run.

In terms of execution times, the Active Set algorithm was the most efficient to solve
the control problem proposed.
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Abstract  
 

We propose a new iterative hp-h Adaptive Mesh Refinement (hp-h AMR) algorithm for 

solving continuous-time optimal control problems.  

 

We start by applying a hp-method based on the orthogonal collocation with Legendre-

Gauss-Radau points using both a pre-defined fixed number of sub-intervals and also a 

fixed polynomial degree at each interval. 

 

By varying the number of mesh intervals and the polynomial degree in each mesh interval, 

the accuracy of method can be tuned. For that, we consider a h-tolerance and a p-

tolerance. The decision to increase or decrease the degree of the polynomial in each 

segment is based on the p-tolerance. Moreover, the mesh interval is divided into 

subintervals considering different levels of refinement based on the h-tolerance. This 

iterative hp-h AMR procedure stops when both h-tolerance and p-tolerance criteria are 

satisfied. 

 

We illustrate this algorithm by solving an optimal control problem involving a 

nonholonomic car-like system with state constraints which is characterized by presenting 

strong nonlinearities and by having discontinuous controls. 
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We consider the large-scale kinematic dynamo problem for three-dimensional flows of an
incompressible electrically conducting fluid. Application of Padé approximants for computation
of the tensor of magnetic eddy diffusivity for parity-invariant flows has been explored employing
symbolic computing by Mathematica. We construct Padé approximants of the tensor expanded
in power series in the inverse molecular diffusivity 1/η around 1/η = 0. This yields the values
of the minimum magnetic eddy diffusivity to satisfactory accuracy for η as small as 0.05.
Algorithms for symbolic calculation of convolutions of trigonometric polynomials involved are
presented.
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Abstract Only in Europe, coagulation disorders are responsible for around a half million 

deaths. A vessel occlusion can occur due to an uncontrolled clot formation that 

consequently can leads, for example, to a stroke. Such clinical condition, each year, cost 

more than $315 billion. Haemodynamic conditions, like the velocity of the blood, modulate 

the vascular response so, comprehending these local conditions is essential to understand 

thrombotic situations. Nowadays, numerical methods became a frequent tool in 

engineering, as an alternative to in vivo experiments and as a complement to experimental 

data and analyses, being used to study blood and blood coagulation. In this specific field, 

several numerical methods have been used in the past decades, being the Finite Element 

method (FEM) the most popular one. However, other methods have been proposed, 

presenting satisfactory results, such as meshless methods. Although, the number of papers 

using these methods are still reduced when compared to the ones using mesh base methods, 

such as FEM. Thus, the aim of this work was to analyse different models of vessels, with 

and without clots, in order to understand the influence of such structures in the blood flow. 

Moreover, the FEM and the Radial Point Interpolation meshless method (RPIM) were used 

to perform several studies comprising different geometries and meshes. FEMAS software 

(cmech.webs.com) was used to perform the analyses, allowing to conclude that regular 
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meshes lead to much better results and that the RPIM is capable to deliver smoother 

solutions than FEM. 
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Abstract The understanding of the characteristics of the resource is fundamental for all 

aspects of wind energy exploitation, from the identification of suitable locations to 

predictions of the economic viability of wind farms. On mountainous sites, wind turbines 

are placed at the top of hills to take advantage of the increased wind velocity, as a result of 

wind overcoming the obstacle flowing over it. However, this effect will be independent of 

wind direction for an axisymmetric hill only; for real hill shapes, the flow pattern, and thus 

the velocity at rotor level, change with wind direction. 

Depending on the particular orographic feature shape, there will be a number of distinctly 

associated flow topologies, each corresponding to a fairly broad sector of wind direction, 

and the flow switches back and forth between these patterns as the wind direction moves 
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from one sector to another. 

The paper explores the signature that flow pattern switches have on wind velocity as 

measured by the anemometers of wind turbines located at the border of a plateau. The 

analysed data, consisting of 10-minute averages covering the year 2010, concerns four 

neighbouring turbines of a wind farm in northern Portugal. To distinguish any possible 

influence from variables other than orography results are compared with those for the year 

2017. Wind frequency and speed are analysed with circular statistics tools, filtered by wind 

velocity range, as well as correlations between Weibull distributions, filtered by direction.  

The results suggest a switch between at least two flow topologies, leading to a decrease in 

wind energy availability at three of the turbines. Thus, micro-siting should not rely on wind 

assessment just at a single location in a wind farm, considered a representative location, 

but the flow pattern dependence on wind direction should be taken into consideration.  

1. INTRODUCTION 

The world Total Primary Energy Supply was 13.8 Gtoe in 2016, of which 13.7% was produced 

from renewable energy sources. Renewable energy has been playing a growing and increasingly 

important role in the endeavour of diversifying and decarbonizing energy supply. The global 

average annual rate for renewable energy sources has grown 2%, and this growth has been 

especially high for wind power, which grew at an average annual rate of 23.6% since 1990 [1].  

In the OECD, wind power increased from 3.8 TWh to 696.9 TWh, between 1990 and 2017, 

representing an average annual growth rate of 21.2%, and reaching in 2017 a share of 25.5% of 

all renewable electric energy. In the European Union, in 2018, wind power satisfied 14% of the 

electric energy demand, and 24% of that was produced by wind farms in Portugal, rendering it 

the third greatest wind-energy generating country in Europe [2]. 

Wind turbines have a life expectancy of approximately 25 years, but the companies producing 

them only guarantee up to about half of that. In 2018, the gross annual wind installations in 

Europe dropped down to 11.7 GW – a decrease of 31.7% in comparison to 2017 – after a decade 

of steady increase at a rate of about 0.57 GW/year. Still in 2018, decommissioned wind turbines 

amounted to 421 MW (most of these projects are being repowered), of which 13.7 MW were 

in Portugal. 

Knowing that a number of wind farms in Portugal are already approaching their end of life, it 

is necessary to reason with great attention about how to carry out the eventual repowering of 

farms that are having their turbines decommissioned. In this sense, and having in mind the 

maximization of energy production, this work aims at contributing towards assisting decision-

making concerning the location of replacement turbines in wind farms. Indeed, in the course of 

two decades, the nominal power of wind turbines has increased roughly four-fold, and thus a 

single new wind turbine can replace the power previously produced by four turbines in a given 

wind farm. Several questions arise. Firstly, if the power output of the wind farm is to be kept, 

at which of the decommissioned-turbine locations should the new turbine be installed? The 

answer may not be straightforward, such as deciding for the spot of the turbine that has 

outperformed the others, since the capacity factor does not depend solely on the wind 
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characteristics at the site but also on the turbine features, which are going to be different. 

Another question is, if opting for greatly increase the installed capacity in the farm, where to 

locate the large replacement turbines, while making full use of the history of wind data collected 

by the anemometers atop the turbines over the course of their lifetime? 

There are several discussions in the literature on how wind is affected by orography (hill shape 

[3], the presence of valleys [4]), surface conditions (porosity, surface roughness, vegetation [5]) 

and atmospheric conditions (wind shear and atmospheric stratification [6]) [7]. 

The presence of an obstacle, such as a hill, will cause the wind to flow around and above it. The 

deflection of wind approaching the obstacle at velocity V∞ will establish a flow pattern in which 

zones of velocities higher and lower than V∞ can be distinguished. Likewise, the local wind 

direction will be different from that of the incoming wind. 

In this paper, we present an example of the valuable information that can be extracted from the 

large amount of data collected by a group of four neighbouring turbines on a complex terrain, 

by judicious filtering and representation of the data. We were able to identify shifts in the flow 

pattern, which may have a negative influence on the performance or durability of some of the 

turbines. This paper considers, for the studied wind farm, located in northern Portugal, how 

orography, and possibly vegetation growth, influences wind velocity magnitude and direction, 

at given turbine locations, according to the incoming wind direction. Those are important 

aspects for power generation since in this regard the most important features of the wind are 

wind speed and fluctuations (turbulence). 

2. METHODOLOGY AND TOOLS 

Wind velocity and direction are measured by the anemometers of four wind turbines located at 

the border of a plateau raising 500 m above neighbouring terrain. The average spacing is 

approximately 400 m. The data is collected by a SCADA system and 10-minute averages are 

calculated and registered in a data base. 

To assess the possible effect of vegetation growth two years sufficiently apart are considered: 

2010 and 2017. For these two years, wind frequency wind roses have been generated, with 16 

sectors, of 22.5° each.  The North sector ranges from -11.25° to +11.25°. 

In order to identify the possible signature of a flow pattern switch, we represented two wind 

roses for each turbine, with data points below and above a velocity Vth, respectively. To begin 

an iterative process, we have chosen a velocity Vth somewhat above the modal velocity of the 

wind at the site. When comparing the eight resulting wind roses for the four turbines, the 

northeast (NE) quadrant was noteworthy for showing some sectors where high velocities were 

absent for three turbines but present for the fourth. 

To refine the quadrant down to a smaller sector an iterative approach was followed. The global 

set of data was filtered for a smaller sector (of 45°), as measured at one specific turbine. Then 

dispersion diagrams were plotted with just this data, in which the wind velocity measured by 

one turbine was compared with that of another turbine. A matrix plot is produced with the 

dispersion diagrams for the six possible pairs of turbines. A difference in wind velocity, in a 

fairly broad range, between two turbines will show up in the corresponding dispersion diagram 

as a deviation of the cloud of points from the y=x line. The wind velocity for which such a 
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deviation occurs has been qualitatively assessed and herein designated as Vth. A quantitative 

approach will be designed in follow-up work. To obtain a more complete description of the 

flow pattern, velocity polar plots of the same filtered data were produced, one for each turbine. 

The iterative process continues by representing new wind roses, as described above, but using 

the new Vth. Significative differences in wind frequency between turbines, for a given direction, 

are then identified. 

By replicating this process for two distinct years, it is expected to identify the distinct manner 

in which the wind coming to the wind farm has rotated while flowing up to each turbine 

position. The differences between each turbine position shall be a consequence of the different 

alignment of the incoming wind with the orographic features around the wind farm, such as 

ridges and dales. Eventually, there may be a contribution from vegetation growth, or new 

edifications, between the two years, if sufficiently apart, as is here the case. 

3. RESULTS AND DISCUSSIONS 

3.1. Preliminary analysis and data filtering 

As part of a general analysis of the vast data available for the four turbines, wind frequency 

distributions separated by wind speed ranges, below and above a certain threshold velocity Vth 

have been evaluated. An initial set of results for Vth=14 m/s revealed that the NE quadrant 

(ranging from north (0°) to east (90°)) presented distinct wind frequency values between the 

low and high wind-speed ranges. In particular, a deficit of wind frequencies for the range above 

Vth could be observed, while the frequencies for the low wind-speed range were similar to the 

other quadrants. This difference became more noticeable for another value of Vth that has been 

tested: 8 m/s, and part of the results are shown in Figure 1. 

Due to space limitations, the distributions are shown just for turbines 1 (WT1) and 4 (WT4) 

since the frequency distributions are quite similar amongst turbines 2, 3 and 4. In the low-speed 

range, there are not, by and large, sharp changes in frequency between neighbouring directions, 

with higher frequencies found due North-Northwest (NNW), particularly for WT4. In this broad 

sector the presence of winds is, for WT1, about 8.60% (753 hours in the year), with an average 

wind speed of 5.82 m/s, and 13.52% (1184 h/yr) and 6.07 m/s, respectively, for WT4. 

 

 

Figure 1. Wind roses for turbines 1 and 4, with 2010 data separated by wind speed range, below and above 

Vth=8 m/s. 
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The situation is dissimilar for the high wind-speed range: the frequency distributions show 

pronounced variations from sector to sector, as much as 7 percentual points over 10°. In general, 

high wind frequencies occur in the south-southwest (SSW) sector. This broad sector has a wind 

presence around 12.50% (1095 h/yr) with an average wind speed of 10.82 m/s. A narrow sector 

centred at 120° shows a preeminent high frequency (about 9%), being more pronounced for 

WT2 and WT3 (not shown). In addition, turbines other than WT1 show a null or low frequency 

in the north-east direction, while for WT1 this occurs towards East. 

From the distribution plots a 45°-sector has been identified in which the frequencies are 

significantly distinct between the high and low wind-speed ranges and simultaneously 

important differences in wind frequencies are seen between WT1 and the other. The sector is 

33.75°<θ<78.75° (these values arise from having used distribution plots with 96 sectors instead 

of the 36 sectors used in the plots herein). 

3.2. Local flow (des)accelerations and direction changes  

3.2.1. Introduction 

If the wind farm was located on a large flat terrain, all turbines would experience the same 

oncoming wind (apart from any wake interactions between them). That is not the case in 

complex terrain. The information gathered at each turbine on wind speed and direction should, 

in principle, assist in producing a picture of the wind flow pattern in the vicinity of the group 

of turbines. Towards this goal, correlation plots of the wind speed registered simultaneously by 

a pair of turbines have been produced. For this group of four turbines, there are six possible 

pairs of turbines, and the correlation plots have been arranged in a matrix plot (Figure 2). The 

same has been done for wind direction but these correlation plots are not shown since it was 

realized that it would be more informative and easier to interpret the data using polar plots of 

wind velocity vs. wind direction for each turbine. These polar plots have been included along 

the main diagonal of the matrix plot (Figure 2). 

The correlation plots and polar plots would be virtually useless if all datapoints for a broad 

period of time were plotted at once. It is necessary to filter the vast data available, in order to 

bring forward correlations hidden in the data set. Thus, data has been filtered by calendar year, 

and then by a range of wind direction. The point clouds shown in both matrix plots in this paper, 

3903 points in 2010 and 3972 points in 2017, result from filtering for wind directions in the 

range 33.75°<θ<78.75° identified in the previous section, as measured at WT2. This turbine 

has been chosen because the results were somewhat clearer than when filtering by wind 

direction measured at the other turbines. 

3.2.2. Correlation plots and polar plots, 2010 

Figure 2 shows the incident wind in each turbine at a given moment of time, it does not always 

have the same speed as the incident wind on the neighbour turbine. The maximum wind speed 

for all turbines was 15 m/s in these two sectors. It is apparent that the greater points dispersion 

occurs when the WT1 wind speed interaction is concerned, relative to the remaining WT2, 

WT3, and WT4 turbines, thus presenting lower correlation coefficients than the other possible 
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pairs. Additionally, it appears that a wind acceleration occurs, mainly for WT2 and WT3 

compared with WT1. 

There are zones of the point cloud in which, for a given instant of time, the wind approaches a 

turbine at a higher speed than it approaches another. This appears in the correlation plots as the 

point cloud departing from the y=x line. This phenomenon evidences that the complex 

orography at this site is having a significant influence on the local wind flow pattern. In the 

correlation plots, changes in the slope of the point cloud can be interpreted as shifts in the flow 

pattern. Such slope change can be seen around a relatively low velocity (about 6 m/s). When a 

pair of turbines includes WT1, the differences in velocity are greater than for other pairs of 

turbines. This is particularly true for low wind speeds (below 6 m/s, which are of low 

importance in terms of power production). 

 

Figure 2. Matrix plot based on data points (year 2010) filtered for winds in the direction range 

33.75°<θ<78.75°, as measured at turbine 2, comprising of velocity-velocity dispersion plots and polar plots 

of wind velocity. 

552



Cláudia S.S.L. Casaca1,3*, Daniel C. Vaz4,5, Tiago A.N. Silva1,4,5 and Alda C.J.V.N. Carvalho1,2 

The non-uniform flow field over the group of turbines, suggested by the differences in velocity 

magnitude among the turbines at the same instant, is corroborated by the polar plots which show 

distinct wind approach angles between turbines. That is to say, the point cloud maintains more 

or less the width of the sector used in filtering the data (45°) but is oriented along a direction 

that can differ from that of WT2 by as much as 20°, as is the case for the point cloud of WT3. 

While for low velocities, i.e, below circa 6 m/s (the velocity mentioned in the discussion of the 

correlation plots above), the point cloud is indeed well distributed over a direction range of 

about 45°, for higher wind speeds the point cloud may split. This is noticeable for all turbines 

(except for WT2, for the reason that it is the one used in filtering de data). In the case of WT1 

this effect attains a remarkable expression. 

The polar plot for WT1, concerning the year 2010, shows that the anemometer atop the tower 

has measured, in certain moments, winds along a direction reasonably aligned with those 

reaching WT2, and, in other instants, winds that are in a practically opposite direction. This 

result is interpreted and discussed in the next section. 

3.2.3. Flow pattern discussion, 2010 

For the instants corresponding to the filtered data, the flow around WT1 shall be characterized 

by a recirculation zone (RZ), the formation of which shall be related with the wind flowing 

almost tangentially to the contour of the plateau at that location. It is worth noticing that the 

vertical component of wind velocity is not measured, which could bring further insight into the 

postulated recirculation zone. The existence of a shallower recirculation zone, formed along the 

edge of the plateau where turbines 1 through 4 are distributed, cannot be excluded. It is also 

postulated that the height of the recirculation zone varies in time. Whether these variations 

consist of somewhat rapid fluctuations of the RZ or correspond to shifts between long-lasting 

configurations of the bubble, is an issue that would require a more in-depth treatment of the 

data and is postponed to a future study.   

The results can then be explained assuming that the anemometer is at a height that shall be close 

to that of the recirculation bubble centre. Then, variations in the bubble height, lead to the 

anemometer reading, at times, winds from within the RZ that have the same direction as the 

wind external to the RZ, and, at other times, reading winds from lower layers of the RZ, where 

the flow is reversed. The correlation plots are consistent with velocity in a recirculation zone 

being lower than that of the external flow. 

Comparing the polar plots in Figure 2constructed from filtered data, it can be seen that while 

winds reaching WT1, WT2, and WT4 are fairly aligned, winds at WT3 are rotated 

approximately 20° clockwise (i.e. from north to east). Our suggestion of what could possibly 

have been the flow pattern around the plateau, complying with the wind directions seen in the 

polar plots of Figure 2 (2010) is the one schematically represented in Figure 4.  

The figure includes a few elevation lines, with a spacing of 100 m. It can be readily noticed that 

each turbine is placed in the alignment of the valleys or dales – therein represented by shaded 

areas – in the plateau’s northern slope. Those dales direct northern winds towards the turbines 

while increasing wind speed. The dashed arrow close to WT1 represent the reversed winds 

involved in the recirculation zone previously discussed. 
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Figure 3. Schematic representation of the conceivable flow pattern around the plateau for the instants of the 

filtered data points in Figure 2. 

The arrows depict a possible flow pattern. This is obtained commencing at each turbine with 

one of the wind directions identified in the corresponding polar plot, and tracing streamlines in 

the upwind direction. In doing this, the influence, on the wind, of the gales on the plateau’s 

slope is taken into consideration. Indeed, in their wind-tunnel study of wind approaching a 

model valley, Bullard et al. [7] showed that «valley structures can have a significant effect on 

overlying synoptic windflow. Any wind approach-angle less than 90° was found to cause 

marked deflection of airflow to become more parallel to the valley. The nature and magnitude 

of this effect is dependent upon a complex range of environmental parameters including valley 

morphometry, wind speed and the thermal stability of the airflow.» It should be noted that the 

flow pattern has been identified based on data filtered for a sector of low frequency of strong 

winds. Thus, most points in the point-cloud correspond to winds of velocity below some 12 

m/s, and thus are expected to be rather susceptible to the presence of the gales on the plateau’s 

slope. 

Additionally, the sector used in filtering the data is relatively wide, at 45°, and thus when 

proposing the flow pattern representation, we acknowledge that it is but a rough representation 

of a mean of actual flow configurations. A more detailed analysis would involve filtering by 

narrower sectors and as measured by different turbines. 

3.2.4. Wind roses 2010 

From the preceding analyses of both correlation and polar plots, a new value for Vth has been 

identified, 6 m/s, and used to re-categorise the low and high wind-speed ranges, and new wind 

roses have been produced (including all data points from 2010) – see Figure 4. 

These wind roses are not much different from those in for the reason that the corresponding 

threshold velocities (Vth) are quite similar. As in Figure 1, once again it is observed that for low 

wind speeds there is a reasonably homogeneous distribution of the frequencies by direction, 

contrasting with the situation for the high wind-speed range. The homogeneity of the 

distributions is linked to the likewise homogeneous distribution in all directions of the many 

and various phenomena that can produce pressure forces susceptible of influencing wind 

direction for such low velocities. Indeed, small velocity fluctuations, either in direction or time, 
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interacting with the fine terrain features, originate zones of perturbated flow with the most 

diverse topologies, which result in the full range of wind directions measure by the 

anemometers. 

For velocities above 6 m/s, sectors, sometimes rather narrow, exhibiting high frequency, 

intercalate others showing frequency deficit. A pattern is formed by the wind roses, which is 

similar among the four turbines, aside from the slight rotation of the pattern that is noticeable 

between them. However, there is a significant difference between WT1 and the others. The 

deficit sector that for the other turbines is as large as 80° (WT3), in the E or NE direction, in 

WT1 is reduced to just 40°. For WT1, less heterogeneity in the distribution of frequencies by 

sectors is also noticeable. 

 

 

Figure 4. Wind roses for the four turbines, with data points (year 2010) separated by the end-of-iteration 

value Vth=6 m/s.  

The wind-rose pattern rotation shows that the wind does not sweep this region along an 

absolutely constant direction; instead, the turbines are immersed in a wind flow pattern in which 

the wind rotates as it proceeds over the terrain. 

3.3. Effect of approaching-wind direction on local wind pattern 

3.3.1. Correlation plots and polar plots, 2017 

Compared to the data points of the year 2010 (Figure 2), the points dispersion increased 

significantly for 2017 (Figure 5), which shows that the speed incident at a given moment in a 
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turbine differed from the speed of another turbine. The correlation between wind speeds 

registered by the anemometers of WT2 and WT3 continues to be the strongest, presenting 

linearity. The wind at WT1 remains distinct from the other turbines. 

 

Figure 5.  Matrix plot based on data points (year 2017) filtered for winds in the direction range 

33.75°<θ<78.75°, as measured at turbine 2, to be compared with Figure 2. 

The wind pattern is so varied throughout the year 2017 so that, at any given instant of time, the 

wind speed can be considerably different between a pair of turbines. This difference is more 

accentuated than in the year 2010. Moreover, this large dispersion occurs for velocities in a 

range around 5 m/s. The body of results suggests that in 2017 the wind had more variability 

both in magnitude and direction. Given this variability, as the wind interacts with the features 

of the terrain, flow structures are formed in the flow, producing the dispersion measured by the 

anemometers. 

In the polar plots of Figure 5, it can be seen, just like for the year 2010, that when the wind 
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approaches WT2 along the 56° course, it comes up to the other turbines in quite different 

directions. Even though the wind at WT1 is reasonably well aligned in WT2, there are large 

discrepancies for WT3 and WT4. In certain instants, the wind at WT3 is lined up with the wind 

at WT4. However, for the remaining observations, wind direction at WT3 shows differences of 

90° in the counter-clockwise direction. A conspicuous feature of WT3’s polar plot is the 

presence of two point-clouds, well apart from one another, i.e., with an almost complete absence 

of observations between two main courses of the wind. 

3.3.2. Flow pattern discussion, 2017 

What has been discussed so far suggests that throughout 2017 the wind over this region can 

shift between two distinct patterns. In Figure 6 it can be seen our interpretation of the flow 

patterns over the wind farm. The predominance of eastern winds on WT4 lead us to conclude 

that a particularly influential gale is that oriented due East. The completed wind patterns show 

that the wind approaches the plateau region from a different direction in each case. In the course 

of its interaction with terrain features, the flow pattern over the group of turbines becomes 

distinct between the two cases. 

It should be noted that these are not the sole flow patterns possible in 2017. These have been 

obtained from data filtered from the complete data set for the year. 

 

        

Figure 6. Schematic representation of two conceivable flow pattern around the plateau for instants 

corresponding to the filtered data points in Figure 5, for wind approaching turbines WT1 and WT3 from: a) 

E or NE courses; b) N course. 

3.3.3. Wind roses 2017 

With the frequency and wind direction data for the year 2017, were obtained the wind roses 

presented in Figure 7. These wind roses were performed for the four turbines, similar to Figure 

4, for speeds above and below the velocity of 6 m/s. 

For velocities below 6 m/s, it is observed that the wind frequency distribution occurs in all 

orientations. However, the predominant winds in 2017 are not similar between turbines, a 

situation opposite to that observed in the year 2010. Compared to the year 2010, it appears that 

in 2017 there was a counter-clockwise rotation of 30° and of 75° in the direction to WT1 and 

WT2, respectively. Regarding WT2, the highest frequencies were observed in the NNE 
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direction, which compared to 2010 there was a counter-clockwise rotation of only 15°. On the 

other hand, the WT4 showed a clockwise at about 30°, and despite its greater homogeneity of 

frequency distribution, it presents north-oriented wind higher frequencies. 

In 2017, for wind speeds above 6 m/s, there are sectors with deficit and others with high 

frequency, as observed for the year 2010. The pattern formed by the 4 turbines is similar and 

can be observed a slight rotation of the pattern between them. Similarly, to wind speeds below 

to 6 m/s, the rotation of the WT1, WT2 and WT3 pattern direction was counter-clockwise. The 

highest rotation in the direction (about 90°) was observed for WT3. 

 

 

Figure 7. Wind roses for the four turbines, with data points (year 2017) separated by the end-of-iteration 

value Vth=6 m/s, to be compared with Figure 4. 

On the other hand, the WT4 pattern rotate clockwise direction, like that found for speeds of less 

than 6 m/s. In 2017, the WT1 have a direction pattern more similar to the other turbines, which 

is in contrast with the observation in 2010.  

4. CONCLUSIONS 

Repowering has many benefits, such as maintaining or improving the national electricity 

potential produced by renewable sources, as well as not allowing more environmental impacts 

when using new soils, etc. In view of the overall benefits of increasing wind power generation 

through repowering, special measures should be put in place to ensure that replacement sites 

for improved technology take place at the sites being operated, as well as the deployment of the 

new turbines should take into account studies on the local wind pattern for a better use of the 
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energy potential. 

Using statistics, this study allowed a more integrative analysis and a general understanding of 

the various phenomena that may occur in the wind displacement near a plateau. In this sense, 

this study could help all those interested in wind power to repower in these places. 

Regarding the wind farm under study and given the relative geographic positioning and the 

topographic characteristics of the site, the way the turbines operated was sometimes different 

from the others. In the preliminary analysis of data, the main characteristics of the wind farm 

were presented in terms of winds and it was verified that the average directions of all the 

turbines occur between the 180° and 360°, being the directions predominant Northwest and 

Southwest. As regards wind speed, the most frequent interval is between 5 and 11 m/s. 

In addition, a deficit of wind speeds in the sector 33.75° < θ < 78.75° was observed for the 

highest speed ranges (Vth > 6 m/s). When comparing a pair of turbines, where WT1 is included, 

the speed differences are higher than for other turbine pairs. This phenomenon evidences that 

the complex orography in this place is having a significant influence on the pattern of the local 

wind flow. For the instants corresponding to the filtered data, the flow around WT1 may be 

characterized by a recirculation zone (RZ), whose formation must be related to the wind flowing 

almost tangentially to the contour of the plateau at that location. When the roses of the wind 

were analysed, the formation of a pattern, which is similar between the four turbines, was 

verified, besides the slight rotation of the pattern that is perceptible between them. For WT1, 

less heterogeneity in the frequency distribution by sectors is also perceptible. The rotation of 

the wind rose pattern corroborates from the previous analysis that the wind does not sweep this 

region along in a constant direction; instead, the turbines are immersed in a pattern of wind flow 

in which the wind rotates as it advances over the terrain. For low wind speeds, there is a 

homogeneous distribution of frequencies per direction. 

In the year 2017, the difference in wind speeds between turbines was more pronounced than in 

2010. The body of the results suggests that in 2017 the wind had more variability in magnitude 

and direction. It was observed that the wind rotates at about 45°, with a maximum rotation of 

90° for the WT3. The wind on the WT1 remains distinct from the other turbines. These facts 

will be due to the interaction of the wind with the orography, characterized by the presence of 

valleys on the slopes and oriented according to the largest gradient of level lines. Such changes 

in the interaction will result in changes in wind direction which are measured by anemometers. 

However, a careful analysis allows to suggest an instantaneous and compatible flow pattern. 

These interpretations reveal complex flow patterns at a small scale (turbine scale). 
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Abstract. The mixed type functional differential equations (MTFDEs), equations with
both delayed and advanced arguments, appear in many mathematical models in several
contexts of applied sciences such as biology, quantum physics, economy, control, acoustics,
aerospace engineering. This paper provides a technique to solve a functional nonlinear
mixed differential equation. The proposed technique is based on homotopy analysis method.
We analyze the performance and accuracy of the proposed method and compare with rhe
results obtained previously using other numerical methods.
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1 Introduction

In applied sciences, a wide number of mathematical models show up functional differen-
tial equations with delayed and advanced arguments, the mixed type functional differential
equations.

Functional differential equations with delay-advanced argument appear in a wide array
of different areas of knowledge such as optimal control [10, 11], economic dynamics [12],
nerve conduction [2, 3, 8], traveling waves in a spatial lattice [1, 9], quantum physics,
acoustics [16, 17, 15], aerospace engineering.

We are particularly interested in the numerical approximation of the a multi-delay-
advance differential equation form (1)

x′(t) = F (t, x(t), x(t− τ1), . . . , x(t− τn)), (1)

where the shifts τi may take negative or positive values.
Some recent numerical methods to approximate the solution of a linear MTFDE with

form (2) were introduced in [4, 5] and improved in [6, 13, 7]. More recently, these methods
were adapted and used to solve numerically a nonlinear MTFDE [8, 14], the FitzHugh-
Nagumo equation 2.

x′(t) = F (t, x(t), x(t− τ), x(t+ τ)), τ > 0. (2)

This paper provides a technique based on HAM to solve the FitzHugh-Nagumo equa-
tion. The results obtained by HAM have enough accuracy when compared with the results
in [14]. This work is still ongoing, the analysis of actual simulations shows that the results
are promising, when compared with the others methods.
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Abstract  
 

Considering the regularity properties of the solutions of fractional differential equations, 

we develop a numerical method which is able to deal, with the same accuracy, with both 

smooth and non-smooth solutions of systems of fractional ordinary differential equations 

of the Caputo-type.  

We provide the error analysis of the numerical method and we illustrate its feasibility and 

accuracy through some numerical examples.  

Finally, we solve the time-fractional diffusion equation using a combination of the method 

of lines and the newly developed hybrid method. 
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Abstract  
 

In this work we present a new numerical method for the solution of the distributed order 

time-fractional diffusion equation.  

The method is based on the approximation of the solution by a double Chebyshev 

truncated series, and the subsequent collocation of the resulting discretised system of 

equations at suitable collocation points.  

An error analysis is provided and a comparison with other methods used in the solution of 

this type of equation is also performed. 
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Abstract Symbolic computation allows to have access in reasonable time to analytical 

solutions far beyond the relatively simple cases usually found in the literature, like the 

case of simple beams in structural analysis. In this paper, authors describe how they 

extended the analytical solution of the free vibration from the simple beam to the portal 

frames with members of different cross-section. The objective is to calculate the first 

natural frequency using the classical Euler-Bernoulli theory of beams. For it, the dynamic 

stiffness matrix of the beam element is deduced using the symbolic calculation. To obtain 

the natural frequency and the free vibration mode, it is necessary to solve an eigenvalue-

eigenvector problem looking for the frequencies for which the determinant of the dynamic 

matrix turns to be null. Because using all the degrees of freedom may turn this process 

rather heavy from the point of view of the symbolic computation, the number of degrees of 

freedom may be reduced based on known symmetries and expected null values of the 

vibration mode. This choice of a reduced set of degree of freedom is discussed.  The 

procedure to obtain the non-trivial solutions is similar to the one performed for the case 

of simple beam. But, for frames with different cross-section members it requires that 

problem be solved in terms of the natural frequencies instead of the usual agglomerate 

parameter which involves the natural frequency, and the bending stiffness over the density 

times the cross area. Finally, the zeros of the obtained symbolic expression are after 

extracted using numerical routines. This work is expected to contribute for more interest 

in the extension of analytical solutions to cases not found in the literature and to provide 

a better understanding of the model assumptions.  
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Abstract Speeding up data science applications is of utmost importance since the data 
volume is increasing every few. High level programming languages work with process-
based code. Evolutionary machine learning iterates on the data or the seeds. This 
contribution introduces an approach to gather the different seeds to be run by the 
algorithm in different threads. Nowadays, data pre-processing is a very convenient initial 
step in any data engineering task. Therefore, we focus on evolutionary attribute selection 
in the context of classification problems. Multiple threads accessing the process memory 
may be a bottleneck and hence the increase in the number of threads is limited due to the 
amount of data to be managed as well as the required memory to run the program in a 
single-thread fashion. The experimentation includes a great deal of problems with a 
number of attributes below a few hundreds, a sample size not higher than fifty thousand 
and the number of classes between two and fourteen. The results are very promising and 
the thread-based code is a good opportunity to reduce the running time and at the same 
time a recommendable direction to gain flexibility to conduct the experiments for any 
evolutionary machine learning purpose. 
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Abstract The orography of a wind farm and the location of the wind turbines on it may lead 

to changes in the wind flow. The electric power generated by a wind turbine heavily depends 

on the wind velocity and therefore the understanding of its variability is fundamental , 

regarding an efficiency exploitation of a wind farm. 

A real data set of two wind farms in different locations of Portugal is used to study the 

variability of the wind velocity, aiming at assessing the interaction between wind turbines 

in a given wind farm. The referred interactions may be interpreted as turbulence caused by 

the presence of different obstacles to the wind flow. Concerning a turbulent flow, the second 

Kolmogorov's similarity hypothesis of and a modified von Kármán spectrum for the wind 

speed are evaluated with the collected data. 

By the spectral analysis, it is possible to group two sets of wind turbines in one of the studied 

wind farms, which is a result coherent with a preliminary statistical analysis if the same 

data set. The existence of interactions between wind turbines is assessed based on the 

analysis of the turbulent flow in the data collected on each wind turbine and it may be 

related to wind power losses.  
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1. INTRODUCTION 

The importance of wind energy in the context of the prevalent environment and energy policies 

has increased in the past years and it is now one pillar of green energy production. However, 

due to the aleatoric nature of this type of energy resource, its integration within the electric 

power grid for distribution still represents a challenge. Several approaches have been exploited, 

ranging an energy transformation perspective to the grid management and energy storage. On 

the other hand, aiming at understanding the behaviour of the wind resource in specific wind 

farms, the focus of the present work is on the analysis of data sets collected by supervisory 

control and data acquisition (SCADA) systems at two different wind farms in Portugal 

mainland.  

The electric power generated by a wind turbine heavily depends on the wind velocity and 

direction, regarding the location of each wind turbine in a wind farm. Therefore, it is 

fundamental to understand the variability of wind on each wind turbine. Other issue is 

concerned with the orography of a wind farm and the location of the wind turbines on it, as 

these factors lead to changes in the wind flow and consequently on the efficiency of a wind 

farm to produce electric energy. Generally, the interaction in the wind flow with all the 

obstacles on its path leads to changes of the flow structure, being possible to observe turbulent 

flows with different characteristics [1]. 

This document is mainly concerned to present a systematic analysis of the wind speed, using 

standard statistical tools and spectral analysis and aiming at assessing the interaction between 

wind turbines in different wind farms. 

2. SPECTRAL ANALYSIS AND TURBULENT FLOWS 

Regarding the study of turbulence flows, one of the characteristics to be analysed is the spectral 

behaviour of the flow speed. In terms of wind flows, fluctuations in the wind speed may be 

generated by several causes, although these fluctuations may be interpreted as perturbations to 

a mean wind flow with different wavelengths. So, a time series of the wind speed can be 

analysed in the spectral domain, revealing the frequency content of the time series associated 

to each wind turbine in a wind farm [2]. The Power Spectral Density (PSD) is used to perform 

the spectral analysis of the wind speed time series. Different turbulent models are defined in 

the spectral domain where the frequency dependence of the wind speed is revealed [3]. 

In practice, the PSD is obtained for each time series under study by using the Fast Fourier 

Transform (FFT) [4,5]. 

2.1. Second Kolmogorov's similarity hypothesis 

A fundamental aspect on the study of the Navier-Stokes equations is the governing principle of 

the energy distribution in the spectral domain. The second Kolmogorov's similarity hypothesis 

states that spectrum of the flow speed, for an incompressible flow, follows a function of the 

form 𝑓−5/3, meaning the spectrum of the flow speed as an amplitude decay of −5/3 in the log-

log scale [6]. The referred similarity hypothesis assumes that the energy content of a flow is 

contained on its anisotropic vortices. This energy is successively transferred to smaller size 

vortices until it vanishes and the amplitude decay of −5/3 is related to this energy dissipation. 

574



First A. Author1*and Second B. Author2 

In the present work, each wind speed spectrum is analysed in the frequency range of energy 

decay to assess its turbulent content by the comparison of the observed spectral slope and the 

one of the second Kolmogorov's similarity hypothesis. This analysis aims at assessing the 

existence of turbulence and to establish if there are differences between spectra from different 

wind turbines, stressing the interaction between them as obstacles to the wind flow. 

2.2. Modified von Kármán spectrum 

A model for an isotropic flow speed is referred as the modified von Kármán spectrum [7], 

where the spectrum of the flow speed is function of the speed mean value and standard 

deviation, and the integral time scale [8,9]. The integral time scale is computed from the integral 

of the autocorrelation function of the flow speed until it crosses for the first time the zero-

autocorrelation axis. This turbulence spectrum also reproduces the −5/3 decay and it is here 

considered to evaluate the resemblance between the observed spectra and the theoretical one 

based on the analysis of the coefficient of determination in the frequency range of interest.  

3. WIND FARMS UNDER STUDY 

Two wind farms in Portugal mainland are considered. The data set of this study was collected 

at wind farm A (WF-A) between January 2011 and December 2013, while the data from wind 

farm B (WF-B) was collected between September 2011 and December 2014. The data from the 

two wind farms is considered completely uncorrelated as the locations are quite different in 

several aspects. WF-A is in the north-west of Portugal and it is composed by eight wind 

turbines. WF-B has six wind turbines and it is in the south-west of the country. The wind 

turbines are equal per wind farm, although WF-A and WF-B are equipped with different wind 

turbines. 

The data sets of both wind farms comprise SCADA data collected every 10 minutes during the 

referred period. The collected data contains several variables, although the present work is 

concerned with the wind velocity and direction. 

4. PRELIMINARY DATA ANALYSIS 

A preliminary data analysis is performed to gain a general perception of the wind distribution 

in both wind farms during the given period of analysis. Figures 1-6 present different ways to 

observe the data.  

A circular statistics tool, the wind rose, is used to plot the circular histogram of the wind, with 

the wind speed represented at each circular bin by a coloured distribution. Figures 1 and 4 show 

the wind rose for the entire period of analysis along with a map of WF-A. From these figures, 

one can observe the prevailing wind directions and to cross the analysis with the distribution 

(location and relative positions) of the wind turbine in each wind farm. In figure 1.b, one can 

see wind turbines 1-8 plus some others. Despite these wind farm has other wind turbines, they 

are property from different companies and by these the study is limited to the eight identified. 

Regarding wind turbines 1-8 and the wind rose of figure 1.a one may expect some interaction 

between them when the wind blows from south-east. Note that the dispersion in wind rose of 

figure 1.a is quite large. Other aspects influence the wind flow and it is possible to group two 
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groups of wind turbines in WF-A, as it may be observed in figures 2 and 3. Figure 2 show the 

boxplots of the wind speed and it is possible to observe a median wind speed slightly lower for 

wind turbines 5-8, and that the interquartile range is bigger for wind turbines 1-4. 

 

 

 

 

 

 

 

a) b) 

Figure 1. a) Wind rose and b) map with wind turbines for WF-A. 

 

Figure 2. Boxplot of the wind speed for all wind turbines in WF-A. 

 

576



First A. Author1*and Second B. Author2 

 

Figure 3. Matrixplot of the wind speed (m/s) for all wind turbines in WF-A. 

Figure 3 shows the matrixplot of the wind speed in WF-A. The matrixplot here used shows, on 

its diagonal, the individual histograms of the wind speed for each wind turbine, along with the 

correlation coefficients (upper triangular) and the scatter plots (lower triangular). From the 

information in figure 3, it is possible assess the correlation of the wind speed reaching each pair 

of wind turbines. The point of this analysis is to establish if the wind that reaches each wind 

turbine is the same, meaning wind completely correlated (r=1), which is the assumption for 

wind turbines without interactions between them subjected to the same wind flow. However, 

wind turbines 5-8 present correlation coefficients clearly higher than the ones observed in wind 

turbines 1-4. This leads to group the referred wind turbines into two distinct groups, where the 

correlation coefficients are quite different, suggesting stronger interactions between wind 

turbines 1-4. Note that these interactions may be explained by the relative position of those 

wind turbines, located in the turbulence wake of other, depending on the direction of the wind 

flow.  

In the case of WF-B, the wind rose of figure 4.a shows a significantly minor dispersion of the 

observations, being the wind turbines conveniently located in the direction of the predominant 

wind direction north-north-west (see map of figure 4.b). Regarding the boxplots in figure 5, 

there are no significant differences between them, indicating that the wind reaching each wind 

turbine over the entire period of study is similar. This is corroborated by the correlation 

coefficients in the matrixplot of figure 6, where high correlation is observed between all turbine 

pairs and the scatter plots also show less dispersion, when compared with the ones of figure 3. 

The results for WF-B suggest that this wind farm is significantly less affected by turbulence 

due to obstacles to the wind flow. 
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a) b) 

Figure 4. a) Wind rose and b) map with wind turbines for WF-B. 

 

Figure 5. Boxplot of the wind speed for all wind turbines in WF-B. 
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Figure 6. Matrixplot of the wind speed (m/s) for all wind turbines in WF-B. 

 

5. SPECTRAL ANALYSIS RESULTS  

The PSD of the wind speed collected at all wind turbines in WF-A and WF-B are shown in 

figures 7 and 8. Apparently, they are quite similar, however the root mean squared (RMS) 

computed with the spectrum of each wind turbine is different (Table 1 and 2). Again, the two 

groups of turbines in WF-A, 1-4 and 5-8, can be identified from their RMS values. 

 

WT 1 2 3 4 5 6 7 8 

RMS 250.91 269.95 259.43 262.31 243.63 240.46 244.15 243.98 

Table 1. RMS (𝑚/𝑠/√𝐻𝑧) for each wind turbine spectrum WF-A. 

 

WT 1 2 3 4 5 6 

RMS 218.78 219.33 220.90 219.55 220.92 219.33 

Table 2. RMS (𝑚/𝑠/√𝐻𝑧) for each wind turbine spectrum WF-B. 

To assess the applicability of the second Kolmogorov's similarity hypothesis, a line with -5/3 

slope was added to each wind speed spectrum in the frequency range of the energy decay (𝑓 >
3 × 10−6 Hz). In this work the referred frequency range was defined by observation and applied 

as cut-frequency to the analysis of the spectra of all wind turbines, individually. Figures 9 

illustrates the referred region in the spectrum of wind turbine 1 in WF-A.  
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a) 

 

b) 

Figure 7. Wind speed spectra for all wind turbines in WF-A: a) perspective and b) superimposed. 

 

  

Frequency (Hz) 
Wind turbine 

Frequency (Hz) 
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a) 

 
b) 

Figure 8. Wind speed spectra for all wind turbines in WF-A: a) perpective and b) superimposed. 

 

 

  

Frequency (Hz) 
Wind turbine 

Frequency (Hz) 
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Figure 9. Wind speed spectrum for wind turbine 1 in WF-A superimposed with a line with −5/3 slope. 

As it can be observed from figure 9, the -5/3 slope does not appear to give the correct slope of 

the data. Moreover, in the frequency range of interest, the spectral data in a region of higher 

amplitude appear to have a minor slope than the data in a region of lower amplitude. Hence, the 

spectral data in the frequency range of interest was separated into three groups (depicted in 

figure 10 and referred in tables 3 and 4): i) all data (in blue); ii) data with higher amplitude (in 

orange); and iii) data with lower amplitude (in yellow). A linear regression was performed for 

the three groups for each wind turbine in each wind farm and the results for the obtained slopes 

are given in tables 3 and 4.  

 

 

Figure 10. Wind speed spectrum for wind turbine 1 in WF-A superimposed with a line with −5/3 slope. 

Frequency (Hz) 

Frequency (Hz) 
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WT 1 2 3 4 5 6 7 8 

i) -1.2603 -1.2548 -1.2741 -1.2679 -1.2435 -1.2254 -1.2327 -1.2512 

ii) -1.3127 -1.3078 -1.3078 -1.3075 -1.3006 -1.2952 -1.2937 -1.2992 

iii) 
(dif. %) 

-1.6808 

(0.85) 

-1.6893 

(1.36) 

-1.6881 

(1.29) 

-1.6805 

(0.83) 

-1.6814 

(0.88) 

-1.6732 

(0.39) 

-1.6740 

(0.44) 

-1.6830 

(0.98) 

Table 3. Slope for each wind turbine spectrum WF-A. 

 

WT 1 2 3 4 5 6 

i) -1.2115  -1.2404  -1.2183  -1.2246  -1.2389  -1.2192  

ii) -1.2994  -1.3003  -1.2972  -1.3039  -1.2972  -1.2988  

iii) 
(dif. %) 

-1.6615 

(0.31) 

-1.6649 

(0.11) 

-1.6650 

(0.10) 

-1.6594 

(0.44) 

-1.6663 

(0.02) 

-1.6595 

(0.43) 

Table 4. Slope for each wind turbine spectrum WF-B. 

 

Tables 3 and 4 also presents the relative difference in percentage of the slope obtained for group 

iii) and the one of -5/3. Thus, it can be stated that the energy decay of the second Kolmogorov's 

similarity hypothesis is observed for the lower amplitude region of the spectra. This is supported 

by the modified von Kármán spectrum, as shown in figure 11. 

The modified von Kármán spectrum was computed with the parameters extracted from the data 

for each wind turbine in each wind farm, although here only one spectrum is shown for 

illustration. Tables 5 and 6 present the coefficient of determination (R2) for the regression with 

respect to the modified von Kármán spectrum and the agreement is quite good. 

 

 

Figure 11. Wind speed spectrum for wind turbine 1 in WF-A superimposed with the  

Frequency (Hz) 
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modified von Kármán spectrum. 

WT 1 2 3 4 5 6 7 8 

R2 [%]  85.93 78.69 85.39 85.80 86.99 83.89 83.90 81.75 

Table 5. RMS (𝑚/𝑠/√𝐻𝑧) for each wind turbine spectrum WF-A. 

 

WT 1 2 3 4 5 6 

R2 [%] 84.89 86.93 85.41 84.59 85.04 86.50 

Table 6. RMS (𝑚/𝑠/√𝐻𝑧) for each wind turbine spectrum WF-B. 

6. CONCLUSIONS 

The electric power generated by a wind turbine heavily depends on the wind velocity and 

therefore the understanding of its variability is paramount for the management and prediction 

of the productive capability of a wind farm. 

A real data set of two wind farms in different locations of Portugal is used to study the 

variability of the wind velocity, aiming at assessing the interaction between wind turbines in a 

given wind farm. The referred interactions may be interpreted as turbulence caused by the 

presence of different obstacles to the wind flow. From a preliminary data analysis, it is possible 

to clearly distinguish two groups of wind turbines in WF-A and the wind turbines of WF-B 

from the ones in WF-A. The comments made on the correlation coefficients is supported by the 

prevailing wind directions and the relative location of the wind turbines in each wind farm, 

besides the orography and other obstacles that may be present on the wind farms. 

By the spectral analysis, the spectral RMS values allow to distinguish the referred groups of 

wind turbines. The existence of interactions between wind turbines is assessed based on the 

analysis of the turbulent flow in the data collected on each wind turbine and it may be related 

to wind power losses. From the integral time scale, it is also possible to identify the groups of 

wind turbines. 

Concerning the study of turbulent flows, the second Kolmogorov's similarity hypothesis and 

the modified von Kármán spectrum for the wind speed are evaluated with the collected data, 

being possible to identify the spectral region with information of turbulence, where the 

regression error is less than 1%. Both the second Kolmogorov's similarity hypothesis and the 

modified von Kármán model are based on the assumption of homogeneous flow, which might 

not be the case when thermal instability or local gusts are experienced and therefore these issues 

should be addressed in the future. 
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Instituto Politécnico de Lisboa

Rua Conselheiro Emı́dio Navarro,
1959-007 Lisboa, Portugal

2: LAETA, IDMEC, Instituto Superior Técnico,
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Abstract. Composite materials, because of its properties are strong candidates to improve
different kinds of structures. The micromechanical study of these materials is very im-
portant, because it may define the best composite characteristics to be used and/or predict
more accurately its response. In this work we use Isogeometric Analysis to carry out a hi-
erarchic multiscale study considering the usual macro-scale plate analyses at subsequently
a set of micro-scale analyses. It is intended to achieve a more rigorous characterization
of the stresses maximum values for a set of case studies, through the use of fibre geometry
data obtained from microscope image of carbon fibre laminated composites.
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1 INTRODUCTION

This study considers the information extracted from a carbon fibre reinforced composite
(CFRC) microscope images. The contours of these fibres will be used to model the fibre
within the element volume studied using 3D Isogeometric analysis (IGA) .

The transverse section configuration of the fibres is commonly considered to be circu-
lar. However, this does not corresponds to the more realistic approach, although when
considering synthetic, man-made fibres, the cross-section configuration possesses a smaller
variability when compared to natural fibres. So, in the present work one has considered
the microscope images kindly given by Blásquez et al. [2], [1]. The carbon fibres were
obtained from those images, and a preliminary analysis was performed using the corre-
sponding contours, following the subject already addressed by the authors [5] using the
finite element method.

2 WEAK FORMULATION

Consider the domain Ω bounded by prescribed displacement, ΓD, and tractions bound-
aries, ΓN , such that the domain boundary ∂Ω = ΓD∪ΓN and ΓD∩ΓN = ∅. The governing
equilibrium equation is given by the following mathematical expression [7] [3]:

σij,j + fi = 0 inΩ (1)

u = 0 onΓD (2)

σijnj = 0 onΓD (3)

where σij is the Cauchy stress tensor, nj is the unit normal to the surface, and fi is
the body force, respectively. From the Hooke’s law, the stress tensor is given by [7]

σij = Cijklεkl (4)

where Cijkl is a fourth order material constitutive tensor, and εkl is the index notation
of strain tensor, which is defined as

εkl =
1

2
(uk,l + ul,k) (5)

To determine the unique numerical solution out of a large set of solutions of govern-
ing equation of motion the displacement field u must satisfy the equations (1) and (3).
Considering V the Sobolev admissible space, the weak form write as

∫

Ω
εij (u)Cijklεkl (v) dΩ =

∫

Ω
fivi dΩ u,v ∈ V (6)

such that u verify (2) [6].
At the present work we have a nonoverlap partition of the domain as Ω = Ω1 ∪ Ω2,

where Ω1 and Ω2 represents the matrix and the fibre, respectively.
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3 NUMERICAL RESULTS

For the numerical simulation we use a code, written in the Matlab environment with
GeoPDEs functions [4], based on the computed value of displacements, as in equation (6)
, from which the state of strain is determined using the kinematical relations of Elasticity
for small deformations, according to equation (5). Considering the constitutive relation for
isotropic materials, it is then possible to establish the relations between strains and stresses
as in equation (4). It should be noted that in IGA the nodal averaging or stress recovery
techniques are not necessary to obtain the continuous field due to the higher continuity
of the NURBS basis functions. The computed stress along the nodal information of Q1
elements can either be exported to Paraview, or to a standard visualization Matlab.

In the present case study, we consider

Ω = [−5, 5]× [−5, 5]× [0, 1] (7)

and ΓD = {−5} × [−5, 5] × [0, 1] ∪ {5} × [−5, 5] × [0, 1]. The geometry consists of five
patches that match C0 with continuity.

For the material parameters we take E1 = 4.5 × 109N/mm2 and ν1 = .4 for matrix,
E2 = 390× 109N/mm2 and ν2 = .35 for the fibre and the body force

f =
(
0,−104(x− 5)(x+ 5), 0

)
. (8)

Figure 1 presents the NURBS characterization for the section of an isolated fibre (a)
and the volume element section with fibre and matrix (b). This parameterization is
globally C2 -continuous and the degree is p = 3 , with 6144 elements and 57708 control
points.

(a) Rough fibre model (b) Matrix and carbon fibre

Figure 1: NURBS characterization for fibre and matrix

Figure 2 (a) - (f) represents Stress tensor σ components in N/mm2 and figure 3 presents

the Stress magnitude distribution
(
|σ| = √σijσij

)
. All figures evidence the hight stress

variations at the fiber boundary, as expected.
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(a) σx (b) σy

(c) σz (d) σyz

(e) σxz (f) σxy

Figure 2: Stress representation
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Figure 3: Stress magnitude

Figure 4 shows the displacement observed as result of the body forces. One can remark
the fibre’s resistance to the displacement and the overall displacement’s continuity.

Figure 4: Displacement field representation

4 CONCLUSIONS

From this preliminary study it is possible to conclude on the adequacy of the isoge-
ometric analysis to model irregular fibers and to capture the strain kinematics of the
fiber-matrix set. The results obtained are in accordance with the previous results in [5]
obtained with finite elements .
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Abstract. It is well established that linear dynamics of DNA molecule is not enough
to explain its biological function. Michel Peyrard exposed in [1] a nonlinear model that
describes the length of the hydrogen bonds in each of the base pairs. As our problem is
nonlinear, we use Newton linearization and then go ahead with Tau method for systems
of ordinary differential equations. The software used for solving numerically the system
was Matlab 2015 with Tau Toolbox. As we don’t have any boundary or initial conditions,
the work we’ll present consists of several simulations that can be translated in different
behaviors of the solutions and that can describe some physical properties of the DNA
molecule.
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1 Motivation and DNA model

The deoxyribose nucleic acid (DNA) is a biological molecule composed of two entangled
polymers. Each of the monomers that built up these polymers are called nucleotides.
These nucleotides are a set of three elements: a phosphate group and a sugar ring (that
are invariant) and a base (that differs). The bases can be of four types: adenine (A),
guanine (G), cytosine (C) and thymine (T ). One important observation that led Wat-
son and Crick to the discovery of DNA double helix is that the bases assemble in pairs
through hydrogen bonds and there are only two types of base pairs: A − T and G − C.
The pair A− T has two hydrogen bonds and the pair C −G has three, which makes the
last pair more rigid and robust [2]. Although DNA it’s not very diverse in the chemical
point of view, its dynamic and structure are complex systems. In fact, if we just consider
the static structure of DNA, its biological function couldn’t be explained.[1]

Michel Peyrard presented a non-linear model for DNA dynamics [1][3]. The idea was to
model the stretching of the hydrogen bonds of the base pairs. If we denote by yk the
stretching of the kth base pair, we consider yk = 0 as the equilibrium position (the pair is
closed) and we let yk increase continuously up to infinity (where the bases are separated).
It is even possible that yk takes negative values when we have a compression of the bond.

Figure 1: Model for non-linear dynamics of DNA

The model is defined by the Hamiltonian:

H =
∑

k

(
pk

2

2m
+W (yk, yk−1) + V (yk)

)
with pk = m

dyk
dt

(1)

where m is the mass of the bases. In this model all base pairs are considered to be the
same, ie, the model doesn’t include the genetic code. To describe the interaction between
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the bases of the same pair we’ll use Morse potential [1], V (y) given by:

V (y) = D(e−ay − 1)2

where D is the dissociation energy of the pair and a is a parameter controlling the po-
tential width (sets the spacial scale of the potential). This potential has some interesting
properties because it includes a repulsive force for y < 0 that corresponds to sterical
hindrance between the bases which doesn’t allow large negative values for yk and it has a
minimum in the equilibrium position (yk = 0).

The potential W (yk, yk−1) represents the interaction between adjacent bases along DNA
molecule. This potential has several physical origins that we are not going to explore (see
[1][3]). We consider:

W (yk, yk−1) =
1

2
K(yk − yk−1)2. (2)

The parameters chosen for this work were proposed in [1] and were calibrated by compar-

ison with experiments. So, in this work we’ll use D = 0.03 eV , a = 4.5 Å
−1

, K = 0.06

eV Å
−2

and we consider the mass of the nucleotides as m = 300 amu. Although it is im-
portant to have units, for this purpose having dimensionless quantities makes the equation
easier to work with. For that we introduce Y = ay (dimensionless stretching), S = K

Da2
,

H ′ = H
D

and the dimensionless time τ =
√

Da2

mt
. Using these new variables we can get the

Hamiltonian H ′:

H ′ =
∑

k

(
1

2
Pk

2 +
1

2
S(Yk − Yk−1)2 + (e−Yk − 1)2

)
Pk =

dYk
dτ

. (3)

Using the above parameters, we have that S = 8
81

. The movement equations are given by
Hamilton-Jacobi equations:





dYk
dτ

=
∂H

∂Pk

dPk
dτ

= −∂H
∂Yk

(4)

We know that
dPk
dτ

=
d2Yk
dτ 2

so
d2Yk
dτ 2

= −∂H
∂Yk

. To compute
∂H

∂Yk
we just notice that the

only terms of H ′ that don’t have a non vanishing derivative are the kth and (k + 1)th.
Hence, we have:

d2Yk
dτ 2

= S(Yk+1 − 2Yk + Yk−1) + 2e−Yk(e−Yk − 1) (5)
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2 Tau method

2.1 Lanzos formulation

Let y be a function that satisfies the following conditions:

{
Dy = f, x ∈]a, b[

gj(y) = σj, j = 1(1)ν
, where D =

ν∑

r=0

Pr
dr

dxr
(6)

is a differential operator of order ν and Pr ∈ Pn. We let f be a polynomial function or
a polynomial approximation and σj are the ν boundary conditions. Lanczos idea was
to perturb the original problem adding to the right-hand side of the equation a linear
combination of Chebyshev polynomials, resulting in the tau associated problem [4]:

{
Dyn = f + τ, x ∈]a, b[

gj(yn) = σj, j = 1(1)ν
, where τ =

n+h∑

i=n−ν+1

τiTi (7)

is the polynomial responsible for perturbing the problem and its coefficients τi are called
tau parameters. The constant h is the height of the operator D and it is defined as:

h = sup
n∈N
{deg(DTn)− n}. (8)

Instead of fixing the perturbation τ and then solve exactly the problem, the procedure is
to fix a basis T and write yn in that base,

yn =
n∑

i=0

aiTi.

Now the variables of the problem are the coefficients a= [a0, . . . , an] and τ= [τn−ν+1, . . . , τn+h].
From the boundary or initial conditions we get ν equations and so the matrix has
n + 1 + ν + h lines and n + 1 columns. The goal is that yn satisfies the boundary
conditions and that Dyn and Dy have the same coefficients up to degree n− ν.

Although the original formulation of Lanczos requires Chebyshev polynomials, the method
works for other families of classical orthogonal polynomials for example, Jacobi, Laguerre
or Hermite.

2.2 Tau method for systems of ordinary differential equations

The problem we want to solve is a system of differential equations, so we need a compatible
version of tau method. For that we just need to consider y = [y1, . . . , ym]T as a vectorial
function, f = [f1 =

∑n
k=0 f1kx

k, . . . , fm =
∑n

k=0 fmkx
k]T an m−dimensional function with

polynomial components, gk the functionals in the components y, d
dx

y, . . . , d
ν−1

dxν−1 y and D a
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matrix differential operator with dimension m×m. Like in the case where we had just one
differential equation, we introduce in the system a perturbation. This time, it consists of
m linear combinations of degree n+ h of orthogonal polynomials, each for each equation.
The associated tau problem has the form:

{
Dyn = f + τ n, x ∈]a, b[

gk(yn) = σk, k = 1(1)ν
. (9)

Just like in the case where we had one differential equation, we end up solving a system
of linear equations that includes the boundary or initial conditions and the action of the
operator D [4].

3 Newton linearization

As our problem is non linear, we use Newton linearization and then procede with Tau
method. We can write every non-linear problem in the form F

(
y, d

dx
y, . . . , d

ν

dxν
y
)

= 0

and then define Ω as a neighborhood of ω and ω(0) =
(
y(0), d

dx
y(0), . . . , d

ν

dxν
y(0)
)
∈ Ω an

approximation of ω. Assuming that F has partial derivatives of every order in Ω, we can
locally substitute F for its first order Taylor polynomial. An iterative process using the
Tau method delivers a sequence of approximations ω1, . . . , ωk.

ν∑

i=0

∂F

∂ di

dxi
y

∣∣∣∣
ω(k−1)

di

dxi
y(k) = −F (ω(k−1)) +

ν∑

i=0

∂F

∂ di

dxi
y

∣∣∣∣
ω(k−1)

di

dxi
y(k−1), k ∈ N

So, using Tau method for the linearized problem allow us to find approximate solutions
of the problem [4].

4 Solving DNA model

The model developed by Michel Peyrard is given by:

d2Yk
dτ 2

= S(Yk+1 − 2Yk + Yk−1) + 2e−Yk(e−Yk − 1)

with k = 1, . . . , N where N represents the number of base pairs that we will consider. We
begin our study to note that in the case k = 1 and k = N the functions Y0 and YN+1 are
not defined. For this work we will consider this functions constants and equal to zero.

One can easily see that the system is non-linear, so the first step is to use Newton lin-
earization. If we fix line k, we have that:

F

(
Yk−1, Yk,

d

dτ
Yk,

d2

dτ 2
Yk, Yk+1

)
=
d2Yk
dτ 2
−S(Yk+1− 2Yk +Yk−1)− 2e−Yk(e−Yk − 1). (10)
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and we get the linearized system:

(
2S + 4 exp(−2Y (n−1)

k )− 2 exp(−Y (n−1)
k )

)
Y

(n)
k +

d2

dτ2
Y

(n)
k − SY (n)

k−1 − SY
(n)
k+1 =

2 exp(−Y (n−1)
k )

(
exp(−Y (n−1)

k )− 1
)
+
(
4 exp(−2Y (n−1)

k )− 2 exp(−Y (n−1)
k )

)
Y

(n−1)
k

In this work we used Matlab 2015 with Tau Toolbox [4]. This Toolbox only solves first
order differential systems, so we need to introduce in the system the variables Zk = d

dτ
Yk.

Furthermore it has the limitation that just allow us to solve systems with the maximum
of 9 equations. To solve that problem we developed an extension of the Toolbox that let
us solve systems with any number of equations.

In this study we will consider all the base pairs in their equilibrium position except the
pth pair. This pair has a perturbation in his initial position and velocity with a magnitude
of p1 and p2 respectively. The parameters that we fixed for this work are presented in
following the table.

Parameter Value Meaning
n 10 n− 1 is the degree of the

polynomial solutions
p1 1.472 perturbation of initial position
p2 0.354 perturbation of initial velocity
P Chebyshev of first order Family of orthogonal polynomials

Table 1: Parameters

4.1 Equilibrium with one perturbed base pair

In this first case we want to fix the parameters p, p1, p2 and vary N (the number of base
pairs of the model). The idea is to understand the number of base pairs that are affected
by the perturbation and if the behavior of the chain is influenced by its size. For this
concrete case, we will perturb the second base pair (p = 2), consider the domain of the
functions as [0, 1] and vary N from 3 to 10. The results are presented in figure 2.
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Figure 2: Equilibrium with second base perturbed
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The results let us conclude that the solutions are independent of N , that is, the behavior
of the molecule is independent of its size. Another important observation is that if we
perturb just one base pair the effect of this perturbation has a sharp decreasing with
the distance to that base pair. For example, when the distance is 3, the effect of the
perturbation is 10−7 times p1. These two observations let us conclude that we don’t need
to simulate large values of N because we wouldn’t get any additional information.

4.2 Symmetry of the solutions

One important hypothesis that we can formulate just looking to the equations of the
system is that the solutions are symmetric in relation to the perturbed base pair.

To study this hypothesis we will fix N (odd number) and then we perturb the central
pair. We want to compare the solutions on the left and right side of the perturbation.

As we saw in the last case, the value of N does not change the behavior of the solution,
so we will consider N = 7 and the domain as [0, 1] and perturb the third base pair.
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Figure 3: Symmetry of solutions for N = 7

The results presented on figure 3 show us that the behavior of the solutions on the left or
the right of the central base pair are the same. The only thing that seems to matter is the
distance to the perturbed base pair. So, the solutions are compatible with the hypothesis
of symmetry.

4.3 Temporal evolution

With the same conditions that case 1, now with fixed N (we will consider N = 5), it could
have particular interest to study the temporal evolution of the solutions. However, if we
chose domains with higher amplitude the method will produce singular matrices and so
we cannot reach the solution.
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To solve this problem we will search for piecewise solutions. The idea is using the fi-
nal conditions of the differential system with domain [a − 1, a] as initial conditions for
the problem in the interval [a, a + 1], where a ∈ N. Using this method we can obtain
approximate solutions for domains with larger amplitude. We will fix the length of the
chain (N = 5) and then calculate piecewise solutions for the interval [0, 40] solving 40
differential systems.
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Figure 4: Piecewise solution for interval [0, 40]

We can see that the solution for the perturbed base pair (k = 2) has an oscillatory
behavior with a well defined period. The hypothesis of symmetry of the solutions remains
valid if we look to the pairs k = 1 and k = 3.

5 Final considerations

Although the Tau method was originally developed to approximate the solution of linear
ordinary differential equations, it can be used for linearized problems. When we studied
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the equilibrium with one perturbed base pair, we came across with an highly localized
behavior of the solution because its amplitude decayed quickly when we move away from
the perturbed pair. This is compatible with DNA breathing described in [1] and [3]. The
hypothesis of symmetry is also confirmed and when we studied the temporal evolution of
the solutions we had a vibrational motion which is compatible with thermal fluctuations
[1]. With this simulations we don’t have any particular evidence that the behavior of the
solutions doesn’t match what is expected.
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