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Resumo

Os fluidos viscoelásticos são fluidos complexos, frequentemente de alta viscosidade.
Desta forma, a análise de escoamentos não isotérmicos pode exigir, não só a análise das
equações acopladas de energia e de quantidade de movimento, mas também o efeito
da temperatura na forma e coeficientes das equações constitutivas reológicas. Neste
trabalho, os efeitos térmicos em fluidos viscoelásticos são investigados.

Primeiro, um novo sistema de equações governativas é apresentado que considera
a dependência da temperatura, das propriedades de transporte e termodinâmicas, bem
como o mecanismo de armazenamento de energia elástica. Estas equações contêm al-
guns termos que não são geralmente usados em investigações de escoamentos com
efeitos térmicos apresentadas na literatura. Este trabalho tem como objetivo avaliar o
seu verdadeiro impacto no escoamento e nas suas caracterı́sticas térmicas. As equações
são implementadas numa ferramenta numérica para reologia computacional, chamada
rheoThermTool, que é posteriormente usada na solução numérica de vários escoamen-
tos de referência, que permitirão a quantificação do verdadeiro impacto dos vários con-
tribuintes de origem térmica nas equações governativas. O rheoThermTool é baseado
no OpenFOAM toolbox para mecânica de fluidos computacional.

Em primeiro lugar, o código do rheoThermTool é validado com recurso a dados
analı́ticos e soluções numéricas para o caso do escoamento de referência em canal bidi-
mensional, com um fluido de Phan-Thien-Tanner (sPPT). O impacto da natureza da
elasticidade do polı́mero é também investigado.

De seguida, o escoamento de referência em torno de um cilindro confinado é us-
ado para avaliar o comportamento térmico de um fluido sPPT, em condições com
caracterı́sticas cinemáticas simples que removem, através de condições geométricas e
de escoamento totalmente desenvolvido, muitas das caracterı́sticas do escoamento não
isotérmico, para assim abordar, de uma melhor forma, escoamentos reais. O impacto do
mecanismo de armazenamento de energia é investigado neste caso.

Concluiu-se que para o escoamento em de canal bidimensional, a alteração do mecan-
ismo de armazenamento de energia elástica não levou a mudanças significativas das
caracterı́sticas do escoamento. Este resultado foi então validado através de uma análise
cuidadosa das equações governativas.

Dos resultados do escoamento em torno de um cilindro confinado, concluiu-se que a
natureza da elasticidade do fluido não tem qualquer impacto no campo das tensões, no
entanto, quando o fluido possui elevada elasticidade, mudanças significativas surgem
no campo de temperatura.
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Abstract

Viscoelastic fluids are complex fluids, often of high viscosity, therefore the analysis of
non-isothermal flows may require not just the analysis of the coupled thermal and mo-
mentum equations, but also the effect of temperature on the form and coefficients of the
rheological constitutive equations. In this work, thermal effects on viscoelastic fluids are
investigated.

First, a new set of governing equations is presented that accounts for temperature
dependency of transport and thermodynamic properties as well as the elastic energy
storage mechanism. These equations contain some terms that are not usually used in
non-isothermal flow investigations in the literature and this work is aimed to assess
their true impact on the flow and thermal characteristics. There equations are imple-
mented in a numerical tool for computational rheology, named rheoThermTool, that is
subsequently used for their numerical solution in various benchmark flows that will
allow the quantification of the true impact of the various non-isothermal contributors
to the governing equations. rheoThermTool is based on the OpenFOAM toolbox for
Computational Fluid Dynamics.

First, the code from rheoThermTool is validated with the use of analytical and nu-
merical solutions for the channel benchmark flow case, with a simplified Phan-Thien-
Tanner (sPPT) fluid. The impact of the nature of the polymer elasticity is investigated in
the channel flow.

Then, the benchmark flow around a confined cylinder is used to evaluate the thermal
behaviour of an sPPT fluid, in a flow devoid of simple kinematic characteristics that
remove, through geometric and fully-developed conditions, many of the relevant non-
isothermal flow features and approach better real processing flows. The impact of the
energy storage mechanism is investigated on the this case.

It was concluded that for the two-dimensional channel flow, changing the elastic
energy storage mechanism did not have any impact on the flow features. This result
was then validated through a careful analysis of the governing equations.

From the results of the flow around a confined cylinder, it was concluded that the
nature of the fluid elasticity add no impact on the stress field, however, when the fluid
possess high elasticity, significant changes arise in the temperature field.
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Chapter 1

Introduction

1.1 Motivation

The intense period of polymer and plastics development started with the fusion between
science and technology after the second World War. This period was characterized by
the great inventiveness of the main contributors to this new industry field (Tadmor and
Gogos, 2013). As the technology evolved, new and more advanced tools were required
in polymer and plastics processing methods. Hence, the use of engineering analysis
and process simulation led to sophisticated processing methods and complex polymer
systems.

From the polymerization process, passing through the compounding and reactive
polymer processing operations to the injection molding of the final product, the polymer
melt suffers intense thermochemical changes which need to be thoroughly assessed and
controlled. As mentioned above, at this level of analysis the use of computation process
simulation is of utmost importance. Through computer aided simulation it is possible
to achieve desired final product and polymer properties more efficiently then by pure
trial and error.

Polymer engineering is today facing a turning point in which research is focused on
developing a better understanding of the molecular structure of the polymers and how
it impacts the rheological and thermal behaviour. This approach is also referred to as
macromolecular engineering. According to Tadmor and Gogos (2013) this new field faces
great many challenges, namely:

the study of heat, mass, momentum entropy at “finite structure levels” of
solids and liquids, during deformation, melting and solidification; [...] and
the transient flow and non-isothermal rheology.

There is a need to further understand the governing equations of the aforementioned
complex flows. This necessity can be aided through the implementation of numerical
algorithms to solve such equations. Solving these equations numerically poses numer-
ous problems. With recent development of stabilization methods flow investigations
involving such governing equations is facilitated. Further information on the history
and methods of polymer processing can be found in Tadmor and Gogos (2013).

In order to tackle the problem of predicting the behaviour of non-isothermal flows
of viscoelastic fluids, some questions need answers: from a theoretical standpoint it may
be questioned how are the momentum and constitutive equations changed by the presence of

1



2 1.2. State of the art

non-isothermal effects? Furthermore, does the way in which the material stores elastic energy
affect its macroscopic behaviour?

The present work explores these questions. Indeed, a careful evaluation of the litera-
ture and of the governing equations, shows the existence of differences, especially on the
momentum and constitutive equations when considering non-isothermal effects. An-
other important conclusion is that the mechanism of elastic energy storage, considered
at the molecular level, has a significant impact on the temperature field. This reveals that
there is a need for a greater understanding of how materials made of macromolecules
store energy internally, especially in the presence of deformation.

1.2 State of the art

Heat transfer is a challenging topic that forces scientists to deal with a complex and intri-
cate set of physical mechanisms that, when taken all into account, lead to an apparently
impossible problem, not only from the challenges posed by the complicated calculus
involved but also from the translation of phenomena to a mathematical framework.

Naturally, the study of heat transfer in fluids started with less complex Newtonian
fluids. For a meaningful result, and at the minimum level of complexity, the dependency
on temperature of the transport and thermodynamic properties has to be considered.
The mechanisms which take part in the energy transfer can, in many cases, be forced by
gradients of thermal properties throughout the geometrical domain. Studies on the heat
transfer and dynamics of Newtonian flows are thoroughly documented in the literature
such by Incropera and DeWitt (2001) at a fundamental level and Kays et al. (2005) at a
more advanced level.

When dealing with viscoelastic fluids, the mechanism with which the mechanical
energy is dissipated into heat is fairly more complex than with Newtonian fluids. The
deformation of a purely elastic material results in a reversible storage of mechanical
energy, i.e., the material can release all the elastically-stored energy reversibly. The
deformation of purely-viscous material results in the dissipation of all the mechanical
energy. When deforming a viscoelastic material part of the energy is stored and the
rest is dissipated. Moreover, the way the elastic energy is stored also has a significant
impact on the flow characteristics. For a viscoelastic fluid, when considering an isother-
mal flow, the stress and velocity fields will depend on the deformation and its history
(hence the elastic in the name). When we consider thermal effects, the stress, velocity
and temperature fields become dependent on both the deformation and temperature,
together with their history.

For some particular industrial problems, as the channel flow, analytical solutions
have been presented. Among such works are Pinho and Oliveira (2000) for forced con-
vection heat transfer, and Coelho et al. (2002) for constant wall temperature flows, which
present solutions for the Phan-Thien-Tanner (PTT) (Phan Thien and Tanner, 1977; Phan-
Thien, 1978) shear-thinning fluid model. These works consider only an entropic elasticity
mechanism. As will be shown in this thesis, considering energy elasticity or entropy elas-
ticity or a combination of both results in the same solution, for channel flow.

When one delves into the continuum mechanics of non-isothermal flows of viscoelas-
tic fluids, it is indispensable to study the fundamentals presented in Truesdell and Noll
(1965). This seminal text is the basis of the subsequent works, especially when analysing
the thermodynamics of such flows. Another important contribution was by Braun and
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Friedrich (1990), who carried out a mathematical description of the dissipative source
term in the energy equation , accompanied by an analysis of the nature of elastic-energy
storage.

Further analysis of the thermodynamics of viscoelastic flows was carried out by
Peters (1995) in which a new mathematical framework was proposed. This facilitates the
numerical treatment of the constitutive equation and allows the use of such formulation
in several constitutive models in a systematic way. The application of this methodology
to the benchmark flow around a cylinder for a PTT fluid model was made in Peters and
Baaijens (1997).

Built upon this framework is the work developed by Rodrigues et al. (2019) in which
a careful analysis revealed the presence of some terms which are not present in Pe-
ters and Baaijens (1997). These terms are linked to the consideration that temperature-
dependent properties may be time-dependent.

The elastic-entropic elasticity partition can be more complex than what Braun and
Friedrich (1990) and Peters and Baaijens (1997) described. These authors constructed
their models upon the conformation tensor, which is based on the end-to-end connector
vector of the elementary macromolecular model. In their work, Hütter et al. (2009)
claimed that models describing elastic effects based only on the conformation vectors
are insufficient to correctly describe the phenomenon since much of these effects are
determined by material structures that are much smaller than the end-to-end vector,
therefore a local structural parameter was introduced.

From an industrial standpoint, considering a complex non-isothermal model as the
one used in this text is not advantageous. Some of the properties needed to fully de-
scribe the fluid in such way are often extremely difficult to measure and frequently have
to be determined indirectly. Even so, some studies have been carried out to analyse in-
dustrial applications of such models. Khalifeh and Clermont (2005) used a finite-volume
formulation to simulate the flow of a simplified Phan-Thien-Tanner (sPPT) fluid through
a truly three-dimensional single-screw extruder. Non-isothermal effects were modeled
by the consideration of temperature dependent properties. For the energy equation
source term, due to the presence of the viscoelastic fluid, only the entropic elasticity
contribution was considered.

Many injection parts are mainly composed of thin-walled structures, aimed at these
applications, Cao et al. (2008) used a semi-analytical method in which the pressure field
was determined with a Galerkin method commonly employed in finite-element formu-
lations) while the other field variables were analytically calculated. This semi-analytical
approach was used to reduce the computational load that a three-dimensional numeri-
cal solution of viscoelastic fluid flows carries. Compressibility effects were modeled by
the Tait equation-of-state (Dymond and Malhotra, 1988), and the viscosity was modeled
by the Williams, Landel and Ferry (WLF) law (Williams et al., 1955). However, no spe-
cial care was given to the treatment of the energy equation source term, nor any direct
changes were considered in the PTT constitutive equation.

A toy case was also analysed by Ren et al. (2015), who tried to replicate the filling
of a C-shaped structure. In this case a meshless technique was employed to simulate
an eXtended Pom-Pom fluid. This model and the numerical method could predict with
good accuracy the flow of the free surface in the filling process. The results also show
that this approach predicted the evolution the temperature field accurately. However, the
temperature effects were only pondered by having temperature dependent properties
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and no special attention was given to the elasticity mechanism nor to dissipation effects.
For the property dependency on temperature consideration, Nóbrega et al. (2004)

analysed the impact of several important thermal properties when a temperature depen-
dency law is considered. The geometry used in the investigation was a two-dimensional
channel. The results showed that the one of the largest differences in the tempera-
ture profile was noted when the viscosity was temperature-dependent. Another result
showed that also a significant difference was evident in the temperature profile when the
relaxation time was temperature-dependent. As for the velocity profiles, the most im-
pactful changes were noted when the viscosity was considered temperature-dependent.
In this work, a correction method for the Nusselt number and the friction coefficient and
the values of the correction coefficients are presented.

In conclusion, the numerical modeling of thermo-rheological flows is an unclosed
subject with ongoing work in theoretical models, numerical methods and laboratory
techniques. The analysis carried out in the present work uses a relatively complex
model that poses some difficulties in its direct application to industrial cases, mainly
in the determination fluid properties. Nonetheless, with this study the author hopes to
shed some light on how some of the rich and complex inner workings of the elasticity
mechanism affects the overall thermal and flow behaviour.

1.3 Objectives

As mentioned before, there is a need to better understand how viscoelastic materials
store elastic energy. Rodrigues et al. (2019) have proposed a new set of governing equa-
tions that aim to better describe the behaviour of viscoelastic fluids in non-isothermal
conditions, when considering temperature dependent properties.

In this work this new approach was implemented in rheoThermTool, which is a fluid
flow solver based on the OpenFOAM CFD toolbox, built upon rheoTool (Pimenta and
Alves, 2017) a similar solver for isothermal flows. With this new solver, it is possible to
study the impact the elastic storage mechanism, along with the temperature and time
dependent thermal properties. The new implementation of the code is validated against
several solutions in the reference literature. After a careful validation process, the stage
is set to start the parametric study of the elastic energy storage mechanism through
an investigation of a well known flow benchmark (note that the corresponding thermal
behaviour is not a benchmark case). From the results, significant changes arise in the
flow (Vide et al., 2019).

The final aim is to determine what are the consequences of considering different
types of elasticity and to verify whether some of the most common approaches are
reasonable. Previously, a fairly similar work was carried out by Peters and Baaijens
(1997), but in this thesis the governing equations used result from a new analysis and
aim to include some terms dependent on property variation with temperature and time
that were neglected by Peters and Baaijens (1997).

1.4 Outline of the thesis

The remainder of this thesis contains 5 chapters and 3 appendices.
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After this introduction in Chapter 1, Chapter 2 presents the fundamental theory
necessary to understand the governing equations is presented. There is also a small
description of the numerical method as to provide the reader with a good sense of the
magnitude of the errors/uncertainties inherent to the results presented.

In Chapter 3 the process of validation is presented. This is a rather thorough valida-
tion process, which was necessary because an extensive part of the code is new.

In Chapter 4 the results are presented. First, the impact of the elastic energy storage
mechanism on the channel flow characteristics are presented. Next, the flow arround
a confined cylinder is analysed, in whcih the results of the temperaure and normal
stress ares presented and dicussed. Also, in the same flow, the impact of the elasticity
mechanism is also analysed.

In Chapter 5 the conclusions and future work recommendations are presented.
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Chapter 2

Theory

In this Chapter, the mathematical formulation for the physical laws governing themo-rheological
flows is presented. The Cauchy stress tensor for viscoelastic fluids contains additional stress
contributions which will affect the momentum balance and whose modeling is achieved through a
rheological constitutive equation. The formulation for the energy equation is presented since new
mechanisms of energy flow appear. A brief summary of the numerical methods employed is also
presented.

2.1 Momentum equation

From the application of Newton second law to an infinitesimal fluid element the equa-
tion of motion is determined, relating the acceleration to the net force at a point for any
continuum. This equation is also known as the Cauchy equation of motion, being defined
as

ρ
D~u
Dt

= ~∇ ·σ+ ρ~g , (2.1)

where σ is termed the Cauchy stress tensor and ~∇ ·σ represents the net surface forces per
unit area acting on the fluid element. Tensor ρ~g represents the net body forces acting on
the fluid element. The left-hand side of equation (2.1) is the material derivative of the
velocity field, D~u/Dt, which from an Euleurian perspective is:

D~u
Dt

=
∂~u
∂t

+ (~u · ~∇)~u . (2.2)

For a Newtonian fluid, the Cauchy stress tensor is modeled with the expression (2.3),
which accounts for the viscous stresses arising from the fluid motion and for the ther-
modynamic pressure p.

σ = −pI + τv (2.3)

For the determination of τv the constitutive equation for a Newtonian fluid is used:

τv = 2ηS + (~∇ · ~u)ΛI , (2.4)

where η denotes the dynamic viscosity and S the strain-rate tensor, defined as S =
1
2

(
~∇~u + (~∇~u)ᵀ

)
. The second term of the right-hand side of equation (2.4) drops for the

7



8 2.2. The Phan-Thien-Tanner constitutive equation

present analysis as incompressibility is assumed leading to a divergence-free continuity
equation, (~∇ · ~u) = 0.

The main difference when dealing with non-Newtonian fluids lies in the treatment
of the Cauchy stress tensor. In many applications, it is usual to consider a polymer
diluted in a solvent. This approach leads to a division of the Cauchy stress-tensor in a
Newtonian solvent part, σv, and a viscoelastic polymer part, σe:

σ = −pI + τv +σe (2.5)

Note that some fluids, like a polymer melt, do not have a solvent contribution to the
total stress tensor.

The question is shifted to the modeling of the elastic extra-stress tensor, σe. There are
plenty of available models which could be used, however a model which can describe
completely the flow behaviour of a non-Newtonian fluid in any type of flow is yet to
be conceived. Depending on the nature of the flow and fluid in question, a constitutive
macroscopic model is the best alternative to represent the dynamical behaviour of the
system.

2.2 The Phan-Thien-Tanner constitutive equation

Constitutive equations, such as Eq. (2.4), can be divided into explicit in the stress or
implicit. Amongst the implicit models there are the differential equations, some of
which are non-linear. The model used throughout the present work is a differential
non-linear model, the Phan-Thien-Tanner constitutive model (Phan Thien and Tanner,
1977; Phan-Thien, 1978).

The derivation of a constitutive model can be carried out based on different physical
propositions. One of these possible theories for the modeling of polymer-based fluids is
the network theory, constructed around the use of a physical parametrization of the poly-
mer network, that may be sketched as in figure 2.1, with the connector vector represented
by~r.

With the study of the deformation of such network in a polymer-based fluid flow, it
is possible to determine the stress tensor. The connector vector will be used as means to
determine the deformation field. As with a Newtonian fluid, a differential element of
volume is composed of a great many number of junctions, so to derive a model based
on macroscopic quantities there has to be a statistical treatment of the vector ~r within
the differential element of volume. A constitutive model must present its approach to
the treatment of~r and other microscopic properties.

One such model is the Phan-Thien-Tanner constitutive equation as presented in
Phan Thien and Tanner (1977). This model was derived for homogeneous flows of
incompressible isothermal polymeric fluids, and has proven to be very effective in mod-
eling shear-dominated flows in channel flows. The differential equation of the present
model is given by

5
σe +

f
(
tr(τe)

)
2 λ

τe = 0 , (2.6)

where 5 represents the upper-convected derivative of the tensor defined as

5
σe ≡

∂σe

∂t
+ (~u · ~∇)σe − (~∇~u)ᵀ·σe −σe · ~∇~u , (2.7)
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Figure 2.1: Schematic representation of a polymer network inspired by Phan Thien and
Tanner (1977).

and

τe = σe −
ηp

λ
I , (2.8)

with f being a function defined as,

f
(
tr(τe)

)
= exp

(
ε λ

ηp
tr(τe)

)
≈ 1 +

ε λ

ηp
tr(τe) , (2.9)

being the last term a linearization of the first that may be used when the trace of τe is
small. The parameter ε is one of the free parameters of the PTT model.

Some of the terms of the model were not presented in Eq. (2.6) since they relate to
non-linear extensibility behaviour of the network strands and slippage in the network.
These effects are commonly neglected in the literature and Eq. (2.6) is designated as the
simplified PTT model (e.g. Pinho and Oliveira, 2000).

A more common form of Eq. (2.6) is written in regards only to the deviatoric part of
the stress tensor

5
τe +

f (tr(τe))

λ
τe =

ηp

λ
2S . (2.10)

PTT for non-isothermal flows

To account for non-isothermal effects, some extra terms arise in the constitutive equa-
tion, as presented in Rodrigues et al. (2019). Together with the non-linear extensibility
parameter, K, and slippage factor, ξ, Eq. (2.6) becomes:
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5
τe +

f
(
tr(τe)

)
λ

τe + ξ
[
S · τe + τe · S

]
. . .

. . . − 2K

[(
1− ξ

) (
τe : S +

ηp

λ
~∇·~u

)
− f

(
tr(τe)

)
2 λ

tr(τe)

] (
τe +

ηp

λ
I
)
− Ṫ HT

(
τe +

ηp

λ
I
)

. . .

. . . =
(
1− ξ

) ηp

λ
2S +

(
λ̇

λ
− η̇p

ηp

)
ηp

λ
I , (2.11)

when considering K and ξ equal to 0, Eq. (2.11) simplifies to

5
τe +

f
(
tr(τe)

)
λ

τe − Ṫ HT

(
τe +

ηp

λ
I
)
=

ηp

λ
2S +

(
λ̇

λ
− η̇p

ηp

)
ηp

λ
I . (2.12)

Equation (2.12) differs form Eq. (2.10) by two terms: the last term on the left-hand
side and the last term on the right-hand side. Following Peters and Baaijens (1997), the
quantity Ṫ HT relates to the way elastic energy is stored in the polymeric network and
is modeled by

Ṫ HT ≡
∂ ln c
∂T

∣∣∣∣
ρ,B
Ṫ − ∂ ln c

∂ρ

∣∣∣∣
T,B
ρ ~∇·~u , (2.13)

which is the broadest definition of the term, where c is a parameter of the non-linear
model, that can by approximated by

Ṫ HT ≈
ϕ

T
Ṫ − ~∇·~u , (2.14)

with the parameter ϕ representing the following behaviour:

• ϕ = 0 : states that the elastic energy stored in the polymeric network is carried by
the change in internal energy, ǔ (distortion of bond angles); also referred to as the
pure energy elasticity case;

• ϕ = 1 : states that the elastic energy stored in the polymeric network is carried
by the change in entropy, š, which means that for a given value of ~r there is a
certain number of possible strand configurations. The network will tend to evolve
to values of~r which are more probable, i.e., that have more strand configurations
associated. This evolution is the phenomenon that accompanies the production of
entropy. This case is also referred to as the pure entropic elasticity case.

This parameter can take on any values between these two limiting cases with the obvious
consequence of pondering each of these elasticity mechanisms.

The quantities λ̇ and η̇p represent the material derivatives of these properties (λ and
ηp), since these are treated as temperature-dependent scalar fields. The values of the
properties in regards to temperature are to be modeled with an appropriate thermal
constitutive model.
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2.3 The energy equation

When treating non-isothermal flows there needs to be a consideration of the first law of
thermodynamics, which will allow to determine the temperature field. The first law of
thermodynamics can be written as the conservation of internal energy,

ρ ˙̌u = −~∇ ·~q +σ : ~∇~u + Q̇ , (2.15)

where ρ is the fluid density, ~q is the heat flux and Q̇ is heat generated or transferred
by other processes. The term ρ ˙̌u is the change in internal energy per unit of volume
and σ : ~∇~u represents the work power done by the Cauchy stress-tensor. An alternative
form of the previous equation can be written considering the relation between internal
energy and enthalpy and leading to the following conservation of enthalpy equation,

ρ ˙̌h = −~∇ ·~q + ṗ +
(

p I +σ
)

: ~∇~u + Q̇ , (2.16)

where ṗ is the material derivative of pressure. After some mathematical manipulation
together with a careful thermodynamic analysis, Rodrigues et al. (2019) reached the
following equation equivalent to (2.16) for the PTT fluid

ρ cp Ṫ = −~∇ ·~q + α T ṗ + τv : S +
(
ξ + ϕ− ξ ϕ

) (
τe : S +

ηp

λ
~∇·~u

)
. . .

. . . +
(
1− ϕ

) f
(
tr(τe)

)
2 λ

tr(τe) + Q̇ . (2.17)

Once again, neglecting slippage (non-affine motion), the last equation becomes

ρ cp Ṫ = −~∇ ·~q + α T ṗ + τv : S + ϕ
(
τe : S +

ηp

λ
~∇·~u

)
. . .

. . . +
(
1− ϕ

) f
(
tr(τe)

)
2 λ

tr(τe) + Q̇ , (2.18)

where α is the thermal expansion coefficient defined as α = − (∂ ln(ρ)/∂T)p which is
set to zero for incompressible flow, cp the isobaric heat capacity, term τv : S is the work
power done by the viscous part of the Cauchy tensor, also know as viscous dissipation,
and term τe : S the work power done by the deviatoric elastic part of the Cauchy tensor.
The remaining terms have been presented before.

2.4 Numerical model

The aforementioned equations present a high level of non-linearity. This presents a
serious challenge when dealing with fluids with a considerably high elasticity. Such a
problem has been well documented and is referred to as the high Weissenberg number
problem (HWNP) (c.f. Keunings, 1986).

To tackle such flows, there is a need to use special numerical approaches to stabi-
lize the computations. One such approach is presented in Pimenta and Alves (2017),
where a log-conformation method is used to stabilize the constitutive equation while a
new stress-velocity coupling equation is proposed. This stabilization scheme was then
implemented in rheoTool which was the basis for rheoThermTool. The following sub-
section gives a brief overview of some of the numerical aspects.
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2.4.1 The non-isothermal viscoelastic flow solver

The computer code used to solve the set of governing equations was rheoThermTool, a
solver for OpenFOAM which contains rheological models for viscoelastic fluids and gen-
eralized Newtonian fluids in non-isothermal flows. This tool was based on rheoTool, a
solver for isothermal viscoelastic and generalized Newtonian fluid flows.

When dealing with non-isothermal flows, transport and thermodynamic properties
can change significantly throughout the geometrical domain, and so rheoThermTool

implements these properties as scalar fields and offers several thermal functions that
can be used to model the dependency of these properties on temperature. This feature
should not be overlooked since it demanded a significant restructure of the inherited
code from rheoTool, which treated transport and thermodynamic properties as con-
stants when dealing with viscoelastic fluids. Having thermal properties as scalar fields
was a necessity when considering terms like λ̇ and η̇p.

2.4.2 Discretization schemes

As with any other OpenFOAM solver, in rheoThermTool there is the possibility to
choose how each term of the governing equations is discretized. The configuration of
the discretization schemes can be defined by editing the file system/fvSchemes which
is divided into six sections (sub-dictionaries), as explained in OpenCFD (2019) website:

• interpolationSchemes: Point-to-point interpolation of values;

• gradSchemes: Gradient operator ∇;

• snGradSchemes: Component of gradient normal to a cell surface;

• divSchemes: Divergence operator ∇ ·Φ;

• laplacianSchemes: Laplacian operator ∇2Φ and loosely the diffusion terms like
∇ · (Γ∇Φ);

• timeSchemes: First and second time derivatives ∂/∂t and ∂2/∂t2;

Considering the transport equation of any property Φ,

∂Φ
∂t︸︷︷︸

timeSchemes

+∇ · (ρΦ~u)︸ ︷︷ ︸
divSchemes

=

laplacianSchemes︷ ︸︸ ︷
∇ · (Γ ∇Φ︸︷︷︸

gradSchemes

) +SΦ , (2.19)

next a brief explanation of some of the important details concerning the numerical
schemes used is presented. It is important to understand that in the context of the
finite volume technique used, the equation is first volume-integrated prior to being dis-
cretized.

Point-to-point interpolation

In the present work, for the point-to-point interpolation is a central differencing scheme
was used. This scheme can be selected with the keywords: default linear. For clar-
ification, if one considers the face between control volume C and neighbour, N, as in
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Figure 2.2: Schematic representation of computational mesh cells inspired by Moukalled
et al. (2016).

figure 2.2, some scalar value Φ that one wishes to interpolate linearly is given by the
next equation,

Φ f = c ΦN + (1− c)ΦC ,

where

c =
|~x f −~xC|
|~xN −~xC|

. (2.20)

Careful consideration of the interpolation schemes is fundamental because it can restrict
the accuracy of the overall calculation.

Divergence discretization

For the discretization of the divergent terms a similar discretization scheme was used.
Applying Gauss divergence theorem to the volume enclosed in the cell,∫

V
∇ · (ρ~uΦ) dV =

∮
A

Φρ~u · d~A ≈∑
f

[
Φρ~u · ~A

]
f

where the subscript f stands for the faces that encompass the volume V that is being
discretized, with surface areas A f . The way in which the values of the property Φ are
computed on the face of the finite volume element, after applying the Gauss divergence
theorem, is dictated by chosen numerical scheme. A numerical scheme, similar to the
one used in the interpolation, can be employed to determine the property value on the
cells surface:

Φ f ρ f~u f · ~A f = ((1− c)ΦC + c ΦN) ρ f~u f · ~A f (2.21)

The use of centred differences for the discretization of advective terms leads to oscil-
lating solutions, thus these are handled by enforcing some kind of numerical diffusion
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to avoid this. Exemplifying with the upwind scheme:

ρ f u f A f Φ f = ṁ f Φ f = [c ṁN + (1− c) ṁC]

{
ΦC, ṁ f > 0

ΦN , ṁ f < 0
(2.22)

with the unknowns ṁ f from which the velocity field is determined. This scheme is
set by keywords: Gauss upwind. However, for the advection terms in the present work,
specifically when the property Φ is the deviatoric stress tensor τe, the temperature T and
the log-conformation method variable θ, a higher order, more sophisticated, numerical
method was used, namely the CUBISTA method (Alves et al., 2002). This method was
set by keywords: GaussDefCmpw cubista.

Gradient discretization

The discretization of a gradient term in a orthogonal grid, is given by

(~∇Φ ·~n) f =

(
∂Φ
∂n

)
f
≈ ΦN −ΦC

δ`NC
(2.23)

This scheme is set by the keywords: Gauss linear.

Time discretization schemes

Although the solutions presented throughout the present work are for stationary flows,
time was used as a relaxation variable for the convergence of the stationary solution.

For time discretization a backward Euler scheme was used, which is defined by

(ρCΦC)
t − (ρCΦC)

t−∆t

∆t
V + L

(
Φt

C
)
= 0 (2.24)

where L
(
Φt

C
)

is the discretization of the spatial operator that includes all the non-
transient terms. In this method the values of Φ at time t are calculated implicitly. In
OpenFOAM this method is set by the keyword: Euler.

2.5 Final remarks

In the present chapter the reader was introduced to some of the key phenomena which
are to be investigated. The set of governing equations for non-isothermal flows of the
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simplified PTT fluids is

~∇ · ~u = 0 (2.25)

ρ
D~u
Dt

= ~∇ ·σ+ ρ~g (2.26)

σ =
(ηp

λ
− p

)
I + τv + τe (2.27)

τv = ηs2S (2.28)

5
τe︸︷︷︸
I

+
f
(
tr(τe)

)
λ

τe︸ ︷︷ ︸
II

− ϕ

T
Ṫ
(
τe +

ηp

λ
I
)

︸ ︷︷ ︸
III

=
ηp

λ
2S︸ ︷︷ ︸

IV

+

(
λ̇

λ
− η̇p

ηp

)
ηp

λ
I︸ ︷︷ ︸

V

(2.29)

ρ cp Ṫ︸ ︷︷ ︸
I

= −~∇ ·~q︸ ︷︷ ︸
II

+ τv : S︸ ︷︷ ︸
III

+ ϕ (τe : S)︸ ︷︷ ︸
IV

+
(
1− ϕ

) f
(
tr(τe)

)
2 λ

tr(τe)︸ ︷︷ ︸
V

+ Q̇︸︷︷︸
VI

(2.30)

φ = g(T) for φ = η, λ, cp, k (2.31)

where g is a thermal constitutive model for a given property.
It is worth mentioning that an extra condition was considered: the flows were

deemed inertialess, in accordance with the physics of the vast majority of polymer melts,
which are the fluids analysed in the present work. The practical impact of this is that the
convective part of the material derivative of the velocity field in the Cauchy equation,
Eq. (2.26), vanishes leading to

ρ
∂~u
∂t

= ~∇ ·σ+ ρ~g .

Throughout the course of the present work a code was used to solve the aforemen-
tioned set of governing equations named rheoThermTool

As for the numerical schemes, these were set to the ones used in Pimenta and
Alves (2017) which presented good stability and results complaint with the phenomenon
physics.
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Chapter 3

Validation on the channel flow

In this chapter the validation process and its results are presented. For this purpose several
simulations were performed focusing on a two-dimensional channel flow, considering different
conditions, from simple fully-developed isothermal flow situations to the consideration of temper-
ature dependent thermal properties and an analysis of the effects of heat generation.

3.1 Introduction

The validation is based on a total of four flows of which the literature provides analytical
or numerical solutions. The first three cases are characterized by constant transport and
thermodynamic properties and are followed by a fourth case in which dependence of
fluid properties on temperature is considered.

The first flow, presented in Section 3.2, is a purely dynamic case, i.e., isothermal
situation. The objective is to assess the accuracy in the determination of the velocity,
pressure and stress fields; necessary conditions to subsequently perform further cal-
culations accounting for thermal effects. The results are compared with the analytical
solution presented in Oliveira and Pinho (1999).

In Section 3.3 a non-isothermal case is evaluated corresponding to a forced con-
vection flow with constant wall heat flux. The results are compared to the analytical
solution presented in Pinho and Oliveira (2000).

Section 3.4 treats two cases of flow with constant wall temperature: thermal and
thermodynamically fully developed channel flow with negligible viscous dissipation and the
equilibrium viscous dissipation flow in a channel. The corresponding analytical solutions
are given by Coelho et al. (2002).

Finally, in Section 3.5, the flow and heat transfer with constant wall temperature
but with temperature-dependent properties is analysed. There are no analytical solu-
tions that account for temperature-dependent properties known to the author. Hence,
a numerical simulation was carried out in the same geometry and using the same dy-
namic and thermal properties as presented in Nóbrega et al. (2004) and the results were
compared.

17
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3.1.1 Problem definition

The two-dimensional channel flow of viscoelastic fluids with heat transfer is mainly
defined by the following dimensionless groups:

εDe2 = ε

(
λu
4H

)2

, Re =
ρu4H

η
, Pe =

ρcpu4H
k

, Pr =
cpη

k

where De is the Deborah number, Re the Reynolds number an Pe the Peclet number.
The remaining relevant fluid properties and flow parameters are presented in the ap-
propriate section.

3.1.2 Computational mesh

In the subsequent analysis, a simple two dimensional mesh was used. Considering the
half-height of the channel H = 0.005 m, the length was set to L = 2000H. This large
value was to guarantee the developed flow conditions and the channel flow is a relatively
simple case that does not require a significant computational effort. A refinement was
used near the walls and at the inlet since these are the areas where large gradients arise.

Figure 3.1: Schematics of two-dimensional channel mesh. Note that a mesh of the full
geometry was used, no symmetry conditions were set.

For the sake of clarification, the initial portion of the computational mesh is pre-
sented in figure 3.1, where it can be seen the aforementioned mesh refinement near the
walls and at the inlet. The mesh generation was made by constructing a block consisting
on the half-height of the channel and mirror it along the longitudinal symmetry axis.
This mirrored block was composed of 272 cells on the longitudinal direction and 40
cells in the transverse direction, i.e., Nx = 272 and Ny = 40. As for the expansion ratios
defined as

δx =
(∆x)N

(∆x)1 ,

where (∆x)N is the length of the last cell of the domain and (∆x)1 the length of the first
cell of the domain. Their values were set to δx = 584.7 and δy = 2.787. The expansion
ratios can be written as geometrical progression coefficients between the length of ad-
jacent cells. For the present case these coefficient are rx = 1.0238 for the longitudinal
direction and ry = 0.9741.
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3.1.3 Initial and boundary conditions

For the purpose of validation, several boundary conditions were set and described in
the appropriate section, with the exception of the stress field. For this field the following
conditions were set: a zero stress condition was set at the inlet, a linear extrapolation
used at the walls and a zero gradient at the outlet.

As for the initial conditions, the fluid began at rest, with constant zero pressure
and stress, and its temperature field was set to a uniform distribution of the reference
temperature used in the properties thermal functions.

In the next sections some boundary conditions will be used which will now be de-
fined. The condition for an imposed flux of any scalar quantity Φ, which can also be
referred as a Neumann boundary condition, is defined as

~JΦ
b · ~Ab = ~JΦ

b ·~nb Ab = qb︸︷︷︸
specified flux

Ab (3.1)

where ~JΦ
b can either be a convective flux, (ρ~uΦ), or a diffusive flux, (−ΓΦ~∇Φ), where

ΓΦ is the diffusivity for the scalar Φ. The remaining parameters are: boundary’s surface
vector ~A, the boundary’s normal vector ~nb and the specified flux at the boundary qb. An
imposed gradient condition is essentially and imposed flux condition in which a zero
gradient condition is a particular case of qb = 0.

It will also be presented boundary conditions for an imposed value of a given prop-
erty. This condition is also known as the Dirichlet boundary condition. It is formally
defined as

Φb = Φb,specified (3.2)

where Φb is the value of the scalar property at the boundary and Φb,specified the im-
posed value. An imposed profile condition is just imposed values of a mapped profile
throughout the boundary’s domain.

3.2 Isothermal flow of a sPTT fluid in a channel

The first step of the validation process is to ensure that the code produces results that are
in agreement with the literature for the purely isothermal flow case. Simulations were
run for the channel flow with constant fluid thermodynamic and transport properties
and imposing no heat transfer.

The analytical solution for the isothermal velocity profile is given by Oliveira and
Pinho (1999) as

u(y)
u

= κ
uN

u

(
1−

( y
H

)2
)(

1 + 4κ2εDe2
(

uN

u

)2 (
1−

( y
H

)2
))

, (3.3)

where H is the half-width of the channel; κ = 1.5; De = λu/H is the Deborah number
in which λ is the fluid relaxation time and ε is a parameter of the constitutive Simplified
Phan-Thien-Tanner model related to the non-linear behaviour of the fluid properties.
The Newtonian mean velocity (for the same pressure gradient), uN , and the mean velo-
city of the present flow, u, are defined as,

uN =
−px H2

2κη
, (3.4)
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u =
−px H2

3η

(
1 +

6ελ2 p2
x H2

5η2

)
, (3.5)

where px is the pressure gradient.
The impact of different inlet conditions to impose the same Poiseuille flow was inves-

tigated. Conditions assessed at the inlet were: an imposed uniform velocity profile with
a zero-gradient condition for the pressure field; and imposed fully-developed Newto-
nian laminar profile with a zero-gradient condition for the pressure; and a zero-gradient
condition for the velocity with an imposed uniform pressure profile. In all the previous
situations, an imposed uniform pressure profile and a zero-gradient condition for the
velocity were set at the outlet.

It was concluded that imposing a fully developed Newtonian laminar velocity pro-
file at the inlet, corresponding to the same pressure gradient, lead to a more stable
convergence. These results are presented next.

Figure 3.2 compares the computed and analytical profiles for the fully-developed
flow, which are in good agreement. It is important to notice that, in one of the presented
cases, a low elastic Mach (Mae) number , defined as Mae =

√
De Re, was chosen to

reduce the presence of instabilities.
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Figure 3.2: Velocity profiles of the sPTT channel isothermal flow (with εDe2 = 0.008 and
16.5; Re = 4.3 and 191.1; Mae =

√
Re De = 1.67 and 74.1).

Although the aforementioned flow is of great importance, the case for a high elastic
Mach number is also noteworthy. Even in such unstable conditions the code still pro-
duces high quality results, which can be concluded by analysing the high elastic Mach
number case in figure 3.2.

The error is defined as

error =
uan − urtt

uan
, (3.6)
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where uan is the analytical result and urtt are the results from rheoThermTool. For the
low Mae case the average error was less than 0.02% and for the high Mae was less than
0.4%.

The results for the constant inlet pressure and a uniform inlet velocity profile collapse
on the profile computed with a parabolic inlet velocity therefore they are not shown
for conciseness. Nevertheless, from the numerical point of view there are differences
by using as inlet condition an imposed inlet pressure the computations may become
unstable, eventually leading to divergence for high Mae. In regards to the converged
solution its numerical results collapse with the analytical profiles as shown in figure 3.2.

3.3 Non-isothermal flow with constant wall heat flux and fully
entropic viscous dissipation

In this Section the first non-isothermal flow will be investigated, with a wall thermal
boundary condition as a constant heat flux. As the previous isothermal flow case, the
inlet boundary conditions for the velocity and pressure fields where set to those that
provided the best results, i.e., a zero pressure gradient at the inlet, a uniform pressure
field at the outlet and for the velocity a fully developed parabolic Newtonian profile at
the inlet and zero velocity gradient at the outlet.

The analytical solution for the temperature profile is presented in Pinho and Oliveira
(2000) and is as,

T − Tc =
3uN H2

2α

dT
dx
×
[

1 + a
2

( y
H

)2
− 1

12

( y
H

)4
− a

30

( y
H

)6
]

. . .

. . .− 9ηu2
N

k

[
1
12

( y
H

)4
+

a
15

( y
H

)6
]

, (3.7)

where Tc is the temperature at the centreline and a is a dimensionless quantity given by:

a ≡ 9εDe2
(

uN

u

)
(3.8)

where the mean Newtonian velocity, uN , and the mean velocity, u, are given by Eq. (3.4)
and Eq. (3.5), respectively. For an imposed wall heat flux, qw, the gradient of temperature
along the channel is given by equation (3.9).

dT
dx

=

[
−qw

k
+

9ηu2
N

kH

(
1
3
+

6
15

a
)]/[

3uN H
2α

(
2
3
+

4
5

a
)]

(3.9)

Since the fluid properties remain independent of temperature, the momentum equa-
tion remains independent of the temperature field, hence the velocity profiles are not
affected, so they will not be presented again. The temperature profile presented in figure
3.3 corresponds to the particular case of qw = 0 W m−2, which is equivalent to defining
adiabatic walls and the temperature profile is a consequence of the existence of internal
heat generation by viscous dissipation of entropic origin. Inspection of equation (3.9)
shows that the fluid temperature increases linearly along the channel as a consequence,
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i.e., the heat generated internally by viscous dissipation is fully converted into internal
thermal energy. The dimensionless temperature presented in figure 3.3 is defined as

θ =
T − Tw

T − Tw
,

where Tw is the temperature at the wall and T the bulk temperature defined as

T =

∫ H

−H
ρucpT dy∫ H

−H
ρucp dy

. (3.10)
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Figure 3.3: Temperature profiles of the sPPT channel flow with adiabatic walls (with
εDe2 = 0.0084, Pr = 0.882 and Pe = 3.8).

Also in figure 3.3, the case with qw = 10 W m−2 is plotted where the temperature
gradient at the wall is no longer null. If a constant wall temperature were imposed
instead, the temperature gradient in the streamwise direction would depend on which
factor predominates: cooling through the wall or internal heating from viscous dissi-
pation. A particular case corresponds to a situation where the cooling heat flux equals
the internal heat generation leading to dT/dx = 0. This is also synonymous of a con-
stant wall temperature and constant wall heat flux named as the equilibrium viscous
dissipation flow, being further discussed in Section 3.4.2. In all cases shown the match
between the results of the numerical calculations and the analytical solution is excellent.
The average error for the adiabatic walls case was about 0.7% and for the 10 W m−2 case
was less than 0.3%.



Chapter 3. Validation on the channel flow 23

3.4 Fully developed flow with constant wall temperature

In this Section two fully-developed flows with heat transfer are discussed: the fully
developed thermal flow without viscous dissipation and the equilibrium viscous dissipation flow
(fully entropic dissipation). To qualify the internally generated heat the Brinkman number
is defined:

Br =
ηu2

k(Tw − Ti)
, (3.11)

where Ti is the bulk temperature at the inlet being defined by the boundary condition.
The first flow case has a fully-developed dynamic and thermal flow (∂θ/∂x = 0) with
no viscous dissipation (Br = 0). The second case also corresponds to a fully-developed
flow (∂θ/∂x = 0), now with viscous dissipation (Br 6= 0), but in this case, we impose
a zero bulk temperature gradient (dT∗/dx∗ = 0). For the present case terms III and
IV of Eq. (2.29) and V from Eq. (2.30) were neglected. This was done by setting the
parameter ϕ to 1, which is named in rheoThermTool as elastEnergDiss and by setting
the variables dotLambdaSwitch, dotEtaPSwitch and dotTHfunSwitch to false in the
same dictionary, constant/constitutiveProperties.

As with the previous case, the dynamic boundary conditions used were a developed
Newtonian profile at the inlet and a zero-gradient condition at the outlet for the velocity.
For the pressure a uniform zero-valued profile at the inlet and a zero-gradient condition
at the outlet.

3.4.1 Negligible viscous dissipation

In this case, simulations were run neglecting term IV from Eq. (2.30). This was done by
setting the variable viscoelasticDissipationTerm to false in the
constant/constitutiveProperties dictionary. The analytical solution for the present
case can be found in Coelho et al. (2002) and is given by equation (3.12).

T∗ = −Pe
4

dT∗

dx∗

{[
0.6694

4

∑
i=0

δiai + 0.8604y∗
2 ×

4

∑
i=0

[
αiai ×

11

∑
j=0

βijy∗
2j

]]/ 4

∑
i=0

γiai

}
(3.12)

The coefficients δ, α, β and γ can be found in Appendix C. For the determination of the
bulk temperature gradient,1 equation (3.13) is used.

dT∗

dx∗
= −Nu

Pe
T∗I × exp

[
−Nu

Pe
x∗
]

, (3.13)

where T∗I represents a known bulk temperature at a reference location, within the ther-
mally developed region, and defined in a dimensionless form as per equation (3.16),
and x∗ is the dimensionless streamwise coordinate relative to the reference location. To

1In Coelho et al. (2002) there is an error in Equation (36), that is corrected in Eq. (3.13).
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obtain the Nu value, equation (45) of the paper is used:

Nu = 6.8567

{
4

∑
i=0

γiai

/[
(u/uN)[a5 + 4.4810a4 + 8.0360a3 . . .

. . . + 7.2093a2 + 3.2355a + 0.58111]
]}

, (3.14)

where Nu is the Nusselt number defined as

Nu =
qw 4H

(T − Tw)k
, (3.15)

where qw is the wall’s heat flux.
The normalization of the temperature T∗ is defined as

T∗ =
Tw − T
Tw − Ti

(3.16)

where Ti the bulk temperature at the inlet.
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Figure 3.4: Temperature profiles for the fully developed thermal flow with negligible
viscous dissipation (with εDe2 = 0.0084, Pr = 1000, Pe = 4311 and Br = 0).

For the analytical solution, the dimensionless bulk temperature in the developed re-
gion was considered at x = 50H where x∗ takes the value of 0. The results are presented
in figure 3.4 with a small deviation from the analytical solution, whose average relative
error does not surpass the 3.3%. Such deviation may be rooted in the calculation of
the bulk temperature gradient, Eq. (3.13), when determining the analytical temperature
profile. The temperature difference between the centreline and the wall is small which
means that a small numerical error can lead to a visible deviation of the temperature
profile.
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3.4.2 Equilibrium viscous dissipation flow

In this regime an equilibrium is reached between the transverse conduction towards the
wall and subsequent wall cooling and the internal heat production by viscous dissipa-
tion.

The analytical solution is presented in Coelho et al. (2002) and is given by equation
(3.17).

T∗ = 3Br
(

uN

u

)2 4a(y∗
6 − 1) + 5(y∗

4 − 1)
20

(3.17)

The numerical results are presented in figure 3.5 showing a very good match with
the analytical solution, with the average error less than 0.3%. The temperature profiles
were sampled at x = 80H.
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Figure 3.5: Temperature profiles for the equilibrium viscous dissipation flow (with
εDe2 = 0.0084, Pr = 1, Pe = 4.311 and Br = −0.683).

3.5 Accounting for temperature-dependent properties

To the best of the author’s knowledge there are no available analytical solutions for
the temperature profile considering temperature-dependent fluid properties. There are,
however, numerical studies that evaluate the impact of considering this dependency
on temperature. Amongst these is the work of Nóbrega et al. (2004) which is used as
reference to validate the results obtained using rheoThermTool.

It is worth mentioning that some of the extra terms in the governing equations that
resulted from the approach presented by Rodrigues et al. (2019) were neglected for the
purpose of validation, since these were not considered in the analysis carried out by
Nóbrega et al. (2004).
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The fluid properties whose impact is to be analysed are: the dynamic viscosity (η),
the isobaric specific heat capacity (cp), the thermal conductivity (k), and the elastic re-
laxation time (λ). The plots in figure 3.6 were obtained letting the property in question
depend on temperature, whilst restraining all other remaining properties to a constant
value.

As in Nóbrega et al. (2004), both the dynamic viscosity η, and the elastic relaxation
time λ were modeled with similar expressions

η(T) = η0 aT , (3.18)

λ(T) = λ0 aT , (3.19)

where η0 = 10 Pa s and λ0 = 0.002 s. In regards to the shift factor aT, the value is the
same in the two models and is given by the Arrhenius equation

aT = exp
[

α

(
1

T + 273.15
− 1

T0 + 273.15

)]
(3.20)

where α = 1.72× 103 K and both T and T0 are in Celsius, with T0 = 190◦C.
For the isobaric heat capacity cp and the thermal conductivity k, the models follow

the same structure

k(T) = k0(k∗0 + k∗s T) , (3.21)

cp(T) = cp,0(c∗p,0 + c∗p,sT) , (3.22)

with k0 = 0.08 W m−1 K−1, k∗0 = 0.7753, and k∗s = 0.00118 ◦C−1. For the isobaric
heat capacity model the coefficients are cp,0 = 0.4 J kg−1 K−1, c∗p,0 = 1.2122 and c∗p,s =

−0.00112 ◦C−1.
All results presented below were obtained for the following flow conditions: De = 0.4,

εDe2 = 0.1, Re = 2, Mae = 0.894, Pr = 50, Pe = 100 and Br = −25.
The velocity profile considering variable isobaric heat capacity (cp) and the thermal

conductivity (k) are not presented since they collapse into the constant properties solu-
tion.

Most results agree with the reference data of Nóbrega et al. (2004) with the exception
of the effect of the isobaric heat capacity, cp, which shows a slight deviation, as observed
in figure 3.6 (left), that presents a comparison of the profiles for CP vs cp (constant
properties vs cp = f(T)) for a case of equilibrium viscous dissipation flow, i.e., in which
the internal generated heat equals the heat lost through the wall, therefore a situation
in which both the wall temperature and the wall heat flux are constant. Under these
conditions, Eq. (2.30) becomes:

ρcp

(
�
��

∂T
∂t

+ u��Tx + �vTy +���wTz

)
= −

(
�
��

∂qx

∂x
+

∂qy

∂y
+

�
��

∂qz

∂z

)
+ τe : S ,

where Tx is the temperature gradient in the longitudinal direction and Ty and Tz are
defined in a similar way. This result leads to the conclusion that, in the stationary
developed regime the temperature field should not depend on the isobaric specific heat
since its value only appears on the left-hand-side of the energy equation multiplying the
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Figure 3.6: Results for parametric study of fluid properties dependence with tempera-
ture for developed channel flow with constant wall temperature. The results in Nóbrega
et al. (2004) are plotted for comparison, shown as lines, whilst the simulations results are
displayed as symbols. Note that “CP” refers to constant properties, whereas in “All”,
all flow properties are defines as temperature dependent.

null value of the material derivative of temperature. These conclusions are in agreement
with the results of the current work.

However, when assuming temperature-dependent properties, the energy equation
solved in Nóbrega et al. (2004) is different from the equation implemented in rheoThermTool,
unless the fluid properties ρ and cp are independent of temperature. The equation, tran-
scribed from the paper, is

∂(ρcpT)
∂t

+
∂(ρcpujT)

∂xj
=

∂

∂xj

(
k

∂T
∂xj

)
+ τij

uj

xj
, (3.23)

where cp appears inside the divergent. With this approach, extra terms would appear as
explained in Rodrigues et al. (2019), when we consider the first law of thermodynamics
based on enthalpy. The material derivative of enthalpy is defined as

˙̌h = cp Ṫ +
∂ȟ
∂p

∣∣∣∣∣
T,B

ṗ +
∂ȟ
∂B

∣∣∣∣∣
ρ,T

: Ḃ . (3.24)

A similar expression is given in Schlichting and Gersten (2016) for the Newtonian fluid
where the derivative of the enthalpy with regards to the conformation tensor, B, is not
present. To follow such models and neglecting the compressibility effects and depen-
dency on the conformation tensor, Eq. (3.23) would need to be written as:

∂(ρcpT)
∂t

+
∂(ρcpujT)

∂xj
− ρT

∂cp

∂t
− ρT

∂(ujcp)

∂xj
=

∂

∂xj

(
k

∂T
∂xj

)
+ τij

uj

xj
. (3.25)
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However the form presented in Eq. (3.23) is fairly common for fluids with constant
isobaric specific heat.

Nevertheless, even using Eq. (3.23), under the flow conditions exposed above, the
left-hand-side term would be null in the fully-developed regime. The differences be-
tween the constant properties curve and the isobaric specific heat curve, presented in
Nóbrega et al. (2004), may thus be related to some numerical artifact due to the channel
entry evolution.

3.6 Final remarks

The validation process followed a careful evaluation of the effect of each intervening
phenomenon, beginning with the isothermal flow with constant properties all the way
to the constant wall temperature flow with temperature-dependent transport and ther-
modynamic properties. The effect of viscous dissipation was also assessed.

The results from the various test case simulations show the excellent agreement
between the numerical simulations and the corresponding reference data, therefore the
work proceeds with the new simulations.
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Results

In this chapter two benchmark cases are analysed: the two-dimensional channel flow and the two-
dimensional confined cylinder flow. Parametric studies are conducted to help in the understand
of the flow overall behaviour, and partially the impact of the elasticity mechanism.

4.1 Effects of the elastic energy storage on the channel flow

The first case being studied was the channel flow. This was the natural choice given
the intense validation work previously done. A thorough description of this case can be
found in Section 3.4, in particular in Section 3.4.2.

For both cases, constant wall temperature and constant wall heat flux, the results
seemed to not depend on ϕ, the parameter which dictates the mechanism of elastic
energy storage. Simulations with constant properties were run and the results are pre-
sented in Figures 4.1 and 4.2.
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Figure 4.1: Effect of the variation of ϕ for the channel flow, with constant properties and
constant wall temperature: (left) normalized temperature; (right) normalized velocity.

These results hinted that there was a strong chance that in the case of the channel
flow, changes in the parameter ϕ did not affect the temperature and velocity fields.

29
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Figure 4.2: Effect of the variation of ϕ for the channel flow, with constant properties and
constant wall heat flux: (left) normalized temperature; (right) normalized velocity.

Analytical approach

To understand this independence on the parameter ϕ, an analysis of the governing
equations was made.

When looking at Eq. (2.18) and consider that there are no effects of compressibility,
one arrives at

ρ cp Ṫ = −~∇ ·~q + τv : S + ϕ τe : S︸ ︷︷ ︸
I

+
(
1− ϕ

) f
(
tr(τe)

)
2 λ

tr(τe)︸ ︷︷ ︸
II

+Q̇ ,

where, between the two terms I and II, only the first is present when considering purely
entropic elasticity and only the second is present when we consider purely energy elasticity.
For the term ϕ not to have any effect on the channel flow, one has to prove that the terms
I and II are equal, and if so these two terms should sum to a quantity independent of ϕ.

In two-dimensional fully-developed channel flow there is no transverse velocity so
all of its derivatives are null. Also, since the flow is developed there are no derivatives
of kinematic quantities in the flow direction. With these considerations one can easily
arrive at the following result

τe : S = τe :
1
2

(
~∇~u + (~∇~u)ᵀ

)
≡ τxy

∂u
∂y

(4.1)

The treatment of term II requires the evaluation of the constitutive equation (2.12),

5
τe +

f
(
tr(τe)

)
λ

τe − Ṫ HT τe =
η

λ
2S +

(
1
λ��

���[ η

λ
λ̇− η̇

]
+ Ṫ HT

η

λ

)
I ,

where the term involving the material derivatives of η and λ is null because we are
considering constant properties. One can also easily reach the conclusion that in the
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fully-developed flow conditions the material derivative of the temperature, Ṫ, is null
since the wall temperature and wall heat flux are both constant. With this we reach

5
τe +

f
(
tr(τe)

)
λ

τe =
η

λ
2S . (4.2)

We shall now look at each term of the previous equation. Starting with the upper
convective derivative of the deviatoric elastic stress tensor

5
τe =

�
��

∂τe

∂t
+
(
~u · ~∇

)
τe − τe · ~∇~u− (~∇~u)ᵀ · τe ,

where we strike the local derivative since we are considering the flow as stationary.
Taking into account

(
~u · ~∇

)
τe = u

�
�
�∂τij

∂x
+ �v

∂τij

∂y
+

�
�
�

w
∂τij

∂z
= 0 ,

the first term is null because in the developed flow there are no gradients on the main
direction of the flow and the second term is null because there is no transverse velocity.
Addressing now the next term

τe · ~∇~u =

τxx��ux + τxyuy +���τxzuz τxx��vx + τxy��
vy + τxz��vz 0

τxy��ux + τyyuy +���τzyuz 0 0
τxz��ux + τyzuy +���τzzuz 0 0


=

τxyuy 0 0
τyyuy 0 0
τyzuy 0 0

 ,

with ux = ∂u/∂x and so on. In a similar way

(~∇~u)ᵀ · τe =

τxyuy τyyuy τyzuy

0 0 0
0 0 0

 ,

leading to

5
τe ≡ −

2τxyuy τyyuy τyzuy

τyyuy 0 0
τyzuy 0 0

 .

Looking know to the strain-rate tensor we have

2S =

 2��ux uy +��vx ����uz + wx

uy +��vx 2
��
vy ����vz + wy

0 0 2��wz

 =

 0 uy 0
uy 0 0
0 0 0

 .

We can now write Eq. (4.2) as

−
2τxyuy τyyuy τyzuy

τyyuy 0 0
τyzuy 0 0

+
f
λ
τe =

η

λ

 0 uy 0
uy 0 0
0 0 0

 ,
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considering the scalar equations in the xx, yy and zz directions

xx : − 2τxyuy +
f
λ
τxx = 0

yy :
f
λ
τyy = 0 ⇒ τyy = 0

zz :
f
λ
τzz = 0 ⇒ τzz = 0

Considering the term II from the previously presented temperature transport equation
we have

f
2λ

tr(τe) =
f

2λ
(τxx +��

τyy +��τzz) = τxy
∂u
∂y

. (4.3)

In this way we have proven that terms I and II are the same as it is evident when
comparing equations (4.1) and (4.3). As it has been stated, since these terms have the
same numerical value, they collapse into a single term independent of the value of ϕ.

4.2 Flow around a confined cylinder

As shown above, the channel flow cannot aid in the understanding of the impact of
different elasticity mechanisms, therefore the results from the more insightful two di-
mensional flow around a confined cylinder will be presented.

4.2.1 Flow geometry and computational mesh

In the subsequent analysis, a mesh similar to the one presented in Alves et al. (2001)
was used.

The reference length is the radius of the cylinder, R, which was set to 1 m. The ratio
between the half-height, H, and the cylinder radius is equal to two, H/R = 2. The
channel has a total length of 80R, in which 19R is the upstream length from the cylinder
forward stagnation point and 59R is the downstream length from the cylinder rear
stagnation point. A block-structured mesh was used and its division is schematically
represented in figure 4.3.

As it can be seen in figure 4.4, a high level of mesh refinement was used, both on
the cylinder surface and cylinder wake. This arrangement is used since in both regions
gradients of high magnitude will be present, in particular for the stress field.

In table 4.1 the block-structured mesh parameters are presented, in which Nx/s is the
number of cells in the x direction for blocks 1 and 8, and s direction for blocks 2 through
7. In the same way Ny/r is the number of cells in y or r direction. The δx/s represents
the cell expansion ratio and is defined by

δx/s =
(∆x)N

(∆x)1 ,

in which (∆x)N is the last cell length in the x direction of the block and (∆x)1 is the first
cell length of the block. The parameter δy/r is defined in a similar way. It is also common
to define the expansion ratio as a geometry progression ratio between consecutive cell
sizes, rx/s, that is also presented in table 4.1.
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Figure 4.3: Cylinder schematics computational mesh, based on the one used in Alves
et al. (2001). Note that a full (wall to wall) geometry was used.

Figure 4.4: Cylinder computational mesh.
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Table 4.1: Cylinder mesh parameters

block Nx/s Ny/r δx/s δy/r rx/s ry/r

1 33 40 0.12 1 0.9359 1.0000

2 40 43 1 30 1.0000 1.0844

3 23 43 0.5 30 0.9690 1.0844

4 23 43 1 30 1.0000 1.0844

5 23 43 1 30 1.0000 1.0844

6 23 43 2 30 1.0320 1.0844

7 60 43 0.2 30 0.9731 1.0844

8 50 60 20 5 1.0630 1.0277

4.2.2 Initial and boundary conditions

For this case, the same temperature of 462 K was used on the constant wall temperature
boundary condition and on the uniform temperature profile at the inlet. For both the
cylinder and the outlet a zero gradient condition was set for the temperature.

In the velocity field, the standard boundary conditions were used: no slip at both
the walls and the cylinder surface, a uniform profile at the inlet and a zero gradient
condition at the outlet.

The boundary conditions for the pressure field were also set to the standard arrange-
ment: a uniform fixed profile at the inlet and a zero gradient condition for the walls,
cylinder surface and the outlet.

As for the stress field, a zero stress condition was set at the inlet, a linear extrapola-
tion used at the walls and cylinder surface and a zero gradient at the outlet.

Concerning initial conditions, the fluid began at rest, with constant zero pressure
and stress, and its temperature field was set to a uniform distribution of the reference
temperature used in the properties thermal functions of 462 K.

4.2.3 Flow considerations and conditions

For the reference temperature of 462 K, the fluid was defined with the following prop-
erties: ρ = 0.1 kg m−3, η0 = 10 Pa s, λ0 = 1 s, ε = 0.1, cp = 1000 J kg−1 K−1 and
kt = 0.02 W m−1 K−1. The value of the reference relaxation time was varied to set the
different Deborah number conditions. For the relaxation time, λ, and the viscosity, η, a
Williams-Landel-Ferry equation (Williams et al., 1955) of the form

η = η0 exp
[−c1(T − T0)

c2 + T − T0

]
,

was used in which, for both the viscosity and the relaxation time, the model constants
were set as follows: c1 = 4.53 and c2 = 150.36 K.
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The dimensionless groups used to define the present case are

De =
λ0u
R

, Pe =
ρcpuR

k
, Gn =

η0u2

kT0
,

and hence the Deborah (De), Péclet (Pe) and the heat generation number (Gn) are de-
fined. Several tests will be made by changing the De number, however, the rest of the
non-dimensional quantities are set to: Pe = 5000 and Gn = 1.082.

4.2.4 Results

When analysing the isothermal flow around a confined cylinder, one rapidly notices
that, even though the geometry is smooth, i.e., there are neither corners nor abrupt
changes, viscoelastic fluids develop thin stress layers around the cylinder and especially
in its wake that can lead to numerical instabilities (Alves et al., 2001). These instabilities
increase as the De number increases and is a well known fact leading to the so-called
high Weissenberg number problem.

This poses an important obstacle: in order to analyse the effects of different elasticity
mechanisms, the fluid needs to be sufficiently elastic for these elasticity flow features to
have a significant impact on the flow fields. If we limit our tests to low De number cases,
we will not be able to thoroughly analyse the effects on the flow of the nature of the
elasticity of the fluid.

It should be noted that during the transient situations a seemingly satisfactory solu-
tion appears early in the numerical calculations. However, since this is a creeping flow,
a cold bubble of fluid develops in the vicinity of the rear stagnation point where the
fluid is static and thermal energy is only transferred by conduction. The fluid in this
colder bubble takes a significant amount of time to reach thermal equilibrium with the
surrounding fluid and to gain momentum, so the simulation time should be carefully
chosen to enable the thermal equilibrium of this region.

Effects of the Deborah number

First, the effects of the Deborah number will be analysed in the stress and temperature
fields. In this section we shall only analyse cases with fluids that possess purely entropic
elasticity, i.e., ϕ = 1.

To start our analysis, we shall first look at color maps of the longitudinal velocity,
stress, and temperature field in figures 4.5, 4.6 and 4.7.

From figure 4.5 we can see that with the elasticity increase, the acceleration of the
fluid around the cylinder is greater. Also, when analysing both the surrounding re-
gion of the upstream stagnation point and the downstream stagnation point, significant
changes appear with the increase of the Deborah number, namely, a deceleration region
evolves in the upstream direction, i.e., given the higher elasticity, the cylinder presence
has a greater impact on the upstream flow. As for the downstream region, we can see
that flow pattern changes significantly with the Deborah number increase, hinting that
the high stresses have an important impact on the velocity field.

Next, when looking at the normal stress τxx field presented in figure 4.6, the differ-
ences between both cases are overwhelming. With the presence of elasticity, significantly
higher stresses develop in the cylinder wake, throughout the cylinder surface and in the
wall adjacent to de cylinder.
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Lastly, looking at the temperature filed in figure 4.7, we can easily see that has the
fluid elasticity increases the temperatures of the hot region that develops around the
cylinder decrease. This result suggests that with a fluid with greater elasticity dissipates
less energy.

Figure 4.5: Comparison of the longitudinal velocity fields for ϕ = 1 for flows at De=0.01
(up-half) and De=1 (lower-half).

Figure 4.6: Comparison of the normal stress τxx fields for ϕ = 1 for flows at De=0.01
(up-half) and De=1 (lower-half).
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Figure 4.7: Comparison of the temperature fields for ϕ = 1 for flows at De=0.01 (up-half)
and De=1 (lower-half).

In order to conduct a deeper analysis, we shall now look at the field values plotted
along the cylinder surface and its wake. The normal stress τxx, plotted in figure 4.8
presents a similar behaviour to the isothermal case, which hints to the conclusion that
the non-isothermal effects do not change the stress behaviour from a qualitative stand-
point.
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Figure 4.8: Dimensionless normal stress τxx plotted throughout the cylinder surface,
enclosed between 0 and π, and its wake. The longitudinal coordinate is the arc length.

The normal stress increases with the De number in the cylinder wake and it also
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increases in its surface up to a certain value but seems to decrease after that. At the rear
stagnation point it goes to zero.

Looking at the dimensionless temperature in figure 4.9, we can clearly see that as the
Deborah number increases, the dimensionless temperature decreases in the upstream
side of the cylinder surface. This result can lead us to conclude that as the fluid elasticity
increases, less energy is dissipated. It could be argued that, since the PTT fluid model is
shear-thinning, the work done by the shear stresses would be smaller when compared
to the Newtonian case and this could justify the lower upstream temperature. As we
have seen in figure 4.8, the normal stresses are substantially larger as the De number
increases. However, even though the normal stresses increase with De, the work done
by the tensor field (the term τe : S) can be smaller since this term results from the sum
τe,ij Sij in which if a particular term is dissipating energy it will have a positive sign
and a negative sign if the correspondent energy is being elastically stored. Therefore, it
seems that as the fluid elasticity increases, more energy is being stored instead of being
dissipated.
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Figure 4.9: Dimensionless temperature plotted throughout the cylinder surface, enclosed
between 0 and π, and its wake. The longitudinal coordinate is the arc length.

Analysis of the energy equation

To help us understand if the last proposition is physically coherent we shall look at the
values of each term of the energy equation. Two cases will be discussed: a flow with a
De number of 0.01 and other with a De of 1. In the latter case, the profiles are slightly
degraded from the numerical instabilities, however they remain relevant.

In figure 4.10 the terms of the energy equation, Eq. (2.30), with all its terms in the
left-hand side, leading to a zero sum, are presented. For the dimensionales parameter
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the next quantity is used,

ρcp,0Twu
R

,

and X is a generic term of the energy equation.
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Figure 4.10: Terms of the energy equation plotted along the cylinder surface
(0 ≤ s/R ≤ π) and its wake (s/R > π) for a flow of De=0.01 and a fluid with ϕ = 1.
The variable X is a generic term of the energy equation, Eq. (2.30). The longitudinal
coordinate is the arc length.

As mentioned previously, the sum presented in figure 4.10 should be zero. The
small deviation that appears half-way on the cylinder surface may be numerical in na-
ture. When looking at the remaining curves, several important conclusions can be easily
drawn. First it shall be noted that from the behaviour of the curve of the local derivative
term, the flow is almost certainly stationary.

It seems to be clear that the main energy transport mechanism along the cylinder
surface is heat diffusion, however the convection term is not null suggesting that there
is still some heat convection present. Heat diffusion seems to be the mechanism that
agrees with the physical model since we are imposing a no-slip condition at the cylinder
surface. Moreover, all the heat that is being conducted has its origin in the work of the
polymeric stress tensor, since we have imposed a zero flux condition at the cylinder
surface, excluding this boundary as a possible gateway of heat entering or leaving the
domain.

When looking at the cylinder wake, energy seems not to be generated anymore,
but only transported both by diffusion and convection. This seems to be in accordance
with the physical model since on the one hand the flow is regaining its velocity in a
regime that is essentially extensional, hence the presence of convection. On the other
hand, the fluid layer that follows close to the cylinder surface is substantially hotter than
surrounding fluid leading to a significant presence of heat diffusion.
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Analysing the results at De=1, plotted in figure 4.11, we can conclude that the overall
behaviour is essentially the same as at low elasticity case (De=0.01), but with lower
values of power. The results seem to deteriorate at the cylinder surface, which is to be
expected when we increase substantially the fluid elasticity (HWNP).
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Figure 4.11: Terms of the energy equation plotted along the cylinder surface
(0 ≤ s/R ≤ π) and its wake (s/R > π) for a flow of De=1 and a fluid with ϕ = 1.
The variable X is a generic term of the energy equation, Eq. (2.30). The longitudinal
coordinate is the arc length.

With a more careful evaluation, we can surmise that differences on the flow be-
haviour appear in the wake. Contrary to the low elasticity case, energy transport is not
the only phenomenon present in this region since heat is being generated as we can see
by the τe : S term. As previously stated, the flow in the wake is essentially extensional,
which, in practice, leads to the stretching of the polymer macromolecules. Since we are
considering that these molecules have elasticity, being it entropic or energetic in nature,
the resistance to this stretching from the molecules will produce work on the flow, hence
the non-null τe : S term.

Analysis of the nature of elasticity

The same two limit cases of De=0.01 an 1 were, once again, used in the analysis of the
variation of ϕ. The stress field, seems not to be influenced by the variation of parameter
ϕ so the normal stress profile will not be presented. This leads to the conclusion that
term III in the constitutive equation, Eq. (2.29), has little to no impact.

Analysing the low elasticity case, presented in figure 4.12, we can conclude that the
parameter ϕ has little impact on the temperature field. This behaviour is in accordance
with the physical model since the the fluid elasticity is significantly lower, then it is
expected that only a small portion of the energy will be stored elastically.
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Figure 4.12: Dimensionless temperature plotted throughout the cylinder surface, en-
closed between 0 and π, and its wake, for a flow of De=0.01 and a fluid with several
values of ϕ. The longitudinal coordinate is the arc length.

Looking at the high elasticity case, presented in figure 4.13, we start to see a depen-
dency of the temperature on the elasticity mechanism. Even though there is a depen-
dency of the parameter ϕ, it seems that the overall flow behaviour is not affected, i.e.,
there are no qualitative changes to the temperature profile in the range of analysed De
number flows.

Since only the De=1 case presented significant changes with the temperature and
normal stress fields are now presented in figures 4.14 and 4.15. Even tough changes in
the temperature field can be identified in figure 4.13, they seem to be harder no uncover
in the color map. As for the stress field, no changes ca be indeified in figure 4.15.
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Figure 4.13: Dimensionless temperature plotted throughout the cylinder surface, en-
closed between 0 and π, and its wake, for a flow of De=1 and a fluid with several values
of ϕ. The longitudinal coordinate is the arc length.

Figure 4.14: Comparison of the temperature fields for flows at De=1 with ϕ=0.01 (up-
half) and ϕ=1 (lower-half).
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Figure 4.15: Comparison of the normal stress τxx fields for flows at De=1 with ϕ=0.01
(up-half) and ϕ=1 (lower-half).

4.3 Final remarks

In the present chapter two benchmark cases were analysed: the two-dimensional chan-
nel flow and the two-dimensional confined cylinder flow.

From the first case, we concluded that the parameter ϕ has no impact on the tem-
perature field of the two-dimensional channel flow, which was then corroborated by an
analysis of the governing equations.

The results from the confined cylinder flow let us identify the recognizable patterns
of the velocity and stress fields of the isothermal case. The temperature profile results
showed that the overall temperature decreases with the increase of the Deborah number.
This may be explained by two propositions: on the one hand there is less heat being
dissipated by shear since the sPTT fluid model is shear-thinning; on the other hand,
as the fluid has increasingly more elasticity, its potential to store energy elastically also
increases and, consequentially, less energy is dissipated.

The aforementioned flow was also useful to study the impact of different elasticity
mechanisms on the temperature field. It should be noted that no stress varying with
ϕ profiles were presented because parameter ϕ seemed to have no impact on the stress
field. However, when analysing the temperature results, some differences were detected
when the fluid possessed high elasticity. Despite the changes of the temperature profile
with ϕ, the overall flow behaviour was not affected, which leads to the conclusion that
changing the elasticity mechanism only affects the profile quantitatively, at least in the
range of De numbers analysed.
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Chapter 5

Closure

5.1 Conclusions

The implementation of the governing equations, presented in Chapter 2, in
rheoThermTool code, produced results in accordance with the reference literature, as
seen in Chapter 3. In this thorough validation procedure, a careful assessment was
made of some of the new features implemented in rheoThermTool, namely the thermal
functions and the new thermo-rheological model which enables the modelling of the
nature of the polymer elasticity. The importance of the validation procedure should not
be overlook since this is the first work that uses rheoThermTool as a tool to solve the
governing equation and played an important role on the code testing and debugging.
Average errors in temperature profiles did not surpass 3.3 %.

In Chapter 4, two benchmark cases were analysed: the two-dimensional channel flow
and the two-dimensional confined cylinder flow. A parametric study of the effect of ϕ

on the channel flow was carried out which lead to the conclusion that this coefficient
has no impact on the temperature field for the channel flow. This was then corroborated
by a theoretical analysis of the governing equations.

The second benchmark case of the aforementioned chapter, was significantly more
complex, the well-known viscoelastic confined cylinder flow, enabled us to study the
energy transport mechanisms and how these change with the fluid elasticity. From
these results we concluded that the main energy transport mechanism on the cylinder
surface was heat diffusion and in its wake both diffusion and convection had a similar
impact on the energy transport. Changes were identified in the cylinder wake when
the Deborah number increased, which hinted that the extensional nature of the flow in
the cylinder wake lead to the generation of heat which, presumably, originated from
resistance offered by the elastic polymer molecules to be stretched.

Lastly, on the same chapter, the effects of the parameter ϕ on the flow were anal-
ysed. It was concluded that, for a fluid with low elasticity, this parameter had little
impact since the presence of elastic behaviour was negligible. With a highly elastic
fluid, the importance of the nature of elasticity starts to emerge and significant changes
were identified on the temperature profile with the variation of the parameter ϕ. For
the analysed range of De numbers however, the profiles did not change in shape, and
were only quantitative. It should be noted that these results show that the elasticity
mechanism, modeled by ϕ, shows a dependency on De. For higher De number flows
significant changes are expected when varying ϕ. The nature of the fluid elasticity may

45
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help to explain the discrepancies between the numerical and experimental results for
non-isothermal flows of viscoelastic fluids. Considering the aforementioned results, one
can wonder what is the value of ϕ and is that value dependent on flow characteristics
or even on temperature, stress or velocity fields.

5.2 Suggestions for future work

Bellow, some of future work recommendations are presented:

• To further analyse the impact of the nature of elasticity, finer meshes should be
used in order to diminish the effect of numerical instabilities;

• Investigation of the cylinder flow at higher De numbers but assuming time depen-
dent flow in order to better assess the effect of ϕ;

• Investigation of other benchmark flows but of more extensional nature, like the
flow in a cross-slot;

• Implementation of the governing equations that account for full compressibility
effects;

• Implementation of the Tait equation of state (Dymond and Malhotra, 1988) as a
thermal constitutive function for the density;

• Implementation of new constitutive models (e.g. Mackay, 2018);

• Implementation of multi-phase flows.
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Appendix A

OpenFOAM relevant dictionaries for
the 2D channel flow

In this chapter some of the dictionaries used in the simulations are presented.

1 convertToMeters 1;

2
3 vertices

4 (

5 (0 -.005 -.01)

6 (10 -.005 -.01)

7 (10 0 -.01)

8 (10 .005 -.01)

9 (0 .005 -.01)

10 (0 0 -.01)

11
12 (0 -.005 .01)

13 (10 -.005 .01)

14 (10 0 .01)

15 (10 .005 .01)

16 (0 .005 .01)

17 (0 0 .01)

18 );

19 blocks

20 (

21 hex (0 1 2 5 6 7 8 11) (272 40 1) simpleGrading (584.7 2.787 1) //0

22 hex (5 2 3 4 11 8 9 10) (272 40 1) simpleGrading (584.7 .3588 1) //0

23 );

Listing 1: Two dimensional channel blockMesh dictionary part I.
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1 edges ();

2 boundary

3 (

4 inlet

5 {

6 type patch;

7 faces

8 (

9 (0 5 11 6)

10 (5 4 10 11)

11 );

12 }

13 outlet

14 {

15 type patch;

16 faces

17 (

18 (1 2 8 7)

19 (2 3 9 8)

20 );

21 }

22 walls

23 {

24 type wall;

25 faces

26 (

27 (0 1 7 6)

28 (4 3 9 10)

29 );

30 }

31 frontAndBack

32 {

33 type empty;

34 faces

35 (

36 (0 1 2 5)

37 (5 2 3 4)

38 (6 7 8 11)

39 (11 8 9 10)

40 );

41 }

42 );

43 mergePatchPairs ();

Listing 2: Two dimensional channel blockMesh dictionary part II.
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1 parameters

2 {

3 type PTTlinear;

4 elastEnergDiss elastEnergDiss [0 0 0 0 0 0 0] 1; // 1-fully entropic

5 epsilon epsilon [0 0 0 0 0 0 0] 0.625;

6 zeta zeta [0 0 0 0 0 0 0] 0.;

7 rho rho [1 -3 0 0 0 0 0] 1e3;

8 etaS etaS [1 -1 -1 0 0 0 0] 0.;

9 etaP etaP [1 -1 -1 0 0 0 0] 10.;

10 lambda lambda [0 0 1 0 0 0 0] 0.002;

11
12 stabilization BSD; // stabilization coupling;

13 // Optional terms (evaluated as true if ommited)

14 // newtonianDissipationTerm true; // false , remove term from energyEq

15 // viscoelasticDissipationTerm true; // false , remove term from energyEq

16 dotLambdaSwitch false; // false , remove term from constitutiveEq

17 dotEtaPSwitch false; // false , remove term from constitutiveEq

18 dotTHfunSwitch false; // false , remove term from constitutiveEq

19 }

20
21 thermophysicalProperties {

22 T0 T0 [0 0 0 1 0 0 0] 463.15;

23
24 etaSThermFun constant;

25 etaSThermFunCoefficients {

26 etaS0 etaS0 [1 -1 -1 0 0 0 0] 0.; //yes , we have to repeat it :(

27 };

28
29 etaPThermFun Arrhenius;

30 etaPThermFunCoefficients {

31 etaP0 etaP0 [1 -1 -1 0 0 0 0] 10.;

32 c1 c1 [0 0 0 1 0 0 0] 1.72e3;

33 };

34
35 lambdaThermFun Arrhenius;

36 lambdaThermFunCoefficients {

37 lambda0 lambda0 [0 0 1 0 0 0 0] 0.002;

38 c1 c1 [0 0 0 1 0 0 0] 1.72e3;

39 };

40
41 cpThermFun LinearFit;

42 cpThermFunCoefficients {

43 cp0 cp0 [0 2 -2 -1 0 0 0] 0.4;

44 c1 c1 [0 0 0 0 0 0 0] 0.9994;

45 c2 c2 [0 0 0 -1 0 0 0] -0.00112;

46 ;

47 };

48
49 ktThermFun LinearFit;

50 ktThermFunCoefficients {

51 kt0 kt0 [1 1 -3 -1 0 0 0] 0.08;

52 c1 c1 [0 0 0 0 0 0 0] 0.9995;

53 c2 c2 [0 0 0 -1 0 0 0] 0.00118;

54 };

55 }

56 passiveScalarProperties

57 {

58 solvePassiveScalar off;

59 D D [ 0 2 -1 0 0 0 0 ] 1e-9;

60 }

Listing 3: Two dimensional channel constitutiveProperties dictionary.
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OpenFOAM relevant dictionaries for
the 2D confined cylinder flow
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1 convertToMeters 1;

2 vertices

3 (

4 (-20 0 0)

5 (-2.83 0 0)

6 (-1 0 0)

7 ( -0.7071067812 0.7071067812 0)

8 ( -0.3826834324 0.9238795325 0)

9 (0 1 0)

10 (0.3826834324 0.9238795325 0)

11 (0.7071067812 0.7071067812 0)

12 (1 0 0)

13 (2.83 0 0)

14 (60 0 0)

15 (60 2 0)

16 (2 2 0)

17 (0.83 2 0)

18 (0 2 0)

19 (-0.83 2 0)

20 (-2 2 0)

21 (-20 2 0) //End 17

22 (-20 0 1)

23 (-2.83 0 1)

24 (-1 0 1)

25 ( -0.7071067812 0.7071067812 1)

26 ( -0.3826834324 0.9238795325 1)

27 (0 1 1)

28 (0.3826834324 0.9238795325 1)

29 (0.7071067812 0.7071067812 1)

30 (1 0 1)

31 (2.83 0 1)

32 (60 0 1)

33 (60 2 1)

34 (2 2 1)

35 (0.83 2 1)

36 (0 2 1)

37 (-0.83 2 1)

38 (-2 2 1)

39 (-20 2 1)

40 );

Listing 4: Two dimensional confined cylinder blockMeshDict dictionary part I.
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1 blocks

2 (

3 hex (0 1 16 17 18 19 34 35) (33 40 1) simpleGrading (0.12 1 1) //0

4 hex (2 3 16 1 20 21 34 19) (40 43 1) simpleGrading (1 30 1) //1

5 hex (3 4 15 16 21 22 33 34) (23 43 1) simpleGrading (0.5 30 1) //2

6 hex (4 5 14 15 22 23 32 33) (23 43 1) simpleGrading (1 30 1) //3

7 hex (5 6 13 14 23 24 31 32) (23 43 1) simpleGrading (1 30 1) //4

8 hex (6 7 12 13 24 25 30 31) (20 43 1) simpleGrading (2 30 1) //5

9 hex (7 8 9 12 25 26 27 30) (60 43 1) simpleGrading (0.2 30 1) //6

10 hex (9 10 11 12 27 28 29 30) (50 60 1) simpleGrading (20 5 1) //7

11 );

12
13 edges

14 (

15 arc 5 6 (0.195090322 0.9807852804 0)

16 arc 6 7 (0.555570233 0.8314696123 0)

17 arc 7 8 (0.9238795325 0.3826834324 0)

18 arc 12 9 (2.614579077 1.0829941136 0)

19
20 arc 4 5 ( -0.195090322 0.9807852804 0)

21 arc 3 4 ( -0.555570233 0.8314696123 0)

22 arc 2 3 ( -0.9238795325 0.3826834324 0)

23 arc 1 16 ( -2.614579077 1.0829941136 0)

24
25 arc 23 24(0.195090322 0.9807852804 1)

26 arc 24 25 (0.555570233 0.8314696123 1)

27 arc 25 26 (0.9238795325 0.3826834324 1)

28 arc 30 27 (2.614579077 1.0829941136 1)

29
30 arc 22 23 ( -0.195090322 0.9807852804 1)

31 arc 21 22 ( -0.555570233 0.8314696123 1)

32 arc 20 21 ( -0.9238795325 0.3826834324 1)

33 arc 19 34 ( -2.614579077 1.0829941136 1)

34 );

Listing 5: Two dimensional confined cylinder blockMeshDict dictionary part II.
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1 boundary

2 (

3 inlet

4 {

5 type patch;

6 faces

7 (

8 (0 17 35 18)

9 );

10 }

11 walls

12 {

13 type wall;

14 faces

15 (

16 (17 16 34 35)

17 (16 15 33 34)

18 (15 14 32 33)

19 (14 13 31 32)

20 (13 12 30 31)

21 (12 11 29 30)

22 );

23 }

Listing 6: Two dimensional confined cylinder blockMeshDict dictionary part III.
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1 cylinder

2 {

3 type wall;

4 faces

5 (

6 (2 3 21 20)

7 (3 4 22 21)

8 (4 5 23 22)

9 (5 6 24 23)

10 (6 7 25 24)

11 (7 8 26 25)

12 );

13 }

14 outlet

15 {

16 type patch;

17 faces

18 (

19 (10 11 29 28)

20 );

21 }

22 frontAndBack

23 {

24 type empty;

25 faces

26 (

27 (0 1 16 17)

28 (1 2 3 16)

29 (3 4 15 16)

30 (4 5 14 15)

31 (5 6 13 14)

32 (6 7 12 13)

33 (7 8 9 12)

34 (9 10 11 12)

35 (18 19 34 35)

36 (19 20 21 34)

37 (21 22 33 34)

38 (22 23 32 33)

39 (23 24 31 32)

40 (24 25 30 31)

41 (25 26 27 30)

42 (27 28 29 30)

43 );

44 }

45 );

46 mergePatchPairs

47 (

48 );

Listing 7: Two dimensional confined cylinder blockMeshDict dictionary part IV.
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Table C.1: Coefficients of βij

j i
0 1 2 3 4

0 -1 -1 -1 -1 -1
1 4.019× 10−1 3.58× 10−1 3.121× 10−1 2.641× 10−1 2.138× 10−1

2 −1.316× 10−1 −8.722× 10−2 −4.24× 10−2 2.902× 10−3 4.873× 10−2

3 2.646× 10−2 5.108× 10−3 −1.454× 10−2 −3.235× 10−2 −4.818× 10−2

4 −4.688× 10−3 1.248× 10−3 5.271× 10−3 7.325× 10−3 7.346× 10−3

5 5.547× 10−4 −7.411× 10−4 −1.071× 10−3 −5.03× 10−4 8.851× 10−4

6 −5.047× 10−5 1.343× 10−4 2.968× 10−5 −2.769× 10−4 −6.938× 10−4

7 1.769× 10−6 −1.733× 10−5 1.772× 10−5 6.124× 10−5 7.178× 10−5

8 0 7.567× 10−7 −5.087× 10−6 −4.497× 10−6 1.066× 10−5

9 0 0 3.078× 10−7 −1.072× 10−6 −3.972× 10−6

10 0 0 0 1.177× 10−7 0
11 0 0 0 0 4.137× 10−8

Table C.2: Coefficients of αi, γi and δi

0 1 2 3 4
αi .7348 3.1757 5.1461 3.7051 1
γi .6391 2.8563 4.7902 3.5728 1
δi .6680 2.9532 4.8985 3.6132 1
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