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Abstract

In this dissertation, we study free fermion lattice systems with different models of static dis-
order. In particular, we examine one-dimensional (1D) systems with power-law correlated
random site energies (de Moura-Lyra class of models), at zero temperature.

We report numerical calculations of the spectral functions of Bloch states in the de
Moura-Lyra model, based on the Kernel polynomial method (KPM), which has an O(V)
computational complexity, where N is the system size. The spatial correlations in the
limit o — 17 give rise to non-perturbative spectral functions shaped as the probability
distribution of the random on-site energies, even at low disorder strengths, which reflects
the appearance of a classical limit, and finds an excellent agreement with analytical cal-
culations. In addition, we observe a self-averaging behavior of the spectral function for
a < 1, as the standard deviation decays 1/ VN, at the band center, but ceases to do so for
a>1.

The main focus is to examine delocalization transition in de Moura-Lyra model, which
has been the object of a long standing discussion in the literature. We report the first
numerical evidences that such a transition happens at o = 1, where the localization length
(measured from the scaling of the conductance) is shown to diverge as (1 — a)~!, in the
thermodynamic limit. The persistent finite-size scaling of the data is shown to be caused
by a very slow convergence of the nearest-neighbor correlator to its infinite-size limit, and
controlled by the choice of a proper scaling parameter. This last conclusion leads to a
re-interpretation of the localization in these models which appears to be dominated by the
first neighbor variance rather than the long range power-law tail. Finally, the numerical
results are confirmed by analytical perturbative calculations which are built on previous
work. In addition, we report the kernel polynomial simulations of localization length for
the de Moura-Lyra model. For the Anderson model, the KPM results show an excellent
agreement with perturbative result in large system size limit, confirming the validity of
the kernel polynomial procedure. For the de Moura-Lyra model, we verify our results
by comparing with the localization length obtained by scaling the conductance as well as
analytical result.

We review entanglement analysis of the disordered system and also compute the KPM
estimates of entanglement entropy based on KPM for the Anderson model. In addition,
we present evidence regarding the area law of entanglement entropy by employing a quan-
tum information inspired technique, entanglement contour: a tool to quantify the spatial
structure of entanglement. We also report on the entanglement contour as a diagnostic
tool for delocalization transition in the disordered system. In particular, we numerically
explore the scale invariant feature of the scaled entanglement contour in the vicinity of

phase transition for the power-law correlated disorder model.
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Chapter 1

Introduction

1.1 Context

The study of electronic properties of quantum systems is one of the most fundamental
problems in Condensed Matter Physics (CMP). The electronic states in a perfectly ordered
crystal are translationally invariant with probability amplitudes extending to all lattice
sites. Such extended states are described by plane waves (Bloch’s theorem) and lead to the
metallic nature of the system. However, the situation becomes much more complicated for
real systems with electron-electron correlations or/and disorder. The aim of this thesis is to
study the electronic properties of non-interacting disordered fermions at zero temperature.
More specifically, we study the delocalization mechanism of the quantum systems in the
presence of different models of static disorder.

The phenomena of metal-insulator transition (MIT) [8, 9] is one of the important pillars
underpinning condensed matter systems. It was Anderson [10], who first proposed the
idea of electronic phase transition in a lattice model under certain conditions, the so-called
Anderson Transition. He argued that a non-interacting tight-binding system of electrons
with uniformly distributed random energies (Anderson disorder) would be localized at the

Fermi level if:
e The disorder is strong enough;

e The Fermi energy lies in the region of sufficiently small density of states (at band
edges).
The localized wavefunctions typically have an envelope with an exponential tail,
r

g)zciei@l/}i(ﬂ —70) (1.1)

i

() = exp(

where ¢; are the random phases, ; are the site wavefunctions and 7 gives the locations of
the state. The parameter & quantifies the localization of wavefunctions and is referred as

the localization length [11, 12]. It is one of the most fascinating tools used to characterize
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the behavior of the disordered system. For an exponentially localized states the localiza-
tion length is finite and typically smaller than the linear size of system. In contrast, the
localization length tends to infinity for extended states.

It is a well established fact that all eigenstates of a one dimensional (1D) system are
localized in the presence of infinitesimal Anderson disorder [10]. There is no room for
diffusion of electrons [13, 14|, since the localization length is of the order of mean free path
(the mean distance between two impurities). However, Anderson transition may occur in
a non-interacting cubic lattice for a sufficiently large Anderson disorder (critical disorder)
at zero temperature (7" = 0) [15]. Typically electron states in the tails of the disorder-
broadened bands can easily be restricted to a finite region of space, where the localization
length is much smaller than the system size. In addition, Mott [9], proposed the idea of
mobility edge which separate localized and extended states.

Traditionally, much interest has been given to the standard Anderson model, both
by rigorous analytical methods [12] and numerical simulations [13, 16]. On the contrary,
the role played by space correlations in the disordered potential remains unclear. The
early attempts to deal with correlated disorder models [17] did not show any qualitative
differences in the physics of the system, other than by changing the specific values of the
localization length. The main focus of this work is to fill this gap by studying the behavior
of the 1D Anderson model with correlated disorder, in particular, power-law correlated
disorder model (de Moura-Lyra model).

There exists a considerable amount of work dedicated to numerical study of the strongly
disordered systems. We use a powerful numerical method —Kernel Polynomial Method
(KPM)— for our investigations, which in general plays a very prominent role in this re-
search area [18, 19, 20, 21|. It is based the on polynomial expansions of the target function,
which yield results of high accuracy with modest computational effort. The Chebyshev
polynomials — with good convergence properties of the corresponding series and close re-
lation to Fourier transform [22]— turn out to be a judicious choice of KPM expansion for
most applications. It is important to mention that the numerical convergence and accuracy
of the KPM estimates can be controlled by the number of polynomial moments and by the
choice of an optimal kernel (see section 3.2).

The spectral function plays a fundamental role in illustrating the single particles prop-
erties of a interacting and a disordered quantum systems [23, 24]. It describes the energy
distribution for a particle in a given momentum state k. In a non-interacting translation
invariant system, it is simply a Dirac delta function of energy, peaked at the single particle
energy Ej. Typically, the disorder turns the ideal Dirac delta of the spectral function into
a broadened profile with a finite width [1, 24]. This broadening of the spectral function
can trigger a strong suppression of the peak, as the spectral weight shifts from the cen-
ter to its tails. Most theoretical work [1, 23, 24| show that the spectral function follows
Lorentzian distributions in the perturbative regime for the Anderson model. The width of

the Lorentzian reflects the finite lifetime 7 = hI'™!, and equivalently, the finite scattering



1.1. Context

mean free path [, as given by

2t

= Ep = 0. 1.2
AT r=0 (1.2)

l=vpr =

The calculation of lifetime relies on the Born approximation

AT g2

— = . 1.3

t 2t2 (13)
where €2 = W2 /12 is the variance of the local disorder potential of strength W. It is
worthwhile to mention that the mean free path shows a power-law divergence in the limit

of vanishing disorder at the band center [5].

The knowledge of spectral function also plays a crucial role in the de Moura-Lyra model
[1] (see also chapter 4 for detail). The spectral function reveals a perturbative Lorentzian
like behavior in the limit of Anderson model (a« — 0), (a an exponent that characterize
the algebraic decay of correlations). For o = 0 ones recover the fully localized uncorrelated
model, while in the opposite limit (o« — o0) the system becomes ordered and there is
a complete delocalization. By varying a we observe a change from a Lorentzian shape
to a Gaussian line shape for o — 17, that reflects the classical limit. In this limit, the
spectral function converge towards the probability distribution of the random potential.
In addition, the spectral function turns out to be self-averaging for o < 1, as its standard
deviation decay 1/ V/N with size N of the system at the band center. In the extreme
case a — o0, the correlated disorder system corresponds to a tight-binding model with
a cosine potential of wavelength N and the spectral function reveal similar behavior as
the density of states in real space. Moreover, a quantum to classical transition has been
also experimentally investigated in the framework of one-particle spectral function for a
non-interacting ultra-cold atoms in continuous three dimensional laser speckle disordered
potentials [25].

The possibility of having a delocalization transition in the 1D de Moura-Lyra class of
models has been the object of a long standing discussion in the literature [1, 17, 26, 27| (see
also chapter 5 for detail). The first evidence of the delocalization transition could appear
in 1D stemmed from the study of self-affine potentials pioneered by [17]. They defined
a random potential with a power-spectrum decaying as k=%, which is known to occur
naturally in the assembly of biological macro molecules, such as DNA [28]. By numerically
studying the Lyapunov exponent as a function of o, de Moura and Lyra concluded that an
Anderson transition happens at o = 2, followed by the emergence of a mobility edge in the
spectrum. These results were contested [29] on the basis of the ill-defined thermodynamic
limit in these potentials. Eventually, it was understood that the presumed transition is an
artifact of the anomalous scaling of the Lyapunov exponent, due to the non-stationarity
of the potential for any o > 1 [29, 30]. However, most recently, we reported the numerical

evidences that such a transition happens at o = 1, where the localization length is shown
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to diverge as (1 — a)~! in the thermodynamic limit [27].

The notion of quantum entanglement has been intensively studied for revealing the
non-local features of quantum systems [31, 32, 33]. At the fundamental level, it is widely
considered as a cornerstone of quantum information theory (QIT) and an essential resource
for quantum teleportation, quantum cryptography, and quantum metrology [34]. Never-
theless, it has been also recognized as an inter-disciplinary tool, which combine elements of
condensed matter theory, quantum mechanics and information theory. The most peculiar
property of entanglement is the characterization of a quantum system relative to a given
subsystem. Most theoretical research show that he entanglement entropy of the ground
state of a translationally invariant quantum lattice gaped model with local interactions
scales with the size of the boundary [35]. However, the entanglement entropy as a function
of system size has a logarithmic scaling law in 1D quantum critical systems [36, 37, 38|.
Moreover, the entanglement entropy in a 1D critical lattice system in the presence of uni-
formly distributed on-site disorder satisfies area law for [ > £, while it shows logarithmic
behavior for | < &, where [ is the subsystem size and ¢ is the localization length [37, 39|.

Recent development in the characterization of entanglement has been introduced by
Chen and Vidal [40]: the entanglement contour. These authors have introduced a way to
express the entanglement entropy as a sum of contributions associated with each degree
of freedom of the subsystem, which satisfies certain consistency conditions that legitimate
an interpretation of each term as the contribution of the corresponding degrees of freedom
to the total entropy. It thus possible to discuss the spatial distribution of entanglement
among the untraced degrees of freedom. The consistency conditions do not entail a unique
definition of the entanglement contour, but in case of fermions, there is a very natural
and intuitive definition. They came up with a conclusion that the contribution of local
states to the total entanglement in a free fermions with translational invariance decays as
a power law with the distance to the boundary for the gapless, and as a exponential for
gaped systems. It has been investigated that the contribution of local states to the total
entanglement in the system decays exponentially with the distance to the boundary for
critical Anderson model [41]. In addition, the contour function can be used as a theoretical

tool for the characterization of delocalization transition in de Moura-Lyra model.

1.2 Organization of the Thesis

The structure of this thesis is as follows:

In Chapter 2, we briefly introduce the basic concepts of condensed matter physics
and quantum information theory, which are relevant to the problems studied in remaining
chapters of the thesis. In particular, we consider a one-dimensional non-interacting tight-
binding chain of fermions with different models of disorder. We briefly review the quantum
information inspired techniques, entanglement entropy and contour function.

In Chapter 3, we discuss an efficient algorithm for the computation of an eigenvector
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of the corresponding known eigenvalue of a tridiagonal matrix. This algorithm is known
as the Fernando technique [42]. In addition, we employ a polynomial expansion based
technique, kernel polynomial method, to calculate the density of states, spectral function
and localization length of the system as described in chapter 2. Indeed, we test and confirm
the utility of numerical implementations for a full understanding of these problems in the
limit of a perfectly clean system.

In Chapter 4, we will employ KPM for the computations of spectral function of Bloch
states in an one-dimensional tight-binding non-interacting chain with power-law correlated
disorder at zero temperature. We examine the appearance of a classical limit in a single-
band lattice system. In addition, we prove the self-averaging behavior of the spectral
function for a < 1.

In Chapter 5, we study the delocalization mechanisms of the de Moura-Lyra model
by means of conductance and localization length. We address that the delocalization
transition in the model occur at a point where localization length diverge as (1 — a)~! in
the thermodynamic limit. We numerically calculate the localization length by two different
techniques and verify them by comparing with analytical result first obtained explicitly in
this work as an application of the generalized Thouless formula [43].

In Chapter 6, we study the entanglement analysis of Anderson model at zero tem-
perature. We review the scaling of entanglement for the model in detail. Moreover, we
address the area law of entanglement from the perspective of entanglement contour. In
addition, we also investigate the delocalization transition in the de Moura-Lyra model from
the perspective of entanglement and entanglement contour.

In Chapter 7, we close this thesis with the conclusions, as well as, a brief discussion on

the possible future directions of our work.



Chapter 2
Theoretical Background

In this chapter we briefly introduce the basic concepts that will be needed in the remainder
of the thesis. The first part of this chapter is devoted to the theoretical background of the
condensed matter systems, related to one-dimensional tight-binding non-interacting chains
with different models of static disorder. The second part, we will review the concepts of
the quantum information theory. In particular, we will be concerned with the measures of

entanglement and entanglement contour in a quantum system.

2.1 Condensed Matter Physics

In this section we will recall certain aspects of condensed matter physics, relevant to the

problems addressed in the following chapters.

2.1.1 The Disorder Model

This section is based on [1], introduces a one-dimensional non-interacting disordered elec-
tronic system. In particular, we study tight-binding model with nearest neighbor hopping
and random site energies. The Hamiltonian of the corresponding system has the following

general form [1],

N-1 N-1
H=—t Z [m+1) {Pml| + lom) (Pmtr| + Z Em |Pm) (Pml (2.1)

m=0 m=0
where {|pm); m =0,...,N — 1} are the local Wannier states. In what follows, we impose
periodic boundary conditions by setting |@;,) = |pm+n) and the lattice parameter a is

taken as 1. This model is based on certain simplifications. For instance, the second or
third nearest neighbor hopping that might have some contributions in a real system, are

considered to be zero. The term &,, is the on-site random potential at site m.
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2.1.1.1 Anderson Model

Anderson Model [10] is a standard model that describes the disorder induced MIT in a
non-interacting lattice electronic system. In the model (see Eq. 2.1), the site energies of
the lattice are chosen be uncorrelated random variables. The standard choice of their
probability distributions is the uniform distribution in the interval | — W/2, W/2[. The
parameter W is a positive constant describing the strength of disorder. The probability

distribution P(ep,), of &y, is

lem| < %,

0, elsewhere.

The variance of the random potential is 02 = &2 = W?2/12.

2.1.1.2 Correlated Disorder Model

Most of the work on electronic system refers to uncorrelated disorder |5, 14, 15, 24, 44],
where all the eigenstates of a non-interacting one-dimensional electronic chain in the pres-
ence of infinitesimal disorder are found to be localized. Here, we pay attention to the case
in which the site energies are the set of correlated random variables for any arbitrary cor-
relation [1]. We will be concerned with the long-range Gaussian and power-law correlated
disorder models from the perspective of spectral function, as studied in [1].

The exact eigenstates of the Hamiltonian (given by Eq. 2.1) in the absence of disorder
would be the Bloch states

=
k) = \/Nmz::oe [m) (2.3)

The presence of static disorder causes scattering of |k) — |k + ¢), characterized by the
matrix elements of the random potential V := )" e |¢©m) (¢m| that connect two Bloch

states, 7.e., .
(k+q|VIk) = sz:eme—wm, (24)

seen here to depend only on the transferred momentum ¢'. We easily invert Eq. 2.4 to

express the local energies as a Fourier sum,

em =Y (k+q|V|k) e, (2.5)
q

We choose to model the randomness by taking these matrix elements as

(k+q|VIk) = V(g)es, (2.6)

g is in the first Brillouin zone.
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where V(q) := |[(k+ ¢q|V |k)| is a specified even function of ¢ and ¢, is a random phase
with a uniform probability distribution in the circle [0, 27[. The different phases are inde-
pendent variables except for the constraints ¢, = —¢_,, which ensure the hermiticity of

the Hamiltonian. Using the property V(q) = V(—¢q), the local energies turns out to be

Em = Z V(q)ettaeitm, (2.7)
q#0
=2 "V (q) cos(gm + o). (2.8)
q>0

With these definitions, the mean of the site energies is &, = >, V(q)eitaeld™ = V(0),
since the condition ¢, = —¢_, fixes ¢9 = 0 and the individual phase averages are zero,
eifa = dq,0- Since &, merely shifts the spectrum, we will always choose &, = 0, meaning
that V(0) = 0.

In general, the values of the energies in different sites will be correlated in this model

of disorder. The two-site covariance of the potential can be written as

EnEm = Z V(Q)V(¢)e' eidagilamtan), (2.9)
7,9'#0
where all the phase averages factorize unless ¢ = —¢’, and the average of a single phase is
Zero,
ei®a 1= §, . (2.10a)
"% ei%a 1= §, 4 0. (2.10b)

Hence (using the property V(q) = V(—q)),
EnEm =2 V(V (=)0 (—g),0 08 (q(n —m)),

= QZVQ(q) cos (g(n —m)). (2.11)

From Eq. 2.11, we see that V2(g) can be related to the Fourier transform of the correlation

of the disorder potential £,€g, as follows
1 .
VZ3(q) = ¥ Zn: Encoe’l". (2.12)
In the case of an uncorrelated disorder, the usual Anderson’s model, we have

EnEm = 020n.m; (2.13)
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with o2 := €2, or, equivalently

1

Thus, for uncorrelated site disorder, the magnitude of the scattering matrix element from

(2.14)

k — k + q is independent of the transferred momentum, ¢q .

2.1.1.3 Gaussian Correlated Disorder

Our first model of correlated disorder is the Gaussian case. For that, we choose

2
Vi(g) = fi}%) exp (—fq2> : (2.15)

c

where A(q.) is a measure of the strength of disorder. The N =2 factor in Eq. 2.15 is
introduced in order to have a well-defined thermodynamic limit for the local variance and
correlation functions of the disorder potential. The parameter q. is the correlation length
that controls the correlation of the random potential. In the limit, g. > m, one recovers
the Anderson model with uncorrelated disorder. As shown in Fig. 2.1, the smaller the ¢,

the smoother are the random profiles.
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Figure 2.1: Typical normalized on-site energy landscapes for Gaussian correlated disorder
with N = 4096 for (a) ¢. = 7, (b) ¢. = 7/16, (¢) ¢. = 7/128, and (d) ¢. = 27 /N.

In this model, the values of V(q) are only significant in an interval of linear size q.
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around ¢ = 0. This means that the disordered potential couples Bloch states with nearby
momenta, more strongly?. The statistical properties of the corresponding potential can be
calculated through Eq. 2.11, in the thermodynamic limit (N — o0), yielding

T 42

EnEm = AQ(qc)/ %e_ﬂeiqr"'ﬂ (2.16)

—T

where 7y, = (n — m). This integral can be solved analytically in the limit of ¢. < 7. In

this case, the integration intervals can be extended to k € |—oo, +o0], i.e.,

Enem = AZ(QC) /Z ;l;]re_zéﬂ‘qrnm, (2.17)
— A(ge /OO de?ql?(qiqgr”m)i (2.18)
—o0
= A%(ge)e 2" \/(12%, (2.19)
The variance of the potential is
ot == Aq.) [ Z jfr , (2.20)
= A2(q) ke (2.21)

In this same limit, we can also relate the parameter A(q.) with the local disorder strength,

using Eq. 2.21

2
A2(q.) = Vorl=. (2.22)
ge
meaning that,
Vi = (n)} e (- (223
q) = (27 exp| ——= ). .
qcN 4q2

2.1.1.4 Power-law Correlated Disorder

In order to study the influence of long-range correlations of disorder, power-law correlated
random potential was proposed [17]. Specifically, the site energies have approximately
power-law spectral density S(k) o k=%, where k is the inverse of the wavelength k = 1/A.
The function S(k) is the Fourier transform of the two point correlation function of the
local potential. The power-law correlated site potential for a periodic chain of IV sites is
[4, 17]

NZon\ 1 2p
em = 2A(a) pz::l (N) p—% cos (Nm + ¢p> . (2.24)

2However, this does not mean an absence of back-scattering, since the full effect of this potential must
take all the multiple scattering processes into account. As a matter of fact, these disordered potentials with
short-range correlations are believed to cause an exponential localization of the eigenstates, in a manner
similar to the 1D Anderson model with uncorrelated disorder.

10
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site energies

site energies

- (d)
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Figure 2.2: Typical normalized on-site energy landscapes with N = 4096 for the uncorre-
lated random sequency (a = 0), the trace of a usual Brownian motion (« = 2), the trace
of a usual Brownian motion with persistent increments (o = 2.5), and o = 5.

The phases ¢, have the same properties as before, being uniformly distributed in [0, 27].
The exponent « is called the correlation exponent, and quantifies the degree of correlation
imposed in the system. In the limit @« — oo, Eq. 2.1 corresponds to a tight-binding model
with a sinusoidal (cosine) potential and one expects extended electronic states due to the
effective absence of disorder . For the case when a = 0 (white-noise potentials), one recovers
the Anderson model with uncorrelated disorder. Thus, the states of the quantum particles
are exponentially localized. For o = 2, the site energies will have the standard Brownian
diffusion. As shown in Fig. 2.2, the larger « the smoother are the random profiles. We can

reduce this definition to our formulation by defining the Bloch wave-vector as

q:= %p. (2.25)
so that Eq. 2.24 becomes
1
em = 2A(a) (?\7;) ’ 2 qal/Q cos (gm + ¢q) , (2.26)
q

1
21\ 2 1
= A(a) <J§> DY e e, (2.27)
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Since this sum is only over the positive half of the first Brillouin zone (i.e., ¢ = 27p/N,

p=1,...N/2), it can be rewritten as

Em = Z V(q)ePaeitm, (2.28)
q#0
with V(q) defined as
1
2r\2 1
Vig) = Ala) [ ZX -, 2.29
=4 (%) s (2.29)

and the independent random phases obeying the constraint ¢, = —¢_,. The ¢ = 0 term
is excluded as before, and we have introduced a normalization factor A(«) that will define

a finite variance for the local disorder.

2.1.2 Physical Quantities

This section is intended to provide the theoretical background of the physical quantities,

that might be needed for the remaining chapters.

2.1.2.1 Density of States

The density of states (DOS) of a quantum system is one of the main observable quantities
of interest in solid-state physics. It describes the number of states that are available in a
quantum system and is essential for determining the particle concentrations and the energy
distributions of particles. The DOS of an N x N Hamiltonian matrix 7 with eigenvalues

E, is given by
(E)—lNz_lé(E Ea) (2.30)
P - N P a)s .

where « is the set of quantum numbers labelling the eigenstates. In the thermodynamic

limit, the DOS of one-dimensional tight-binding chain in first Brillion zone becomes

1
p(E) = o /dké(E + 2t cos k), (2.31)
_ 1 (2.32)

VA2 — B2
The DOS define a continuous distribution of the spectrum of the Hamiltonian in the
thermodynamic limit. Moreover, the DOS (Eq. 2.32) is symmetric around the band center
and displays Van Hove singularities at the band edges.

2.1.2.2 Local Density of States

Local density of state (LDOS) [44] is the density of states of a quantum system projected

at a specific site. We start by defining the spectral matrix correlation, p¥/(E), at energy

12



2.1. Condensed Matter Physics

FE, with different sites ¢ and j, as given by

N—
Z ila)(alf)o(E — Ea), (2.33)

where E, and |a) are the eigenvalues and eigenstates of the N x N Hamiltonian matrix

A, respectively. The LDOS is defined as the spectral matrix correlation at j = i,

N-1
g . 1 _
pU(E) = p'(B) = > iley|? 8(E — Ea), (2.34)
a=0
In a pure quantum system, due to the perfect translational symmetry of the lattice, the
LDOS at an arbitrary site is the same as the DOS. Hence, the DOS of the tight-binding
chain is expressed in terms of the LDOS p!(E), as,

=
= — p(E), (2.35)
i=0
The DOS of a clean 1D tight-binding chain has von Hove singularities at the band edges,

which are smoothed out by introducing disorder in the system (see Fig. 3.5).

2.1.2.3 Spectral Function

A single-particle spectral function p(k, E), is the key ingredient in the understanding of
interacting and of disordered electronic systems. It can be thought of as the energy dis-
tribution of a state of momentum k, or the momentum distribution of a state of energy
E. For free non-interacting particles, the zero temperature spectral function has the form

[23, 24],
N—-1

p(k, B) = 3 |{kla)|? 8(Ey — Ea), (2.36)

a=0
where |k) is a Bloch state of one electron system. In a non-interacting translationally
invariant system it is simply a Dirac Delta function of energy, peaked at the single particle
energy Fj. Thus, the probability density of the state k with energy F can only be happen
by adding an electron to the state k£ given by £ = Ej. In general, introducing interactions
(electron-phonon, electron-electron) in the system will change the Dirac delta nature of the
spectral function. However, the it may still be a peaked function around the single particle
energy Fi. Moreover, the density of states can also be obtained by taking statistical
average of the spectral function over energy or momentum distributions. In addition, the

spectral function will always be positive and should satisfies the normalization condition

or [ dhoe.B) = 3 [{Hla)f* = 1. (2:37)
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Also notice that, in the absence of disorder p(k, E) = §(E — E}), and by summing p(k, F)

over k, one gets the density of states.

2.1.2.4 Localization Length

The one-particle wave-functions for sufficiently strong disorder strength in macroscopic
disordered quantum systems at absolute zero temperature are exponentially localized [12,
45|. In other words, the amplitudes of the one-particle wave-functions are exponentially
decaying in space at infinity. For instance, the localized wavefunctions in one dimension
can be written as

| (z)| ~ exp (—k |z — zo]) , (2.38)

in the limit |x — z¢g| — oo, where xg is the center of localization. The parameter k is
called the inverse localization length, and specifies the localization strength of the wave-
functions. The wave-functions is weakly localized (widely spread wave) for a small and
strongly localized (narrowly spread wave) for large value of k.

Many theoretical works have been made for the calculations of localization length for
the one-dimensional Anderson model (see Eq. 2.1). Herbert-Jones-Thouless formula [46],
relates the localization length® & = 1/, of a one-dimensional disordered electronic system

in terms of the density of states, as given by

1
— :/p(e) In|E —€|de —In|t], (2.39)
§(E)
where p(e) is the density of states at energy e. It is well known that the density of states?
of the Anderson model varies as 1/W [12], for large disorder in the energy limit, |E| < $W.

The localization length in this limit can be obtained as,

W2
1 1/
S In|E —€|de — Inlt|, 2.40
(B W | | It] (2.40)
—W/2
1. W2—4E*> E . W+2E
e A B W ) PO el 2.41
5 e T W W 2B (2.41)

Eq. 2.41, gives the localization length of the one-dimensional Anderson model in large
disorder limit.

Now we focus on the localization length of the Anderson model in small disorder limit.
The expression Eq. 2.39, in the thermodynamic limit can be written as (see Eq. 6.10 in
Ref. [12]),

1 E
€8 = Re /OO Gii(€)de, (2.42)

3in unit of lattice spacing, a
4Density of states is just the probability distributions of the random disorder, (p(¢) = P(€)) in the large
disorder limit.
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2.1. Condensed Matter Physics

This is a basic equation and will be used to calculate the {(FE) in units of lattice spacing,
in the perturbative regime. Using perturbation, the averaged Green’s function G;(e) has

the following form:
Z Z G, )GYo(€)eaty, (2.43)

The variance of the uniformly distributed random potentials (Anderson model) is

2
Kaxy. (2.44)

Exly = €204y = 12

Substitution of this into Eq. 2.42 gives the localization length as

1
- 12/ ZG GYo(€)dayde,
GY, €)G% (€)de, (2.45)
SIS

The lattice Green’s function Ggq(e), at energy € has the form

1 [T etk(p—q)
0
Gpl€) = —— /_7r dk————. (2.46)

- 21 € —2tcosk

Inserting in Eq. 2.45 gives the localization length as

1 / / / / e@ks=k1) dky dkadksde (2.47)
&( ) 12 (27)3 U B 2tcosk1)(e—2tcos/~ﬂ2)(e—2tcosk:3)’ '

The sum term gives

(e}

Z pir(ks—k1) _ Z e ka=k1) — o7 §(ks — ky). (2.48)

x T=—00

Inserting in Eq. 2.47, we get,

r / / / / d(ks — ky1)dkdkedksde
&E) 12 (2m)2 U (e — 2t cosky)(e — 2t cos ko) (€ — 2t cos k3)’

W2
Yy 4t2 B2 (2.49)

This formula allows us to determine the localization distance for known energy spectrum.

The localization length shows a power-law divergence in the limit of vanishing disorder.
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Chapter 2. Theoretical Background

2.2 Quantum Information Theory Concepts

In this section, we recall basic notions of quantum information theory [34, 47].

2.2.1 State Vector

The state of an isolated quantum system can be represented by a normalized state vector
|1} in a Hilbert space J#. It contains all the possible information about the quantum
system. The simplest examples of a two-level quantum system are spin half particle and
a two-level atom. The basis states of a two level system are denoted by |0) and |1), and
could represent the spin up and spin down for the spin half particle, or the ground and
excited state for the two-level atom. The two level system is the basic unit of information

in quantum computing, and is called the qubit, which is short for quantum bit.

What is the difference between qubit and ordinary bit.? An ordinary bit (classical bit),
the fundamental concept of classical computation and information, may exist either in the
state 0 or 1, while a qubit may exist in any linear combination of the states |0) and |1).

The superposition state [¢)), can be written as

) = a|0) + B1), (2.50)

where o and 8 are the complex numbers. According to the laws of quantum mechanics,
the modulus squared value of « or /3 gives the probability of finding the qubit in state |0)
or |1), respectively. Mathematically,

po = {0)* = |af*.

2.51
p1=(1[p))* = |B[. 220

where pg and p; is the probability of the qubit in the state |0) and |1), respectively. The sum
of the probabilities of all possible outcomes must be 1, so that the qubit’s state (Eq. 2.50)

must be normalized.

2.2.2 Density Operator

The concept of density operator [34] is a more general description of a quantum system
than the state vector, as it allows the study of the individual subsystems of a composite
quantum system, and the description the statistical mixture of the states. A state vector
can only describe a pure state, while a density operator can describe both pure and mixed

states of a quantum system.
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2.2. Quantum Information Theory Concepts

2.2.2.1 Pure and Mixed States

The state of a quantum system can be represented as a linear superposition of basis vectors.

Consider a system that is in some known state |¢), given by

) =3 ci i) (2.52)

i

The density operator for the system of state |¢) can be written as,

p=10)(el,
=Y aci i) (il
1,3
= pij li) (il - (2.53)
i?j
where p;; = (i|p|j) are the matrix elements of the density operator. If measurement is
made on the system, the diagonal matrix element p;; gives the probability of finding the
system in state |i), and are called populations. The off-diagonal matrix element p;; = p;fi

depends on the relative phase ¢; and c;, therefore often called coherence terms.

The density operator for a pure state has the properties [48]:

Te(p) =Y pi =1, and |pi* = |eil’|e;* = piip3;- (2.54)
i

it follows that
Tr(p?) =1, and p% =p, (2.55)

i.e., the density operator for a pure state is idempotent. The density operator for a statis-

tical mixture of the states |¥) with respective probabilities p¥ can be written as
] ]
p? =" p¥|¥) (¥, (2.56)
v

where the states, |¥)’s

1) = ZC? b (2.57)

are required to be normalized to one ((¥|¥) =1= >, ‘c}'}z = 1), but are not necessarily

orthogonal. On inserting Eq. 2.57 into Eq. 2.56, results
P =30 el () 1) Gl (2.58)
U
=>_> "o li) il (2.59)
i

where pgj’- =ct (C}I})* is the density matrix for the state |¥) (Eq. 2.57). The trace of the
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Chapter 2. Theoretical Background

density operator is
=Sk =YY e =S (2.60)
% v % 14

where 0 < p¥ < 1 and dow p¥ = 1, which is consistent with the interpretation of p¥, as
the probability for the system to be in the state |¥). Under these conditions, we say that

the system is in a mixed state. The density operator has the following properties:
e The density operator is Hermitian, p = p.

e The density operator on a finite dimensional Hilbert space is a positive operator
> 0 with trace equal to one. The density operator is positive if and only if all of

its eigenvalues are greater than or equal to zero.

e Tr(p?) < 1, where the equality is verified only for pure state. The density operator

for pure states is idempotent, p? = p.

2.2.2.2 Expectation Value of an Operator

The mean or average value of an operator with respect to a quantum state is the expectation
value of that operator. For an operator O, the expectation value is simply the scalar
product of a quantum state |¢) with the vector O |¢) resulting from the action of operator
O on |¢). Mathematically,

(0) = (0] ). (2.61)

When a system is in pure state |¢) (see Eq. 2.52), then the expectation value of the operator
O is given by

ZZCZ ]‘O‘
= Z ZPU Ji = Z(Po)iia

i

= Tr(p(’)) = Tr(Op). (2.62)

where p;; = ¢;cj and Oj; = (j|O[i). This shows that for known density matrix, the
expectation value of any operator can be calculated by taking the trace of the product of

that operator in matrix representation with the density matrix.

The expectation value of O for the ensemble or mixture of states |¥) (see Eq. 2.57),
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2.2. Quantum Information Theory Concepts

with respective probabilities p¥ can be written as

(0) = Tx(p" 0),

=> > »' ()05,
v i

=3 p¥nii04,
v i

=Y p"Tr(p}0),
v

=> p" (I[0]T). (2.63)
v

From Eq. 2.63, it is clear that the expectation value of operator O is the statistical average

of its expectation values (U|O|¥) in the pure states |U).

2.2.2.3 Reduced Density Matrix

The density operator is a very useful tool for the characterization of the properties of sub-
systems in a composite system. A composite system is made up of two or more individual
subsystems. The reduced density operator, all that is required to define the properties of
the subsystem regardless the size and state (pure or mixed) of the complete system, can
be constructed by an operation on density matrix of the total system, called the partial

trace.

Let us consider a composite system of A and B. 74 is the Hilbert space of system
A, with an orthonormal basis |i4). Similarly 3 is the Hilbert space of system B, with
an orthonormal basis |jg). Here i(j) = 0,1,2,...d4 — 1(dg — 1), with d4 and dp are
the dimensions of the Hilbert space of system A and B respectively. The Hilbert space
of the composite system of dimension d4dg is the the tensor product of the two spaces,
H =HQ55. The state of the composite system is [49],

Was) = cijlia) lis) = D cijliajs), (2.64)

v )

with a density matrix

pas = |V as) (Was| =Y cijcly liajn) (kslal, (2.65)
ijkl

A reduced density of a subsystem B can be obtained by taking the partial trace of pag
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with respect to system A:

ps = Tra(pas),
= (.| V45)(Taplia),

i

= cijcilialia) ljs) ksl (Lalia),

(2
=Y cijci(ialia) is) (ks| (ialia), (2.66)
i
= cijciy |is) (ks - (2.67)
i
where ¢} is the complex conjugate of c;;. Similarly, we can trace out the degree of freedom
of the subsystem B in order to find reduced density of subsystem A, i.e., pa = Trp(pas).

2.2.3 Schmidt Decomposition

The Schmidt decomposition [34], is a tool characterizing pure states of a composite system
in quantum information theory. This decomposition shows that, any pure bipartite state
can be decomposed as a superposition of corresponding states. By the singular value
decomposition, ¢;; of the composite quantum system |V 4p) given by Eq. 2.64 can be

written by using singular value decomposition, as

where D = diag(A1, A2, Az, ...\y) is a positive diagonal matrix of dimension x x x, U and
V' are unitary matrices. x is the Schmidt rank of the bipartite state and is equal to the

number of A\, in its Schmidt decomposition and satisfies
X < min(d4, dg). (2.69)

The linear combinations of |i4) with the columns of U and |j4) with the rows of VT leads

to the Schmidt decomposition form of |¥ 45), as [34]

|\I].AB> = Z UiaDaaVaj ‘Z.A> |]B> ) (270)

o

Defining |aa) =Y, Uia i), |aB) = Zj VajliB), and Ay = Dgq, we get

x—1
Tas) =D Aalaa) las) . (2.71)
a=0

where |a4) and |ap) form an orthonormal basis (Schmidt bases) for the system .4 and

B, respectively. The expansion coefficients A,, also known as Schmidt coefficients, are

20



2.2. Quantum Information Theory Concepts

non-negative real numbers, A, > 0, satisfying A2 = 15. The density matrix p4 of the
system A can be obtained by employing Eq. 2.67,

pa=Trs(|Uag) (Wasl) = > A o) (@l (2.72)

[0}

Similarly, the reduced density matrix of the system B, can be found as pg = Y, A2 |ag) (asl.
The eigenvalues of p4 and pp for a pure state of a composite system are identical, so many
important properties of the quantum systems of a composite system will be the same for
both systems.

The number of non-zero eigenvalues of a matrix is called Schmidt number. This is
an important property of a composite quantum system and quantifies entanglement in a
system. For instance, the Schmidt number for separable state of a composite quantum

system is one, while for entangled state it turns out to be greater than one.

Example 1. A possible state of a composite system AB is [47],

1
V2

The density matrix of the subsystem A is

(Was) = —= (10041005 +10) 4 [1)5) - (2.73)
1
pa=510){0]. (2.74)

The eigenvalues of p4 are \; = 1/2 and A2 = 0. Since, the Schmidt number is 1, therefore

the state of the composite system is separable. Eq. 2.73, can be rewritten as
1
(W aB) = NG 10)4 (10)5 + (1)) - (2.75)
which is clearly a separable state.

Example 2. Consider the single state of a composite system AB is [47],

1
V2

The density matrix of the subsystem A, can be found as

[Was) = —=(10) 4 11)5 — 1) 410)5) - (2.76)

pa= 5 10) (0] + 1) (1] (277

The eigenvalues of py are Ay = A9 = 1/2. Since, the Schmidt number is 2, therefore the

state of the composite system is entangled.

5By normalizing, > a A2 =1, A, are real positions, because one can absorb phases in |a4) |as) .
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Chapter 2. Theoretical Background

2.2.4 The von Neumann Entropy

The von Neumann entropy is the most common way of quantifying the uncertainty in
the state of a quantum system. It is the quantum analog of the Shannon entropy, which
measures the uncertainty associated with a classical probability distribution. The von
Neumann entropy, S(p), for a quantum system characterized by the density operator p, is

defined as
S(p) = —Tr(plogp). (2.78)

It can be expressed in terms of the eigenvalues, \;, of the density matrix, as
S(p) == Ailog ;. (2.79)
i

Here, we use 0log0 = 0, as defined for the Shannon entropy®. The von Neumann en-
tropy has the following basic properties [34]|, which play a fundamental role in quantum

information theory.

e From the Schmidt decomposition, if the eigenvalues of the reduced density operator

of system A and system B are the same, then S4 = Sj.

e The von Neumann entropy is non-negative, and vanishes S(p) = 0, if and only if the

system is in a pure state.

e For a completely mixed state p = I/N, (I is an N x N identity matrix), the von

Neumann entropy attains its maximum value, as given by
S(p) =log N (2.80)
where N is the dimension of the corresponding Hilbert space.

e The von Neumann entropy of the tensor product of A® B is the sum of the entropies

of system A and system B,

S(A® B) = S(A) + S(B). (2.81)

e The von Neumann entropy of the density matrix p; with probability p; has the
property,

S(sz‘ﬂi) = H(pi) + ZpiS(Pi)- (2.82)

where H(p;) = — ), pilog(p;) is the Shannon entropy of the set of probability p;.

SIntuitively, an event with zero probability should not contribute to the entropy, so by convention we
agree that the Shannon entropy 0log0 = 0. More formally, note that lim,—,0 xlogax = 0, which provides
further support for our convention.
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2.2. Quantum Information Theory Concepts

2.2.5 Quantum Entanglement

A pure composite quantum system has zero uncertainty, but the state of one of the subsys-
tems (determined by a reduced density operator) may have finite von Neumann entropy,
associated with the uncertainty of the subsystem. This von Neumann entropy is the en-
tanglement entropy of the two subsystem.

The von Neumann entropy [34] is favored unique measure of entanglement of sub-
systems, and has been commonly used to characterize the entanglement properties of a

quantum lattice models in condensed matter physics [32].

2.2.5.1 Entanglement Entropy

The entanglement entropy for a pure state |¥) €.2%®#%3 is the von Neumann entropy of
the reduced density matrix of each part of the system. The entanglement entropy, S 4, of

the subsystem A can be written as

Sa=—Tra(palogpa). (2.83)

where p 4 is the reduced density operator of the system A, obtained by taking the partial
trace of the total density operator p with respect to system B (see Eq. 2.67). If A\, are the
eigenvalues of the reduced density matrix p 4, then entanglement entropy can be computed

as
Sa=-> Aaloga. (2.84)

The entanglement entropy of the system .A, can easily be obtained, zero for the separable

state as given by Eq. 2.73, and log 2 for the entangled state, (see Eq. 2.76).

2.2.6 Entanglement in free Fermions

We turn our attention to the study of the ground state bipartite entanglement entropy
for a non-interacting Fermionic system. For non-interacting case, the ground state of the
lattice sites can be describe by a Slater determinant. Let |¥) be the ground state of the
system, then the higher order correlation function can be expressed in terms of one-particle

correlation function [50],

(ehelemen) = (ehen) (elem) = (elem ) (elen ). (2.85)
where the two-point one-particle correlation function C;; can be describe as
Cij = <\p|@;@i|\y> .

with éj(él) are the creation (annihilation) Fermionic operator of site ¢, obeying anti-

commutation relations. The two-point correlation function can also be computed by using
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the density matrix p as [50]
Cij = Tr[peléy). (2.86)

The ground state correlation function of the free Fermionic chain at half filling in the

asymptotic limit is given by [51]

1 (3% o
Cij = 5. 2 dge™"109), (2.87)
2
1w (i—j)
== sin( 5 ) (2.88)

If Eq. 2.85 (Wick’s theorem), holds for a subsystem A of size L 4, then the reduced density
matrix p4 of the corresponding subsystem can be expressed as the exponential of a free

fermions operator [50]
pa = F Vexpl-5], (2.89)

where % is the normalization constant satisfying
Tr(pa) =1 = F = Trlexp[—9]], (2.90)

and $) is the entanglement Hamiltonian of the subsystem A, and expressed as

L4
n =3 Hyéle, (2.91)

ij
Let 9x(7) be the eigenvectors of H with eigenvalues Ej. Then the transformation of
¢ = > 1 ¥r(i)ag, will diagonalize the Hamiltonian §), and the reduced density matrix

becomes

pa=F* exp[—ZEk &L&k], (2.92)
k

The normalization constant can be calculated as
F = Tr[exp[—ZE’;.C d;&k]],
k

= H(l + e ), (2.93)

k

The entanglement entropy (see Eq. 2.78) of the subsystem A becomes

S(pa) = —Tr(palogpa), (2.94)
e Er e Er 1 1
= 1 1 2.95
zk:(lJre—Ek)Og(1+e—Ek)+(1+e—Ek)0g(1+e—Ek)’ (2.95)
1 1 1 1
_ 1 1 log(1 — . 2.96
Zk:(lJreEk)og(lJreEkH( T+ em e~ 0w (2.96)
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The correlation function of the subsystem is

1

Cij = Zkl/}i:(i)dik(j)ma (2.97)
On other hand, H has the representations
Hij = 3 % (5) ¥ (0) Bk, (2.98)
In matrix form, the correlation function and the Hamiltonian H can be written as
S (299)
exp[Eg| + 1
H = ¢t [E].4. (2.100)

where [Fj] denotes the diagonal matrix with diagonal elements Fj and 1& is the matrix
formed by v, (7). The eigenvalues of correlation matrix C(\x) and Hamiltonian H (E}) are

related by [50]
1

A = .
T eEr 41

(2.101)

The entanglement entropy (see Eq. 2.96) in terms of the eigenvalues of the correlation

matrix can be computed as

Ly
Sa=— Aelog(A) + (1= i) log(1 — Ap). (2.102)
k=1

The expression Eq. 2.102, gives the entanglement entropy of the Fermionic chain, and has
been vigorously studied for the disordered system |5, 26, 36].
2.2.7 Entanglement Contour

In order to examine the spatial distribution of entanglement entropy, Chen and Vidal [40]
introduced the concept of entanglement contour (EC) in the context of Fermionic quadratic
systems. It is found that the entanglement contour Cs(l, L), for a lattice site of state |¢;),

of sub-region A can be obtained as

Co(l, L) = Unlvr)* Sal)- (2.103)

k

where A\; € [0, 1], and |¢x) are the eigenvalues and the eigenstates of the correlation matrix.
The function, S4(Ag),

SA()\]C) = _>\k log )\k - (1 - )\k) log(l — /\k)- (2.104)

is the local entanglement entropy of the sub-region A.
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Chapter 3
Computational Techniques

In this chapter we introduce a variety of numerical methods for studying non-interactive
electronic systems with disorder and illustrate them with some examples. We will briefly
describe the exact diagonalization scheme for the eigenvalue problem. In addition, we
will discuss a most efficient algorithm [42] for the computations of an eigenvector of the

corresponding known eigenvalue of a tridiagonal matrix.

We will discuss the computational details and applications of the Kernel Polynomial
Method (KPM). In particular, we will study the KPM simulations of various physical ob-
servables in the context of tight-binding model in the presence of diagonal disorder. As
guidance examples, we will compute the density of states, spectral function, and localiza-
tion length for a one-dimensional non-interacting Anderson model at zero temperature. For
the localization length, we employ the kernel polynomial approximation of Thouless for-
mula [12, 46|, which expresses the localization length in terms of density of states. We find
an excellent agreement with the perturbative result in the large system limit, confirming
the validity of the kernel polynomial procedure.

At the end of this chapter, we review Landauer formalism for the calculation of con-
ductance in one-dimensional systems. It is a very useful tool to obtain localization length

of the disordered system in chapter 5.

3.1 Exact Diagonalization Method

The eigenvalue problem (exact diagonalization method) [52] is one of the most basic and
fascinating problem of the numerical analysis and has a central importance in under-
standing various physical quantities —density of states, inverse participation ratio, and
entanglement entropy, etc— in condensed matter physics. The essentials of the method

are based on the solution of the set of homogeneous equations
(T —=X)z=0, (3.1)
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Eigenvalues Eigenproblem
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Figure 3.1: Execution time (sec) as a function of size for a one-dimensional lattice system
with open boundary condition. The lines are the corresponding fit of the data.

where z are the eigenvectors and A are the eigenvalues of a square N x N matrix T, [ is
the order N identity matrix. The general theory of simultaneous algebraic linear equations

suggests a non-trivial solution of Eq. 3.1 for the singular matrix T — Al if
det(T — AI)z = 0. (3.2)
This determinant can be expanded in characteristic equation of the 7T, as
ap +aid+ ... +ay AV an AN =0 (3.3)

In general, Eq. 3.3 has N roots, which may or may not be complex, even if the matrix is
real. The roots are called eigenvalues or characteristic values of the matrix 7. The set of
Eq. 3.1 has at least one non-trivial solution for any eigenvalue, called the eigenvector or
the characteristic vector of that eigenvalue.

We will briefly discuss the cost of computations of solving a dense symmetric eigen-
problem. The cost of solving a dense symmetric matrix require O(N3) operations [52],
where N is the order of the matrix. Thus, a straightforward diagonalization scheme for
the eigenproblem is limited to small systems.

Throughout the work presented in this thesis we are concerned with non-interacting

tight-binding models with nearest neighbor interactions. Fortunately, the Hamiltonian of
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Chapter 3. Computational Techniques

the system turns out to be a symmetric tridiagonal sparse matrix. Thus, we can take ad-
vantage of the sparse structure of the Hamiltonian matrix by using less memory (without
storing the zeros of the matrix), and can perform standard matrix computations econom-
ically.

A detailed comparison of numerical complexity of the diagonalization scheme for com-
puting eigenvalues and eigenproblem is depicted in Fig. 3.1. One can see that, the nu-
merical complexity of the dense Hamiltonian matrix for the computation of eigenvalues
and eigenproblem (eigenvalues and the associated eigenvectors) is O(N?3). However, the
computational cost for the eigenvalues of a symmetric tridiagonal sparse Hamiltonian ma-
trix is O(N?). It is worthwhile to mention that a built-in function with Eigen library!
in C++ has been used for computing the eigenvalues of the symmetric tridiagonal sparse

Hamiltonian matrix, i.e.,

Eigen::SelfAdjointEigenSolver<Eigen: :MatrixXd> Matrix;

Matrix.computeFromTridiagonal(diag , subdiag, Eigen::EigenvaluesOnly);

Here, diag and subdiag are the diagonal and subdiagonal entries in a one-dimensional array
of N and N — 1 values, respectively. This is a very fast operation as it uses less storage
space. This technique is more appropriate for the computations of eigenvalues only, which
has O(N?) numerical cost as shown in Fig. 3.1.a. However, the computational cost for the
full eigenproblem turns out to be O(N?3) for a symmetric sparse tridiagonal matrix 2.

To solve the eigenproblem of the symmetric tridiagonal sparse Hamiltonian matrix with
controlled computational cost, we discuss an algorithm [42] for the solution of the eigen-
problem of a symmetric tridiagonal sparse matrices. The main concern of this algorithm is
to compute an accurate eigenvector of the corresponding approximated eigenvalue of the
matrix.

Since, the systems of linear equations (Eq. 3.1), are under-determined (see Eq. 3.2),
therefore at least one equation is redundant. By putting zp = 1, for the kth redundant
equation, one can compute all other components of z. However, the accuracy of the
eigenvector depends on the choice of the redundant equations of a tridiagonal matrix [52].
More precisely, an accurate eigenvector can be computed by eliminating high redundant
equations. Dropping less redundant equations can lead to a disastrous results. This fact

can be explained by considering an order 2 matrix F' [42, 52|,

P 0.713263 0.000984

= , A1 =0.71326463, Ay = 0.12166336. (3.4)
0.000984 0.121665

where A1 and Ay are the eigenvalues of F'. Let A = 0.713265 with an approximate error

Thttps://eigen.tuxfamily.org/dox/index.html

2The FEigen library uses a symmetric QR algorithm [53] for the solution of eigenproblem of a sym-
metric matrix. Hence, the computational cost for the eigenproblem turned O(N 3) for a symmetric sparse
tridiagonal matrix.

28



3.1. Exact Diagonalization Method

0.36 x 107%; eliminating the second equation of the homogeneous system (F' — \I)z = 0,

Wilkinson obtained the following eigenvector

o= [ 1 0.002033 } . (3.5)
Similarly dropping the first equation, he obtained the following eigenvector
o= [ 1 0.00166329 } : (3.6)

The eigenvector given by Eq. 3.5 is accurate only to 3 decimal places while the eigenvector
Eq. 3.6 is accurate to 8 decimal places (Mathematica® gives 2/ = 1 0.00166328 ).

In order to get some intuition of the algorithm developed by Fernando [42], based on
choosing an optimal number k such that z; = 1, and to compute all other components of

z, we consider a tridiagonal matrix 7,

ai

C1

b1

a2

bo

CN-2

aGN-—1

CN-1

bn—1

an

(3.7)

The tridiagonal matrix 7 is unreduced, in the sense that all off-diagonal elements are

non-zero. The LDU factorization of the 7 — AI is computed as

T — M = LDU, (3.8)
1 11 & 171 uf ]
o1 dy 1

- o (39)

1 dn—1 1oy

N, 1 dn 1
where the pivots d,, are given by

dl()\) = a1 — A (3.10&)
di(A) = a; — A — ciqu)q, i=2,3,....,N. (3.10b)
uf =b;/d;, and lf = ¢;/d,. (3.10c¢)

3Exact diagonalization of F using mathematica.
4The empty entries of the matrix has zeroes.
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In similar way, the UDL factorization is formulated as

T — A =UDL, (3.11)

1 ul_ (51 1
1 u; 52 lf 1
= . oL o , (3.12)
1 u]_v_l 5N—1 1
1 oN lli\f—l 1 |

where the pivots J;(\) are computed recursively as

5N(A) = aN — A, (3.13&)
§i(A) = a; — A — bl i=N-1,..,2,1, (3.13b)
ul_ = bi/5i+1; and lz_ = Ci/5i+1- (3.13C)

di(\) #£0, for i=1,2,.N—1.
5;(\)#0, for i=N,N-—1.,2.

In practice, Eq. 3.1 will only be satisfied for an exact eigenvalue of 7, however, A is the
approximate eigenvalue of 7 with rounding errors. Thus, for an approximate eigenvalue
Eq. 3.1 will have the form

(T — M) 2 = ppep. (3.14)

with residual py, and ey unit vector. There are two ways to compute py [42],

5
fibp1 = %; k=1,2,.N—1; with 5 =di. (3.15)
k
and
d
g = Mk e N 1,..2,1; with  uy = dy. (3.16)
O+1

It was Fernando [42] who proposed a more effective way of computing a highly accurate

components of eigenvector z by choosing a number k' that gives minimum residual value.
k' =min(uy), k=1,..N. (3.17)

A remarkable fact is that a very small min |ug| reflects a good approximate eigenvalue of 7.

Thus, on eliminating k'th equation and putting z;; = 1, one compute all other components
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of z by using the following equations

b; . /
y=—mr,  G=K =Ll (3.18)
and
2= —Ci;lzj_l, j=k +1,...,N. (3.19)

This algorithm substantially improves the arithmetic complexity of the eigen decomposition
of the sparse tridiagonal matrix from O(N39) to O(N?), as illustrated in Fig. 3.1(b).
Thus, we can compute the eigenproblem based quantities, such as local density of states,

and inverse participation ratio etc., with a controllable computational cost.

3.2 The Kernel Polynomial Method

The Kernel Polynomial Method (KPM) [18, 19, 20| has played a significant role in the
fields of condensed matter systems for simulating quantum systems. This is a very efficient
algorithm that can evaluate various physical quantities, such as DOS without diagonaliz-
ing the Hamiltonian of the system. It is a polynomial expansion-based technique with a

controlled accuracy and convergence. A scalar product between two integrable functions

f,g: [a,b] = R can be defined as

b
(flg) = / w(a) f(2)g(x)dz, (3.20)

where w(x) is a positive weight function defined on the interval [a,b]. In addition, there

exist a complete set of polynomials p,,(x) , which satisfy the orthogonality conditions

(Pmlpn) = . (3.21)

m,n
ho

where hy, = 1/ (pm|pm) is the inverse of the squared norm of p,,. These orthogonality
relations allow us to expand a piece-wise smooth function f(z) in terms of a complete set

of orthogonal polynomials p,,(z),
frpm(x) = Z amPm (T); x € [-1, 1], (3.22)
m=0

where frpyr(x) is the KPM estimate of the function f(z). The expansion coefficients o,

are obtained by taking the inner products of f(x) with polynomial p,

Any type of orthogonal polynomials can be used for the kernel polynomial approach. How-

ever, the Chebyshev polynomials take a significant position for most applications in com-
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putational condensed matter physics, because they have optimal convergence properties

and a close relation to the Fourier transform.

There are several kinds of Chebyshev polynomials. We shall use the first, T,,(x), and
second kind, U,,(x), polynomials. These polynomials are defined on the interval [—1,1].
The Chebyshev polynomial of the first kind is a polynomial in x of degree m, defined by
the relation [22],

Tin(z) = cos (marccos(x)) ; m € N. (3.24)

More generally we may define Chebyshev polynomials appropriate to any given finite range
[a, b] of = by suitable re-scaling. The Chebyshev polynomials T, (z) satisfy the following

three-term recurrence relation [22],
Ton(x) = 22T —1(2) — Tr—2(x); m > 1. (3.25)

starting with Tp(z) = 1 and 71 (x) = z. Thus using Eq 3.25, we can recursively generate all
the polynomials very efficiently. Depending on the degree m, the Chebyshev polynomials
T, (z) is an even or odd function. Furthermore, the Chebyshev polynomial of first kind

has the following special property [22],
T (Th(x)) = Thn (). (3.26)

In addition, the weight function of the first kind of Chebyshev polynomial wr(x), is

1
wp(z) = e (3.27)

The second kind of Chebyshev polynomial U, (x), is a polynomial in z of degree n, defined

by
sin ((m + 1) arccos(z))

Un(z) = , m € N. (3.28)

sin (arccos(z))

with a weight function (wg(z)), as given by
wy(z) = mV/1— 22, (3.29)
and satisfies the recurrence relation
U (z) = 22Up—1(x) — Up—2(x), m > 1. (3.30)
which together with the initial conditions
Up(z) =1, and Uy (z) = 2z,
provides an efficient procedure for generating the polynomials. The relation between the
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3.2. The Kernel Polynomial Method

Chebyshev polynomials of the first and second kinds is
Un(x) = Up—2(x) = 2T (). (3.31)

The Chebyshev polynomials are a complete set of mutually orthogonal functions and satisfy

the following orthogonality relations |22],

1
/ ()T ()T, () = %5%(5,”0 +1). (3.32)

Thus, the expression Eq. 3.22, in terms of Chebyshev polynomial of the first kind can be

written as -
frpy(@) = po+2 Y pmTon(2), (3.33)
m=1
with coefficients, py,,
1
i = ([T = / (o) (@) o). (3.34)

Egs. 3.33 and 3.34 are the general basis for the polynomial expansion. In the next section
we will explain the truncated polynomial expansions of Eqs. 3.33, and the convergence of

the approximation.

3.2.1 Truncated Expansions of a Function

In practical numerical calculation, the KPM simulations of a function can only be evaluated
for a finite Chebyshev series. For this purpose, one needs to truncate the infinite Chebyshev

polynomial series. In the truncated form, Eq. 3.33 can be written as

M—1
frpm() = po + 2 Z pon T (), (3.35)
m=1

where M is the number of polynomial series. However, this truncation results in some un-
wanted oscillations (Gibbs oscillations) near points where the function is not continuously
differentiable. The situation is even worse for discontinuities or singularities of a function,
for instance, rectangular function, or Dirac delta function, as depicted in Fig. 3.2 and 3.3,
respectively.

It turns out that the Gibbs oscillations can be filtered out by modifying the moments,
i.e., bm — Umgm, where g, is the Gibbs damping factor. Thus, the accuracy and the qual-
ity of Chebyshev series expansions of a function can be improved by using an appropriate
damping factor.

The accuracy and numerical convergence of the KPM estimates can be controlled by

increasing the number of Chebyshev polynomial moments and using an appropriate Gibbs
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Figure 3.2: The KPM estimates of Dirac delta function for various Chebyshev moments M
with Jackson kernel. In the inset, we show the Dirac delta approximations for M = 2048
with (red curve) and without (black curve) kernel.

damping kernel. More precisely, the absolute difference between the function f(x) and its

KPM estimates fxpar(x) defined on the interval [—1 + €, 1 — €] goes to zero,

M —00

1f (@) = frpm(@)]5 = [f(@) = frpum(z)] = 0. (3.36)

max
—1l+e<ax<l—e

There are various kernels satisfying Eq. 3.36 at different rates. The simplest kernel, is

Dirichlet kernel, whose all coefficients are one,

D _ 1,

Im = (3.37)

and equivalent to truncation of the series without filtering. It works perfectly for a con-
tinuous function (see Fig. 3.4), however, leads to the disadvantages for functions shown in
Fig. 3.2 and 3.3.

The most judicious choice of kernel is the Jackson kernel which improves the quality of

Chebyshev series expansions of a function. The explicit mathematical form of the Jackson

((M—m+1)cos<Mm:1> +sin <Mmj_rl>cot <M11)>

34

kernel g, is

1
M+1

G = (3.38)
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The Gibbs damping factor implicitly depends on the number of Chebyshev moments M.
The g, corresponds to a specific kernel polynomial which determines the quality of kernel
polynomial approximations. Examples of the KPM expansions with Jackson kernel are

shown in Fig. 3.2 and 3.3.

In general, the kernels have the following properties [19].

The kernel should be of M degree Chebyshev moments polynomial.

The kernel estimates of a function f(z) should be strictly positive for a positive f(z),

for example, the density of states, spectral function etc.,.

The kernel is normalized, gg = 1.

The second coefficient g; approaches 1 as M — oo.

In the following, we will briefly discuss the KPM approximations of the Dirac delta, rect-

angular and Lorentzian functions.

3.2.2 Dirac Delta Function

The Dirac delta function 0(z — zp) plays a very important role in physics. It may be
thought as an infinitely high and thin spike at xg. It may be represented by a rectangular
function or Lorentz function in the limit of vanishing broadening with constant area. The

KPM approximation of Dirac delta function is given by
0(x —x) = — m (), (3.39)

where, x and z¢ are in the range | —1, 1], and p,, are the Chebyshev coefficients, computed

as

Tin(2)d(z — z)dx = (3.40)

1
[
-1 1—.2?2

Eq. 3.39, can be rewritten as

M—
2 gm
oz — = E T T (). 3.41
(@ = 20) /1 — 2} o 14+ 6mo (20) Tom() ( )

0

The Dirac delta, Eq. 3.39, can be characterized by evaluating the variance o2,

o2 = (z?) — (z)?, (3.42)
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where using the first three Chebyshev polynomials, one can find

x =T (z), (3.43)
22 = 2@+ Hh@) (3.44)
2
Thus, the average of z and 2 is,
1
(@) = [ abe—a0) = i (o). (3.45)
-1
! T T
(%) :/ 225z — o) = T0(0) "2“92 2(20) (3.46)
-1
Putting these equations in Eq. 3.42,
g0 — 92

o =aj(02 —9}) + =5
M — 23(M —
_ x5(M —1) 1 — cos 27 7
2(M +1) M+1
T \2 3% -2
:(M) (1—x3+ o ) (3.47)

At g = 0, the expansion of delta function function has a broadened peak of width o, =
7/M , whereas close to the boundary zo = %1, one find o, = 7/M?/2. The KPM estimates

of Dirac delta function are presented in Fig. 3.2.

3.2.2.1 Rectangular Function
A rectangular function f(x), with broadening parameter -, has the following form

N2

<z <

2ol

Y

1
fay=1{" (3.48)
0

otherwise.
Following Eq. 3.35, the approximated rectangular function F'(x), will have the form

F(x)=— ———Tm(x), (3.49)

where p,, are the Chebyshev coefficients, and can be computed as

"2 f ()T ()
L :/ ——"dx, 3.50
/2 V1-—a? ( )
The zeroth moment is 0
Lo = 5 arcsin(%), v < 2. (3.51)

36



3.2. The Kernel Polynomial Method

1.2
| Ao anll -
0.8 N
— Exact,y=0.10

= | —— Dirichlet, y=0.10 i
E — Jackson, y=0.10
2 -=-- Jackson, y=0.01

sl -—-- Jackson, y=0.001 _]

o+ —'MWAOJ bu N

‘ | | ‘ ‘
1 0.5 0 0.5 1

Figure 3.3: The KPM estimates of the rectangular function for various broadening . The
KPM converge fully for M = 256/~, moments with different . The KPM approximations
with Jackson kernel show a very good agreement with the exact function. Red curve shows
the estimates with Dirichlet kernel (g, = 1).

and for m > 0,we have

2
[ = —— COS (—mw) sin (m arcsin (1)) , v < 2. (3.52)
mry 2 2

For a better resolutions, the KPM estimates of rectangular function require large amount
of moments for a finite broadening parameter . Indeed, the moments and broadening are
inversely related. Suppose My Chebyshev moments are required for the broadening o,
then

My~yo = const. (3.53)

Fig. 3.3, illustrates the KPM estimates of rectangular function for various broadenings. We
found a good resolutions of the estimated rectangular function of vy = 1 with My = 256
Chebyshev moments. However, in the limit of vanishing broadening v — 0, one needs to
have large number of polynomials for better convergence. For vy < 0.1, we follow

Moo

M= =28, (3.54)

The KPM estimate of rectangular function with Dirichlet kernel (red curve) has large

fluctuations that are successfully filtered out by using the Jackson kernel.
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Figure 3.4: The KPM estimates of the imaginary part of the Green’s function for various
broadenings v. The KPM converges fully for M = 8/~, moments with different v. The
KPM approximations (dashed curves) have a very good agreement with the exact result
(bold curve).

3.2.3 Chebyshev Polynomial Green’s function method

The Green’s function method has versatile applications in several fields in Physics. In
general, it can be used to express the physical properties of the system, such as density
of states, conductivities and spectral functions. Here, we derive an exact spectral decom-
position of the lattice Green’s function in terms of Chebyshev polynomials of first kind

following ref. [54]. The Green function for a finite broadening v at energy E is

A 1

GE+iy) = —————, 3.55
( 7) SEETEEN (3.55)
1 [ . .
== / dte!E—H+mt (3.56)
tJo
1 [ . o
::L/ dte! E+)te—iHt (3.57)
tJo

where 7 is the Hamiltonian of the system. In terms of Chebyshev expansions, we make
use of the identity (for e ~#*t)[55]

o0

; 2™
—it — = J.(OTn <1. .
¢ mZ:O1+5m70J (O Tn(w), o] < (3.58)
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Inserting into Eq. 3.57, we get

. , 1 (B e .
G(E+w):i/0 dte (EHtZHa ()T, (3.59)

where J,(t) is the Bessel function of order m. Let z := E + iy be a rescaled complex

energy variable, then

. 1 2i~m L[ .
_ = ey —(—iz)t
G(2) = - z::O T 5m7OTm(’H) /0 dte T (1), (3.60)

The integral, in fact, is the Laplace transform of the Bessel function, which has the following

solution,

/0OO dte™ 5t I (t) = \/1:—732 (\/ 142 — s)m , (3.61)

Using this expression, one can express Eq. 3.60 as follows,

= Z gm(z)Tm(}z)a (362)
m=0

where

2i71 (2 — i1 = 22)™
L+ 6m,0 1— 22

gm(2) = (3.63)
Specifically, the exact lattice Green’s function expansion was discovered independently
by Ferreira & Mucciolo [54] and Braun & Schmitteckert [56]. Different from the KPM
approximation to the lattice Green’s function, the spectral expansion in Eq. 3.62 always
converges. This approach also provides a control over the energy resolution (via the in-
elastic broadening «y) and thus it is very convenient for studies of quantum criticality.

A comparison of KPM estimates of the imaginary part of the Green’s function with

exact Lorentzian function for various v are shown Fig. 3.4.

3.3 Applications

The spectral approach [19] enables us to efficiently calculate several physical quantities
without exactly diagonalizing the Hamiltonian of the system. In what follows, the KPM
[19] is demonstrated for the computations of DOS, LDOS in the context of tight binding

Anderson model.

3.3.1 Spectral Matrix Correlation

Let us briefly explain the spectral expansion technique for the real space spectral matrix

correlation (SMC) of a lattice quantum system. To fit the energy spectrum of the Hamilto-
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Figure 3.5: The DOS of the one-dimensional Anderson lattice model with periodic bound-
ary condition at 77 = 0. (a) The numerical convergence of KPM estimates of DOS for
(a) various Chebyshev moments with fixed system size N = 131072, and (b) increasing
system size with M = 1024 for W/t = 0. (c) The approximated DOS of the system with
size N = 131072 for various disorder strength and 1024 moments with 2048 realizations of
disorder. In (d): Zoom of the DOS in (c) around the band center (E = 0).

nian matrix # in the standard domain of orthogonality of the Chebyshev polynomials, we
employ a linear transformation to Hamiltonian and all energy scales °. It is worthwhile to
mention that the calculation of moments Eq. 3.34 requires integration over weight function,
however, in practical applications to matrix problems prohibits a simple iterative scheme.
Thus, following ref. [19], the truncated Chebyshev polynomials expansion of the SMC (see
Eq. 2.33) can be expressed as

M-1
y 1 g
I F)= —F—x [1+2 E mityd T (E) |, 3.64
prpu(E) ] m:1g t T (E) (3.64)

where ,ui‘,jl are the coefficients of expansion series with no weight function in the integrand,
and F is the rescaled energy, and ¢, or j are the tight-binding basis. The expression Eq. 3.64,
can be used to compute the LDOS, DOS, and spectral function under certain conditions.

The main challenge in the KPM approach is to calculate the Chebyshev moments for
the corresponding physical quantity. For instance, the Chebyshev moments of the SMC of

>The Hamiltonian matrix H and all energy scales can be renormalized by dividing (2D + W/2), where
D is the dimension of the quantum system.

40



3.3. Applications

the N x N rescaled Hamiltonian matrix  can have the following expression

i = 1 (B)p" (E)dE,

M-1
NT Z |C¥ a‘] Ot)a

P—‘l\
3

2

is@

(i T (H)] ) (alj),

0
= (i|Tw(H)]3)- (3.65)

2| =

e

where p” (E) is the SMC as given by Eq. 2.33. It is important to notice that these moments
can be computed recursively by using Eq. 3.25. Starting from the state |j), one can

iteratively construct the states

[m) = Tm(H)14) (3.66)
with
ljo) = To(H)|5) = 14), (3.67)
1) = Tu(H)l5) = Hlj), (3.68)
mt1) = 2H|jm) = lm-1), (3.69)
and Eq. 3.65
piy = (iljm)- (3.70)

This iterative calculation of the moments is the most expensive part of KPM simulations.
For a sparse Hamiltonian matrix 7:1, of dimension N, the matrix vector multiplication
process is an order O(N), and the computational complexity for the calculation of M
Chebyshev moments require O(NM).

Eq. 3.70, is very general expression and can be modified for the local density of states.

For instance, the KPM approximations of the LDOS, p% p,,(E), at site i is

M-1

‘ 1 .

; EF)= ——n—r 1+2§ mbbn I (E) | 3.71
Prpum(E) ] m:19 H (E) (3.71)

where the explicit expression of the polynomial coefficients is [19, 57],

i = b = (T (R]