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APPENDIX 1 - SHAPE FUNCTIONS

Out-of-plane shape functions

fi= (1/8)-(1/8) E-(1/8) E2+(1/8) E3

fo= (1/2)-(3/4) E+(1/4)

F= -(1/8)-(1/8) E+(1/8) E2+(1/8) €2

fi= (U2)+(314) &~(1/4) &

fi= 1/8-(1/4) E24+(1/8) &

fo= (1/8) &-(1/4) E3+(1/8) &

fim ~(1/48)+(3/16) E2-(5/16) E++(7/48) &

fu= -(1/16) E+(5/16) E3-(7/16) E3+(3/16) &

= 3/384-(15/96) E2+(35/64) E4-(63/96) E5+(99/384) &8

Fio= (5/128) E-(35/96) E3+(63/64) E5-(33/32) E7+(143/384) &

Fu= ~1/256+(35/256) £2-(105/128) &4+(231/128) £5-(429/256) E+(143/256) §'°
o= -(7/256) E+(105/256) E3-(231/128) E5+(429/128) §1-(715/256) £+(221/256) £
Fis= T3072-(63/512) E2+(1155/1024) E+-(1001/256) E5+(6435/1024) E5-
(2431/512) E104+(4199/3072) &2

Fu= (21/1024) E-(231/512) E3+(3003/1024) &°- (2145/256) §7+(121>5/1024> go-
(4199/512) E11-4(2261/1024) E13
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: Appendix 1 - Hierarchical shape functions
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Appendix 1 - Hierarchical shape functions
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Appendix 1 - Hierarchical shape functions 160

In-plane shape functions

g=-1/2+(1/2) &2

go=-(1/2) E+(1/2) &

g3= 1/8-(3/4) E2+(5/8) &

g4= (3/8) E-(5/4) E3+(7/8) &3

g5= -1/16+(15/16) £2-(35/16) E*+(63/48) ES.

6= ~(5/16) E+(35/16) E3-(63/16) E5+(99/48) £

7= 5/128-(105/96) E2+(315/64) E+-(693/96) ES+(1287/384) E8

gs= (35/128) E-(105/32) E3+(693/64) £5-(429/32) E1+(715/128) &2

o= - T/256+(315/256) £2-(1155/128) E++(3003/128) £6-(6435/256) E3+(2431/256) E1°
g10= -(63/256) E+(1155/256) £3-(3003/128) E3+(6435/128) £7-(12155/256)
£9+(4199/256) £l
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APPENDIX 2 - TRIGONOMETRIC RELATIONS

cos’* (wr) = % cos(wz) + —zlzcos(?;a)t) (A2.1)
cos” (ot )cos(3or) = % cos(wt)+ %cos(3(ot) * % cos(5wt) (A2.2)
cos(or) cos” (30x) = % cos(ar)+ i cos(5at)+ % cos(Tax) (A2.3)
cos’(3or) = % cos(3at )+ %cos@a)t) (A2.4)
cos’( ot )cos(5ar) = % cos(3at)+ % cos(Tat )+ % cos(50r) - (A25)

cos(a)t) cos(3wt) cos(S(Dt) = % cos(wt)+ 211- cos(3at) + ?‘1: cos(70)t) + % cos(9wr)

(A2.6)
2 1 1 1
cos(cot) cos” (5031‘) = —2~ cos(u)t) + 2 cos(%)t) + 2 cos(l I(Dt) (A2.7)
cos® (3cot) cos(SO)t) = —411 cos(oat) + % cos(SO)t) + i cos(l 1(,0t) (A2.8)
cos(3at)cos® (St )= % cos(3at)+ % cos(Tot )+ % cos(130r) (A2.9)
N 1

cos’ (5at) = " cos(Swt )+ " cos(15wt) (A2.10)
cos’ (OJt) sin((ot) = i sin((;)t) + i— sin(30)t) (A2. 1 1)
cos(wt)sin® (0t) = i cos(cr)— % cos(3at) (A2.12)
cos™(wt) sin(3at) = .zlf sin{wt )+ % sin(30r) + i— sin(50¢) (A2.13)
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Appendix 2 - Trignometric relations 163

cos(cot ) cos(3ax) sin(wr) = — % sin(wr)+ i—lsin(smz) (A2.14)
cos(ot) sin(ot ) sin(3wt ) = i cos(t)— icos(S(z)t) (A2.15)
cos(ot ) cos(3ar) sin(3wt) = i sin(50¢ )+ % sin(Tox) (A2.16)
cos(wt) sin*(3wr) = % cos(wr)— 211- cos(50r)— %005(7(01‘) (A2.17)
sin® (wt) cos(30t ) = —%’cos(cor) + % cos(3t)— icos(Scot) (A2.18)
Sin((x)t)sin(30)t)cas(3mt)=%cos(50)t)—icos(7(ﬁt) - @a219)
sin(wt)cos® (3ort) = -i— sin{wr)— i— sin(5ar)+ ’;—, sin(Tot) (A2.20)
sin(3wt)cos® (3wt) = %sin@m}) + %sin(%)t) (A2.21)
sin(3et)” cos(3mt) = %cos@(z)t) - %cos(%ot) (A2.22)
sin’ (o) = %sin(@t) - i sin(3¢) (A2.23)
sin* (@) sin(3or) = —% sin(ct )+ % sin(3ar)— -j: sin(50r) (A2.24)
sin(of)sin® (Box) = sinfr) + L sin(Sor) - L sin(7ax) (A2.25)

sin’ (301) =%sin(3mt)—%sin(9wz‘) (A2.26)



APPENDIX 3 - MATRICES [M,] AND [M]

In this appendix the matrices [Mo] and [M;] present in equations (4.26)-(4.28) are

derived for the one and two harmonics’ cases.

A3.1 One harmonic
When the solution is harmonic,
{qw } = {Wa }cos((x)t) + {wﬁ_l}sin(a)t) , (A3.1)

The Fourier expansion of a([Knl]{qw }) / 8{qw} is, whithout any approximation:

8([Knl Ha., })
o{a. }

= [p1 ]+ [pz]cos(Z(ot) + [p3]sin(2_0)t) . (A3.2)

[p1l, [p2] and [ps], the coefficients of Fourier of 8([Knl]{qw }) / 3{q,, }, are defined

by (4.7)-(4.9). To study the principal instabilities of the harmonic solution, k=1 is

assumed in equation (4.25) arriving at

{SE} = e ({b1 Teos(t)+{a, }sin(cot)) , (A3.3)

and (4.24) becomes

{sé}ir ([m; ]- i-(%) 11+ (BT ([p, ]+ [p2]eos(20t) + [p3]siﬁ(zmt))[31){az} = {0}

(A34)

Inserting (A3.3) into (A3.4) and applying the HBM, results in
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Appendix 3 - Matrices [Mo] and [M;] 165

terms in cos(mt)

[[ (k ~ot-4(B] ][1] []T([pl]%[pz])wﬂ{a%
(2004 187 [0, 81 o }= 0}

(A3.5)

terms in sin{®t)

(LiaT [ T1-200 1+
([m;j]+(x2~m 48 et ([pl]—g[pz])w]){ax}={0}

(A3.6)

Equations (A3.5) and (A3.6) can be written in the following matrix form:

(W I]+ X[M1]+[MO]){ ‘}: 10} | (A3.7)

where [1] is the identity matrix and [, ] is defined by

[M,]= {_ng 2“2)[1]}. | (A3.8)

[M,] is a function of [p1], [pa] and [psl. These are functions of {qw} and can be

written in the form

[p1 ] = %L)T—a-{i-}([lfnl]{qw}) T Io 8{ }([Knl {‘1 })COSZ (or)dr -
1 JOT e }([Knl]{qw })cos(Z(nt) dt = _[ = { } [Knlg, })éa—{{—i% cos(ax) dt —'—12- [p.]

8% CE ; 2]=[]11]_§[p2] (A3.9)
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1= 26 5 (o eosonkl = 5o os o))
o) 2] 5 o Yl sy s =20p 25 <2lp 120

(A3.10)
(o] 2 LT 8 W}([Knl]{qw}) sin(2et)dt =
4j0 T }(Kl{ })g%szn o) dt = 283‘%—2[1711 (A3.11)

[p:]= jo {q }([ nilq, })—{qi_cos(m) dt=2——5 %Wiﬁ—z[fl] (A3.12)

Above, it was taken into consideration that

oduf_ = [I]cos(at), (A3.13) {q‘”} = [I]sin(t). (A3.14)

3w} ofw}

{F,} and {Fy}, defined by (2.133) and (2.134), are the cosine and sine

coefficients of [Knll{g.}. Applying the derivation rule for composite functions, the

following derivatives of {F, } and {F, } are defined:

Vul= g?% }0 T }([ ni{g,}) agq:%cos((ot)dt, (A3.15)
Vil= g?ﬁ ;0 p }_([ nil{g, ) agq“;}}cos(cot) dt, (A3.16)
HEa} 2 —_([&n g, D)= {qW}sm(cot) dt, (A3.17)

T oa{ .} 3w}
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AR} _2 {qw}
[as)= 1T oa{q }([ nil{q })a{ \l}sm((ot)dt (A3.18)

Using (A3.15) to (A3.18), [M, ] can be written as

—[B]T[JHJ[B]—[wZ+(§-§)2j{z]+[coof] ST
4]= T r , (1BY )
_ EiAL 5] [Jﬂ][B]—(mu{%) }[1]+[woj-]

(A3.19)

A3.2 Two harmonics

To study the stability of the two harmonic solutions, k=2 is assumed in equation

(4.25) arriving at
{8{} = e ({b1 }cos((x)t) + {a1 }sin(cot> + {bq }cos(?)cot) + {a3}sin(30)t)). (A3.20)

With this expression, simple instabilities of first and of third order will be detected.
Inserting (A3.20) into (4.24) and applying the HBM, neglecting terms of order
higher than 3@, results in an equation of the form (A3.7), with [M, ] defined by

0 20[I] O 0
o 2e[f] 0 0 0 :
L=y 0 0 6o[l] (A321)
0 0 -6w[f] O

and the symmetric matrix [M, | defined by
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157 [, 181+ 5 18T [p. I8} Consn 1[5 [, ]3]

S[BT [p.I5] [T [ ]151-5 (BT [p: 5]+ Const
SR O O R A B RGN
BRI Ol R GRS U LA T

3BT 81 BT . T8 L5 [p ) 5181 18]
L8 (Y81 18] [p.TE] 51T [p. T80 51 [T (4322)
[B] [p. ] B]+ Const2 0
0 [BY [p.][B]+ Const2

The terms Const1 and Consi2 are:
2 1 B ’ 2 )

Constl:-[m +(§Ej J[I]Jr[oaoj | (A3.22)
. (1BY :

Const2=—[9m +(§Ej ][I]Jr[cow | (A3.23)

The matrices [p1], [p2], [p3], [pa] and [ps], defined by equations (4.7)-(4.11), were

obtained by using the approximation' derived in Chapter 3, according to which:

52— ((KniHg, }) = 3[Knl]. (A3.24)
As aresult:
%([KNA]J’ [KNL, ]+ [KNL,]+[KNL, ), (A3.25)

[p]=

ofw b

[p,]= = ([KNL, ]+ [KNL,]- [KNL ]+ [KNL, ]), (4326
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[p:]=2 (KL ]+ [RVL]- [KNL)). (a3.27)
[p.]= ’3‘([KNL3] - [kNL ), (A3.28)
[p:]=5 (&VL]+[KVL,)). (A3.29)

The nonlinear stiffness matrices [KNL;] are defined in Chapter 2.



APPENDIX 4 - THE CHARACTERISTIC EXPONENTS’ FORM

The characteristic exponents are defined by the following eigenvalue problem

(W1 MM ]+ [M, X} = {} ‘ (Ad.1)

Where [I] is the identity matrix, [M,] and [My] are defined in Appendix 3. If the
middle plane in-plane displacements are not included in the model, then

o([Kknil{g, })/3{a.} is equal to 3[KNL], as was proved in Chapter 3; therefore,
o[Knilg, })// 3{g,} is a symmetric matrix. When the middle plane in-plane

displacements are included in the model, it was verified using Maple that

| o([kni}{q,Y)/a{q, } is still symmetric. Hence, [Mo] is a symmetric matrix.

Eigenvalue problem (A4.1) is typical of a conservative gyroscopic system,
because matrices [I] and [Mo] are symmetric and matrix [M] is skew-symmetric
[4.15]. According to reference [4.12] the resulting eigenvalues are purely real or
purely imaginary. If the former was true, stability could only be lost by process
(4.324), which would fully justify the simplification of the stability study based on
the sign of /1. In fact, for imaginary A

Re(% — lﬁj = —-lﬁ— (A4.2)
2 2m .
and for real A
Re( - lp—) ! E . ‘ (A4.3)
2 ®

Cornsequently, if A is imaginary the solution is always stable, if A is real the stability

limit is defined by
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Appendix 4 - The characteristic exponents form 171

1B 1B
Rel h——L2 | = L
e( ) 0=A (A4.4)

and conclusions similar to the ones made in section 4.3 can be taken.

However, no proof was found in the literature that when [/] and [M,] are
symmetric and [M,] is skew-symmetric, A is either purely imaginary or purely real.

To verify the form of A, let us introduce thé notation
xy={ri+i{z}, {X}={r}-i{z} (A4.5)

where the real vectors {¥} and {Z} are the real and imaginary parts of {X}.
Introducing equations (A4.5) into (A4.1) one obtains the following quadratic

‘equation

(LY TR+ | Z TRz + 2L [, ]{z})i +(y M, Yry+1Z M, [{Z})=0
(A4.6)

Writing
a=|Y [TX7}+Z 1Kz}, b=2LY [M {2} and c=LY [M, {7} +1Z[M, {2}

(A4.7)

where a, b and c are real numbers, the following equation is defined

A

_ —2bitAN-b" —4dac | (A4.8)

. 2a

If matrix [M, ] is positive definite, it is easy to verify that A is purely imaginary,
agreeing with [4.10]. However, if [M 0] is not positive definite, then -4ac can be

positive and it can happen that —b? —4ac > 0. In this case A will be complex, with



Appendix 4 - The characteristic exponents form 172

real and imaginary parts both different from zero if 5#0, and will be purely real if
b=0.

Concerning the first order type of instability, in the numerical cases tried in
this work (with a special attention to the cases in which -4ac was positive) it was
verified that 5=0 and consequently A was either purely real or purely imaginary.

The vectors {Y'} and {Z}, and the matrix [M,], are very sparse, which explains

why it is likely to happen that 5=0, but it does not prove that it always happens.
Consequently, a loss of stability, due to an instability of order one, of the types
(4.32b) or (4.32c) is not overridden, but is extremely unlikely to happen.

In what concerns higher order instabilities, it was found that the
characteristic exponents can be complex with real and imaginary parts different
from zero. Thus, an higher order instability can be of the type (4.32¢), and will not

be detected by an alteration of the Jacobian’s sign.
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Table 5.1 - Geometric properties of beams analysed.

Beam h(mm) b(mm) L@mm) Q(m’) I=(y/12bh’ (mY) r=,1/Q

1 2 20 580 4x105  1.333(3) x107""  5.7735x107F

2 2 20 406 4x107°  1.333(3) x10™"  5.7735%107

Table 5.2 - Material properties of beams analysed.

Beam Material E (N/m’) p (Kg/m’) v
1 Aluminium 7%10'° - 2778 0.34
DTDSO 70
2 Aluminium 7.172x10" 2800 0.33
- 7075-T6

. Table 5.3 - Linear natural frequencies of Beam 1 cc (rad/s).

Mode 1 2 3 4
Exact P17 192.8 531.3 1041.6 1722
HFEM 192.8 531.3 1041.6 1722

" the data in ref. [5.3] is provided with four significant digits

Table 5.4 - Convergence of non-dimensional (@ ay) first natural
- frequency values with number of shape functions.

Wi/ 1.75 2
Po=pi=3 1.61170 - 1.75300
po=pi="T1 1.61169 1.75301

Table 5.5 - Nondimensional first nonlinear frequencies of Beam 1 cc (W ®y).

wy/h 0.5 1.0 1.5 2.0 2.25
LUM 1 1.06505 1.23773 1.47701 1.75299 1.89925
LUM2 1.06506 1.23773 1.47701 1.75299 1.89923
LUM 3 1.06506 1.23773 147714 1.75308 1.89908
LUM 4 1.06505 1.23772 1.47711 1.75299 1.89943

wi/h 2.50 2.75 3.00 3.25 3.5
LUM 1 (2.06063)* - - - -
LUM 2 2.04930 2.20211 . 2.35716 2.51395 k
LUM3 (2.04329)* - - -

LUM 4 2.04809 2.20211 2.35696 2.51369 *

* _ convergence not achieved in less then 300 iterations.

() - indicates the value correspondent to the 300th iteration

LUM 1 - method without linear combination, starting from linear solution.
LUM 2- method with linear combination, starting from linear solution.

LUM 3- method without linear combination, starting from nonlinear solution.
LUM 4 - method with linear combination and starting from nonlinear solution.



Table 5.6 - HFEM (LUM) and experimental nonlinear frequencies (rad/s).

Max. Deflection at =0 0.33 0.61 1.16 1.53 1.66 1.83
midpoint/beam thickness  (linear)

@, Y 177.8 1879 201.1 2714 3025 3214 3456
Oyrem 192.8 1983 2112 2523 2877 301.1 3192

(O — @.)/ @ x100 +844  +553 4502 704 489 632 764

Table 5.7 - Nonlinear resonance frequenciés of Beam 1 cc.

W /R =0 0.5 1.0 1.25 1.5 '1.75

/@y 1 1.06505 1.23772 1.35133 147711 1.61169

O/ Op 2.75654 3.29558 4.36057 4.97419 5.60927 6.26078

oy 540392 6.35857 8.44891 9.68956 11.0010 -

W /h 2.0 2.50 3.00 3.25 3.3125 3.625

O/ Dpy 1752993  2.048089 2356959  2.513686  2.548723 -

0/ O 6.92491 8.27701 9.64886 10.3399 10.5130 11.3816

Table 5.8 - Convergence of fundamental linear frequency of Beam 2 cc (rad/s) with
p,. Only symmetric shape functions used.

Exact B P, =2 p,=3 p=4 p,=3 ,=9

396.6 396.613239 396.605011 396.605 008 396. 605 008 . 396. 605 008

Table 5.9 - Natural linear frequencies of Beam 2 cc (rad/s): p,=10
(both symmetric and anti-symmetric) and p,=9 *(only symmetric).

Mode 1 2 3 4
) 1396. 6050 1093.257  2143.221 3542. 857
Mode 5 6 7 9

) 5295.504  7405.836  10382.49  *15790.9%4

*5292. 411 *9841. 260



Table 6.1 - Nonlinear resonance frequencies calculated using the LUM; Beam 1 cc.

Wi /h =0 0.5 1.0 1.25 1.5 175
(/@) - 1 harmonic 1 106505 123772 135133 147711 161169
(w01/®y1) - 2 harmonics 1 106483 123602  1.34885 147473  1.61153

relative error* +2.06E-4 _+1.36E-3  +1.84E-3 +1.61E-3 +9.56E-5

(/o p) - | harmonic 275654 3.29558 436057  4.97419 5.60927  6.26078

(y/wp) - 2 harmonics 275654 3.31671 436196  4.95557  5.57698  6.21992

relative error -6.37E-3  -3.20E-4 +3.76E-3  +5.79E-3 +6.57E-3

(/wyp) - 1 harmonic 540392 6.35857  8.44891 9.68956  11.0010 -

(@s/0p) - 2 harmonics 540392 633843 832205 - - -

relative error* +3.17E-3  +1.52E-2 - - -

" * the values obtained with two harmonics were taken as reference.

Table 6.2 - Nonlinear fundamental frequencies of Beam 1 cc.

Wadh 18x10° .500 998 1.491 1.978 2.498 3.014
W/ 1.00006 1.06485 1.23509 1.46991 1.74530  2.09573  2.59260
Wi/h 3.508 4.008 4.508 5.007 5.507 6.007 -

/Wy 3.21820 3.8709 450414  5.11761 571659 630542 -

Table 6.3 - Natural frequencies (@, ) obtained with one harmonic (iterative
procedure) and with two and three harmonics (continuation method). Beam 1 cc.

wn/h * 0.5 1.0 1.5 2.0 2.25

One harmonic 1.0651 1.2377 1.4771 1.7530 1.8994

Two harmonics 1.0649 1.2351 1.4699 1.7453 1.9280

Three harmonics 1.0648 1.2370 1.4754 1.7631 1.9227
wp/h * 2.50 2.75 3.00 3.25 -

One harmonic 2.0481 2.2021 2.3570 2.5137 -

Two harmonics 2.0957 2.2919 2.5926 2.8946

Three harmonics 2.1052 2.3204 2.6122 2.9791

* For two and three harmonics the value of wy/k is approximated (error<0.6% and <0.16%,
respectively) ‘

Table 6.4 - Fundamental linear frequency parameter A = o, mL*/EI. Beam 1 ss.

Exact [6.14] - FEM [6.15] FEM {6.7] " HFEM
(eight elements - 32 (six elements - 12 (1 element - 4 DOF*)
DOF) DOF)
97.409 97.409 97.419 97.409

* 6 DOF, if symmetries are not used to reduce the number of DOF.
m - mass per unit length



Table 6.5 - Natural linear frequencies (rad/s) of Beam 1 ss. 12 DOF.

Mode 1 2 3 4 5 6
Exact [6.4] 85.03 340.1 765.2 1360 2126 3061
HFEM 85.03 340.1 765.3 1360 2126 3062
Table 6.6 - Comparison of &/@,; of Beam 1 ss. Two harmonics.
WlT @y o 4 Wn/T Wa g wo/t /o, HFEM  wo/r  w/o, HFEM
Exact  [6-16] (6.7 14 DOF 16 DOF
[6.17] 48DOF 24 DOF (10 DOF*) (10 DOF*)
1.0 1.0892 1.0892 1.0087 1.0906 0.9995 1.0891 1.0014 1.0894
20 13177 13178 19738 13106 2.0021 1.3185 2.0001 1.3180
1.6268 3.0033 1.6275

3.0 1.6256 1.6255 2.9808 1.6198 3.0012
* If symmetries are used to reduce the number of degrees of freedom of HFEM model




Table 7.1 - Geometric properties of isotropic plates.

Plate a (mm) b (mm) h (mm)
1 486 322.9 1.2

2 500 500 2.0833
3 300 320 1

Table 7.2 - Material properties of isotropic plates.

Plate Material E (N/m®) p (Kg/m’) v
land2  Steel 21.0x10" 7800 0.3
3 Aluminium 7%10"° 2778 0.34

DTDSO 70

Table 7.3 - Convergence of linear natural frequencies of Plate 1 with p,.
Doubly-symmetric modes.

Do 2 3 4 5
, (rad/s) 487.343 487.283 487.276 487.276

©p(ads) 1233.04 119730 119592 1195.91
o (radis) 237831 267.64 226373 2263.69

Table 7.4 - Convergence of frequency ratios /@, of the fundamental mode
with p,. Plate 1. pi=6. '
po~=2 Po=3 po=4 po=35

Wi Woa  Wn WO, PYn Woag  Wm Wo

h h h h

020112 1.0075 0.19308 1.0069 0.25820 1.0123 0.19935 1.0073
0.39781 1.0290 0.40502 1.0299 041981 1.0321 0.39991 1.0291
0.59444 10637 0.59830 1.0644 0.60211 1.0653 0.59950 1.0644
079931 1.1129 0.79760 1.1124 0.79957 1.1131 0.79906 1.1121
1.0004 1.1730 1.0003 1.1729 1.0265 1.1817 1.0000 1.1711 -

Table 7.5 - Convergence of the frequency ratios @@y of the second mode with p,.
Plate 1. p=96.
po=2 p=3 p~=4 Po=35

W WOy W WOy  Ya WOy  Yn Wwo

h h 2

h
022911 2.6121 022982 2.5369 0.22991 2.5324 0.23046 2.5325




Table 7.6 - Convergence of the frequency ratios @/, of the third mode with p,.

Plate 1. p;i=6.
p0=2 p0=3 po=4 po=5
W W, W WOy P Wo W P
h h h h

0.25094 5.1332

0.25010 4.8929

0.24903 4.8770

0.24971 4.8761

Table 7.7 - Convergence of frequency ratios @/, of the fundamental mode
with p;. Plate 1. p,=3.

p=0 p=2 pi=3 p=4
W oy W WOa  Yn WO Y W
h h h h
0.19725 1.0105 0.20767 1.0116 0.20553 1.0107 0.20124 1.0080
041032 1.0443 0.39996 1.0421 0.39880 1.0398 0.39927 1.0309
0.59209 1.0899 0.60250 1.0928 0.59809 1.0872 0.59901 1.0682
0.79722 1.1566 0.79983 1.1574 0.80076 1.1509 0.80063 1.1188
1.0025 1.2363 0.99991 1.2353 1.0002 1.2261 0.99971 1.1799
p=3 p=6
W WOy P W,

h

h

0.20369 1.0081

0.19308 1.0069

0.40135 1.0309

0.40502 1.0299

0.59977 1.0679

0.59830 1.0644

0.79990 1.1179

0.79760 1.1124

1.0003 - 1.1792

1.0003 1.1729

Table 7.8 - Convergence of frequency ratios a¥a of the second mode with p;.

Plate 1. p,=3.
HFEM p=0  HFEM p=2 HFEM p=3 HFEM p=4 HFEM p:=>
Wn  @/Op WOy Ve O0p Ym0 Ya afon
h h h h

0.25000 2.5553 0.24996 2.5523 0.25004 2.5523 0.24993 2.5517 0.24990 2.5515




Table 7.9 - Convergence of the frequency ratios Wy of the third mode with p;.
Plate 1. p,=3.

p=0 pi=2 pi=3 pi=4
W Wy  Wn o,  Wn 0oy  Wn W,
h h h h
0.25011 4.9037 0.25001 4.83941 0.24993 4.8934 0.25007 4.8936
p,'=5 pi=6
W o  Wa Wy
h h
0.24994 4.8932 0.25010 4.8929

Table 7.10 - Comparison of frequency ratios &y of immovable fully clamped
square isotropic plates.

Wy Ref [7.4] Ref. [7.3] HFEM HFEM
r 133DOF 49 DOF 9 DOF (p,=3, pi=6) 16 DOF (p,=4, p=T)
™ W K Wy
h ‘ : h

0.2 1.0095 1.0068 0.2099 1.0079 0.21377 1.0082
0.6 1.0825 1.0600 0.6007 1.0632 0.60780 1.0647
1 1.2149 1.1599 1.0011 1.1670 1.0012 ~ 1.1668

Table 7.11 - Frequency ratio /e of immovable fully clamped isotropic square
plates under uniform harmonic distributed force Py=0.2" (P,=873.82 N/m?).

w,  Elliptic Perturba- Finite HFEM HFEM
h function tion element” 9 DOF(p,=3 p=6) 16 DOF(p,=4 pi=7)
solution  solution 54 poE %ﬂ_ W “M;Tm - wo,

+0.2 0.1944 0.1987 0.1643 +2001 0.2442 +0.2000 0.2432
14281 14281 1.4238 -2005 1.4399 -0.2072 1.4275

0.6 0.8951 0.8956 0.8905 +.5992 0.8962 +0.6008 0.8971
12117 12119 12083 -5997 12114 -0.59011 1.2120

+1 1.0822 1.0845 1.0700 +1.000 1.0800 1.0013 1.0803
1.2540 1.255 1.2429 -1.001 1.2491 -0.9952 1.2475

* PFrom reference [7.5]: P, =cF0/ph2co,2 c= jjq;dxdy/ﬁq;zdxdy, ¢ - normalised mode shape. Fy -

amplitude of external applied force (N/mz).



Table 7.12 - Geometric properties of laminated plates.

Plate Number of Orientation of a(mm) b(mm) h(mm)
layers principal axes
4 3 (45, -45, 45) 500 500 5
5 8 (90, -45, 45 O)sym. 480 320 1
6 16 (45, -45,0,-45, 45, 300 150 2.72
-45, 0, 45) ym ‘
7 5 (6, -6, 0, -6,0) 300 300 1

Table 7.13 - Material properﬁes of laminated plates (graphite/epoxy).

Plate - Er Eq Gir vir p
(GNm™) (GNm™) (GNm?) (Kgm™)
4 206.84 5.171 2.5855 0.25 2564.856
5 120.5 9.63 3.58 0.32 1540
6 173.0 72 376 0.29 1540
7 173.0 E. /154  0.79Eg 0.3 1540

Table 7.14 - Convergence of linear natural frequencies of Plate 4 with
number of out-of-plane shape functions.

Do 3 4 5 6 ref [7.9]
9 DOF 16DOF 25DOF 36DOF 36elem. 24
DOF each

o (rad/s) ~ 1587.01  1580.36 157672 157496  1592.30
o (rad/s)  2688.01 258091 257871 2577.55 —
o (rad/s) 404170 3759.85  3690.61 3671.02 —

*Only 16 are necessary in linear analysis (conforming element)

Table 7.15 - Free vibration. Plate 4. E=n=0.

HFEM and LUM method [7.8] HFEM and Continuation Met.
P(;=Pi=5 p1)=pi=5
Aid™ W, Wi alap)
h h

1 1.2268 0.99897 1.2259




Table 7.16 - Forced vibration. Plate 4. Pp=0.1" (P, = 3454.6650 N/m®). &=n=0.
Number of DOF of HFEM =p,’,

po=4 p=6 po=4 p=T1 Po=5 p=5 po=6 p=5 [7.9167 DOF
W,  wop  Ya 0oy Wa g Ya o @0p W o
h h h h h
020163 073401 020184 073401 020117 073570 019861 073162 02 07219
019709 1.24655 -0.20000 124321 -0.19981 124520 -0.20026 1.24443 1.2333
039441 091119 039631 091119 0.40336 091963 040141 091887 04 09129
039993 1.15836 -0.40036 1.15726 -0.39407 1.16099 -039538 1.16083 11548
059965 1.00845 0.60001 1.00687 0.60199 1.01498 0.59513 1.01253 #0.6  1.0085
- 0.60001 1.16395 -0.59972 1.16225 -0.60311 1.16824 -0.59528 1.16749 1.1621
0.800173 1,091817 0.799681 1.08950 0.79874 1.09893 0800490 110059 08 10929
~0.79988 1.201822 -0.80035 1.19995 -0.80208 1.20842 -0.80315 1.20950 1.2018
100053 1.17560 0.99984 1.17312 1.00172 1.18607 0.99623 1.18492 =i 1.1787
0.99987 1.25782 -0.99993 1.25580 -0.99818 1.26571 -1.00263 1.26840 1.2607

* Prom reference [7.9]. P, =cF, /phzmlz c= H‘bdxd)’/ [ 6% dxdy » ¢ - normalised mode shape. Fy -
amplitude of external applied force (N/m®).

Table 7.17 - Convergence of the HFEM linear natufal frequencies. Plate 5.

Po 3 4 5 6 7
wy (rad/s) 511.577 511.440 511.405 511.390 511.387
Wy (rad/s) 646.264 645.576 645.365 645.296 645.281
o3 (rad/s) 907.776 903.155 886.902 886.855 886.217

Table 7.18 - Convergence of frequency ratios @aj of the fundamental mode
with p,. Plate 3. E_,:n:O.

Po=3p=5 po=4 pi=5 Po=5Di=3 Po=6p=06

W Wy W wog  Pn Wy W W/ Wy
h h h h

0.20064 .1.0060 0.20930 1.0064 0.19964 1.0059 0.21421 1.0063
0.39990 1.0234 0.39586 1.0229 0.39951 1.0232 039765 1.0217
0.59977 1.0519 0.60113 1.0521 0.60012 1.0518 0.60266 1.0495
0.80010 1.0907 0.80035 1.0908 0.79988 1.0904 0.80520 1.0872
1.0000 1.1389 0.99978 1.1389 0.99988 1.1382 0.99661 1.1315
1.2495 12106 1.2494 12108 1.2499 1.2092 1.2501 1.2018
1.4993 1.2935 1.4992 12938 1.5001 1.2904 1.5040 1.2835




Table 7.19 - Convergence of frequency ratios @@y of the second mode with p,.
Plate 5. E= 0.4, =0.

p=3pi=5 po~4 p=5 po=5 p~=5 po=6 p=6
W aon Wi won "W, aon Wy Wy
h » h h h
0.19938 12827 0.20010 1.2824 020021 1.2820 0.20189 1.2786
0.40007 1.3397 0.40001 13399 0.40309 13406 040413 1.3271
0.59996 1.4297 0.59993 1.4299 0.60258 1.4308 0.59489 1.3978
0.80000 1.5465 0.80021 1.5466 0.79913 1.5457 0.79984 1.4964
10001 1.6850 0.99569 1.6814 0.99883 1.6840 0.99869 1.6104
12496  1.8812 12476 1.8793 12500 1.8825 1.2498 1.7752
14999 2.0977 1.4999 2.0988 1.4999 2.1006 1.4985 1.9564

Table 7.20 - Convergence of frequency ratios /@y of the third mode with p,.
Plate 5.£=0,1 =0. '

Po=3pi=5 po=4 pi=5 Po=5 p=3 p,~=6 p=06

W Wy ™ afon W (oo W, Wy
h h h h

0.19989 1.8391 0.20072 1.8313 0.19989 1.7971 0.20158 1.7978
0.39903 2.0180 0.39917 2.0046 0.40062 1.9686 0.39868 1.9665
0.60074 22674 059974 22557 0.59964 22190 0.59897 2.2192
0.79806 2.5607 0.80000 2.5592 0.80027 2.5332 0.80069 2.5378
1.0000 2.9056 1.0002 2.9024 1.0001 2.8957 0.99887 2.9010
— —_ _ — - 1.2500 3.4033 1.2487 3.4133
— —_ — — 1.4999 3.9556 1.4999 3.9727




Table 7.21 - Convergence of frequency ratios @ of the fundamental
mode. with p;. Plate 5. p,=5.£=0,11=0.

p=0 p=3 p=4
Wn Wy Wn W@y Wi Wy
h h h

0.19985 1.0081 0.19975 1.0076 0.19959  1.0039

0.39984 1.0319 0.39948 1.0301 0.39990 1.0236

0.59991 1.0704 0.60000 1.0667 0.59978  1.0522

0.80003  1.12138 0.80002 1.1156 0.79990 1.0912

1.0000 1.1840 0.99999 1.1753 0.99987 1.1392

12526  1.2746 1.2500 1.2618 1.2499 1.21031

1.5012 1.3734 1.4999 1.3583 1.5000 1.2914
pi=5 pi=6 pi=1
Wi Wy W Wy W oo
h h h

0.19964  1.0059 0.2006 1.0057 0.19992  1.0055

0.39951 1.0232 0.4013 1.0222 0.40364  1.0224

0.60012  1.0518 0.6003 1.0491 0.61101  1.0508

0.79988  1.0904 0.8013 1.0864 0.80613 1.0874

0.99988  1.1382 0.9999 1.1324 0.99977 1.1324

1.2499 1.2092 1.2532 1.2028 1.2531 1.2029

1.5001 1.2904 1.4977 1.2814  1.4976 1.2816




Table 7.22 - Convergence of frequency ratios Wy of the second mode
with p;. Plate 5. p,=5.£=0.4,11=0.
p=0 pi=3 p=4
W ooy W ooy W, ooy
h h h
0.19986 1.2848 0.19941 1.2844 0.19979 1.2831
0.39933 1.3503 0.39990 1.3484 0.39942 1.3440
0.59848 14516 0.60002 1.4483 0.59895 1.4391
0.79757 1.5816 0.80001 1.5775 0.79865 1.5624
0.99666 1.7346 0.99986 1.7299 1.0015 1.7109
1.2455 - 1.9501 1.2501 1.9459 1.2496 1.9175
1.5044 2.1953 1.5000 2.1822 1.4994 2.1465
pi=5 pi=6 p=7
Y afon W /oy Wn /0y
h h h
0.20021 1.2820 0.19988 1.2784 0.20030 1.2781
0.40309 1.3406 0.40009 1.32593 0.39250 1.3224
0.60258 1.4308 0.59970 1.40017 0.60010 1.3981
0.79913 1.5457 0.80099 1.4978 0.79787 1.4930
0.99883 1.6840 0.99935 1.6127 0.99745 1.6076
1.2500 1.8825 1.2500 1.7801 1.2478 1.7732
1.4999 = 2.1006 1.4999 1.9657 1.5021 1.9611

Table 7.23 - Convergence of frequency ratios a/ay of the third mode
with p;. Plate 5. p,=5.£=0,1=0. '
p=0 p=3 p=4
Yn Wy W Wy Wn Wy
h h h
0.20004 1.7999 0.19995 1.7974 0.20014 1.7972
0.39979 1.9766 - 0.39989 1.9705 0.39988 1.9696
0.59902 2.2337 0.60005 2.2261 0.60016 2.2230
0.79799 2.5528 0.79998 2.5439 0.80006 2.5378
1.00192 2.9317 1.0000 29111 1.0001 2.9026
p=5 p=6 p=T
hid™ /oy W /@y W Wy
h h h
0.19989 1.7971 0.20078 1.7973 0.20094 1.7962
0.40062 1.9686 0.40040 1.9684 0.39886 1.9630
0.59964 2.2190 0.60002 2.2213 0.59930 2.2131
0.80027 2.5332 0.79985 2.5366 0.80077 2.5290
1.0001 2.8957 0.95691 2.8189 1.0004 2.8936
1.2500 3.4033 1.2495 3.4145 1.2494 3.4053
1.4999 3.9556 1.4997 39716 1.4983 3.9641




Table 7.24 - Comparison of frequency ratios @y of the
fundamental mode. Plate 5. p,=5 p=5. E&=n=0.

HFEM and LUM [7.8], [7.10] HFEM and Continuation

W, Wy Method
h W W,
h
0.2 1.0058 0.19964 1.0059
0.4 1.0232 0.39951 1.0232
0.6 1.0516 0.60012 1.0518
0.8 , 1.0903 0.79988 1.0904
1.0 1.1382 0.99988 1.1382

1.2 . 1.1941 1.1999 1.1941




Table 8.1 - Convergence of linear natural frequencies (rad/s) of Plate 1 with

number of out-of-plane shape functions.

A 6 7 8 10

25DOF 36DOF 49DOF 64DOF 100 DOF
@ (1,1) 487.28261 487.28261 487.27635 487.27635 487.27568
@ (2,1) 750.90400 750.74748 750.74620 750.73935 750.73829
@ (1,2) 1194.6916 11943609 1194.3426 11943416 1194.3389
@ (3,1) 1197.3040 1197.3040 1195.9236 11959236 1195.9100
s (2,2) 1440.2864 1439.6702 1439.6702 1439.6446 1439.6402
@ (4,1) 19602411 1819.7703 1819.7614 1811.3413 1811.1831
@ (3.2) 1859.3470 1859.0321 1857.8927 1857.8902 1857.8711
@ (1,3) 2267.6416 2267.6416 2263.7338 2263.7338 2263.6930
@ (4,2) 2548.5234 24554194 2455.4194 2449.1365 2449.0494
W10 (2,3) 2507.3497 2506.4230 2503.0925 2503.0163 2502.9808

Table 8.2 - Convergence of linear natural frequencies (réd/s) of aluminium

plate - Plate 3 - with number of out-of-plane shape functions.

Do 5 7 10

25 DOF 49 DOF 100 DOF
o (1,1 579.44641 579.44156 579.44116
a (1,2) 1135.0211 1134.7515 1134.7469
s (2,1) 1227.6215 1227.3118 1227.3079
wy (2,2) 1742.2799 1741.6415 1741.6187
s (1,3) 2014.3183 2011.3691 2011.3424
ws (3,1) 2235.7076 2232.2331 2232.2004
w (2,3) 2590.7982 2587.9560 2587.9135
s (3,2) 2725.4862 2722.0562 2721.9965
w (1,4) 3499.4726 3210.4784 3192.9034

3545.1451 3540.5456 3540.5106

o (3,3)




Table 8.3 - Convergence of linear natural frequencies (rad/s) of Plate 6 with
the number of out-of-plane shape functions.

Po 5 6 7 10

25 DOF 36 DOF 49 DOF 100 DOF
oy (1,1) 4941.817 4941.817 4941.533 4941.484
w (2,1) 7302.876 7300.268 7300.230 7299.848
o (3,1) 10904.63 10904.63 10894.69 10894.44
ay (1,2) 12223.93 12220.70 12219.51 . 12219.32
o (2,2) 14994.59 14979.04 14979.04 14977.37
o (4,1) 16601.79 15728.35 15727.96 15671.68
oy (3,2) 19117.22 19112.66 19095.75 19094.79
ox (5,1) 24368.49 24368.49 21860.24 21637.69
o (1,3) 23079.46 23079.46 23039.20 23038.16
o (4,2) 24847.44 24411.66 24411.66 24362.53
o (2,3) 26090.00 26057.08 26025.04 26018.49
Wi2(6,1) - 34972.02 34969.89 28814.58

Table 8.4 - Convergence of linear natural frequencies (rad/s) of Plate 7,
0=45°, with the number of out-of-plane shape functions.
Do 5 6 7 -8
25 DOF 36 DOF 49 DOF 64 DOF
763.1592 763.1008 763.0973 763.0961
1420.456 1419.971 1419.934 1419.927
1648.234 1647.451 1647.383 1647.361
2220.854 2220.103 2219.165 2219.133
2657.120 26549138 2650.820 2650.651
2872.601 2869.397 2865.341 2865.101
3210.336 3198.623 3194.657 3193.688
3793.948  3730.628 3721.229 3715.734

4444 815 4265.583 4258.766 4234.946

0 4632.294 4368.324 4353.888 4346.652

1 4798.930 4455.886 4452.876 4431.806

2 .5434.871 5064.244 5016.991 4989.541

elelelele|e|& |8 |B|F|®|®




Table 85 - Linear natural frequency parameter of Plate 7, 0=45°.
A= (phwa* (D), Dy = (ER)/(12(1 = VirVr))-

Mode 1 2 3 4 5 6 7 8
HFEM p,=8 2238 41.65 4832 65.09 77.74 84.03 93.67 109.0
64 DOF

HFEM p,=6 2238 41.65 4832 65.11 77.87 84.16 93.81 109.4
36 DOF

Rayleigh-Ritz[8.4] 22.40 41.64 48.32 65.09 77.76 84.06 93.58 109.0

50 terms.

Table 8.6 - Convergence of linear natural frequencies (rad/s) of Plate 7, 0=15°, with
the number of out-of-plane shape functions.

Po 1 @y W s oy s [GY oy %

6 36 799.652 107332 1562.72 2058.84 2263.52 2318.30 2775.89 3318.54

8 64 799.650 1073.30 156123 2058.71 2253.53 2317.71 2773.88 3142.39

Table 8.7 - Linear natural frequency parameter of Plate 7, 6=15°
A= (pho’a* /Dy ). Dy = (B )/ (12(1 = Vir Vi )-

Mode 1 2 3 4 5 6 7 8

HFEM p,=6 2345 31.48 4583 6038 6639 67.99 8141 97.32

36 DOF

Rayleigh-Ritz 2346 31.48 4586 6038 6647 67.96 8136 92.42
[8.4] 50 terms




Figure 2.2 - a) Rectangular plate: x, y and z - global coordinate system; o, Vo and wyg -
middle-plane displacements; 4, b and h - plate dimensions. b) €, 1 - local coordinate

system.
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Figure 2.3 - Bhat's polynomial of order 16: - plotted using 10 digits, + plotted
using 14 digits.
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Figure 2.4 - Time domain response of Plate 5 to harmonic excitation by a plane
‘ wave.
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Figure 2.5 - Phase plane of the steady-state vibration of Plate 5 due to harmonic
excitation by a plane wave.
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Figure 2.6 - Fourier transform of the steady-state vibration of Plate 5 due to
harmonic excitation by a plane wave.



2500 T
'y
2000 +
A
o (rad/s) A .
1500 + A =
A n =
1000 + A ] .
. u
n
]
so04+ ® .o
.
- onxe o%e o
0 } } } —
0 1 2 3 4
Walh

Figure 5.1 - First three nonlinear frequencies calculated by the HFEM and first
nonlinear frequency obtained experimentally by Bennouna [5.11.
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Figure 5.2 - First mode shape calculated with one harmonic
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Figure 5.4 - Third mode shape.

.—— linear mode; nonlinear mode - - Wlh =0.5; — - Wnlh =15 -+ w/h =1.5.
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Figure 5.5 - FRF in the vicinity of the first mode calculated with: Opo=4,+p,=
5,0 p, = 6, at point x=0. In all cases p=9.

d
7
&
0.4+ R
S
é
0.3“ :
Wm/h g’
0.2+ f
£ .
&
0.1+ K
. M..mom--qa°‘°°’°+. '“"‘?-'-uu».u...._ .......... cxe
048 5 52 54 56 58 6 6.2

0)/0)(31

Figure 5.6 - FRF in the vicinity of the third mode calculated with: 0 po =4, + po =
5,0 p, = 6, at point x=0. In all cases p;=9.
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Stability study using the perturbation method. First mode. x=0.

0O stable solution; + unstable solution; po=pi=6.
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Figure 5.12 — Stability study by the HBM. First mode. x=0. O stable solution;
+ unstable solution; pe=p=06.
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Figure 5.13 — Stability s
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Figure 5.14 - FRF due to a point excitation of 0.134 N: experimental +, HFEM
(po=6, pi =8, 0=0.01)Ostable, 0 unstable. Values at point x=0.
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Figure 5.15 - FRF due to a point excitation of 0.134 N: experimental +, HFEM
(po=6, pi =3, 0=0.038) O stable, 0 unstable. Values at point x=0.
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Figure 5.16 — FRF due to an harmonic plane wave at perpendicular incidence, first mode.
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Figure 5.17 — FRF due to an harmonic plane wave at perpendicular incidence, third mode.
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Figure 5.18 — FRF due to an harmonic wave at grazing incidence, first mode.
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Figure 6.1 - First harmonic amplitude near first resonance frequency of cc beam
calculated with: 0 po =35, + po = 7,0 p, =9, at point x=0.25%L. In all cases p;=10.
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Figure 6.2 - Third harmonic amplitude near first resonance frequency of cc beam
calculated with; 0 po =3, +po=T.Hp,=9, at point x=0.25xL. In all cases pi=10.
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Figure 6.3 - First harmonic amplitude near first resonance frequency of cc beam
calculated with: op; =8, +pi = 10,0 p; = 12, at point x=0.25%L. In all cases p,=7.
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Figure 6.4 - Third harmonic amplitude near first resonance frequency of cc beam
calculated with: o p; =8, +pi = 10,0 p; = 12, at point x=0.25%L. In all cases p,=7.
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Figure 6.5 - First harmonic amplitude near second resonance frequency of cc beam
calculated with p=10 and: 0 p, =5, + p, =7,00 p, = 9,0 p,=11(x=0.25xL).
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Figure 6.6 - Third harmonic amplitude near second resonance frequency of cc
beam calculated with p=10 and: o p, =5, + po =7,00 po =9, 0 po =11 (x=0.25xL).
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Figure 6.7 - First harmonic amplitude near second resonance frequency of cc beam
calculated with p,=7 and: o p; = 10, + p; = 12,0 p; = 14, 0 p; = 16 (0.25xL).
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Figure 6.8 - Third harmonic amplitude near second resonance frequency of cc
beam calculated with p,=7 and: o p; =10, + p; =12,0 p; =14, 0 p; =16 (x=0.25xL)
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Figure 6.10 - Backbone curve of cc beam defined by Wa/r (x=0) and /1.
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Figure 6.11 - Mode shape of the first harmonic of the clamped-clamped beam
... linear mode; -- Wy, =1.2351; — @, =1.7453; ~ w/w,=2.5926;
— - W/, =3.8709.

X

Figure 6.12 - Mode shape of the third harmonic of the clamped-clamped beam
— - Wi/h << 1, (1)’0)5151; - Cl)’(!)£1=1.2351', -— (LY(D£1=1.7453; o (IYOJ£1=2.5926;
oerr W, =3.8709.
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Figure 6.13 - Shape of cc beam at t=2wmT: — - &/w,= 1.0001,
T Www,y=1.2351,— w/w,;=1.7453,------ W 0,;=2.5926, ---- /0,=3.87009.
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Figure 6.14 - Vibration of cc beam at tY®,= 3.84. Plots at
o t=T/4, + (1/48)T+T/4, O (124)T+T/4, -- (1/12)T+1/4, - (1/6)T+T/4
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Figure 6.15 - Vibration of cc beam at (x)/cogl= 3.84

0 (/A T+T/4, + (4N2)T+T/4, & (5/12)T+T/4, -- (11724)T+T/4, —(23/48)T+T/4
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Figure 6.16 - Vibration of cc beam at /o,= 3.84

0 T/2+T/4, + T/A+(25/48)T , O TI4+(13124)T, - (11 2)T+T/4, — (8/12)T+T/4
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Figure 6.17 - Vibration of cc beam at /o, = 3.84
o BIOT+T/4, + (10/12)T+T/4, ¢ (11/12)T+T/4, — (23/24)T+T/4, UT+T/4
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Figure 6.18 - Backbone curve of cc beam defined by Wi/h (x=0) and o¥ .
—— first main branch, + + + secondary branch, second main branch.
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Figure 6.19 - Backbone curve of cc beam defined by 'W3/h (x=0) and w/®y;.
——first main branch, + + + secondary branch, second main branch.
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Figure 6.20 - Backbone curve of beam defined by Ws/h (x=0) and a¥®y1.
—first main branch, + + + secondary branch, - second main branch.
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Figure 6.21 - Mode shape of the first harmonic of clamped-clamped beam at point
o/w,1= 1.1339 of secondary branch.
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Figure 6.22 - Mode shape of the second harmonic of clamped-clamped beam at
point /,=1.1339 of secondary branch.




wih

/
R
\J \J/

Figure 6.23 - Mode shape of the third harmonic of clamped-clamped beam at point
Y®,= 1.1339 of secondary branch.
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Figure 6.24 - Backbone curve of ss beam defined by Wi/r (at x=0) and &/ @,.
From above: first main branch, secondary branch, second main branch.
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Figure 6.25 - Backbone curve of ss beam defined by Ws/r (x=0) and @/®,1.

From above: first main branch, secondary branch, second main branch.
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Figure 6.26 - Backbone curve of ss beam defined by Wa/r (x=0.25XL) and /@1
From above: second main branch, secondary branch, first main branch.
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Figure 6.27 - Backbone curve of ss beam defined by Wi/r (x=0.25xL), &/®p.
From above: first main branch, secondary branch, second main branch.
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Figure 6.28 - Normalised linear mode shape (-); first (--) and third harmonics (..) at
W/r=6.09. Difference not visible
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Figure 6.29 - Mode shape of the first harmonic for all points of the secondary branch
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Figure 6.30 - Mode shape of the third harmonic for points of the secondary branch
—- w/m,=1.3025, ... w/w,=1.3520, --- W/o,=1.4105, — @/®,=1.5304,
- - /Wy =1.6469
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Figure 6.31 - Sum of first and third harmonic for points of the secondary branch at
=2umT— - W, =1.3025, ... &/®,=1.3520, --- o/®,;;=1.4105,— &/w,;=1.5304,
0 0/®;;=1.5892, - - W/®w,=1.6469, + oW m,;=1.6501.
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Figure 6.32 - Vibration of ss beam at w/,; = 1.693. Plots at
0 t=T/4, + (120)T+T/4, O 2124)T+T/4, -- (3124)T+T/4, — (4/24)T+T/4
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Figure 6.33 - Vibration of ss beam at /®,=1.693. Plots at
0 t= (524 T+T/4, + (6/24)T+T/4, o (7124)T+T/4, -- (8/24)T+T/4,
— (924)T+T/4
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Figure 6.34 - Vibration of ss beam at &/®,= 1.693. Plots at
0 t= (1024)T+T/4, + (11/24)T+T/4, 0 (12124)T+T/4, -- (13/24)T+T/4,
— (1424)T+T/4
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Figure 6.35 - Vibration of ss beam at &/®,;=1.693. Plots at
0 = (1524 T+T/4, + (16724)T+T/4, O (17/24)T+T/4, -- (18/24)T+T/4,
— (19724)T+T/4
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Figure 6.36 - Vibration of ss beam at w/,=1.693. Plots at
0 t= (2024)T+T/4, + (21124)T+T/4, O (22124)T+T/4,
— (23R T+T/4, O T+T/4
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Figure 6.38 - Amplitude of first harmonic (at x=0) due to point harmonic
excitation of 0.03 N amplitude, applied in the middle of cc beam: + harmonic

solution, 0 two-harmonics solution. 0=0.01, p =7, p=10.
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Figure 6.39 - Amplitude (at x=0) of third harmonic due to point harmonic
excitation of 0.03 N amplitude, applied in the middle of cc beam, two-harmonics

solution. =0.01, p =7, p=10.
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Figure 6.40 - Amplitude of first harmonic (at x=L/4 ) due to point harmonic
excitation of 0.02 N amplitude, applied at x=L/4 (cc beam): + harmonic solution, 0

two-harmonics solution. 0=0.01, p =7, p=10. First mode.
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Figure 6.41 - Amplitude of first harmonic (at x=L/4 ) due to point harmonic
excitation of 0.02 N amplitude, applied at x=L/4 (cc beam): + harmonic solution, 0

two-harmonics solution. ¢=0.01, p =7, p=10. Second mode.
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Figﬁre 6.42 - Amplitude (at x=L/4) of third harmonic due to point harmonic
excitation of 0.02 N amplitude, applied at x=L/4 (cc beam), two-harmonics

solution. 0=0.01, p =7, p=10.



Figure 6.43 - Antissymetric excitation
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Figure 6.44 - Amplitude of first harmonic (at x=L/4) due to antissymmetric
excitation: + unstable solution, o stable solution. 0=0.01, p,=10, p=10.
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Figure 6.45 - Detail of internal resonance from Figure 6.44.
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Figure 6.46 - Amplitude of third harmonic (at x=L/4) due to antissymmetric
excitation: + unstable solution, o stable solution. 0=0.01, p,=10, p=10.
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Figure 6.47 - Amplitude of first harmonic (at x=L/4) due to antissymmetric

excitation: + unstable solution, o stable solution. ¢=0.015, p =10, p=10.
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Figure 6.48 - Detail of internal resonance from figure 6.47.
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Figure 7.1 - First four bi-symmetric li§ear modes of vibration of Plate 1. p,=3.
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Figure 7.2 - Convergence with p, in the vicinity of the first mode. FRFs:0 po=2, 0 p,;=
3, + p,=4; Backbone curves: —.
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Figure 7.4 - Convergence with p, in the vicinity of the third mode. Legend as in Figure 7.2.

Figure 7.5 - Convergence with p; in the vicinity of the first mode. FRFs:0 p; = 0, + pi
=4, p; = 5, o p;=6; Backbone curves: —.
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Figure 7.6 - Convergence with p; in the vicinity of the second mode. FRFs:0 p; = 0, +
pi = 3,0 pi = 4, o p;=5; Backbone curves: —.
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Figure 7.7 - Convergence with p; in the vicinity of the third mode. Legend as in Fig. 7.6.
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Figure 7.8 - Backbone curves of first three double-symmetric modes of vibration of Plate
1. po=3, p=6. (x, y) = (0,0) .
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Figure 7.9 - FRF in the vicinity of the first (@), second (b) and third (c¢) double-
symmetric modes. o stable solutions, + unstable solutions. Plate 1. (x,y)=(00).
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Figure 7.10 - Comparison between the first resonance frequency predicted by the
HFEM, —, and the measured one, + [7.2].
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Figure 7.11 - FRF due to excitation by harmonic plane wave at grazing incidence with
P=10 N/m>.— stable solutions, unstable solutions. (x, y)=(a/4, bl4), p,=5, pi=6.
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Figure 7.12 - FRF in the vicinity of the first mode due to excitation by harmonic plane
wave at grazing incidence with Pg=10 N/m?. o stable solutions, + unstable solutions.

Plate 1. (x,y)= (0,0), po=5, p=6.
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Figure 7.13 - First four linear modes of vibration of Plate 4. p,=5.
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Figure 7.14 - Convergence in free vibration with po for the first three modes of Plate 4.
pi=5and: 0 p, = 3,—po =4, +po = 5,0 po = 6. First mode calculated at £&=n=0,
second at £=0.4, N=-0.4 and third at §&=0.4,n=0.4.
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Figure 7.15 - Convergence in forced vibration with p,. First mode.
Plate 4. P,=1000 N/m>. p; = 5 and: + p, = 3—p, = 4 and © p, = 5. E=m=0.

1.5¢

0.57

/0,

Figure 7.16 - Convergence in free vibration with p; for Plate 4. p, = 4; in each mode
from right to left: pi =4, pi =5, pi = 6, pi="T. First mode calculated at E=n=0, second
at £=0.4, n=-0.4 and third at £&=0.4n=0.4.
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Figure 7.17 - Convergence with p; in forced vibration. First mode. Plate 4.
P;=1000 N/m®. p, =4 and: + p; = 4,—p;=5,°pi = 6,0 pi= 7. E=n=0.
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Figure 7.18 - First four linear modes of vibration of Plate 5. p,=6.
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Figure 7.19 - Response to an harmonic plane wave at normal incidence, p,=5, pi=6

and P=3 N/m2.0 stable solutions, o unstable solutions. E=n=0. Plate 5.
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Figure 7.20 - Response to an harmonic plane wave at normal incidence, p,=5, pi=6
and P;=5 N/mZ.0 stable solutions, o unstable solutions. E=n=0. Plate 5.
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Figure 7.21 - Response to an harmonic plane wave at normal incidence, Dpo=3, p=6
and P,=3 N/m?. O stable solutions, o unstable solutions. £=0.4, n=0. Plate 5.
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Figure 7.22 - Response to an harmonic plan
P=5 N/m>. O stable solutions, 0 un

0 ®y1
e wave at normal incidence, p,=5, p=6 and
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Figure 7.23 - Response to an harmonic plane wave at grazing incidence, 0=0°, p,=5,
olutions, o unstable solutions. &=0, n=0. Plate 5.
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Figure 7.24 - Response to
pi=6 and P, =5 N/m’. O

Won
an harmonic plane wave at grazing incidence, 0=0°, po=3,

stable solutions, o unstable solutions. &=0, n=0. Plate 5.
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Figure 7.25 - Response t0 an harmonic plane wave at grazing incidence, 0=0°, p,=3,
pi=6 and P, =3 N/mZ2. O stable solutions, o unstable solutions. &=0.4, N=0 .

1.6}
1.4t
1.2
mo
Pt 8l g
o)
o.a} o !
0.21 PRRNY | -
L [N &
i 5 2 5s

00.5
Q)/O)él

Figu£e 7.26 - Response to an harmonic plane wave at grazing incidence, 0=0°, p,=3,
pi=6 and Pg =5 N/m?. O stable solutions, o unstable solutions. £=0.4, n=0 .
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Figure 8.1a - First to sixth linear mode shapes and natural frequencies of Plate 1.
po=10.
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Figure 8.1b - Seventh to twelveth linear mode shapes and natural frequencies of Plate
1. p=10.
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Figure 8.2a - First to sixth linear mode shapes and natural frequencies of Plate 3.
po~10.
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Figure 8.3 - Convergence with the number of harmonics. Plate 1, p=6, p,=6. Total
displacement calculated at &, M=, 0): - 1 harmonic, ¢ 2 harmonics, + three
harmonics.
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Figure 8.4 - Convergence with the number of harmonics. Plate 1, p=6, p,=6. Total
displacement calculated at (§, n)=(0.23, 0): - 1 harmonic, 0 2 harmonics, + three
harmonics.



1.471

1.271

3

0.81
0.61
0.4t

0.21

W/ Wy

Figure 8.5 - Plate 3. Convergence with the number of harmonics (p,=5, p=8). - 1
harmonic, ¢ 2 harmonics, + three harmonics; (€, m=(0, 0).
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Figure 8.6 - Plate 3. Convergence with the number of harmonics (p,=5, pi=8). - 1
harmonic, 0 2 harmonics, + three harmonics; (§, 1)=(0.23, 0).
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Figure 8.7 - Plate 3. Convergence with the number of harmonics (p,=5, pi=8). - 1
harmonic, ¢ 2 harmonics, + three harmonics; (§, n)=(0.5, 0.5).
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Figure 8.8 - Plate 1. Convergence with the number of out-of-plane shape
functions. p;=6 and: - po=5, ¢ p, = 6, + p,=7, 0 p~=8; (€, N)=(0, 0). First harmonic.
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Figure 8.9 - Plate 1. Convergence with the number of out-of-plane shape
functions. p=6 and: - p,=3, ¢ p, = 6, + p,=7, 0 p~=8; (€, m)=(0.23, 0). First
harmonic.
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Figure 8.10 - Plate 1. Convergence with the number of out-of-plane shape
functions. pi=6 and: - p,=5, 0 po = 6, + p,=7, 0 p»=38; (€,1)=(0,0). Third harmonic.
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Figure 8.11 - Plate 1. Convergence with the number of out-of-plane shape functions.
p=6 and: - p,=5, 0 p, =6, + p,=7, 0 p~=8; (EN)=(0.23,0). Third harmonic.
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Figure 8.12 - Plate 3. Convergence with the number of out-of-plane shape
functions. p;=10 and: o p,=3, O po=6,+p.~=T; (€, m)=(0, 0). First harmonic.
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Figure 8.13 - Plate 3. Convergence with the number of out-of-plane shape
functions. p;=10 and: o p,=53, ¢ p, = 6, + p,=7; (€, 1)=(0.23, 0). First harmonic.
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Figure 8.14 - Plate 3. Convergence with the number of out-of-plane shape
functions. p;=10 and: o p,=3, 0 po = 6, + po=T; (€, M)=(0.5, 0.5). First harmonic.
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Figure 8.15 - Plate 3. Convergence with the number of out-of-plane shape
functions. p;=6 and: 0 p,=3, ¢ p, =6, +p,,—7 (€, n)=(0, 0). Third harmonic.
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Figure 8.16 - Plate 3. Convergence with the number of out-of-plane shape
functions. p=6 and: o p,=5, ¢ p, = 6, + p,=T; (§, 1)=(0.23, 0). Third harmonic.
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Figure 8.17 - Plate 3. Convergence with the number of out-of-plane shape
functions. pi=6 and: o p,=5, 0 p, = 6, + p=7; (§, N)=(0.5, 0.5). Third harmonic.
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Figure 8.18 - Plate 1. Convergence with the number of in-plane shape functions.
po=6 and: — p; = 6, 0 p=T, + pi=8; (&, M)=(0, 0). First harmonic.
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Figure 8.19 - Plate 1. Convergence with the number of in-plane shape functions.
po=6 and: — p; =6, 0 p=7, + p=8; (€, 1)=(0.23, 0). First harmonic.
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Figure 8.20 - Plate 1. Convergence with the number of in-plane shape functions.
po=6 and: — p; = 6, 0 p=7, + p=8, 0 pi=10; (&, 1)=(0, 0). Third harmonic.
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Figure 8.21 - Plate 1. Convergence with the number of in-plane shape functions.
po=6 and: — p; =6, 0 p;=7, + p=8, o p=10; (§, )=(0.23, 0). Third harmonic.

1.2+

0.8
0.6
0.4+

o2}

0T 1 1.05 11 1.15 12
(D/(Dgl

Figure 8.22 - Plate 3. Convergence with the number of in-plane shape functions.
po=5 and: o p; =7, ¢ p=8, + p=10; (§, n)=(0, 0). First harmonic.
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Figure 8.23 - Plate 3. Convergence with the number of in-plane shape functions.
po=5 and: o p; =7, 0 p=8, + p=10; (&, n)=(0.23, 0). First harmonic.
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Figure 8.24 - Plate 3. Convergence with the number of in-plane shape functions.
po=5and: o p; =7, 0 p=8, + pi=10; (€, n)=(0.5, 0.5). First harmonic.
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Figure 8.25 - Plate 3. Convergence with the number of in-plane shape functions.
po=5 and: o p; =7, ¢ p=8, + p=10; (§, n)=(0, 0). Third harmonic.
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Figure 8.26 - Plate 3. Convergence with the number of in-plane shape functions.
p,=5 and: o p; =7, 0 p=8, + pi=10; (€, n)=(0.23, 0). Third harmonic.
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Figure 8.27 - Plate 3. Convergence with the number of in-plane shape functions.
po=5 and: 0 p; =7, 0 p=8, + p=10; (€, 1)=(0.5, 0.5). Third harmonic.
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Figure 8.28 - Branch diagram of Plate 3. p,=5, pi=10; (€, )=(0, 0), first harmonic.
From the top: First main branch, secondary branch and second main branch.




-0.0005 1

> ‘ﬁ

-0.001+

-0.0015

-0.002 9,99 i 1.01 1.02 1.03 1.04

(D/(Dgl

Figure 8.29 - Branch diagram of Plate 3. p,=5, pi=10; (€, n)=(0, 0), third harmonic.
From the top: First main branch, secondary branch and second main branch.
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Figure 8.30 - Branch diagram of Plate 3. p,=3, p~=10; (€, N)=(0.5, 0.5), first harmonic.
From the top: First main branch, secondary branch and second main branch.
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Figure 8.31 - Branch diagram of Platé 3. po=5, p,-il(); (€, M)=(0.5, 0.5), third
harmonic. From the top: First main branch, secondary branch and second main branch.
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Figure 8.32 - Mode shapes associated with first and third harmonics, at point
@/, = 1.0035 of secondary branch.
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Figure 8.33 (continued) - Vibration of Plate 3 during half a cycle, at point oW, =

1.0035 of secondary branch.
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Figure 8.34 - Main branch Plate 3. p,=5, p=10; (&, n)=(0, 0), From the top: first
harmonic displacement, total displacement, third harmonic displacement.
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Figure 8.35 - Main branch Plate 3. p,=5, p=10; (€, 1)=(0.5, 0.5), From the top:
total displacement, first harmonic displacement, third harmonic displacement.
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Figure 8.36 - Mode shapes associated with first (a) and third (b) harmonics, at
point /@,y = 1.1993 of first main branch.
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Figure 8.37 (continued) - Vibration of Plate 3 during half a cycle, at point W/, =
1.1993 of first main branch.
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Figure 8.37 - Vibration of Plate 3 during half a cycle, at point /@, = 1.1993 of
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Figure 8.38 - Sections of modes of first harmonic of Plate 3 at x=0, first main
branch at points - W, = 1.0025, o W/, = 1.0944, - e/, = 1.1993.



Figure 8.39 - Sections of modes of second harmonic of Plate 3 at x=0, first main
branch at points - Wy, = 1.0025, 0 Wy = 1.0944, -- @/a, = 1.1993.
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Figure 8.40 - Sections of shape of vibration (both harmonics) of Plate 3 at x=0,
first main branch, points - Wa, = 1.0025, o /e, = 1.0944, -- w/ey, = 1.1993.



0Ty 11 12 13 14
(D/O)gl

Figure 8.41 - Branch diagram of Plate 1. First harmonic calculated at
(£,1)=(0.23,0). - main branch, o bifurcation points, 0 secondary branch. p,=7, p=10.
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Figure 8.42 - Mode shapes associated with first and third harmonics, at point
@/, = 1.36528 of second branch of Plate 1.



Mode 3, 0)53/(031= 2.2047 /\
Y

X

//;;;;i\‘
A
Wi
N /] \ /2
NN
AL

Mode 5, @s/@y= 3.0309

Mode 2, 0p/0p=14773

e
eLLF

Mode 4, (!)e4/0)g]= 24728

Mode 6, @yg/@p=3.1715

Figure 8.43a - Linear mode shapes and natural frequencies of Plate 6. p,=10.
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Figure 8.43b - Linear mode shapes and natural frequencies of Plate 6. p,=10.



/l;‘z‘;\\
,/I,O" N\
W
'0'0:0’

U 0 A
AN

2
(0

>

S

235355
3RS

< {7
525 ’
SERIIRIXX ) 9,033
S
‘%i&‘&“"‘ﬂ,}';é%‘
N
“’?’?727

)
%

Mode 3, 03/, =2.1588

Ul

e

PN Y s
i N

Anhﬁasgéégggéigﬁ

’3%?/1[[,0
’0"’
,,zz {

0

Mode 5, 0)55/0)31-——3 4735

(X)
X
(X

"

\
20000
AK
XX
) 0’0.
€ 0'
¢,

AKX
PACKS
RS
NS
\'

R

L

II/«/_/’////II
%
&
<D
-~

e

<>
>
X

L

&S
BSES
SN2
‘:'t”’ 57
%

4
X
A5
%
0
e
)
4

Mode 2, (Dgz/(l)g]=1.8607

AN ,,.;::f:;. AR\
AR AON
)

. 2
] 7/
I' 0 X

N

’3:'7IIII "‘

RN

AN XS
RN Y e
\\\://

Mode 6, Ws/Wy1=3.7546

Figure 8.444 - Linear mode shapes and natural frequencies of Plate 7. p,=8.
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Figure 8.45 - Plate 6. Total displacement calculated at (€,n)=(0,0) (p,=6, pi=6):
- 1 harmonic, ¢ 2 harmonics, + three harmonics.
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Figure 8.46 - Plate 6. Total displacement calculated at (§,1)=(0.23,0) (p,=6, pi=6):
- 1 harmonic, ¢ 2 harmonics, + three harmonics.
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Figure 8.47 - Plate 6. Total displacement calculated at (EN)=(0.5,0.5) (p,=6, pi=6):
-1 harmonic, ¢ 2 harmonics, + three harmonics.
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Figure 8.48 - Plate 7. Total displacement calculated at Em=(0,0) (p,=5, pi=10):
- 1 harmonic, ¢ 2 harmonics, + three harmonics.
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Figure 8.49 - Plate 7. Total displacement calculated at (€,1m)=(0.23,0.0) (p,=5, pi=10):
' - 1 harmonic, ¢ 2 harmonics, + three harmonics.
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Figure 8.50 - Plate 7. Total displacement calculated at (§,1)=(0.5,0.5) (p,=5, p~=10):

- 1 harmonic, ¢ 2 harmonics, + three harmonics.
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Figure 8.51 - Plate 6. First harmonic’s amplitude calculated with p;=6 and:
= p0=53 <> Po = 6, + p0=7 (&9 T\)=(0,0).
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Figure 8.52 - Plate 6. First harmonic’s amplitude calculated with p;=6 and:

- po=5, 0 po = 6, + p,=T (§, M)=(0.23,0).
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Figure 8.53 - Plate 6. First harmonic’s amplitude calculated with p;=6 and:
- po=5, 0 po =6, + po=T; ¢,m)=(0.5,0.5).
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Figure 8.54 - Plate 6. Third harmonic’s amplitude calculated with p=6 and:
<>p0=55 - Po = 6, +p0=79 (gyn) = (O’ O)
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Figure 8.55 - Plate 6. Third harmonic’s amplitude calculated with p;=6 and:
0 po=5, - Po = 6, + p=T; (&, M) = (0.23, 0).
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Figure 8.56 - Plate 6. Third harmonic’s amplitude calculated with p;=6 and:
o p0=5, - pO = 69 +p0=7’ (ga n) = (055 0'5)'
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Fxgure 8.57 - Plate 7. First harmonic’s amplitude calculated with p=10 and:
- Po=3, <>po =6, + p.=T; (& 1) = (0.0, 0.0).
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Figure 8.58 - Plate 7. First harmonic’s amplitude calculated with p;=10 and: ~
- po=5,0 po = 6, + p,=T; (§, M) = (0.23, 0.0).
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Figure 8.59 - Plate 7. First harmonic’s amplitude calculated with p;=10 and:
-po=3,0 p, =6, + p=T; (§,m) = (0.5, 0.5).
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Figure 8.60 - Plate 7. Third harmonic’s amplitude calculated with p;=10 and:
0 po=5, - po =6, + p=T; (§, M) = (0, 0).
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Figure 8.61 - Plate 7. Third harmonic’s amplitude calculated with p;=10 and:
0 po=5, - po = 6, + p,=7; (§, M) = (0.23, 0).
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Figure 8.62 - Plate 7. Third harmonic’s amplitude calculated with p;=10 and: |
OP(FS, Do = 6: +p0=7; (i, n) = (055 05)
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Figure 8.63 - Plate 6. First harmonic’s amplitude calculated with p,=6 and:
-pi= 6, Opi=7, +pi=8, Opi=10; (&, T]) = (O, 0)



1.47

1.27

= |§

0.87

0.67

0.4t

0.2¢

06.9 i i1 12 1.3
/Wy

Figure 8.64 - Plate 6. First harmonic’s amplitude calculated with p,=6 and:
-p;i=6,0 p=T, + p=8, 0 p=10; (§,n) = (0.23, 0).
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Figure 8. 65 - Plate 6. First harmonic’s amplitude calculated with p,=6 and:
-pi =6, 01’1"7 +pi=8, 0 p=10; (€, m) = (0.5, 0.5).



0.0257

0.021

0.01571

> LE

0.01¢

0.0051

009 1 11 12 13
(D/O)g]

Figure 8.66 - Plate 6. Third harmonic’s amplitude calculated with p,=6 and:
- pi=6, 0 p=1, + p=8, 0 p=10; (§, ) = (0, 0).
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Figure 8.67 - Plate 6. Third harmonic’s amplitude calculated with p,=6 and:
-pi=6, Opi=7, +p;=8, o} p,-=10; (&, T]) = (0.23, 0).
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Figure 8.68 - Plate 6. Third harmonic’s amplitude calculated with p,=6 and:
- pi=6, 0 p=T1, + p=8, 0 p=10; (§, ) = (0.5, 0.5).
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Figure 8.69 - Plate 7. First harmonic’s amplitude calculated with p,=5 and:
+p=T, 0 pi=8, - p=10; (&, =(0, 0).
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Figure 8.70 - Plate 7. First harmonic’s amplitude calculated with p,=5 and:
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Figure 8.71 - Plate 7. First harmonic’s amplitude calculated with p,=5 and:

+pi=7’ opi=8, -pi=10; (&,, T]):(OS, 0.5).
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Figure 8.72 - Plate 7. Third harmonic’s amplitude calculated with p,=5 and:
+ p=1, 0 p=8, - p=10; (EM)=(0, 0).
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Figure 8.73 - Plate 7. Third harmonic’s amplitude calculated with p,=5 and:
+ pi=T, o p=8, - p=10; (§n)=(0.23, 0).
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Figure 8.74 - Plate 7. Third harmonic’s amplitude calculated with Po=5 and:
+p=1, 0 p=8, - p=10; (§,)=(0.5, 0.5).
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Figure 8.75 - Branch diagram of Plate 6. First harmonic’s amplitude calculated at
(&,)=(0, 0) with p,=6, p=10.
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Figure 8.76 - Branch diagram of Plate 6. Third harmonic’s amplitude calculated at
(E»T'l)=(0, 0) with p,=6, p=10.
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Figure 8.77 - Branch diagram of Plate 6. First harmonic’s amplitude calculated at
(€,n)=(0.5, 0.5) with p,=6, p=10.
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Figure 8.78 - Branch diagram of Plate 6. Third harmonic’s amplitude calculated at
(€,m)=(0.5, 0.5) with p,=6, p=10.
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Figure 8.79 - Sections of modes of first harmonic of Plate 6, first main branch at
' points - W®,=1.0004, 0 &/®,=1.1883, - W/w,=1.3818. y=0.



Figure 8.80 - Sections of modes of third harmonic of Plate 6, first main branch at
points - ®,=1.0004, 0 &¥®,=1.1883, -- &/, =1.3818. y=0.
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Figure 8.81 - Sections of shape of vibration (both harmonics) of Plate 6, first main
branch, points @/, = - 1.0004, - . e/, = 1.1883, -- w/, = 1.3818. y=0.
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Figure 8.82 - Mode shapes associated with first and third harmonics, at point (¥, =
1.0179 of secondary branch. Plate 6.
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Figure 8.83a - Vibration of Plate 6 during half a cycle, at point W@, = 1.0179 of
secondary branch.
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Figure 8.83c¢ - Vibration of Plate 6 during half a cycle, at point W, = 1.0179 of
secondary branch. V
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Figure 8.84 - Plate 7. p,=5, pi=10; (§,1)=(0,0). From the top: first harmonic, total and
third harmonic nondimensional amplitudes.
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Figure 8.85 - Plate 7. po=3, p=10; (¢,1)=(0.5,0.5). From the top: total, first harmonic’s
and third harmonic’s nondimensional amplitudes. :
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Figure 8.86 - Mode shapes associated with first and third harmonics, at point (W, =
1.3868 of secondary branch. Plate7.
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Figure 8.87b - Vibration of Plate 7 during half a cycle, at point @/, = 1.3868.
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Figure 8.88 - Sections of modes of first harmonic of Plate 7 at points - @/t = 1.0006,
0 wy, =1.1306, -- aay, = 1.3868. y=0.

Figure 8.89 - Sections of modes of third harmonic of Plate 7 at points - W/, =
1.0006, 0 Way, =1.1306, -- @/, = 1.3868. y=0.
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Figure 8.90 - Sections of shape of vibration (both harmonics) of Plate 7 at y=0, '
points - /@, = 1.0006, 0 /w1 =1.1306, -- W, = 1.3868.
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Figure 8.93 - Plate 7. Third harmonic’s amplitude: 0 6=15°, - 6=45°.
(&, 71)'—'(0,0), po=6, pi=10.
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Figure 9.3 - Amplitude of third harmonic of Plate 3 calculated with: ¢ 2
harmonics, + three harmonics, at (&, 1) = (0, 0). p,=5, pi=8.
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Figure 9.4 - Amplitude of third harmonic of Plate 3 calculated with: ¢ 2
harmonics, + three harmonics, at (§, 1) = (0.5, 0.5). po=5, pi=8.
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Figure 9.5 - Plate 3. First harmonic’s amplitude calculated with pi=10 and: 0 p,=3,
0 po = 6, + po=T (§, M)=(0,0).
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Figure 9.6 - Plate 3. Third harmonic’s amplitude calculated with p;=10 and: o
Po=3,0 po =6, + po=T (&, n)=(0,0).
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Figure 9.7 - Plate 3. First harmonic’s amplitude calculated with p;=10 and: o p,=5,
0 po =6, + po=7 (&, M)=(0.5,0.5).
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Figure 9.8 - Plate 3. Third harmonic’s amplitude calculated with p;=10 and: o
Po=5,0 po =6, +p,=T (§ M=(0.5,0.5).
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Figure 9.9 - First harmonic of Plate 3 calculated at (&,vn) = (0, 0) with p,=5 and:
-pi=0, 0 p=5, + p=8, o p=10.
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Figure 9.10 - First harmonic of Plate 3 calculated at (€, 1)) = (0.5, 0.5) with p,=5
and: -pbi= 0, Opi=57 +Pi=8, Opi-:l().
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Figure 9.11 - Third harmonic of Plate 3 calculated at (€, n) = (0, 0) with p,=5
and:o p; = 0, 0 p=5, - p=8, + p=10.
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Figure 9.12 - Third harmonic of Plate 3 calculated at (§, 1)) = (0.5, 0.5) with Do=5
and: 0 p; =0, 0 p=5, - p=8, + p=10.
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Figure 9.13 - Plate 3’s first harmonic FRF at (§, 1) = (0, 0): - and + stable, ¢ and ¢
third order instabilities, O first order instability. (p,=5, p; = 0).
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Figure 9.14 - Plate 3’s third harmonic FRF at (¢,m) =(0,0): - and + stable, o and
0 third order instabilities, O first order instability. (p,=5, pi =0)
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Figure 9.17 - Section of Plate 3 at x=0, frequency W0,;=1.3416: - t=(6/24)T s, 0
t=(TAT s, - 1=(8/24)T s, + t=(9/24)T s, 0 t=(10/24)T 5, 11 1=(11/24)T s
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Figure 9.18 - Section of Plate 3 at x=0, frequency W/w,=1.3416: - t=(12/24) s,
0 1=(1324)T s, - t=(14/12)T s, + t=(15/24)T s, 0 t=(1624)T s, 0 t=(17/24)T s
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Figure 9.19 - Section of Plate 3 at x=0, frequency W/w,=1.3416: t=- (18/24)T's, 0
t= (19724)T's, - t=(2024)T s, + t=(21124)T s, O t=(22/24)T s, U=(2324)T s
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Figure 9.20 - Nonsymmetric excitation
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Figure 9.21 - FRF of first harmonic at (€, ) = (0, 0) due to nonsymmetric
excitation: + stable, o unstable. Plate 3 (p,=5, p; = 10).
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Figure 9.22 - FRF of third harmonic at (€,m) = (0, 0) due to nonsymmetric
excitation: + stable, o unstable. Plate 3 (p,=5, p; = 10).
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Figure 9.23 - FRF of first harmonic at (§, ) = (0.5, 0.5) due to nonsymmetric
excitation: + stable, o unstable. Plate 3 (p,=5, p; = 10).
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Figure 9.24 - FRF of third harmonic at (€, M) = (0.5, 0.5) due to nonsymmetric
excitation: + stable, o unstable. Plate 3 (p,=3, pi = 10).
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Figure 9.26 - First harmonic of Plate 7 calculated with: o 1 harmonic, ¢ 2
harmonics, + three harmonics, at (§,1) =(0,0). p,=3, p=10.
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Figure 9.27 - First harmonic of Plate 7 calculated with: o 1 harmonic, 0 2
harmonics, + three harmonics, at (€,n) =(0.5 ,0.5). p,=5, pi=10.
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Figure 9.28 - Third harmonic of Plate 7 calculated with: ¢ 2 harmonics, + three
harmonics, at (§,n) =(0,0). p,=5, p=10.
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Figure 9.29 - Third harmonic of Plate 7 calculated with: ¢ 2 harmonics, + three
harmonics, at (§,n) =(0.5 ,0.5). p»=3, p=10.
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Figure 9.30 - Plate 7. First harmonic’s amplitude calculated with p;=10 and: o
Po=5, 0 po =6, + p=T (§, M=(0,0).
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Figure 9.31 - Plate 7. First harmonic’s amplitude calculated with p;=10 and: o
p0=5’ opo = 6, + p0=7 (&y T\)=(05,05)
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Figure 9.32 - Plate 7. Third harmonic’s amplitude calculated with p;=10 and: o
Po=3, Y Po=06, +po~T1 (&5 1)=(0,0).
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Figure 9.33 - Plate 7. Third harmonic’s amplitude calculated with p=10 and: o
p,=5, 0 po = 6, + po=T (§, M)=(0.5,0.5).
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Figure 9.34 - Convergence with number of in-plane shape functions. Plate 7.
(po=5). 0 p; = 0,0 p=1, + pi=8, ¢ p=10; (§, M) = (0, 0). First harmonic.
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Figure 9.35 - Convergence with number of in-plane shape functions. Plate 7.
(p,=5).0pi=0,0 p=7, + p=8, 0 p=10; (&, n) = (0.5, 0.5). First harmonic.
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Figure 9.36 - Convergence with number of in-plane shape functions. Plate 7
(p.=5). 0 pi =00 p=7, + p=8, 0 p=10; (¢, n) = (0, 0). Third harmonic.
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Figure 9.37 - Convergence with number of in-plane shape functions. Plate 7.
(p,=5). 0 pi = 0,8 p=7, + p=8, 0 p=10; (§, M) = (0.5, 0.5). Third harmonic.
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Figure 9.38 - FRF of first harmonic at (€, n) = (0, 0) due to symmetric excitation

of large amplitude: + stable, o unstable. Plate 7 (p,=5, p: = 8).
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Figure 9.39 - FRF of third harmonic at (€, m) = (0, 0) due to symmetric excitation
of large amplitude: + stable, o unstable. Plate 7 (po=5, pi = 8).
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Figure 9.40 - FRF of first harmonic at (€, 1) = (0.5, 0.5) due to symmetric
excitation of large amplitude: + stable, o unstable. Plate 7 (p,=5, pi = 8).
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Figure 9.41 - FRF of third harmonic at (€, 1) = (0.5, 0.5) due to symmetric
excitation of large amplitude: + stable, o unstable. Plate 7 (p,=5, pi = 8).
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Figure 9.42 - Deformation of Plate 7 at point Ww,=97175.
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Figure 9.44 - Deformation of Plate 7 at point w/w,=1.13824.
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Figure 9.43 - Deformation of Plate 7 at point &/@y,;=1.08821.
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Figure 9.45 - Combination of modes 4 and 6 of Plate 7 (6=45°).
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Figure 9.46 - Plate 7’s first harmonic FRF at €, m) = (0, 0), po=6, pi = 10.
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Figure 9.47 - Plate 7’s third harmonic FRF at (&, m) = (0, 0), p,=6, p; =10
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Figure 9.48 - Plate 7’s first harmonic FRF at (€, 1)) = (0, 0): 0 8=15, + 6=45".
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Figure 9.49 - Plate 7’s third harmonic FRF at (§, ) = (0, 0): 0 0=15°, + 6=45°.
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Figure 9.51 - Plate 7’s third harmonic FRF at (€, ) = (0.5, 0.5): 0 6=15°, + 6=45".
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Figure 9.52 - Deformation of Plate 7.2 at point @/, = .96655.
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Figure 9.53 - Deformation of Plate 7.2 at point &/, = 1.13310.
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