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Abstract
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Pion Superradiant Instabilities of Primordial Black Holes

by Paulo Bernardo Figueira da Silva Ferraz

The study of the superradiance phenomenon is a crucial part to understand the physics of
black holes and to probe high energy physics. We present a review of black holes in Gen-
eral Relativity (GR), emphasizing their most notable characteristics. Following this review,
an analysis of the Kerr black hole is made in such detail that the study of the dynamics of a
massive bosonic field is possible. The presence of a massive bosonic field in a Kerr spacetime
leads to superradiant instabilities of the particles associated with the field and the solutions
associated with these superradiant instabilities can have a complex structure such that ana-
lytical solutions are only possible in certain conditions. We make an extention of the analyt-
ical solution of the fastest superradiant mode growth rate of a spin-0 field. This extention is
in agreement with the numerical results with an average error < 50%. The main objective
of obtaining such a result is to have an analytical expression such that it gives, at least, the
correct order of magnitude of the growth rate. We proceed by studying the dynamics and
phenomenology associated with pions under the influence of superradiant instabilities in
which a pion cloud with a nuclear density is formed around the black hole. The black holes
that can produce pion superradiant instabilities have a mass corresponding to the mass of
black holes formed in the early universe, i.e. primordial black holes. From the decay and
annihilation of pions into photons, we compute the net photon flux generated by the cloud
and comparate it with observational data. We conclude that the obtained constraints are
comparable with the already existing from Hawking evaporation in the corresponding mass

range. We also present some observational prospects of such phenomena.
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Resumo

Faculdade de Ciéncias
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Mestre em Ciéncia

Instabilidades superradiantes de Pides em Buracos Negros Primordiais

por Paulo Bernardo Figueira da Silva Ferraz

O estudo do fendmeno de superradidncia é uma parte fundamental para compreender a
fisica de buracos negros e para testar a fisica de altas energias. Com isto, fazemos uma re-
visdo de buracos negros em Relatividade Geral, em que apresentamos as suas principais
caracteristicas. De seguida, fazemos uma andlise do buraco negro de Kerr, focando-nos no
estudo da dindmica de um campo bosénico massivo na vizinhanga de um destes buracos
negros. A presenca de um tal campo num espago-tempo de Kerr leva a que as particulas as-
sociadas a este campo sofram instabilidades superradiantes, em que as solugdes associadas
a este fendmeno tém uma estrutura complexa, dai que s6 haja solucdes analiticas em certas
condig¢des. Focando-nos numa certa solugdo que ird corresponder ao modo do estado ligado
com a taxa de produgdo mais elevada associada a um campo escalar, é apresentada uma ex-
tensdo desta solucdo analitica tal que os seus valores estejam em concorddncia com os valores
numéricos. Esta extensdo ndo tem como objetivo obter resultados com elevada precisdo mas
que dé, pelo menos, a ordem de magnitude correta, dai que impusemos que o erro relativo
médio seja menor ou igual a 50%. D4-se uma continuacao ao trabalho estudando a dindmica
e fenomonologia associada a pides que estejam sob a influéncia de instabilidades superradi-
antes em que, por consequéncia, estardo presentes como estados ligados numa nuvem com
densidade nuclear em volta do buraco negro. Os buracos negros que estdo associados a estas
instabilidades superradiantes em pides serdo buracos negros formados no inicio do universo,
conhecidos como buracos negros primordiais. Através do decaimento e aniquilagdo de pides
em fotdes, fazemos uma comparagao entre o fluxo de fotdes resultante e o fluxo de fotdes ob-
servado no fundo extragalactico de raios gama. Concluimos que os constragimentos obtidos
sdo compardveis com os constragimentos ja existentes associados a evaporagdo de Hawking
na correspondente gama de massas. No final, apresentamos algumas perspectivas observa-

tionais deste fendmeno.
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Chapter 1

Motivation and Objectives

When Albert Einstein presented one of the pilars of modern physics, the Theory of General
Relativity (GR), with it came a new whole spectrum of peculiarities. One of the peculiar-
ities is the prediction of objects whose gravitational fields are so strong that nothing can
escape from it, not even light. These objects would be baptized as Black Holes (BH). The
first type of BH was proposed by Karl Schwarzchild, an object which satisfies the Einstein
Field Equations (EFE) for an empty spherical symmetric spacetime. One of the most remark-
able characteristics of this object was the existence of a surface that functions as a one-way
membrane, known as event horizon. After this solution, another one was discovered which
describes rotating black holes. The Kerr solution aside from possessing an event horizon,
would also contain a region where processes of radiation enhancement are possible and this
region is known as ergoregion. One of this processes includes the Penrose process, where if
a particle decays into two others inside the ergoregion, while one of the particles falls into
the black hole, the other can escape to outside of the ergoregion and arise with an energy
greater than the original particle. An analogous phenomenon which occurs if we consider

the scattering of waves into the black hole is known as superradiance [3].

Considering a black hole with angular velocity )y at the horizon and a scattered wave of
frequency w, superradiance can occur if w < mQy, where m is the azimuthal quantum num-
ber along the axis of rotation. The wave can be reflected back by the black hole while being
amplified. Substituting the concept of a wave with a massive bosonic field in the vicinity of
a Kerr black hole, with frequency satisfying the previous condition, a cloud of particles that
are copiously produced in quasi-bound states can be generated around the black hole at the
expense of its rotational energy. The concept of superradiance was originated in the works
of Klein when studying the Dirac equation in the presence of a potential barrier and in the
work of Zel’dovich showing that an absorbing rotating cylinder could amplify an incident

wave if its frequency was bound by a multiple of the angular velocity of the cylinder.



2 PION SUPERRADIANT INSTABILITIES OF PRIMORDIAL BLACK HOLES

Shortly after the prediction of black holes, it was thought that the only way that these objects
could be formed was from the collapse in the final stages of an old star. Zel’dovich and
Novikov [4] presented a new possibility in which black holes could be formed and later a
more detailed analysis was made by Stephen Hawking [5] and also by Bernard Carr [6].
Black holes could be generated due to the fluctuations of the primeval universe. While black
holes originating from the collapse of stars have a typical mass of the order of the sun’s
mass Mg, these black holes could have a mass between a naive 10> g and an enormous
10°M,,. These black holes would be later known as Primordial Black Holes (PBH). Already
with the idea of superradiance and the possible smallness associated with a black hole mass,
Hawking proceeded in studying the quantum properties of such black holes and made the
magnificent discovery that a black hole can emit thermal radiation [7]. This was one of
the first steps to conjugate different areas of physics such as General Relativity, Quantum
Mechanics and Thermodynamics. This phenomenon would dictate the black hole lifetime

and black holes with a mass M < 1 x 10'2 kg would have evaporated by the present epoch.

Black holes have been considered as great laboratories to probe high energy physics due to
superradiance [8, 9]. The effects of superradiance are more relevant when the mass of the
black hole, M, and the mass of the field, y, are correlated as My ~ 1. One of the main focus
in particle physics is the study of the Quantum Chromodynamics (QCD) axion, which was
postulated to explain the strong CP problem [10]. The mass of the axion can be such that the
correspondent black hole mass relevant for superradiance is associated with astrophysical
black holes, i.e. masses of the order of the Sun. Presently, there has been great interest in
astronomy directed to black hole observations and since the axion can have influence in the
dynamics of a black hole when under the influence of superradiant instabilities, its effects
can affect observations. Conversely, particle physics can also be used to study the proper-
ties of black holes and that is the main objective of this work. We will use as test particles
pions, both neutral and charged. Their masses are similar, ygp ~ p4, and the correspon-
dent black hole masses that can lead to superradiant instabilities are indicative of primordial
black holes. Through their decay and annihilation into photons, we study in which condi-
tions pion superradiant instabilities are permitted and comparing the associated net flux of
photons with the observed extragalactic gamma ray background [11-14] we compute which

fraction of dark matter can be in primordial black holes, constraining their mass and spin.
The outline of the work is the following:

In chapter 2, we present a brief review of black holes in General Relativity, demonstrating
the existence of an event horizon and of thermal radiation (Hawking radiation). Then, we
make a more extensive introduction to the Kerr black hole, showing some of its properties as
singularities, isometries and angular velocity, followed by the description of the ergoregion

and the Penrose process. In the following section we discuss the early signs of superradiance
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in the Klein Gordon paradox which will be the follow up to superradiant instabilities. In the
section of superradiant instabilities we derive all the formalism behind it, always focusing
on a spin-0 field. In particular, we obtain a novel analytical expression for the growth rate
of the superradiant instability in the leading mode that is a good fit to numerical results.
The chapter ends with a discussion of the complementarity between particle physics and

superradiance.

In chapter 3, we discuss some properties of pions, mainly we start with the quark model to
explain the composition of hadrons. Then, we make a brief revision of the QCD formalism
such that we arrive to an Effective Field Theory (EFT) that describes pions at low energies.
We then use these two results to explain some characteristics of the pion, emphasizing its

decay into photons and correspondents decay rates.

In chapter 4, we discuss primordial black holes. We present some formation mechanisms
due to primordial fluctuations of the inflaton field in the early universe, and discuss their
possible masses and spins. In the last section we show the observational constraints on the

mass of these black holes.

In chapter 5, we study in which conditions pion superradiant instabilities are possible. Eval-
uating the dynamics of a black hole that produces such superradiant instabilities, we com-
pute the duration of the superradiant energy extraction. The decay and annihilation of pions,
during this period, results in a net flux of photons and, comparing this flux with the extra-
galactic y—ray background, we put constraints on the mass and spin of such black holes. We
also consider a point source at high redshift containing a large number of superradiant pri-
mordial black holes and evaluate the prospects for observing the photons from pion decay

and annihilation.






Chapter 2

Black Hole Superradiance

This chapter serves as a brief review of black holes in General Relativity, pointing out which
kind of black holes there are and their most notable characteristics using the Schwarzschild
case to demonstrate them. Then, a more extensive analyzies of the Kerr black hole is made

such that it leads to a discussion of the black hole superradiance.

2.1 Black Holes in General Relativity

The revolutionary idea that Einstein brought to the table is that matter and geometry are
coupled, i.e. matter can distort the space-time continnum, and this relationship is translated

from his famous field equations,

1
Ryy - Egy]/R - 87TT;41/, (2.1)

where Ry, is the Ricci curvature tensor, g, is the metric tensor, R is the Ricci scalar and T,
is the energy-momentum tensor. The set of partial differential equations (2.1), depending on
the matter content and the structure of the space-time, may not have analytical solutions but
in 1916, Karl Schwarzschild found the simplest exact solution, which represents the spheri-
cally symmetric empty space-time outside a spherically symmetric massive body [15]. This
solution has been so important in the unfolding of the General Theory of Relativity due to
the fact that most experiments to test the difference between GR and Newtonian theory are

based on predictions of such solution.
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2.1.1 Event Horizon

The metric can be given in Schwarzschild coordinates (t,7,0,¢) [16] as

-1
ds? = gudxdx = —(1 - g)dﬂ +(1- ¥> dr? + 2 (d6? +sin? 0dg?).  (22)

The metric of Eq. (2.2) is valid for r > 2M but it is interesting to see what happens if we
consider the full range of values of . Atr = 0 and r = 2M appears to exist, in each one of
them, a singularity. If one computes an invariant coming from the curvature [17], it results
in

48 M2
r6

I(r) = R™M Ry = (2.3)

For r = 2M it takes a finite value, indicating that this might be a singularity due to a poor

choice of coordinates. Defining the Regge-Wheeler radial coordinate r*

r—2M
2M

r* =r-+2MIn ] ) (2.4)

and the ingoing radial null coordinate v

the metric (2.2) can be rewritten with Eddington-Finkelstein coordinates (v, 7,6, $) [16] as
2

ds? = — (1 - 7M>dvz + 2drdv + r*(d6* + sin® 0d¢?). (2.6)
The singularity at r = 0 remains but at r = 2M the metric is still well-defined and thus this
singularity disappeared. The interesting analyzis that can be made from Eq. (2.6) is that no
future-directed timelike or null worldline coming from r < 2M can reach the region r > 2M.
This means that r = 2M functions as a one-way membrane and it is called an event horizon.
The existence of an event horizon is the most important property of a black hole, not only
because it is what defines the very concept of black hole but because it makes possible the

existence of certain phenomena such as Hawking radiation and superradiance.

In the initial space-time (M, g), where the metric g (2.2) defined by the Schwarzschild co-
ordinates (t,7,60,¢), one had to rule out the points r = 0 and r = 2M since the metric is
not well-defined there. Cutting out the surface r = 2M divides the space-time into two
disconnected components, 0 < r < 2M and 2M < r < oo but one has to choose one com-
ponent, being the obvious one r > 2M. But when changing Schwarzschild coordinates to
Eddington-Finkelstein coordinates (v,7,0, ¢), the metric g’ (2.6) is well-defined for r = 2M.
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So the space-time M can be extended to a larger one M’ since the region of (M’, ¢’) for which

0 < r < 2M is isometric, i.e. is equivalent, to the region of (M, ) for which 0 < r < 2M [17].

The event horizon is defined in the space-time manifold (M, g’) as a null hypersurface, in
which the vector normal to the hypersurface # is null, i.e. n-n = 0. Besides being a null
hypersurface, it is also a Killing horizon, in which the vector normal to the hypersurface is
proportional to a Killing vector. Killing vectors are important because they are associated with
the symmetries of the space-time and they satisty V¢, + V¢, = 0. Studying the geodesics
of the Killing field on the horizon, *V,¢" = x¢#, one can obtain the surface gravity x which

is related with Hawking radiation. For the Schwarzschild case, x = ﬁ [16].

2.1.2 Hawking Radiation

In 1975, Stephen Hawking discovered that BHs have a thermal emission and that the energy

would be emitted at the expense of the black hole mass [7].

In the usual treatment of quantum field theory, one deals with flat spacetime and so when
quantising a Hermitian scalar field, ¢, that obeys the equation #7#"V,,V,¢ = 0, one can de-

compose the field into positive and negative frequecy components,
¢$ = Z (v]-az- + 5/‘61}-), (2.7)
j

where v; are a set of orthonormal solutions of the wave equation with only positive frequen-
cies. The operators 4; and 4! are the usual annihilation and creation operators, respectively.

The vaccum state can be defined as a;|0) = 0 for all i [7, 18-20].

When one introduces curvature, one can also consider a hermitian scalar field ¢ which obeys
§"'V,V,¢ = 0 but one cannot use the same treatment as in flat spacetime. This is due to
the fact that positive and negative frequencies do not have an invariant meaning in curved
space-time. If one has a spacetime with an initial flat region (1) which is followed by a region
of curvature (2) finishing with a flat region (3), the initial base v;; will not be the same as v3;.
Thus, considering that the initial vaccum is |0;), it does not mean that this vaccum satisfies
a3; |01) = 0, 1.e. |01) # |03). Since the spacetime associated with the process of gravitational

collapse transforming into a black hole may not be everywhere stationary, the latter applies
[7].

Defining, t — —oco and r — co as the past null infinity, /~, and t — oo and r — oo as the
future null infinity, 7', Hawking predicted that there should be a particle flux through 7

given a vaccum on JF — given by
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1

<N; >rpi= T x — 1

2.8)

which corresponds to the Planck distribuition of a black body radiation at the Hawking tem-

perature

hic3

Ty = —o
H = 87 MGkp

K. (2.9)

for a Schwarzschild black hole. One conclude that the black hole radiates aways its energy at
this temperature. Using Stephan’s law, the luminosity of a black body is L = 0 AT* with ¢ ~
5.67 x 1078 Wm 2K * and the “area” of the black hole event horizon A = 1671(MG/c?)?,
the lifetime of the black hole is given by

M

Thus, black holes with a mass M < 2 x 10! kg are evaporating today. In the following

chapters, a more detailed analysis is considered.

2.2 Kerr black hole

2.2.1 General Characteristics

The Kerr black hole is a vaccum solution of the Einstein field equations for a stationary,
axisymmetric and asymptotically flat spacetime. This solution is believed to describe the
gravitational field outside a massive rotating body. In Boyer-Linquist coordinates, the metric

takes the form

22 2 2 _
FE _<Aazsmf)>dtz o sin? gwdtdw
2 2\2 A A2in?
+((r + a?) - Adsin 9) sin? dg? + §d72+2d92, (2.11)

where A = 12 — 2Mr + a?> and £ = r? + a® cos® 0 [16]. M and a4 are constants, M representing
the mass of the BH and Ma = | the angular momentum of the BH as measured from infinity.
One also define the dimensionless parameter 4 = aM~!. It can be noticed that this solution
has the isometry t — —t,¢ — —¢ but nott — —t alone, which make sense since time
inversion of a rotating object produces another object rotating in the opposite direction [17].

Also, if one takes the limit a — 0, it reduces to the Schwarzschild solution.
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In these coordinates, the Kerr metric has as coordinate singularities 6 = 0 and A = 0, in
which A = (r—ry)(r—r_) forro = M+ +vM?—a? Tt also has a curvature singularity
at X = 0,ie. r = 0and 0 = 7. If one makes the change of coordinates to Kerr-Schild

coordinates defined by

X+ iy = (r+ ia) sin 0!/ (4+5d), (2.12)
z =rcos0, (2.13)
. 2+ a?
f— / (ae+ K ar) -, (2.14)

which implies that r = r(x, y, z) is given implicity by
- (PP + 22— — a2 =0, (2.15)
the metric (2.11) can be rewritten as [16]

ds* = —dP + dx* + dy* + dz*+

2Mr3 | r(xdx +ydy) —a(xdy —ydx) zdz .
+r4—|—a222 r2 + a? +7+dt

(2.16)

The surfaces of constant r are confocal ellipsoids in the (x,y,z)—plane, which degenerate
for r = 0 to the disc x? + y?> < a%,z = 0. Fig. 2.1 shows the surface (2.15) projected on the
plane y = 0 for different values of r = 0, 0.5 and 1. From Egs. (2.12, 2.13) one can see that
0 = %, i.e. z = 0, corresponds to the boundary of the disc x* + y? = a2 and so the curvature

singularity, > = 0, can be interpreted as a ring singularity:

+yr=a% z=0. (2.17)

If a*> > M?, ry are complex, so A has no real zeros and the only existing singularities will
be the ones from the previous analysis. But if 2> < M?, the metric still has the ring singu-
larity but it is also singular at » = r., these being coordinate singularities. Defining new

coordinates known as Kerr coordinates, v and x, by

(r* + a?)
A
dx =d¢ + %dr, (2.19)

do =dt + dr, (2.18)
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FIGURE 2.1: Contour plots of the surface r(x,y = 0,z)/a for constant values 0 (blue), 0.5
(green) and 1 (red).

which are analogous to ingoing radial null coordiante for Schwarzschild, the metric takes

the form

A — a? sin? dez 4 2dvdr — 2asin?0(r* +a%> — A)
X N

(12 + a2)% — Aa®sin? 0
X

ds? = —

dvdx—

— 2asin? Odxdr + sin? 0dx?* + d6? (2.20)

and the metric is no longer singular at A = 0 [16]. The surface r = r is the event horizon for
the Kerr black hole.

Considering a particle in the Kerr space-time, its action is given by

S = —m/dT = —m/,/—g},ydxﬂdxl’, (2.21)

for T the proper time and m the particle mass. A symmetry of the particle action is associated
with a Killing vector field ¢ which leaves the action invariant, i.e. AS = 0. This is done by

the Lie derivative
£§gy1/ =0 = vygv + vvé’y =0. (2~22)

With such vector field, there is a conserved charge Q = ¢*p,, where p, = mu, and u, is the
four-velocity of the particle. Taking into account that u*V,uf = 0 as the geodesic equation,

it follows that

u*VaQ = mu*utV,g, =0, (2.23)
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using Eq. (2.22) and so this charge is constant along geodesics. In Boyer-Linquist coordinates,

the Killing vectors for Kerr are

k=—, m=

o 3 (2.24)

which leads to two conserved charges energy per unit mass € and angular momentum per

unit mass [,

dx?
€= g;wk”ﬁ, (2.25)
dx?

with A denoting an affine parameter. For free pointlike particles, the geodesic equations in

the equatorial plane, i.e. 0 = 7, are the following:

P=A1 [(72 ta®+ Z“iM )e - 2“7M z}, (2.27)

=o Mo (120, -

where the dot corresponds to differention with respect to the affine parameter of the geodesic.
Considering an observer falling into the BH with timelike four-velocity and zero angular mo-

mentum, from Egs. (2.27, 2.28) with [ = 0, the angular velocity measured from infinity is

¢ 2Mar

Q = - = .
t o r* 471242+ 2a2Mr

(2.29)

One can see that, in fact, at infinity () = 0 is consistent with the definition of the zero angular

momentum observers. But () # 0 at any finite distance and at the horizon

a

QH - 2M7’+ '

(2.30)

This phenomenon is known as frame dragging and the observers are forced to co-rotate with

the geometry [3].

There is also another Killing vector, which is normal to the event horizon, making it a Killing

Horizon, given by

E=k+Qum, (2.31)
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where the following equation is obeyed
&, (¢ — Qpt) = 0. (2.32)

This leads to ¢ = Qpyt + constant on orbits of {. Since null geodesics of the horizon follow

orbits of ¢, one can say that the black hole is rotating with angular velocity Q [16].

2.2.2 Ergoregion and the Penrose Process

Aside from the event horzion, the Kerr black hole possesses another infinite-redshift surface
outside the horizon. This surface is defined by the roots of g+ = 0 and is known as ergosurface.
Infinite-redshift in the sense that any light ray emitted from the ergosurface is observed with
an infinite redshift at  — co [3]. This can be seen from Eq. (2.11) when considering a static

observer at infinity

A — a%sin? 6

ds? = —
° 5

dar. (2.33)

If T is the proper time, then ds?> = —dt? and the observer at infinity measures an infinite
redshift if A — a?sin? @ = 0. Thus, this leads to the ergosurface exterior to the event horizon

being defined at
rergo(g) =M+ M2 — g2 COS2 0. (234)

Since 0 < 6 < 7, this surface is defined by the limits at r = 2M and r = r,. The region
between the event horizon and the ergosurface is the ergoregion. This region is shown in Fig.
2.2.

FIGURE 2.2: Ilustration of the ergoregion, grey zone bounded by the event horion r and
Tergo(6)-
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The ergoregion has the characteristic that the Killing vector field k becomes spacelike inside

of this region, since
k2 = kykvgyv = gtt|ergoregion > 0. (235)

Considering a stationary observer at constant (7, 6), it has four-velocity u# = (£,0,0,¢). Due
to causality, this observer needs to have a timelike orbit to exist, i.e. u? < 0. This leads to the

following necessary condition for the existence of such an observer
g +20g1p + Vgpg < 0. (2.36)

The latter, Eq. (2.36), has as roots

. —gt(p + \/Zsinf)
8o

Oy

(2.37)

and, thus, the existence of a stationary observer is not possible in the regionr, < r < r_
since A < 0 [3]. On the outer horizon, r = r, one has that the only possible stationary

observer has
O =-22 =0y, (2.38)

which is the same as Eq. (2.30).

Considering a particle with mass m following a geodesic in the Kerr geometry, from Eq.
(2.25) one see that the conserved charge is the energy E = me of the particle as measured
from infinity. Supposing that the particle decays into two others with momenta q; and g5, the
particle ¢; falls into the black hole and the g, escapes the ergoregion. From the conservation

of four-momentum and contracting with k, one has that

E=F; +E. (2.39)

If this particle decays in the erogregion, one of the particles can have negative energy since k

becomes spacelike in this region. Then, with E; < 0, one obtains that

Ey = E+|Ei| > E, (2.40)

and so the particle g, leaves the ergoregion with an energy greater than the energy of the

original particle. The existence of an ergoregion thus allows one to extract energy from the
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black hole [16]

As we have seen, an asymptotic observer may measure a particle energy as negative. But
for a stationary observer at the horizon this particle must have g; - & < 0, since ¢> = 0 and

g% < 0. Using the expresson of Eq. (2.31) and Ly = —m - qy, it results
E; — QnL; > 0. (2.41)

The change in the BH mass is {M = E; and in the BH angular momentum is L = L; so

o] <

2 /ME_TJ2
< MM+ ; M=) s, (2.42)
which is analogous to

S(M? 4+ /M4 —J2) > 0. (2.43)

The previous equation is known as A > 0, where A is the “area of the event horizon” of
a Kerr black hole. Thus, energy extraction by Penrose process is limited by the condition

0A > 0, i.e. the area of the event horizon must increase [16, 17].

2.3 Superradiant Scattering

Superradiant scattering involves the process of radiation amplification. This process can be
traced back to the dawn of quantum mechanics when studying the scattering of fermions,

and later, the scattering of bosons [21, 22].

2.3.1 Bosonic Scattering

Considering a massive scalar field ® minimally coupled to an eletromagnetic potential A, =
(¢,0), where for simplicity one just considers one spatial dimension, its dynamics is de-

scribed by the Klein-Gordon equation
(VIV, —u?)® = 0. (2.44)
The derivative is defined as V, = d,, + ieA, and e is the charge of the field.

Choosing the ansatz ® = e~"“*4, the equation to be solved is

d?u

it lw—egP— =0, (245
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Taking the scenario ep = VO(x), © being the Heaviside step function, and a beam of parti-

cles coming from —oco which scatters off the potential, the solutions of (2.45) are

up =A™ + Be7*,  x <0, (2.46)
usr :Ceipx’ x>0, (2.47)

where k = \/w? —p?2 and p = +/(w — e)2 — p2. The sign of the momentum p must be
chosen carefully. If particles are transmitted by the potential barrier, they must go to 4-co0 and
so their velocity must be positive [3, 21]. Computing the group velocity, one has

ow p

4$:w_w>a (2.48)

Normalizing C to unity, one can calculate the coefficents .4 and B through continuity at x = 0,

which gives the transmission and reflection coefficents as

R 1BE_(-p2 o KcP _ 4p

TR T @ T PR T R 5

with B = £ [21]. In the strong potential regime w — e¢ + pu < 0 leads to sign(p) < 0 and
B < 0. This implies that the wave is amplified when reflected by the potential since R > 1.

2.3.2 Fermionic Scattering

Now considering the Dirac equation for a 1/2-spin massive fermion ¥, coupled to the same

eletromagnetic potential A, as before, one has
(i"Vy —u)¥ =0, (2.50)

where y# are the Dirac gamma matrices. The solutions can be written as ¥ = e~*!i and the

equation to be solved is

i 05 + [7)(w — ed) — plyp = 0. (2.51)

In a choosen representation, the gamma matrices are
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and the solutions are

pr=A|  |e“+B

w—+p

1 , 1 ,
» eflkx’ i = C ) eirx.
w+p w—ep+u

Using the same procedure as before, one obtains the reflection and transmission coefficents

_[1-87? _ 4B
R_[Hﬁ}, = s (2.52)

with g = ¢ wi";ﬁy [21]. In the strong potential regime, w — ed + u < 0, leads to sign(p) < 0

but since now B > 0, the reflection coefficent is R < 1 and there is no amplication of the

wave.

2.4 Black Hole Superradiant Instabilities

Since the Kerr metric is stationary, a field in such a spacetime will vary in time as
¥ o et (2.53)

Unstable particles have a complex frequency w — il', where I is the decay width of the par-

ticle. Analogously, if w = wg + iwj, one has that the number of particles goes as
[¥|? o 2, (2.54)

Thus, if w; > 0, the number of particles will grow in time. As we will see in the following
sections, the particles will form bound states with the black hole and the condition for the

imaginary part of the bound state frequency to be positive, i.e. to grow exponentially, is
wr < mQy, (2.55)

where m is the quantum azimuthal number along the axis of rotation and Qp is the angular

velocity of the black hole already found in previous sections.

2.4.1 General Formalism

In this work, we will study superradiant instabilities of a massive scalar field in a Kerr space-

time background. To do so, one uses the metric of Eq. (2.11) and

("Vu e — 1) ¥ = \/1_78,4 (V=830 %) - ¥ =0, (2.56)
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where p is the mass of the field and g is the determinant of the metric, which results in

v/ —& = Zsinf. Since the metric is independent of t and ¢, one makes the ansatz
Y = MPTIWIG(9)R (1), (2.57)

for some functions S(0) and R(r) [23]. Considering this ansatz, Eq. (2.56) is separable into
two other differential equations, Lo¥ = —A¥ and L,¥ = AY, in which Ly¥ + L,¥ = 0:

1 . 20,2 2 20 m’ _
sinef)@(sm 9895) + {a (w* — p®) cos” 6 e + A} S$=0, (2.58)
A9, (AB,R) —A [yzrz + a*w? — 2wmar + A + (w(r* + a*) — ma)z} R =0. (2.59)

The separation constant correspondes to the eigenvalue of the angular spheroidal harmonic

Eq. (2.58) and is given by
A=11+1)+ Y Cum(ag)*, (2.60)

k=1

where g = \/u? — w? and the coefficients Cj;,,, can be found in [24].

It is possible to rewrite Eq. (2.59), choosing as new variable x = (r —r;)/ry and using

T=(ry—r_)/ry,as
X (x+1)?3R+ x(x + 7)(2x + 7)9: R + V(x)R = 0, (2.61)

V(x) =[(x +1)xw + (2 — 1) (w — mQp))*+
+x(x+1)[(t - 1)@* +2(2 — T)omOy — 7 (x +1)> — A]. (2.62)

The barred quantities are defined as 8 = .. 8 and are dimensionless [23].

2.4.2 Results

The radial equation (2.59) does not have an exact analytical solution but for small masses
# < 1 one can divide the exterior of the black hole into two overlapping regions - a near-
horizon region, wx < [, and a far-region, x >> 1, where the function R has an analytical

solution in both regions, and match both solutions in the region 1 < x < % [25].

In the near-horizon region, one has:

x*(x +1)202R + x(x + 7)(2x + T)dR + V(x)R = 0, (2.63)

V() ~ (@)@ - m)] (x4 1) (2.64)
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where one defines @ = (2 — 7)(w — mQp).
One has to impose ingoing boundary conditions at the event horizon since no waves can

escape the BH, giving:
(2.65)

R(r — r,) ~ e~ (@mmOn)r:

Using r, = r.(r) and x to write r,, = r.(x), one arrives at
(2.66)

X

s

R(x — 0) ~ <x—i—T

Due to the boundary condition (2.66) and to assure continuity, one chooses the ansatz Ryeqr (x) =
) f(x). From Eq. (2.63), f is a solution of the hypergeometric differential equation

A
[24] and the near-horizon solution is
x o\ 20 «x
—A<X+T) 2F1(1+1,—z,1—?,—;). (2.67)
], taking the limit x > T

Riear (x )

Using the asymptotic properties of the hypergeometric function [

of Eq. (2.67), one obtains
Rucar(¥) = AT (1 - ?) [F(—Z;E(_—le:zli)w/r) <i>11+
T+ 1)?2121:11_) 2ic/7) (i)l] : (268)
In the far region, one has:
x?92R + 2x9,R + (—7*x* +2Gvx — )R =0, (2.69)
where
- CEE) am

1

Eq. (2.69) takes a similar form as the hydrogen-atom equation and its solution is given in

terms of a confluent hypergeometric function [
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Rfar(x) = Bxle ™ U(1 4+ 1 — v,21 +2,27x). 2.71)

Taking the limit gx < 1, it reduces to [24]

Rpar(x) = (2.72)

— X

- o 25~ (@+1) o
B @i+ 27 {r<—z T +2) T+ 1—v)r(=2]) }

One can see that the solutions present the same behaviour in their common domain of valid-
ity. To obtain the spectrum of the quase-bound states, one matches the coefficients of x! and

x~ =1 which gives the condition:

T(—1 —v)T(2] +2)] _(2ge? T(—20 — )T+ 1)I(I+1—2i@/7)

T(I+1—v)r(=2l) T(—T(2 1 DI(—] — 2i0/7) 2.73)

Since for bound states 7 < 1 in the small mass limit yM < 1, one has that to leading order,

T(—1 —v)[(20 +2)]
T(I+1—v)T(—20)

=0 = I+1—v9 = —p, (2.74)

from the properties of the gamma function [24] where 1, is a non-negative integer. From Eq.
(2.70), its possible to solve for the bound state frequency, @ = @* 4 6@, where @*) = 7.

This yields a Hydrogen-like spectrum in a gravitational field:

— T 2 2
5w:_<2 7)22( i g wM)  _(eM) 2.75)

2 IT1+m)2 Ma0+i+nyz - F o2

where n = | + 1 + n,. This result is not surprising since particles are bound by the BHs 1/r
gravitational potential to leading order. To evaluate if the mode is stable or unstable, one
needs to compute the imaginary part of the bound state frequency w;. To do this [23, 26],
one can expand the lefthand side of Eq. (2.73) with v = v(?) + §v and evaluate the righthand
side with the leading order result w(?). To cancel the poles in the gamma functions, one uses

the the following results (See Appendix B):

9, TC2-1)(CD 1

zlil’{lﬂ I'(z) = (=1 i, r(-1) - 2 (21+1)V
ri+1-y) Iy Lo o

T(——y) =(-1) g(k yo). (2.76)
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One defines F(v) as

-
F(v) = M ~ F( ) + F'(v)],0)0v + O(6v?), (2.77)

F'(v) = E@)[p(~1 —v) — p(I +1—v)]. (2.78)

Since F(v(?)) — 0, and using the first result from (2.76), it results

F(v) = ~T(~1—v") lim ‘m
= —T(-2l —1—n,)(—1)"n,!. 2.79)

The left-hand side (LHS) of Eq. (2.73) becomes

(21 4 1)!n,1(21)!

LHS = = 1)

(2.80)

From the definition of ¢ which appears in (2.60) and the spectrum (2.75), one can expand ¢

with w = w(© + 5w to obtain

r Mu?

(I+1+n) (@51)

qz

and using the second and third results from (2.76) with y = 2i®@/ 7, the right-hand side (RHS)
of Eq. (2.73) becomes

Ris = (Z) " s o G (e - (). es)

Matching LHS = RHS, one obtains év which is related with éw by dw = %—‘;’51/. Noticing that

— 2041
2T = (4M)PH (= 2.

R (2:83)

one finally obtains the imaginary part of the bound state frequency, wy,

_ oM alys (T — T \HH!
WM = Azn,< Yo () (2.84)
with
B I! 221 +1+mn,)! 421 @M

A, = [(21 n 1)!(21)!] ml (it m)in H P16( = ) - (289

For an unstable mode, the imaginary part needs to be positive, w; > 0, and this leads to
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@ <0 = wr <mQy, (2.86)
which is known as the superradiant condition. It can be written in a more natural form, in the

small mass limitand @ = 1 [27], as

uMG
he

< (2.87)

DéyE

N =

The dimensionless constant «,, is the gravitational analogous of the fine structure constant

since it appears in Eq. (2.75) when one converts to S units, i.e. uM — «,.

The analytical expression of the imaginary part of the frequency is only valid for small &,.
Numerical methods are thus required to compute the full spectrum for general masses and
BH spins. The numerical method used here is the same as [23] and other analyses can be

found in [26, 28].

Near the horizon, the radial function takes the form of Eq. (2.67), and for x < 1 one can

Taylor expand it:

Ryear(x) = X% i apx" . (2.88)
n=0

The coefficents a, can be calculated by substituiting this ansatz into Eq. (2.61) and using
Mathematica to solve it order by order. One can set 4y = 1 since normalization is not relevant
in computing the spectrum. After obtaining the desired series, one can solve the differential
equation (2.61) taking as boundary conditions for x = € < 1 the solution (2.88) and inte-
grating it out to a sufficiently large distance from the horizon, x = d, as a function of the
frequency w. Thus, bound states will correspond to states for each (I, m) that minimize R(d)

in the complex w—plane and this can all be done with Mathematica.

In Fig. 2.3 we show the analytical and numerical results for the imaginary part of the bound
state frequency for the fastest mode [28],] = m = 1 and n = 2, and for different values of the

black hole spin 4.

Since we are interested in working with some analytical results, we tried to adjust the func-

tion (2.84) to the numerical results. The first step to do is to define the “adjusted” function

(WIM)adjusted = (WIM)analytical x (1 +f)/ (2.89)
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FIGURE 2.3: Imaginary part of the bound state frequency for the fastest mode as a function
of the dimensionless coupling M.

where f will be a function of the spin and mass of the black hole, @ and «,, ie. f = f (zxy, a)
and (wIM)amlytiwl is given by Eq. (2.84) with the values of /, m and n for the fastest mode.

We know that the function (w;M)anaryticas Works well for small values of mass and spin, so
an ansatz for the function f is

(2.90)

where QOgM = m, and n > 2 such that f is of order O(zxi) or greater for small mass.

We found that the form of function f which fits better with the numerical results is

f=c@ (),

291

where we used Mathematica to obtain ¢(@). The coefficent ¢(4) is computed by evaluating f

for various values of spin 4 and making a fit for the different values of the coefficent. This is
shown in Fig. 2.4.

The final form of the function f is

(o) 2o

and the imaginary part (2.89) takes the form

ry +7r-

(WIM)ajusted = _%Al,o (g) (VM)9 <1’+ - >3 (1 +1.5 ﬁ9/5 ( (XH )6) . (2.93)
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FIGURE 2.4: Coefficient ¢(@) as a function of @ and the obtained fit.

Fig. 2.5 shows the numerical results and the ajusted function for the imaginary part.
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FIGURE 2.5: Imaginary part of the bound state frequency for the fastest superradiant mode

with the added corrections as a function of the dimensionless coupling M.

Since all of the latter is done by numerical methods, there is an associated error which is

propagated through all the process. Our purpose in this section is not to have an exact treat-

ment of the results but to have an analytical object that we can work with in our subsequent

analysis. This being said, our tolerance for the difference between the function (w;M )ﬂdjusted

and the numerical results is an error up to ~ 50%, i.e. the order of magnitude to be correct.

The average error associated to various values of @ is shown in Fig. 2.6.
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FIGURE 2.6: Average relative errors between the (Mw)analytical and (Mw),gjusted fOr several
values of 4.
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2.5 Superradiance and Particle Physics

Black holes are known to be a great theoretical laboratory to probe high energy physics,
mainly when one conjugates the phenomenon of superradiance with particle physics [8, 9],
not only because they provide tools to do so but also since there is a significant interest in
black hole observations in astronomy. From previous sections, one saw that when a mas-
sive bosonic field is present in a Kerr spacetime, it can affect the dynamics of a black hole
by extracting mass and spin from it. The superradiant condition tells us what kind of black
holes with mass M can produce superradiant instabilities in a bosonic field with mass p.
Most astrophysical black holes, such as black holes in the center of galaxies, have very large
masses which implies that the particles described by the bosonic field must be very light.
The most notable candidate to be studied in a such environment is the QCD axion. The ax-
ion was first postulated to solve the strong CP problem in QCD [10] and later arising in the
context of string theory, more concretely in the string vacua which leads to the expectation
of a number of axion-like fields known as axiverse [29, 30]. Some processes that could lead
to the observation of the axion effects is the fact that when under superradiant instabilities,
the non-linear effects in the transitioning of “atomic” levels in a cloud around the black hole
could generate gravitational waves and the annihilation of axions into gravitons [31]. An-
other process known as black hole bombs consists in the stimulation of the axion decay into
photons [27]. This would lead to extreme high cloud luminosities in the vicinity of a black
hole suggesting a possible link to the observed fast radio bursts. Besides the axion, there are
also a great interest in studying vector and tensor fields under superradiant instabilities since
these are also predicted in several Beyond the Standard Model scenarios [32, 33]. If one con-
siders heavy instead of light bosonic fields, the black holes that could produce superradiant
instabilities would need to be very light. Due to their lightness, these black holes need to be
formed in the early universe. Thus, studying the superradiant effects of heavy particles on
the dynamics of black holes can yield information not only about the black holes themselves

but also about early universe cosmology.






Chapter 3

Pions

There was a time in particle physics when one of the main questions was the stability of
the nucleus. Since the proton has a charge and this is confined on such a small space, the
eletromagnetic force should repel the existing protons in the nucleus making them separate
from each other. But since this was not happening, there should another force, stronger than
the eletromagnetic force, that was keeping the nucleus together, known as the strongforce.
The first significant theory of the strong force was proposed by Hideki Yukawa in 1934 [34]
which stated that the carrier of the nuclear force sould be a particle, i.e. the proton and the
neutron should be attracted by a field, just like the eletromagnetic field or the gravitational
field. This particle would be known as the pion. In 1947 it was discovered that there were
two particles in cosmic rays, one corresponding to the Yukawa predicted particle and the

other would be known as the muon [35].

3.1 Quantum Chromodynamics (QCD)

3.1.1 Quark Model

In the first years of studying the nuclear force (strong interaction), it was found that, to
a good approximation, this is independent of the electric charge carried by the nucleons.
Since the proton and the neutron have almost the same mass, Heisenberg introcuced the
isospin symmetry in which the proton |p) and the neutron |n) are considered two states of
a single particle. Being more specific, the strong interaction is invariant under an isospin

transformation [19].

The current theoretical picture of the strong interactions began when one realized that the
elementary particles that make up the proton and other hadrons are fermions called quarks

(9). The lightest mesons and baryons can be described by three elementary quarks, up (u),

27
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down (d) and strange (s), although one knowns that actually there are six flavours of quarks.
Within the same mind set as Heisenberg, the similarity between some mesons and baryons
masses suggests the existence of a symmetry between the quark constituents. This idea was
followed after the construction of the Eightfold Way [36]. The principle is that each hadron
is composed by quarks and that these quarks are related by SU(3) transformations, in which
the fundamental representation 3 is (u, d,s)T [1]. Their antiparticles, called antiquarks, are
in the conjugate complex representation 3 with a basis (i,d,5)T, where they have quantum
numbers opposite to the corresponding particle, i.e. being N the quantum number, then
Nz = —Nj. The quarks and antiquarks can be put on a diagram of Isospin T; vs Hypercharge
Y = %Tg where T3 and Ty are the diagonals generators of SU(3) [1]. This is shown in Fig.
3.1.

FIGURE 3.1: Isospin vs Hypercharge diagrams. In the left diagram are decipted the quarks
and in the right diagram are decipted the anti-quarks [1].

One can also define the charge of the quarks as

Q:B+§. (3.1)

Thus, hadrons are now composite states of these elementary particles. The mesons are spin-0
bound states of a quark and an anti-quark. In the context of SU(3), the mesons must lie in

the tensor product representation,
3x3=8+1. (3.2)

The baryons are a bound state of three quarks and must lie in the tensor product representa-

tion,

3x3x3=10+8+8+1. (3.3)
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Focusing on the baryons, inside the octet, if one keeps s fixed and interchange the other
quarks, one obtains a symmetry analogous to the symmetry postulated by Heisenberg be-
tween the neutron and the proton. In this context, the symmetry is also known as isospin.
We will be interested in the states that have null hypercharge, corresponding to an isospin
triplet of value one. These composite states are the pions:

(U

n= |t 7
The quark model lies in the approximation that the masses of the quarks are similiar but this
can only be done in certain conditions, as one will see. The fact that the quark model still
applies, in the sense that the flavour symmetry is a good approximation, is that the binding
energy of the mesons and baryons are of the order of 1 GeV, where differences between the
masses of the strange and up/down are of the order of 100 MeV [37]. It is curious to no-
tice that the isospin symmetry is more robust than the flavour symmetry, since the relations

between the quarks masses are m, ~ m; and ms > m,, 4.

Despite the sucess in formulating and cataloguing the diverse zoo of hadrons, this models
has two main problems. One is due to the fact that no one has ever seen an individual
quark. This might seem strange since quarks should be “easy” to recognize because of the
feature of carrying fractional charge. This led physicists to postulate that quarks should be
confined inside the hadrons, i.e. they are always attached to other quarks. This postulate is
known as quark confinement. The other problem is that some hadrons, namely baryons, can
be composed by only one type of quark, such as the case of AT ~ wuuu. Since quarks are
fermions, they need to respect the Pauli Principle and so in 1964 it was postulated that quarks
should carry another quantum number known as color charge. This model assigns quarks
to the fundamental representation of a new internal SU(3) symmetry, i.e. § — (qr,45,9c)"
transforms under SU(3). With the color charge in the quark model, the confinement postulate
becomes that the wavefunction of hadrons needs to be “white”, i.e. the wavefunction needs

to be a color singlet [35, 37].

3.1.2 QCD Lagrangian

When introducing the color symmetry SU(3),, a quark becomes a color triplet g = (g, qc,q5)" -
For the sake of simplicity, one considers only a single flavour, then it can be generalized by
considering g = q; where i is a flavour index. Under an SU(3), transformation

i T,

q—q =%y, (3.4)
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where « is spacetime dependent and T, are de generators of SU(3),. The free quark La-

grangian,
Lp =q(iy"9, —m)gq, (3.5)

is not invariant under such tranformation. To solve this problem, one introduces a vector

gauge field A, = A} T, to form the covariant derivative
Dy = (9u —igALT, ). (3.6)
One also introduces the field strength F,, = F]’jv T, associated with the vector gauge field A,
Fi, = 0, A7 — 0v Ay, —ig[Au, Ad]", (3.7)
and the complete invariant Lagrangian [19, 20] reads
Lacp = —i (Fﬁv)z +qiy"Dyg — mgq. (38)

Due to the invariance of Eq. (3.8), the gauge field and the field strength transform [19, 20]

infinitesimally as,

1
Af — AL+ fl A — gon (3.9)

Fi, — Fi, + fa’F;,. (3.10)

2
If one expands the pure Yang-Mills term, —1 (Fﬁv) , it can be seen that there are trilinear and

quadrilinear terms in A7,

2
_gfubcayAgAbyAcv N ngabcfadeAzAiAdﬂAw, (311)

which correspond to self interations of non-Abelian gauge fields. From the second term of
Eq. (3.9), one see that the gauge field transform in the adjoint representation of SU(3). and
so it carries charge. The gauge field is known as gluon and there are eight different gluons,
as many as the number of generators of SU(3).. These gluons are massless and they are the

mediators of the strong force between the quarks.

An important characteristic of QCD that distinguish it from other theories, such as QED and
A¢* is that this theory presents asymptotic freedom. As the energy gets higher, the coupling

constant becomes smaller making the interations of the gauge field and quarks weaker [20].
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3.1.3 Effective field theory of QCD

As one mentioned, at high energy the theory of QCD presents asymptotic freedom and so
it can be treated through perturbative methods. But, at low energies, this ceases to be true.
However, for the lightest hadrons, namely the pion, their interactions can be treated using

an effective field theory [19, 33].

Remembering the Lagrangian (3.8) considering only the quark flavours u and d, one reads
= = T = 1722
L= (uz'y Dyu — myuu + diy* D, d — mddd) ~1 (FW) . (3.12)

Considering only the kinectic part, ignoring the quark masses, if one uses the projector (1 £
7v5)/2 to separate right-handed and left-handed quarks respectively, the latter can be written

as

URiY" Dyug + upiv? Dyup + driy" Dydg + dpiy? Dydy. (3.13)

There is an embedded SU(2); x SU(2)g symmetry, under which for if g = (u,d)T, then
gL — Lgr and gr — Rqg, where L and R are independent matrices belonging to SU(2);, and
SU(2)g, respectavely. This symmetry is called chiral symmetry.

The Lagrangian density is invariant under both the flavour and chiral transformations. The

conserved currents [39] are

it = qm(TH5a", 9" =0, (3.14)
= T 1us(TH)50", 95, = 0. (3.15)

Since there is a mass term in the lagrangian, this symmetry is not an exact symmetry of QCD,

as one can see from
Zmﬁﬂj = ZﬁRijkQLk +h.c, (3.16)
j ik

where M = diag(m,, m;). One added complication is the fact that one might expect the
chiral symmetries to be spontaneously broken. Taking as an example [20], in the theory of
supercondutivity, the electrons in a superconduncting metal can be influenced by an effec-
tive attractive potential due to the lattice phonons. Because of this attraction, a fraction of
the eletrons can form “bound pairs”. The vaccum of the phase is the one in which the bound

pairs are all in the same state. This can be seen as the definition of a condensate. Thus, in
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QCD, since quarks and antiquarks have strong attractive interactions, and in the approxi-
mation that they are massless, the energy necessary to create more quark-antiquark pairs is
small. Thus one expects the existence of a condensate of quark-antiquark in the QCD vac-

cum. One has that
(0 Gg; 1k [0) = A%0, (3.17)

which transforms under SU(2);, x SU(2)g. Performing a chiral transformation on the latter,

one obtains
(0] Gg; 1k 0) = A%6jx — Lim (0] g, rm |0) Ry = AZy;, (3.18)

where Y; = (LR*)kj is an SU(2) matrix. For A ~ Agcp, Eq. (3.17) may be approximated
by (dd) = (uu) = A and the chiral symmetry is broken for SU(2). x SU(2)g — SU(2)y,
with L = R = V. This symmetry is the isospin symmetry of the quark model. According
to Goldstone, there sould exist three (pseudo)Goldstone bosons, one for each of the three

broken generators. These excitations can be parametrized as

YX(x)=e 7, n(x) = n"(x)T,, (3.19)

where T, are the generators of SU(2) and f ~ 93 MeV is known as the pion decay constant

[19, 38]. One can write the matrix 7t* as

0
1 |5 7
T = 7\/7 \/E 77:0
7T —ﬁ

It is possible to identify each element of the matrix 7t with a real particle due to the fact that

the latter transforms as an octet
mw— VavT, (3.20)

then restricting V' to be an isospin rotation I3, one can obtain the quantum numbers of each

element of 7.

The chiral lagrangian, including mass terms, reads

Lc= fZTr[az*azHAzﬁ(CTr[M2]+hc) - (3.21)
C 1 A . .

~ Tr[or'om] + % FPATIME] + ... (3.22)
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where ¢ is an unknwon constant and A = cA [38]. The lagrangian presents the same
approximate chiral symmetry of QCD which implies that the mass matrix transforms as
M — VMV

Expanding the chiral lagragian, it results in

1 5 0.0 -
LE ziaynoaf‘no + oyt — A(my, +my) 71271 — A(my +my)t -
A(mu + md) 0\4 A(mu + md) —_+\2
18P () 1272 (=)=

From the previous Lagrangian, the neutral pion can be described by a real scalar field with

mass and self-coupling:

m*y = A(my +my) ~ (135 MeV)?, (3.23)
A(my, +my)
/\7-[0 — T ~ 1, (324)

and the charged pions by a complex scalar field with mass and sef-coupling;:

mfﬁ = A(my, + my) + EM contribuitions ~ (139 MeV)?, (3.25)
[\(mu + ﬂ’Zd>

3.2 Pion Properties

Since the neutral pion is not charged, it does not have eletromagnetic interations and thus,
it cannot couple to the eletromagnetic field. But, experimentally, one knows that the neutral

pions decays into two photons:
=5+ (3.27)

This problem is understood in the view of QCD, since the neutral pion is composed by two
charged quarks. This decay is possible due to the axial anomaly, or commonly known as
Adler-Bell-Jackiww Anomaly [39, 40]. The current associated with the chiral symmetry of QCD,
j#°, albeit classically conserved, 9,j#° = 0, is not conserved at the quantum level. Due to

quantum corrections, one has that

2
. e
<a‘u]}l5> = - 1672 Fvaw// (3.28)

with F,, the eletromagnetic field strength tensor and IEW = (1/ Z)GW,X/;F“@ Thus, in the

presence of an eletromagnetic field, the axial symmetry is explicitly broken and does not
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depend on the fermion mass (as we will see below), which is not evident at the classical level
[19, 39, 40]".

To compute the pion decay width, we may consider first a toy model, corresponding to the

QED Lagragian density with a Yukawa coupling bewteen a fermion ¢ and a pseudoscalar ¢:

L= —}LP;%V - §4><DVD” —mz)¢ + P (i7" Dy — m)y +iApp°y. (3:29)

The decay of the neutral pion into two photons, 1% — 7+, then takes a contribution from the

diagrams:

1 1% 1%
k— q1 GV k— q2 eP‘
q2
ﬂOfﬂfpﬂf + 7-[0————;9——— (3.30)
k k "
+q2 1x + 2x
q > €l q1 €2
and the decay width is given by
2 3
0 _ & em
[(7° = yy) = 647‘(3/\ m—g (3.31)

To find the relation between this result and QCD, one considers the chiral lagragian without
mass terms such that it preserves the full chiral symmetry. Considering an isospin doublet
such as the proton and the neutron, ¥ = (¢p, ), one can write a Lagragian invariant under
SU(2)r x SU(2)r

2
L :fZTr[BZ’LaZ] +¥rin"0, Y1 + Yriv"0, ¥R — my (?LZTR + ?RZJHFL)

1 — _
~(— G TOVIVr 4 ) + F (179 — my) ¥ + i"}N Y . (3.32)
Matching with Eq. (3.29), one has that m = my and A = my/ f, which gives the decay rate
as
o? md
T(n® = yy) = TR (3.33)

This leads to the prediction I'; = 7.77 eV [19] and experimentally the measured pion lifetime

is T ~ 8.4 x 107 s, which corresponds to a width of I'; = 7.83 eV [41].

I This can be seen as the transformation being a symmetry of the Lagragian but not of the path integral.
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The decay of the charged pion 7" — ™ + v, has contribuition from the diagram

U !
(3.34)

d vy

and the experimental value of the decay width is (I'y) ™! &~ 2.6 x 1078 s [41]. One can also

obtain the pion decay constant through this decay [19, 35].

Another electromagnetic process relevant to this work is the annihilation of charged pions,

Tt — 7y, and to study this process we may use scalar QED,

1
L= —1Fw = IDugl* = gl (3.35)

where ¢ is a complex scalar field representing the charged pions. The corresponding annihi-

lation rate is computed in Appendix C, yielding:

N mah?

where V is the volume of the region which contains N charged pions and « is the fine struc-

ture constant.






Chapter 4

Primordial Black Holes

Black holes that form from the collapse of stars, typically, have a mass of the order of the
Sun’s mass. However, we are interested in black holes that develop pion superradiant insta-

bilities, with the superradiant condition imposing;:
1 12
ay < > = M <10 kg. (4.1)

These black holes cannot have a stellar origin. In 1971, Hawking predicted that gravitation-
ally collapsed objects of mass 10~® kg upwards could be formed as a result of fluctuations
in the density of the early universe [5] and this is the kind of black hole we will be dealing
with.

The study of these black holes provides new ways to probe the physics of the early universe,
quantum gravity, gravitational collapse and high energy physics. For example, the evapora-
tion of such black holes could change the details on baryogenesis and nucleosynthesis, could

contribute to cosmic rays, cosmological and galactic y—ray backgrounds [42, 43].

In this chapter, we will give a brief insight into the physics of primordial black holes.

41 Formation

The high density in the early Universe is necessary but not sufficient for primordial black
holes to form. One needs density fluctuations such that overdense regions can eventually
stop expanding and recollapse. There are several mechanisms in which primordial black
holes could form such as phase transitions, collapse of cosmic loops and domain walls and
bubble collisions [44].

37
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It is expected that primordial black holes form if initial density fluctuations are large enough
and a high density region collapses within its gravitational radius, i.e. the Schwarzchild

radius [6]. These are known as primordial seeds which might form from inflation [45-51].

Inflation has an important role in the formation of primordial black holes. In the standard

inflationary models, one makes the “slow-roll” assumptions (SRA) [52]:

_ LV _ (V')
e¢_§MP(V(¢)) <1, 17¢_Mp<v(¢))<< 1, (4.2)
where V(¢) is the potential for the inflaton scalar field. During inflation the scale factor

grows exponentially,
a(t) ~ e = H ~ constant, (4.3)

which leads to the Hubble parameter to be approximately constant. It is convinient to write
the scale factor as a function of the conformal time, dt = [(dt/ef?),asa = —1/(H7t). When

studying the quantum fluctuations of the inflaton field [52],

p=(p)+op =3 Dop=0, (4.4)
with ¢ < (¢), one usually expands the fluctuations in Fourier modes, i.e. d¢ — d¢, and
notices that the physical wavelength associated to a mode k is exponentially stretched by

expansion during inflation:

271

A= —a.
|k|

(4.5)

At some point, this wavelength will be greater than the Hubble horizon which is pratically

constant,
A>H e k] <« 1. (4.6)

One defines that a mode is inside the Hubble horizon when |k7| > 1 or is outside the Hubble
horizon when |k7| < 1. The coefficents ¢y can be written as
S = 1(1 ¥ i)e?ik (4.7)
k" a kt ' '
When a mode exits the horizon, the amplitude is \54),?\ ~ H/k which approaches a constant
value but when a mode is still deep inside the horizon, the amplitude is |6¢;"| ~ a~! which

decays exponentially. Thus, inflation not only stretches quantum fluctuations to superhori-

zons values and amplifies them to a constant value but also the amplitude of subhorizon
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modes can be neglected in comparison to them.
One can define the power spectrum which characterizes the amplitude of the inflaton fluc-
tuations as a function of k:

HZ

P¢(k) = W'

(4.8)
The inflaton field is the dominant source of energy density during inflation, so pertubations
in this field will lead to perturbations in the energy-momentum tensor and in the metric
associated with the spacetime. These small quantum fluctuation will make the spacetime
slightly inhomogeneous. The same process of stretching and amplification happens for the
fluctuation in the metric and energy-momentum tensor. These fluctuations will later grow

to form the structure of the universe that one sees today.

As for the case of the field fluctuations, one can define a power spectrum for the comoving

curvature perturbation [52] R

2
Pr(k) = (éﬂ) Polk), (4.9)

which is common to express in terms of the dimensionless power spectrum

Az—HZHZ 4.10
r=\ ol I (4.10)

As mentioned above, during inflation the amplitude of the fluctuations, when outside the
horizon, becomes constant. When inflation stops, the horizon starts to grows and the modes,
once outside of it, will start to re-enter the horizon. This means that, eventually, all scales

will re-enter the horizon and their amplitude will start to vary once again.

For a region to collapse to a primordial black hole, not only the fluctuation needs to be high
enough but also the size of the region at the time it starts to collapse needs to be smaller than
the particle horizon and greater than the Jeans length [53]. It needs to be smaller than the
particle horizon such that it does not result in separated universes and it needs to be greater
than the Jeans length such that the pressure cannot be sufficient to go against the gravita-

tional collapse. These conditions already put constrains on the amplitude of the fluctuations

[53]:
o ~ 1. (4.11)

From Eq. (4.8), it is expected that the spectrum of inflation perturbations to be scale invariant.

While this is not entirely correct, since the field is slowly rolling, the field ¢ and associated
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potential V(¢) values will be different for modes exiting the horizon at different times, one

can measure deviatons from scale invariance by the spectral index n;:

_dlnAj
Iy

From observations of the Cosmic Microwave Background (CMB) and to explain galaxy for-
mation, one has that A%z ~ 2 x 107? and the measured spectral index is n; ~ 0.96 < 1[41]. As
one can see from Eq. (4.12), the power spectrum takes the form A% ~ k™~! which means that
the fluctuations grow with increasing scale. The constraint coming from galaxy formation
would preclude the formation of primordial black holes on smaller scales. Thus, a possibility
that includes the formation of primordial black holes to be possible is that the fluctuations

should decrease with increasing scale, i.e. n; — 1 > 0 on smaller scales, resulting:

V”(4>)) S 3 (V’(4>))2_ (4.13)

m>% = (Se7) > 3 (45

2
The field needs to be accelerating such that the previous condition is satisfied. This is pos-
sible in some inflationary scenarios [44-51, 54], where the scalar potential is designed to
accomodate both small fluctuations on large CMB scales and large density fluctuations on

small scales, as well as inflationary scenarios with multiple fields.

4.2 Mass and Spin

Normally, one assumes spherically symmetric, Gaussian fluctuations with a root-mean-square
amplitude, which may depend on the mass, 6(M) and a equation of state p = p with
0 < 7 < 1. One might expect a radiation equation of state (v = 1/3) in the early universe

after inflation but it could have deviated from this in some periods.

It is expected that primordial black holes would have a mass of the order of the particle
horizon at their formation epoch, i.e. when fluctuations re-enter the horizon and collapse

after inflation,

M(t) ~ C;t (4.14)

Thus, their masses span a very large range.

The fraction of regions of mass M which collapse to a black hole is [42]

2
B(M) ~ 6(M) exp [— Z(SEYM)J (4.15)
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If the fluctuations were scale-invariant as seen before, the primordial black holes could have

an extended mass function, where the number density of primordial black holes is given by:

dn M “
am = @20

M, 2QppHpe, (4.16)

where M., is the current lower-cut-off on the mass spectrum due to evaporation, Qpgy is the

total density of the PBHs in units of the critical density and

o= (111377) +1 (4.17)

Since, after inflation the universe enters in a radiation-dominated era in canonical scenarios,
one has that v = 1/3 and « = 5/3. This means that the primordial black hole density goes
as M~1/2 since n(M) ~ M~—3/? and p(M) ~ M x n(M) and so most of the primordial black
holes density is contained in the smallest ones [44]. Once a primordial black hole is formed,
its mass can vary due to accretion of the surrouding fluid. The accreted fluid will cross the

Schwarzchild radius at the speed of light and so

M oRE ~2M7, (4.18)
dt
which results in
t
M ~ 4.19)

where M; is the mass at t;. If M; = n5t; for 0 < < 1, then as t goes to infinity M ~
M;/(1 — 7). As one can see, the mass changes very little with time and one can make the

approximation that M ~ M; [53].

Some recent studies have discussed the initial spin of primordial black holes. If black holes
are formed in a radiation-dominated era, their spins should be very small 4 ~ 1072 [55, 56].
This is might be a consequence of considering Gaussian and spherical symmetric fluctua-
tions. Now, if the inflaton field takes a long time to decay into radiation, it is possible to have
an era dominated by inflaton matter between the end of inflation and reheating. Primordial

BHs formed during this era should spin very fast and be near-extremal, 7 ~ 1 [57].

Primordial black holes should lose their spin due to Hawking evaporation at a rate compara-
ble to the mass loss rate [58]. One characteristic of PBHs is that they are the only black holes
that can be extremal since astrophysical BHs are bounded by the Thorne limit aj;,, ~ 0.998
from spinning up through accretion and as a primordial black hole tends to an extremal case,

its lifetime could be reduced by 60% in comparinson with a non-spinning BH [59].
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4.3 Constraints on Primordial Black Holes

4.3.1 Evaporation

As predicted by Hawking, a black hole emits thermal radiation with temperature

1
T=—, 4.20
8ntM ( )

assuming no charge and no rotation. Following [42, 60], a black hole emits particles with

energy between E and E + dE at a rate

: dE I
dN, = 2 T — (1) (4.21)
where s is the particle spin and T’ is its dimensionless absorption coefficient which in the
high energy limit, E > T, I’y ~ M?. Atlow energies, I's will have a different form dependent

on the particle spin. The total instantaneous flux emitted by a black hole is
dN * dN,
= = ;n, /y ,» d—EdE, (4.22)

where n; is the number of degrees of freedom per particle species i and y is the particle rest
mass. Multiplying Eq. (4.22) with the particle rest mass, one obtains the mass loss-rate of the
black hole. Then, it is possible to obtain the threshold mass M, for which black holes with
mass M < M, have already evaporated today. This threshold mass is given by [61]

M, ~ 5 x 10" kg. (4.23)

4.3.2 Bounds

The bounds that one presents here are based on the assumption that some fraction of dark
matter is in the form of primordial black holes, i.e. Qpgyr = fQpwm. The ideia that primordial
black holes are a good condidate for dark matter comes from the early days in PBH research

[43]. From a dynamical perspective, they behave just like any other form of dark matter.

There are many objects in the universe that can produce gamma rays. If one identifies all
point-sources and extract their measured photon flux from the observed one, there will ex-
ist an isotropic gamma ray background (IGRB), also known as extragalactic diffuse photon
background that fills the intergalactic medium. This background may have an origin from
unresolved sources, being dark matter a possible one. The IGRB flux measured by four ex-
periments (HEAO1+ballon [11], COMPTEL[12], EGRET[13] and FERMI-LAT[14]) are shown
in Fig. 4.1.
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FIGURE 4.1: IGRB data as measured by four different experiments (HEAO1+ballon, COMP-
TEL, EGRET and FERMI-LAT).

Hawking and Page were one of the first people to use the diffuse extragalactic gamma ray
background observations to constrain the mean cosmological number density of primordial
black holes which are evaporationg at the current epoch at < 10* pc~3, which corresponds
to Oppy < 1078 [42]. Later, some analysis have been made using the data from Fig. 4.1 to
obtain a refinement of the previous constraint but all of them give Qppyy < 1078. A summary
of the constraints on the abundance of PBH is presented in Fig. 4.2, where f is the fraction of

dark matter in the form of primordial black holes [2].
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FIGURE 4.2: Observational constraints on the fraction of dark matter in primordial black
holes for a wide range of primordial BH masses [2]. The constraints from the IGRB are
represented in pink marked as EG.






Chapter 5

Pion Superradiant Instabilities of
Primordial Black Holes

In the previous chapters, we have seen that superradiance can be a great tool to probe high
energy physics and to study black hole properties. In this chapter, we will incorporate the
result we obtained in Chapter 2 in the dynamics of a scalar field, which describes pions,
to study the associated phenomenology. With the obtained results, we put constraints on
the mass and spin of black holes that can generate superradiant instabilities associated with

pions. We also discuss observational prospects of this phenomenon.

5.1 Neutral Pions

In the previous chapters, we have made a detailed analysis of the solutions of a massive
scalar field in a Kerr spacetime. These solutions allow for the copious production of light
bosonic particles in quasi-bound states around the BH, by extracting its rotational energy. In

the non-relativistic regime', the spectrum of the bound state is Hydrogen-like:

2

hw, =~ ycz (1 — 2“;2) (5.1)

and also, from the imaginary part of such frequency, w;, we obtained a growth rate

2¢3 < GM)

FS(M,ﬁ) = m wICT

(5.2)

'In Chapter 2, ¢ = \/w? — p2 and in the non-relativistic regime 7 < 1.

45
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We will focus on the fastest mode n = 2 and | = m = 1, corresponding to a 2p—pion cloud,
since this state is populated exponentially faster than all others. We may also approximate
the shape of this cloud by a torus with radii (r) = 579 and width Ar = V/5ry, where the

“gravitational Bohr radius” is given by:

h o,

H
= = .
T hewy 142

T (5.3)
Thus, in the non-relativistic regime the pion cloud is localized far away from the horizon
and we can neglect gravitational effects in the pion decay study. Another quantity which we
will use is the root mean square (r.ms.) velocity which is given by /(v?) ~ (a,/2)c (See
Appendix C).

Since we are using a scalar field to describe pions, we have to consider self-interactions as
(A/41)¢*, with A ~ 1. Due to self-interactions, the number of pions cannot grow arbitrarily
large. When these are comparable to (u?/2)¢?, their effect becomes relevant and the field

reachs a critical value ¢, given by
Aa W, 2 w
paf g = e 125 G4

When the field reaches such a value within the cloud, the non-linear effects of self-interactions
cause a gradual concentration of the pion field configuration which, eventually, leads to a
dynamical collapse. The process consists in changing a pion from a superradiant state to
a non-superradiant state where they can be absorbed back into the black hole. It leads to
“bosenova” like explosions [29] that decrease the field value back to the linear superradiant
regime where it can again grow up to the critical value. To this critical field value there is an
associated critical number of pions which we define as N.. Taking the value of the energy-
momentum tensor associated with the pion field Tog = py, in the non-relativistic regime, the
energy density can be written as py = (1c>N)/V, where V = 507%r3 is the volume of the
cloud. Thus, in the critical case

Ne(a,) = 60070, (5.5)

Taking as an example a black hole with M; = 5.5 x 10" kg, the critical number of neutral
pions is N, ~ 3 x 10° and the cloud volume is V.jp,y ~ 7 x 1074 m3. This gives a cloud
density pg/c? ~ 9 x 107 kg/m> which is comparable to the nuclear density p, ~ 1.7 x
10'8 kg/m? (1 nucleon per 1 fm?).
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5.1.1 Allowed Primordial Black Holes

As mentioned in Chapter 3, the neutral pion can decay into two photons,
= v+, (5.6)

which is associated to a decay width I'y. While in a superradiant state, the number of neutral
pions is governed by an effective rate Lepp = Ts — Iy, and thus, to have an effective pro-
duction of neutral pions, the condition I',¢; > 0 is necessary. This puts constraints on the

possible black hole masses and spins.
We already have encountered an implicit mass constraint coming from the superradiant con-
dition,

1 hc
ay <5 = M<—2HG 6.7)
which, for the neutral pion mass y = 135 MeV/c?, it reads M < 10'2 kg. A stronger mass

and spin constraints coming from I',sy > 0 is shown in Fig. 5.1.
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FIGURE 5.1: Regge plot with region (blue) for which black holes can produce effective su-
perradiant instabilities for neutral pions.

As one can see, only black holes with high spin can effectively produce neutral pions from
superradiant instabilities. It is expected that primordial black holes formed in a radiation-

dominated era have low angular momentum [55, 56]. However, if they are formed in a
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matter-dominated era [57, 62], e.g. if the inflation field takes a long time into decay to radi-
ation and dominates the post-inflationary universe while oscillating about the minimum of

its potential, then they could have a very high spin, in fact near extremal.

5.1.2 Dynamics

When a certain number N of pions is produced by a black hole, the change in the black hole
mass and spin is SM = uN and 6] = Nh. Thus, defining 6k = k — ks fork = M, ], and 7, it
results in the following equations:

)

; (5.8)

_ 9
-3
5
~ 4]
(1 _"‘M"‘T)

Considering a black hole with initial mass M; and initial spin 4;, we can compute how much

1 (59)

>,
sz Z[E

mass and spin the black hole loses through superradiance, with the condition that the pro-
duction of pions stops to be effective when I',s¢(My, @¢) = 0. Taking as an example the black
hole M; = 5.5 x 10! kg and @ = 0.99, the change in mass is dM ~ 3.5 x 10! kg and the

change in spin is 4 ~ 0.12.

We can also estimate how much time it takes for the condition I';sf = 0 to be attained, i.e.
until the production of neutral pions becomes inefficient. Approximating the luminosity of

the cloud as
L ~ 2N.T4E,, (5.10)

where E,, = (uc?)/2 is the energy of the photons, we estimate that the production of neutral

pions is effective over a period
At =~ 1.4 x 10° yr. (5.11)

We see that superradiant pion production and subsquent decay into photons shuts down be-
fore the present day and thus, before the primordial black holes evaporate t,, ~ 10'° yr. Since
a significant loss of mass and spin through Hawking evaporation only occurs towards the

end of its lifetime we may thus neglect, to a first approximation, the effects of evaporation.

Since the timescales I';! and At are very different, i.e. ;1 < At, we may assume that the
number of pions in the cloud is always near N., which varies adiabatically in time. While

the superradiant regime is active, I';sf > 0, the dynamics is well described by the system of
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equations:
do G
p_ _H
p P HTSN, (5.12)
d
V= N, (5.13)
dN.
TZ: = 2T;N,, (5.14)

where t is the cosmological time and N, is the number of photons coming from the decay
of the neutral pions. Once I'.; = 0, the number of pions will decrease exponentially until
it vanishes. We have solved the system with the help of Mathematica with the same initial

black hole as before and we have obtained
At =~ 8 x 108 yr. (5.15)

This result is slightly different from the estimated one because in this case the cloud lumi-
nosity increases with time, while in the estimate it was taken as constant. In Fig. 5.2 we show
the time evolution of the normalized parameters, aj;(t) = a, () /a,(0) and J"(t) = J(t)/](0),
where t* = ?/(43cG) is the natural scale of the system.

1.00f '
0.95F
0.90r
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0.0 0.1 0.2 0.3 0.4 0.5 0.6
t/t

FIGURE 5.2: Dynamics of the normalized black hole parameters for a black hole with M; =
5.5 x 10! kg and 4; = 0.99 under superradiant instabilities of the neutral pion.

We can see that the black hole loses more angular momentum than mass and this could be
predicted by Egs. (5.8).
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5.1.3 Photon Flux

From the dynamical system above which describes the evolution of the parameters of a black
hole, one can compute the flux of photons that arise from this dynamics. We follow a similar
procedure as [42]. We will consider the simple case where all primordial black holes have the
same mass and spin. This has the advantage that they follow the same evolution and that the
flux of photons today is a superposition of the photons emitted at all previous epochs. Since
we can identify a certain flux of photons through its energy, we have that the total emission
rate of photons per unit volume is the sum over all the emission rates of photons per unit

volume at a given energy

d d
% _ Zﬂ(}gv). (5.16)

The emission rate per unit volume for a given energy at cosmological time ¢ is then:

dn.,

— (Ey,t) = nepu()Ny (Eo, 1), (5.17)

where npgy; is the number density of primordial black holes and the dot corresponds to a time
derivative with respect to the cosmological time t. Observationaly, one measures the flux of
photons in an interval of energy AE, which is associated to the resolution of the instrument
in use. We use the approximation AE ~ E, i.e. the flux per logarithmic energy scales [47].

Thus, one has that the flux can be written as

1= AL ap, ~ I

~ —E,. N
dE, " dEWEW (5-18)

It folllows that the emission rate of photons with energy E, is

: dN.
N, (E,) = 7#(57). (5.19)
g
Defining the normalised spectral distribuition of photons as p(E,), with fooo dE,p(E,) =1,

the emission rate of photons with energy between E, and E,, + dE,, is
dN, = 2IyN.p(E,)dE,. (5.20)

Due to the expansion of the Universe, both the number density of primordial black holes
and the energy of photons at a cosmological time ¢ will be seen today with redshift factors
(14 z)73 and (1 + z)~!, respectively. The number density of primordial black holes can be
written as nppy () = Qppro(00,/ M) (1 + z)?, where pg . is the critical density of the universe

today and Qppp o is the abundance of primordial black holes today, the number density of
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photons today can be given by (5.17) and takes the form

Ne(t)
M(t)

At
n,Y,Q(E%Q) = Z‘OQICQPBH,OrdE%Q dt(l + Z)

rec

p(Eyo(1+2)), (5.21)

where t,,. = 400000 yr is the time at which recombination started, E,, o is the energy photon
measured today and At is the already computed period where there is an effective produc-
tion of pions. It was mentioned that primordial black holes could behave as cold dark matter
before they evaporate. Thus, we will use this fact to relate the abundance of primordial black
holes with the abundance of dark matter in the universe and we do this by using the relation
Qperao = fQcpmo, where f is the dark matter fraction in primordial black holes of mass M
and spin 4 [42, 63]. Even if we are dealing with black holes that are evaporating today, this

fraction can be interpreted as the fraction that they would be if they had not evaporated.

From standard cosmology, inflation is followed by a radiation-dominated era which is fol-
lowed by a matter-dominated era, and is now starting to be in a dark energy-dominated
era. Since these primordial black holes were formed in the early universe, before the matter-
dominated era, they started to emit photons before that era. Before recombination, all pho-
tons thermalise with the remaining cosmic plasma [52]. Hence, only the photons that were
generated after reconbination, t > t,., will contribute to the extragalactic y—ray back-
ground. Since At < ty, where tg is the current age of the Universe, all photons are emitted in

the matter-dominated era such that

14z= (:O) R (5.22)

To proceed with the calculations, we need to take notice of a detail in the kinematics of the
neutral pion. Until now, we have been treating the pion as particle at rest. Even if the energy
of the pion is E;o ~ p + O(a3,), it possesses a r.m.s velocity +/(v?) as shown in a previous
section. In the pion rest frame, the photons have energy E/ = p/2 but in the cloud’s frame

E, — E.(1 + &;/2), in the non-relativistic regime.

We will consider two types of photon spectrum at emission, a simple monochromatic ap-
proximation (Delta Dirac function) and a Gaussian spectrum, both centered at E7, the Gaus-

sian having a width o = El a;, /2 and constituting a more realistic description.

The number density of photons for the monochromatic distribuition is given by

E,0\3/2N.(T)
10(Epo, f) =3 pr,CQCDM,OrdtO( gg ) M T O(T — tree)O(At — T), (5.23)

-2/3
where T is such that E, o ( %) = E} and O is the Heaviside step function. The energy

spectrum of photons will be limited since the flux (5.23) vanishes if a certain energy E,, o leads
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2/3
to T < tyc or T > At. Thus, the maximum energy is Eg/max = E (%) and the minimum
: 0 rt 2/3
energyis E, ;. = E}, (;—gc) .

The number density of photons for the Gaussian distribuition is given by

t ) —2/3 N,(t)

At
ny,0(Eqy0, f) = 2fp0,QcomolaEqo [ dt (% M(t)

rec

Nexp [(E%o(t/to)_z/?’ —E) /(2(72)} ,

(5.24)

which needs to be computed numerically.

The flux of photons is defined as

Cc
=y, (5.25)

2sr~1. This flux is shown in Fig. 5.3 for an initial black hole with mass

in units of s~lem~
M; = 5.5 x 10'! kg and spin @ = 0.99 displaying both the monochromatic distribuition and

the Gaussian distribuition.
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FIGURE 5.3: Photon flux from neutral pion decay in superradiant clouds, for a monochro-
matic (dashed curve) and Gaussian (solid curve) emission spectrum.

To compare with the data coming from the extragalactic y—ray background (all black color
data), we matched the maximum of each spectrum with the latter giving an upper bound on

the fraction of dark matter in the form of primordial black holes with this mass and spin:

f <1077, Gaussian (5.26)

<7x1078, monochromatic (5.27)
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FIGURE 5.4: Upper bounds on the dark matter fraction f from neutral pion superradiance,
showing contours for which f < 1077,1077 < f < 107% and f > 10~° given a monochro-
matic photon spectrum.

We have scanned the region where I'.;;s > 0 and computed the upper bound on f for each
black hole inside it. This is shown in Fig. 5.4 and 5.5. The black holes that still agree with the

constraints from evaporation are in the red regions of the plots.
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FIGURE 5.5: Upper bounds on the dark matter fraction f from neutral pion superradiance,
showing contours for which f < 2x1077,2x 1077 < f < 107® and f > 107° given a
Gaussian photon spectrum.

The non-smoothness of the contour plots is due to numerical errors.

5.2 Charged Pions

We now proceed the work by studying the charged pions in a analogous enviornment, con-
sidering its annihilation into two photons. Since the decay width of charged pions is smaller
than the one from neutral pions, the condition I's > I'; gives a wider range for spin, going

as low as @ ~ 0.1 and for a different mass range as well. This is shown in Fig. 5.6.
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FIGURE 5.6: Regge plot with region (blue) for which black holes can produce effective su-
perradiant instabilities for charged pions.

Using the same approach as in the case of neutral pions, we will describe charged pions as
a scalar complex field. This field is allowed to have self-interactions as (A/4)(¢f¢)2. When
these self-interactions are comparable to u?¢'¢, their effect becomes relevant and the field

reaches a critical value |¢.| given by
Ava o2 2 W
ZIot ~ 0P = 9ol ~ 4l 5.29

and the same effect of “bosenova” like explosions happens when the field reaches such value.

Superradiant instabilities depend only on the mass of the particles, so antiparticles are treated
equally and we consider that the number of positive charged pions N is the same as of neg-
ative charged pions N_, i.e. Ny = N_ = N. In the non-relativistic limit, the energy density
of the field is py = (2uc*N)/V, which comparing to Ty for a complex field, leads to the

critical number of charged pions:

Ne(a,) = 2007, (5.29)
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5.2.1 Allowed Primordial Black Holes

However, Fig. 5.6 is not the whole story. The charged pions produce photons also through

annihilation,
it =y 4, (5.30)

so that their number is governed by an effective rate I'. s which not only depends on I's and
F;t but also on the annihilation rate Ffl\] . However, the annihilation rate cannot be compared
directly with I's and F;t since it depends on the number of charged pions present in the cloud.

This annihilation rate is computed in Appendix C.

To know how superradiant instabilities can produce effectively charged pions, we need to
look first at the dynamical equations which govern the evolution of a black hole under su-

perradiant instabilities of such pions.

5.2.2 Dynamics

While in the superradiant regime, the dynamics can be well described by the following sys-

tem of equations:

R ) (5.31)
Z{ — DWW, (532)
2L (TN - TN, (5.33)
M~ o, (5.34)

where T, = TN/ N is the annihilation rate per particle. From Eq. (5.33) we can get a critical

number at which %} =0:

[Ty _
r,

!

N (o, ) = s (5.35)

]

An effective production of charged pions, i.e. ‘% > 0, leads to an upper bound on the

number of pions N < N{. We already have an upper bound on the number of pions coming
from self-interactions but as we shall see, this upper bound is far greater than the one from
annihilation, i.e. N < N,. In Fig. 5.7 we show the regions in the black hole Regge plot for
which N¢ > 1, 10 and 50, with N > 1 to have at least one pair of opposite charge pions in
the cloud surrouding the black hole.
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FIGURE 5.7: Regge plot with regions for which black holes can produce effective superradi-
ant instabilities for charged pions considering now its annihilation. Regions where N¢ > 1
(blue), N? > 10 (brown) and N? > 50 (breen) are shown.

Considering an initial black hole with mass M; = 5.5 x 10" kg and spin ; = 0.99, we can
approximate the luminosity of the cloud as L ~ 2(N?)2E, ', with E, = uc?, where N? =~ 50.
We estimate that the change in the black hole mass is §M ~ 4.9 x 10!° kg. Computing an
estimated period where the production of charged pions is effective, the same way as for

neutral pions, it yields:

At =~ 1.5 x 10" yr. (5.36)

The universe is ty ~ 13.7 x 10” years old and so this process could be effective beyond the
present day. Since black holes evaporate, the production of charged pions is sentenced to
finish at the end of the black hole life, i.e. At ~ 7, being T the black hole lifetime. We will
use the approximation that At =~ 1 Gyr. This approximation is justified by noticing that
most of the black holes inside the colored regions in Fig. 5.7 have a mass M < M, =~ 5 x
10! kg smaller than the threshold mass for evaporation, i.e. they already have evaporated
today. Considering that the process lasts ~ 1 Gyr is a good approximation since after that
evaporation might have extracted a significant amount of spin from the black hole which

might quench superradiance.

Fig. 5.8 shows the time evolution of the normalised black hole parameters aJ(¢) and J"(t)

for the previous initial black hole. We see that the same phenomenon happens where the
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FIGURE 5.8: Dynamics of the normalized black hole parameters for a black hole with M; =

5.5 x 10! kg and 4; = 0.99 under superradiant instabilities of the charged pion.

we obtained

change in angular momentum is greater than the mass change of the black hole. In this case,

At = 5.3 x 10%%yr.

(5.37)
Again, from these dynamics, we will only consider the first 1 Gyr of the evolution and so the
change in the mass and angular momentum will be very small.

5.2.3 Photon Flux

From Eq. (5.34), we have that the emission rate of photons with energy between E, and
E, +dE, is given by:

dN’Y _ a\2
dE, 2T (NZ)“p(E,),

(5.38)
where p(E, ) is the same photon spectra as the neutral pion but with the difference that they
are centered at E!, = p. The number density of photons today is

At La(t)(N2(1))?
l’l%o(E%Q,f) = ZfPO,CQCDM,OE'y,O /1L dt(l + Z) u()]\(/l(:)())p(E%O(l + Z)) (539)
In the monochromatic case, we have:
E,0\3/2T,(T)(NX(T))?
14,0(Ey0, f) = 3f00,Qcpmolato( —2 2

O(T — tree)O(At—T),  (5.40)
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-2/3
where T is such that E,, (%) = E! and O is the Heaviside step function. In the Gaussian

case, we have:

At t
1q,0(Eq0, f) = 2fp0,QcomoEq0 t dt(%)

~2/3La () (NE()*

M M| (Bnolt/0) 2 — E) /207,

(5.41)

which needs to be computed numerically. The flux is shown in Fig. 5.9 for the two photon

spectra. Matching the maximum of each flux with the observational data, we obtain that the
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FIGURE 5.9: Photon flux from charged pion annihilation in superradiant clouds, for a
monochromatic (dashed curve) and Gaussian (solid curve) emission spectrum.

upper bound on the fraction of dark matter in primordial black holes of this mass and spin

is

f<3x107°, monochromatic (5.42)

<6x107°, Gaussian. (5.43)

Thus, we conclude that this process yields milder constrains on the primordial black hole
fraction of dark matter than the process for neutral pions due to several reasons. The num-
ber of charged pions in the cloud is not significant enough to extract mass and angular mo-
mentum from the black hole in an appreciable amount of time, i.e. the loss rate of mass and
angular momentum is too small compared to the one associated to the neutral pions, taking
a larger amount of time to extract the same quantity of mass and angular momentum. Since
the volume of the cloud depends on the black hole mass and it increases with the decrease

of the same, the annihilation rate becomes smaller and smaller while the mass is decreasing.
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This leads to a smaller number of events 7" + 77~ — 7 + 7, resulting in less photons emit-
ted. Considering that #;, ~ 0, we have that Ng ~ I';/T, < 0, thus the number of charged
pions in the cloud also decreases in time. However, we are dealing with a very small number
of pions in the cloud, i.e. N ~ O(10), or even N¢ ~ O(100), which may be an indicator that

our classical treatment of the instability may not be appropriate.

5.3 Neutral and Charged Pions

5.3.1 Allowed Primordial Black Holes

From previous chapters, we analyzed separately the dynamics of neutral and charged pi-
ons. Now we assume that both are present in the cloud surrouding the black hole. We will
assume that the neutral and charged pions do not interact with each other. This should
be a good approximation when the number of pions is below the critical number, i.e. for
cloud densities below the nuclear density. Thus, an effective production of pions is given
independently whenever one of the condition is satisfied, i.e. there is an effective produc-
tion of neutral pions when Tgf >0 and there is an effective production of charged pions
when I‘;} £ > 0. We define any quantity with superscript 0 or + by AVt = A(zx?ﬁ), where

a2’+ = (po,+ MG)/(hc), being po 4 the mass of the neutral and charged pion, respectively.
The region where the production of pions is effective is shown in Fig. 5.10.
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FIGURE 5.10: Regions where neutral (dark blue) and charged (blue) pion superradiant in-
stabilities are efficient.
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We expect that the evolution, dynamics and photon flux to be dominated by the neutral
pions since in parametric regions where there is no neutral pion production, the number of
charged pions is too small within the lifetime of the black hole to make signifcant changes in
the black hole parameters. In regions where there are both neutral pions and charged pions,
the number of neutral pions is always much larger than the number of charged pions by

approximately four orders of magnitude.

5.3.2 Dynamics

While in the superradiant regime, the dynamics is well described by

dal G
p_ Ko 0njO L P+ Pt 0\ o [ B+ ,0
- B o (r NE+20 rs<yo H)N (yo V)) (5.44)
dl L con0 Mt (Bt a0 )N B+ 0
= h(r N2l ir (el N (4 e ) (5.45)
Ny or NO 4 2T (NO)? (5.46)
T atNe a\HNe) - :

Taking an initial black hole with mass M; = 5.5 x 101 kg and angular momentum a = 0.99,
the full dynamics is depicted in Fig. 5.11. We compare with a system with only neutral pions.
We see that the neutral pions dominate the evolution of the black hole over the charged pions

as predicted ealier.

1.00
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0.98} ——— Neutral+Charged

Y74 S N — Neutral
(<

0.96¢
0.95¢

0.941

0.0 0.2 0.4 0.6 0.8 1.0
t/t

FIGURE 5.11: Dynamics of the normalized parameter «}, considering the full system of pions
(grey) and only considering the neutral pion (red).
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We have that, from Eq. (5.46), the emission rate of photons with energy between E, and
E, +dE, is given by

dN.
“Eh = 2TaNop(Ey — B2) 4 20 (NE0(E, — us). (5.47)
Y

Thus, number density of photons is

ny,0(Ey0) =100+ o

znO%O. (5.48)

The flux will be the same as the one from neutral pions and so the constraints will be the

same as the ones form the neutral pion analysis.

5.4 Observational Prospects

Considering a Universe filled with matter and dark energy, (3,0 + Q = 1, the Friedmann

equation reads [52]

2 _ PmtpPa
H” = ZM% , (5.49)

where M, is the Planck mass. Assuming an equation of state p = 7p, pressureless matter
reads vy = 0 and, assuming that the cosmological constant is the right form of dark energy,
dark energy reads v = —1. It results that the energy density reads pp = pa0 and p, =
pmo(a/ag) 3, where Eq. (5.49) becomes

H? = H§ (Quoa > +Q4). (5.50)

The solution of this equation is the scalar factor

a(t) = (10500)1/3 sinh?/3 (SHO 1- Qm,ot), (5.51)
— 3

where we use ), 0 = 0.308, Hy = 100k km s 1 Mpc’1 with h = 0.678 [41]. The redshift is
given by

14+z= z( 0) (5.52)

where we can obtain the age of the universe t( by solving a(ty) = 1.
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We are interested in what luminosity would a galaxy have if it contained some fraction of
primordial BHs with superradiant pion clouds. We will only focus on the luminosity due to
the decay of neutral pions since this process is the most prevalent one. We also have that,

since the mass of the black hole does not vary much,

Lno ~ Ho & Ng
L+ - 2uy Ty (NE)?

(5.53)

~ constant.

Let us consider a galaxy (or galaxy cluster) of mass Mg which we assume to be dominated

by dark matter. The number of primordial black holes in the galaxy is

Mpwm Mg

N p— ~Y ’
rer fMPBH fMPBH

(5.54)

where Mppy the mass of the primordial black holes and f is the fraction of dark matter in
primordial black holes of such mass. The luminosity associated with the decay of the neutral

pions in superradiant clouds around such black holes into two photons is

Lo =2f

Mg
p

v T,E,NY W, (5.55)

BH
Using that N, = 4.6 X 1040M1§§’H and defining Mpgy = My X 101 kgand f = f7 x 107, the

luminosity can be rewritten as

2.4 x 1025i% W, (5.56)

Lo=2.
" M%1M®

where Mg, is the Sun’s mass.

For example, for a black hole with mass M;; = 5.5 and angular momentum @ = 0.99, we
have emission of photons during At = 8 x 10® yr, according to Eq. (5.15). This corresponds

to a redshift z ~ 7. The luminosity distance [52] can be written in termos of redshift as
1
di(z) = cHy ' (z + 5(1- 70)z° + ...), (5.57)

where g is the deceleration parameter of today. For a redshift of z = 7, it gives d.(z = 7) ~

2 x 10° Mpc, which results in the flux density

Lo

F=— -
4rtd? (z =7)

M
=58x1075£-"% wWm2, (5.58)
Mg



5. PION SUPERRADIANT INSTABILITIES OF PRIMORDIAL BLACK HOLES 63

which, in more convinient units, where the photons have an average energy of E, = 67.5
MeV

M
F, =54 x 10_28f7M—G photon cm 2 s~ 1. (5.59)
©

As we can see from the flux density, the heavier the galaxy, the greater its flux density. It is
possible that exist there objects with mass Mg ~ 10> M, at various redshifts. Two examples
of such objects are the “El Gordo” [64], a galaxy cluster with a mass Mgg = 3 x 10° M, ata
z ~ 0.87 redshift and a giant protocluster of galaxies [65] with a mass Mpc ~ 4 X 10 M, at
a z ~ 5.7 redshift. We will consider that our object has a mass Mg ~ 10> M. It follows that

L.o~7x10"fL,, (5.60)

where L, ~ 3.83 x 10%° W is the solar luminosity. From the extragalactic y—ray background

constraints [59]. we see that the luminosity is bounded by
Lo <7x10YL. (5.61)
The flux density is given by
Fy =5 X 10_13f7 photon cm 2 s L (5.62)

Presently, the most powerful instrument to observe y—rays in the energy range 20 MeV - 300
GeV is the Fermi Gamma-ray Space Telescope. This instrument has a Point Source Sensitivity
of < 6 x 10~ photon cm~2 s~ ! for energies > 100 MeV. For the case in study, the sensitivity
is still not enough to detect the photons from superradiant pion clouds. One may, however,
envisage a future y-ray detector with an effective area of ~ 10 m?, which could detect about

one photon per year from neutral pion decay in superradiant clouds:

(5x1071) x (3 x 10%) x (10°) ~ 15 photons. (5.63)

Although much more difficult to detect, observing also the photons from charged pion an-
nihilation would constitute a “smoking-gun” for pion superradiant instabilities around pri-
mordial black holes. This unique signal would correspond to two narrow emission lines from
neutral pion decay and charged pion annihilation at energies (y0/2)/(142z) and u+ /(1 +2z),
with an intensity ratio determined by the number of neutral and charged pions produced by

superradiance, N0/ N+ ~ 10%.






Chapter 6

Discussion and Conclusions

In this work, we studied superradiant instabilities of a massive spin-0 field in the vicinity of
rotating black hole. This phenomenon happens when the real part of the frequency of the
tield satisfies wr < mQp and the instability growth rate is determined by the imaginary part
wr of the frequency. One of the objectives was to obtain an analytical expression describing,
with sufficient accuracy, the numerical results for the growth rate of the fastest superradiant
bound state beyond the non-relativistic regime. Our pourpose was not precision physics but
instead to have some analytical tool that could gives us, at least, the right order of magnitude
of the growth rate. With this claim, the obtained expression agrees with numerical data

within an average relative error up to < 50%.

The second objective of this thesis was to study the dynamics and phenomenology associated
with pions under superradiant instabilities. The purpose of this study was to constrain the
mass and spin of the associated black holes. As we have seen, due to the pion mass, the
black holes that could lead to superradiant instabilities of such particle belong in the class of

primordial black holes, black holes that are formed in the early universe.

We began by making a separate analysis for the neutral pion and charged pion. In the neutral
pion case, the condition to have an effective production of pions, I's > I'y, also constrains the
spin of a black hole and the possible values are not expected if these primordial black holes
form in a radiation dominated era. However, they might be possible, if between the end of
inflation and the beginning of recombination, there was some era dominated by pressureless
matter. When studying the properties of the cloud, we noticed that the cloud density is
of the order of the nuclear density and when the density becomes greater than the nuclear
density, “bosenova”-like explosions take place. Assuming that some fraction of dark matter
can be in the form of primordial black holes in the relevant mass and spin range, Qpgy =

fQpm, we obtained that this fraction is f < 10~7 for a certain group of black holes, which is

65
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comparable to the constraints coming from evaporation’. In the charged pion case, we made
the same analysis as before but the condition to have an effective production of pions is I's >
NT,, which depends on the number of pions in the cloud. We have found that superradiant
charged pion production can occur for lower BH spins that for the neutral pions. However,
the number of pions in the cloud is not significant enough to have an important impact on the
black hole dynamics in the span of its lifetime and since we are using a classical description
of the field, this approximation may not be appropriate due to the small occupation numbers
obtained for the leading superradiant bound state. Finally, we considered the system with
neutral and charged pions and noticed that the dynamics is governed by the neutral pion

and the system can be approximated by a system with neutral pions only.

Finally, we have estimated the luminosity of a point source object at large redshift containing
a small fraction of dark matter in the form of primordial black holes with active superradi-
ant pion clouds. We concluded that this is in principle too low to be detected with current
technology, but neverthless estimated the size of a future y-ray telescope capable of finding

such a “smoking-gun” of primordial BH superradiance.

IPhotons emitted through Hawking evaporation also contribute to the IGRB



Appendix A

Scalar field properties in superradiant

bound states

The Lagrangian density of a free real scalar field ¢ [18] is given by
1 1,5
L=—50u¢d"¢ — 5177, (A1)
and from Noether’s Theorem, the associated enery-momentum tensor [18] is
Tow = 300 — 110 (02" 2¢° A2
w = 0929 — 1w (039 + 17). (A2)
We can approximate the kinetic term in Eq. (A.1) as

0upd'p = —(§)* + (V§)* = —(9)°, (A.3)

within a non-relativistic superradiant cloud where ¢ ~ u¢ and |V¢| ~ a,u¢p. Thus, the

energy density can be written as

, 1 .
o9 = Too = (§)* + 5( — (@) + M2<P2>
_ Lo 00
= (@2 +129%). (A4)
Since the field varies in time as ¢ « e~ ! and is real, it results in

0y = 1297, (A.5)

where we used w ~ p.
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The Lagrangian density for a complex scalar field [18] is given by

L= —0"ga,p* — 12 p¢*, (A.6)

and from Noether’s theorem, the associated enery-momentum tensor [18] is
Ty = "0 + 0,90u9" — 1y (3°03u” + 129"). (A7)
Using the same approximation, in the non-relativistic regime, the energy density reads

0p =GP + 1P’
~ 2;424>4)*. (A.8)

In the far region of the Kerr spacetime, the radial differential equation takes the same form

as for the Hydrogen atom. The radial part for a 2p-cloud takes the form

_ 1 =3/2( T\ r/(2n)
R(r) = = (2n0) ()¢ e, (A9)
where rg = 11/ (pica;,) and we obtain that
(ry = /oor x 12| R(r)|*dr = 5ry, (A.10)
0
Ar =/ (r2) — (r)2 = V/5ry. (A.11)

To compute the velocity, we notice that —y((x%/S) = (H) = {|p|*/(2n)) + (V(r)) and |v|> =

2/u?, where V(r) ~ &2 /r and H is the Hamiltonian. It results in
PI=/H u
1
(o) = = ((H) = (V(1) ) = Joc® (A12)

For a torus with radii 2 = (r) and width ¢ = Ar, its volume is Vij,,y = 27t2c?a = 507t%r3. In

natural units

-3
N ~ ,u3 X Veloud = 507T2V3 X (.WXH)

= 507%a,,”. (A.13)



Appendix B

Useful Gamma-function properties

Here we derive some useful mathematical results, based on the following properties of

gamma-functions:

1. T(z) = (z—1)!

2. P(z+n) ==+ o+ H+H 14+ 9(2)

n—

3. lim, .0 % -1

4. lim, 0T (z) = oo

5. lim, o ) = 2

where m, n are non-negative integers and ¢(z) = I''(z) /T (z).

The first results reads:

. P(z) . p(w—n)
zg@n I'(z) - zlul—>o m (B.1)
e T (w—i)r ¢ 1
_zhlg})f(w)[—;w_ﬁlﬁ(w)} (B.2)
= 1113(23 [1(w=1) (B.3)
= (=) (B.4)
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The second result is:

r(—21—1) . T(-21-2e—1)
T e (e ®:5)
L . T(2z—-21-1)
= lim (lim, =) (B.6)
L r(2z) Ili(z—))
e T(—2¢) ITie(—e—})
I (e tca ) e
1 ; Il
=20V ey .
The third result reads:
ri+1-y) .. T(l+1+42z)
r(-l-y) zgrzly I'(—1+z) (B.10)
= lel’{ly(z +D)(z+1-1).(z+1)z(z—1)...(z =) (B.11)
1
= (=D [T —v?). (B.12)

k=1



Appendix C

Charged Pion Annihilation Rate

C.1 Matrix element M ;

Expanding the Lagragian density in Eq. (3.35), we see that the part corresponding to photon

interactions is
Ling = —AuJV' — A, AV ot (C.1)

where ], = ie(¢9,¢" — ¢'9,¢) and the corresponding vertices are

T Y T
p1 pP1 ok
- k> v T+ P2

The diagrams to compute the matrix element are, up to order O(e?),
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Following the Feynman rules to compute the matrix element, then

iM = —ie? [(2271 - kl)“ey(llilz)EZfz —ko)Vey (k) N (2p1 — kz)”ey(:i)_(Zfz —k1)e, (k1)
(C2)
+2€”(k1)€‘u(k2)] = (C3)
= —ice, (ki)ey (k2) [(2;71 — k1)2P‘(_2p2 — k)Y N (2p1 — kzlszpz — ko)¥ tgw| = (C4)
us—t U —u
= —ie*ey (k1 )ey (ko) MM. (C5)

We see that the Ward identities are satisfied k%,/\/l”” = ki./\/l’“/ = 0 and using the fact that
p1+p2 =k +kyandk; - € = 0, M can be rewritten as

M],{I/ — 2 zplll(kl _ pl)v

2P¥(kz —pl)!
pr—t

L

+g". (C.6)

Averaging over photon polarizations and using ) ez% (k)eWY (k) = g" one obtains

1 Lo aqmv
(M) por = 7 1AM = J MM (C7)
AN
After some algebra, we have that
2 2 2 2
v ot pou prokitp’  prketp
M, M 161+ G2 1) + G2 — ) e + 72— (C.8)
(P1-F1+12) (p1 - ko + 12)
+2 GZ—DUE—u) . (C.9)
Taking 2p; - k1 = t — y? and 2p; - ko = u — p? and after some algebra
G 6 4 4(y2 1 2 242
<‘M’2>pd:2645y d(u +t)p® + p*(u” +t°) + ut ‘ (C.10)

(12— 1)2(p? —u)?
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In the non-relativistic regime, s ~ 4u?. Using the equality s + t + u = 2u? and t ~ —u?, it

leads to
(IM?) pot = 2¢* = 321%02, (C.11)

where « is the fine structure constant.

C.2 Cross section

Considering that we have the scattering 1 +2 — 3 + 4 of two particles, the initial state is
li)y = |7t (p1)7 (p2)),, and the final state is |f) = |y(p3)7Y(pa)),,; Where in the end of the
calculation we consider the particles as being charged pions and photons. The probability of

transition from one state to another is

| gut<f‘i>in‘2
(f1£) (ili)

where | (fli);, = ;, (f| S |i);, = (27)*6(ps — pi)iM g;. Defining the states as 1-particle states,

Py = (C.12)

their normalization is (p|p) = 2E,V and the transition probability is

TV (27)*6(ps — pi)| Mil?

Py = . (C.13)
S (2B, V)(2E, V) (2E,, V) (2E,, V)
Summing over the final states, we have that
T (2m)* / d’p3 dpy 2
L= — O(pr—pi)| Mg C.14
"= ViE,E, | @n)2E, @n)p2E, s~ P)Mil (C14)
The rate of the transition is
P.
?Z = finc X 0; (C.15)

where the flux of incident particles is f,. = w Henceforth, the cross section is given by

Pps __dps 5(ps— pi)| Ml (C.16)

7= 4EplEp2]vl vzy/ 271)32E,, (271)32E,,

Having the matrix element M ; we can calculate the cross section.
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Since the cross section is Lorentz invariant we can consider the center-of-mass frame. In this
frame py + po = P3 + pa = 0 and using that 7 = g,

- [Myil? dps dpy

' 647—[2(EP1 + Elﬂz) ’ﬁl‘ EPS EP4

5(ps = pi)- (C.17)

The integrand can be written as d(ps — p;) = 6(Ep, + Ep, — \/5)d(p3 + Pa), where in the CM
frame s = (E,, + Ep,)?. Making the change of variable w = E,, + E,,, it results that

’Mfl |P3|/
= dQ C.18
VARG (C18)
MR Bl
= Tows 151 (C.19)

Using the identity E? = m? 4 |p|* and the fact that in the CM frame E — E, = m] — m3, we
have that

/(s —2(m2 4+ 12)) + (3 — m3)

s(s —2(m3 +m32)) + (m} — m3)
sl = v : 2\;‘5 S (C21)

Specifying for the process 7" 771~ — 77y, we have that

sl _ [_5 (C22)

1Z1 s —4p?

which leads to, multiplying by a symmetry factor 1/2 due to the final state of two identical
photons,

M|
3271+/s(s — 412)

(C.23)

i =

In the center-of-mass frame, the flux of incident particles is | f| = (] Ep; - ]:P; 2 1), where n is
P2

the number density of the incident particles. In this frame:

E, =¥ (C.24)

— V(s —4p?) (C.25)



C. CHARGED PION ANNIHILATION RATE 75

which results in the annihilation rate per particle:

2 327m%a?
T, = C.26
‘ Vcloud 327ts ( )
2
Tt
N —— C.27
2V2Vcloud ( )

and so we see that this rate will depend on the mass of the black hole, I'; = I';(a;,).
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