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Abstract
The origin of life on earth has inspired scientists, philosophers, and common folk
for quite a long time. The answer to this question either will be no definitive answer or
has multiple factors, i.e, there is not, yet, a straight formula that defines the exact moment when inanimate matter becomes animate matter. So, many theories have been
developed but none answer the basic question: how did life emerge on the early earth?
However, scientists around the world have agreed on one specific requisite that makes
life possible and that differentiates animate matter from inanimate matter, namely SelfReplication. Self-Replication occurs in nature on so many scales from the mineral kingdom to the animal kingdom. Independently of how life emerged and got organized on
earth, it is widely accepted that for a period of time, molecules must have been able to
generate copies of themselves. The main goal of this work was not solve the problematic
concerning how life arose on earth, but rather we studied a well-defined and applicable
(experimental) model that displays the self-replication like-property through the formation
of a template. Template induced replication is the basis of multiplication and reproduction
in nature, so it becomes clear the importance of studying such a process in depth. In
order to approach this knowledge, we analysed numerically the stationary state solutions
for a class of autocatalytic reactions based on template assisted ligation. For this, we employ laws imposed by thermodynamic constraints that, up to now, have been neglected.
In order to avoid chemical equilibrium we opened the system to the environment, thus
affecting the template production significantly. Withal, it was possible to observe that, depending on the set of input/output as well as the flux rate chosen, the system behaviour
switches into a condition where the production of template or intermediates is either favored or not.

Resumo
A origem da vida na terra tem inspirado cientistas , filósofos e pessoas comuns desde
a muito tempo atrás. A resposta para esta questão talvez nunca irá ser respondida ou
se há uma resposta esta poderá depender de muitos fatores, isto é, ainda não há uma
formula, e talvez nunca haja, direta que delineia o momento que a matéria inanimada
tornou-se matéria animada. Teorias têm sido desenvolvidas, mas nenhuma responde
a questão básica que é: Como a vida surgiu na terra primitiva? Contudo, cientistas
espalhados por todo o mundo concordam que deve haver um pré-requisito básico que
diferencia matéria viva de não viva, e este pré-requisito é a propriedade de autorreplicação. Autorreplicação aparece na natureza em várias escalas desde o reino mineral
até o reino animal. Independentemente de como a vida possa ter surgido e se organizado neste planeta, já se é amplamente aceite que em algum momento no tempo,
moléculas foram capazes de gerar cópias delas mesmas. O objetivo deste trabalho foi
o estudo de um conceito bem definido e aplicável (experimentalmente), de um modelo
que possui como característica a autorreplicação através da formação de um template.
Processos de replicação mediados por produção de template são a base da multiplicação e reprodução na natureza. Através disso, torna-se claro a relevância do estudo
focado e profundo de tais processos. Com esta inspiração, nós analisamos numericamente estados estacionários (steady-states) para uma série de reações autocatalíticas
baseadas na formação de templates. Para evitar o equilíbrio químico imposto por leis
da termodinâmica, o sistema foi aberto para o ambiente onde houve o influxo e a saída
de componentes, tal como ocorre nos seres vivos. Através desta abordagem foi possível observar que o modelo comportava-se de forma diferente a depender do volume
de entrada/saída de componentes, o tipo de componentes que era injetado/retirado do
sistema e por último o tempo de fluxo. Alterando estes três parâmetros foi possível criar
redes (networks) complexas de interações que por vezes estimulavam a formação de
templates e/ou intermediários. Os resultados aqui apresentados podem ajudar no entendimento de como simples moléculas através do processo de (bottom-up), podem ter
formado redes complexas de interações e utilizando-se da evolução, ter chegado nas
complexas redes bioquímicas que estão presentes em todas as células vivas atuais.

Contents
Acknowledgement

1

List of Figures

5

List of Tables

8

1 Introduction

9

2 Self-replicators and nonenzymatic catalysis

13

2.1 The Model: An Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.1.1 Background Reaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.1.2 First Order Catalysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.1.3 Second Order Catalysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.2 Catalytic Growth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3 Thermodynamic constraints

21

3.1 Chemical Reaction Rates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4 Flow Reactors and Open Flow

29

4.1 Open Flow and Catalysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.1.1 Combined Second Order and Background Reaction . . . . . . . . . . . 31
4.1.2 Combined First Order, Second Order and Background Reaction . . . . 33
4.2 Networks and Pathways . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.3 Driven Unidirectional Pathways . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
5 Results

42

5.1 Second Order and Background Reaction . . . . . . . . . . . . . . . . . . . . . . 43
5.2 Full Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
6 Conclusion

65

A Appendices

67

A.1 Publication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
References

84

LIST OF FIGURES

List of Figures
1

Schematic diagrams for self-replication. Top: Background reaction, where two reactants (E and N) combine
together to form a template T. Middle: First order reaction, where a template T catalyzes itself, a processes
called autocatalysis. Bottom: Second order reaction where the dimer TT acts as a catalyst. S denotes the
thiol molecule.

2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

Stoichiometric cycles imposed by constraints (15,18). Top-left, First order plus background reactions; Topright, Second order plus background reactions.

3

. . . . . . . . . . . . . . . . . . . . . . . . . 26

Schematic image generated by Copasi showing the conversion of reactants into products and vice-versa.
In a virtual tank reaction (closed-system) this reaction proceeds to approach thermodynamic equilibrium,
where the forward rate of a reaction is equal to the backward rate, and thus its overall flux is zero [21].

4

Schematic network depicted by Copasi. Inside a tank, closed system, we place the first order and background reactions.

5

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

Schematic network depicted by Copasi. For this example we used E and N as input and T and S as output.
The red-coloured pathway is responsible for (reaction 6-7) (See Table 4) enhancing the template yield.

6

. . 36

Network displayed by Copasi. top-left: entry E1 ; top-right: entry E2 ; bottom-Middle: entry E3 , check the
elementary flux mode table 5.

7

. . . 35

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

Forward driven unidirectional pathways (blue arrows) generated by open flows. Combined Second order
catalysis plus background reactions when species E, N, TT are input and when S and T are removed from
the reactor. See Tables 3 and 5 for the corresponding arrays of inputs/outputs and the elementary flux
modes E, respectively.

8

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

Network displayed by Copasi. They are sorted as follow, top-left: case 1; top-right: case 2; bottom-left:
case 3; bottom-right: case 4; check Table 3.

9

. . . . . . . . . . . . . . . . . . . . . . . . . . . 45

Pathways shown by Pathvisio. They are arranged as follows, top-left: case 1; top-right: case 2; bottom-left:
case 3; bottom-right: case 4 (check the list of inputs/outputs, 3). Blue arrows highlight the most suitable
pathway that leads to the template/intermediate production, and the black arrows are the respective reverse
reactions. See Table 6 and 7 for the corresponding elementary flux modes E and the explicit reaction
subnetworks and pathways they represent.

10

. . . . . . . . . . . . . . . . . . . . . . . . . . . 46

Numerical solution computed by Mathematica, for second order catalysis and background reaction. Case
1, case 2, case 3 and case 4 are respectively A), B), C) and D) illustrating the numerical solution and on
the bottom their respective steady-state template concentration (histogram) for the individual complexes
at 100µM . Flow rate set to 10−2 s−1 . Rate constants employed: a = 108 , ar = 1, b = 10, br = 107 ,
f = 1000, fr = 106 , g = 1, gr = 10, d = 10, dr = 106 .

. . . . . . . . . . . . . . . . . . . . . . 48
5

LIST OF FIGURES

11

Numerical solution computed by Mathematica. Case 1, case 2, case 3 and case 4 are respectively E), F),
G) and H) illustrating the numerical solution and on the bottom their respective steady-state template concentration (histogram) for the individual complexes at 100µM . Flow rate set to 10−10 s−1 . Rate constants
employed: a = 108 , ar = 1, b = 10, br = 107 , f = 1000, fr = 106 , g = 1, gr = 10, d = 10, dr = 106

12

. . . 50

Numerical solution computed by Mathematica. Case 1, case 2, case 3 and case 4 are respectively I),
J), L) and M) illustrating the numerical solution and on the bottom their respective steady-state template
concentration (histogram) for the individual complexes at 20µM . Flow rate set to 10−2 s−1 . Rate constants
employed: a = 108 , ar = 1, b = 10, br = 107 , f = 1000, fr = 106 , g = 1, gr = 10, d = 10, dr = 106

13

. . . 51

Numerical solution computed by Mathematica. Case 1, case 2, case 3 and case 4 are respectively N),
O), P) and Q) illustrating the numerical solution and on the bottom their respective steady-state template
concentration (histogram) for the individual complexes at 20µM . Flow rate set to 10−10 s−1 . Rate constants
employed: a = 108 , ar = 1, b = 10, br = 107 , f = 1000, fr = 106 , g = 1, gr = 10, d = 10, dr = 106

14

Network displayed by Copasi. They are organized as follows, top-left: case 1; top-right: case 2; bottom:
case 3; check the list of inputs/outputs.

15

. . . 52

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

Full model. Pathways shown by Pathvisio. They are arranged as follows, top-left: case 1; top-right: case
2; bottom-middle: case 3 (check the list of inputs/outputs, 3). Both blue and red arrows highlight the
most suitable pathways that lead to the template/intermediate production, and the black arrows are the
respective reverse reactions. See Table 8 and 9 for the corresponding elementary flux modes E and the
explicit reaction subnetworks and pathways they represent.

16

. . . . . . . . . . . . . . . . . . . . 58

Numerical solution computed by Mathematica. Case 1, case 2, case 3 are respectively A), B), C) illustrating
the numerical solution and on the bottom their respective steady-state template concentration (histogram)
for the individual complexes at 100µM . Flow rate set to 10−2 s−1 . Rate constants employed: a = 109 ,
ar = 10, ar1 = 10, b = 10, br = 108 , br1 = 106 , f = 1000, fr = 106 , g = 1, gr = 100, d = 10, dr = 106

17

. 60

Numerical solution computed by Mathematica. Case 1, case 2, case 3 are respectively D), E), F) illustrating
the numerical solution and on the bottom their respective steady-state template concentration (histogram)
for the individual complexes at 100µM . Flow rate set to 10−10 s−1 . Rate constants employed: a = 109 ,
ar = 10, ar1 = 10, b = 10, br = 108 , br1 = 106 , f = 1000, fr = 106 , g = 1, gr = 100, d = 10, dr = 106

18

. 61

Numerical solution computed by Mathematica. Case 1, case 2, case 3 are respectively G), H), I) illustrating
the numerical solution and on the bottom their respective steady-state template concentration (histogram)
for the individual complexes at 100µM . Flow rate set to 10−2 s−1 . Rate constants employed: a = 109 ,
ar = 10, ar1 = 10, b = 10, br = 108 , br1 = 106 , f = 1000, fr = 106 , g = 1, gr = 100, d = 10, dr = 106

6

. 62

LIST OF FIGURES

19

Numerical solution computed by Mathematica. Case 1, case 2, case 3 are respectively J), L), M) illustrating
the numerical solution and on the bottom their respective steady-state template concentration (histogram)
for the individual complexes at 100µM . Flow rate set to 10−10 s−1 . Rate constants employed: a = 109 ,
ar = 10, ar1 = 10, b = 10, br = 108 , br1 = 106 , f = 1000, fr = 106 , g = 1, gr = 100, d = 10, dr = 106

. 63

20

Values established for the rate constants concerning the partial model (2nd order and background reaction.)

21

Program to solve for the steady-state solution for each species. Partial model. Where q = 10−2 s−1 and
E0 = 10−6 − 100 × 10−6 µM . [E]=[N] (input) and TT/S (output), red expressions.

22

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

Equations for the steady-state solution for each specie. Full model. Where q = 10−10 s−1 and E0 =
10−6 − 100 × 10−6 µM . [E]=[N] (input) and TT/S (output), red expressions.

24

. . . . . . . . . . . . . 69

Command used to picture the results into graphs. Note that the "X" and "Y" axis are, input and the total
production [R](Numerical results for each specie), respectively.

25

. . . . . . . . . . . 68

Values established for the rate constants concerning the full model (second order, first order and background reactions).

23

67

. . . . . . . . . . . . . . . . . . . 70

Command used to picture the values for the total components expression [R].

. . . . . . . . . . . . . 70

7

LIST OF TABLES

List of Tables
1

Rate constants for the partial model (Second Order and Background Reaction)

2

Rate constants for the full model (First Order, Second Order and Background Reaction)

3

Arrays of Inputs and Outputs for both schemes, Full model (second order, first order and background
reaction) and Partial model (second order and background reaction)

. . . . . . . . . . . . 27
. . . . . . . . 28

. . . . . . . . . . . . . . . . 30

4

Table displaying the chemical equations and the pathway used on the previous equation

. . . . . . . . 37

5

Elementary flux modes representing the three driven unidirectional pathways established for the second
order and background reactions when these are subject to open flow; partial model Case 2 of Table 3.
These driven pathways are shown in both Copasi (Fig. 6) and Pathvisio (Fig. 7).

6

. . . . . . . . . . . 40

Elementary flux modes representing the driven unidirectional pathways established for the second order
and background reactions when these are subject to open flow; case 1, case 2 (See Table 3). These driven
pathways are shown in both Copasi (Fig .8) and Pathvisio (Fig.9).

7

. . . . . . . . . . . . . . . . . . 43

Elementary flux modes representing the driven unidirectional pathways established for the second order
and background reactions when these are subject to open flow; case 3 and case 4 (See Table 3). These
driven pathways are shown in both Copasi (Fig .8) and Pathvisio (Fig.9).

8

. . . . . . . . . . . . . . . 44

Elementary flux modes representing the driven unidirectional pathways established for the first and second
order catalysis and background reactions when these are subject to open flow; case 1, case 2 (See Table
3). These driven pathways are shown in both Copasi (Fig. 14) and Pathvisio (Fig. 15)

9

. . . . . . . . . 54

Elementary flux modes representing the driven unidirectional pathways established for the first and second
order catalysis and background reactions when these are subject to open flow; case 3 (See Table 3). These
driven pathways are shown in both Copasi (Fig. 14) and Pathvisio (Fig. 15)

8

. . . . . . . . . . . . . . 56

1. INTRODUCTION

1

Introduction
No one knows how exactly life emerged on earth. For decades, people have tried to solve

this dilemma through the development of new theories, however, none of them have solved
this problem, yet. It is clear that all forms of life on Earth, from the simplest bacteria to human
beings, are based on a sophisticated molecular machinery, i.e, a complex reciprocity among
RNA, DNA and proteins [28]. Beholding this intricate beauty, one can inquire that, what is the
probability that such a complex and functionally complete system emerged all at once from
non-living molecules? Certainly the answer will be that, a very tiny one. However, during
thousands of years the lightening theory of spontaneous generation seemed to provide an
answer (or at least an idea), and increases that probability, to this enduring question [5].

Nevertheless, in the mid-19th century two scientists, Louis Pasteur and John Tyndall, disproved the spontaneous generation theory [72], thus giving rise to a new theory also known
as Biogenesis, which claims that, life does not spontaneously arise from non-living material
and that complex living things come only from other living things. Over the past few years the
number of theories trying to explain the origin of life only increases [20, 22, 23], however none
of them provided a reasonable answer of how a fully functional system could have emerged
spontaneously, or how it could be built up from smaller systems and later on evolving into
larger and more complex systems [28, 27].

It has been widely accepted that maybe life did not emerge from a single straight pathway,
i.e, why not combine together both theories, abiogenesis and biogenesis , and give rise to a
third more general theory where the animate matter arises from the basic properties of inanimate matter [41] ?. Independently of how life emerged on Earth, it is universally accepted
that the first prebiotic molecule(s) should have been capable of catalysing their own production in a process also known as self-replication. Lifson (1997) claimed that life and its origin
is shown to be one continuous physicochemical process of replication, random variation and
later on subjected to natural selection [41, 30]. This idea has been debated and accepted
by many others [84, 55, 83, 54, 58] and some authors have even talked about repair and
selection of the fittest [63, 24].

Furthermore, a whole range of properties are required to classify a system as either a
9
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non-living or live system [71], among those properties, reproduction is the first and minimal requirement for the formation of species, thus networks of self-replicating molecules
[46, 88, 38, 25, 76, 69] are suitable systems to initiate and spread out life on earth and
elsewhere. Once that is accepted, it becomes clear that reproduction is essential for any
form of life, in this sense that some form of molecular replication must have been initiated
spontaneously in the prebiotic environment as an elementary, purely physicochemical form
of reproduction [41].

The first recorded experimental enzyme-free replication system was carried out by von
Kiedrowski [77]. On this remarkable and historic work, von Kiedrowski reported a case of
autocatalysis in a template directed condensation of two trinucleotides, where he claimed
"...this was the first demonstration that a template with defined sequence can catalyse the
formation of its complementary strand under nonenzymatic conditions...”, and it still involved
information transfer, from the parent strand to its offspring. A self-replicating molecule, by
definition, is capable of acting autocatalytically for its own synthesis [4]. In addition, such an
autocatalytic molecule acts as a template to bind the precursors (building blocks), widespread
throughout the environment, by non-covalent forces and to organize them in such a way that
the reactive groups come in close proximity (this concept will be further discussed in depth).

Self-replication has been achieved in the laboratory using both nucleotide and non–
nucleotide model systems [88, 46, 40, 38, 77, 63] and many others. The autocatalytic mechanism for all these systems in based on non-enzymatic template assisted ligation. In these
processes, a template T directs two constituent fragments that are presented in the environment, where they can be termed as E (Electrophile) and N (Nucleophile). Once oriented, the
fragments react to yield a second identical copy of the template which can then participate
in another autocatalytic cycle, this process is termed as First-order reaction. Apart from this
reaction, it is normal to observe a slow-step non-catalysed background reaction where the
constituent E reacts with N to form both T and S (thiol group).

Beyond that, the dimer (TT) produced in the first-order reaction can initiate a third process
(also known as Second-order reaction) where this molecule will serve as a catalyst to form
a template trimer (TTT) giving rise to three free templates, T. All these reactions (first order,
second order and background reactions) take place simultaneously, in a self-organized net10
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work with non-linear growth [6], where the formation of a product will act as the substrate
of another catalyst, such as happens inside a living cell (biochemical network reactions)
[14, 17, 28, 75, 67, 86].

Not only in its role in the origin of life, but minimal self-replication has also been studied and has awakened much interest due its complex behaviour such as in logic gates [80],
bifurcation and bistability [82]. Accurate kinetic description of non-enzymatic template catalysis was firstly proposed and analyzed by [87] and two years later reviewed by [66]. On
that model Wills and Stadler applied the well known Michaelis-Menten kinetics [44] that can
provide a feasible description of biopolymeric catalysis. Furthermore, straightforward mathematical and kinetic modeling of these self-replicating systems help us to understand the
many complex processes that are believed to occur.

The proposed kinetic networks must combine principles of chemical thermodynamics and
far-from-equilibrium physics, and from here arises a new concept, the so-called dynamic kinetic stability [47, 55, 48], in order to keep the physico-chemical coherence of the underlying
model. Yet, it is necessary for achieving a precise understanding of what is likely to happen
in such non-linear systems involving many reversible steps.

Additionally, for the mathematical model applied by Wills (1998) and reviewed by Stadler
(2000), these authors assume both irreversible background and ligation steps (in accordance
with the Michaelis-Menten kinetics). The latter turns out to be thermodynamically acceptable
and is under kinetic control. In contrast, some variants of these minimal template networks
[78, 2, 82, 80, 31] combine both reversible background formation with strictly irreversible ligation steps, which in their concomitance, give rise to thermodynamic inconsistencies. Based
on this, it is therefore necessary to allow for reversibility and to implement correctly the fundamental constraints dictated by thermodynamic laws.

Based on the premises and the problematics presented above, we applied thermodynamic laws, constraints, in the present model in order to achieve a better understanding of
how and why such a model behaves when we (a) combine irreversible and reversible steps
and (b) all reversible steps. Once demonstrated the inconsistencies that arise from (a), we
applied properly the constraints imposed by thermodynamics as well as solve numerically for
11
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the non-equilibrium steady states of the network and for the individual concentrations of the
templates and intermediates.

All the reaction rate constants were provided by an experimental work [82], which are
supposed to correspond to reasonable values relevant for peptide synthesis, and its irreversibility step was corrected by us according to constraints. Furthermore, once visualized
that reversibility steps tend into equilibrium state, if provided enough time in closed systems,
we opened the system to the environment using a open flow approach, as described well by
[53] and supported by a great many works [14, 15, 78].

Through this approach it was possible to observe that the steady state yields of the templates in all their forms were greatly enhanced, and even for rather small input/output flow
rates. Then we could conclude that something must had boosted the production of free template, T. Surprisingly, we observed that depending on what specie(s) we injected into and
took out from the virtual tank reactor, we could draw new pathways that sometimes led to the
strong (parabolic) amplification of T, and sometimes decreased its yield.

Those results are very important in the context of how self-replicating systems, and why
not small spread niches, could have helped the development and maintenance of life on
earth. The model presented, does not try to explain how life itself emerged and evolved on
earth, rather it shows that single units (building blocks, E and N) can self-replicate through the
formation of a template, and may give rise to the small cooperative networks whose reaction
products can influence other reactions, such as the biochemical reaction networks displayed
by living cells.

Additionally, simple but powerful concepts were carried out in this present thesis, such as
thermodynamic constraints applied to self-replicational system; open flow reactors, that have
been extensively used on pharmaceutical and chemical industries; network and pathways
appear in a great many fields of nature, from neuronal networks to social networks.
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2

Self-replicators and nonenzymatic catalysis
How did life emerge on the early earth? Will we ever be able to answer this question?.

Scientific literature presents a rich and vast proposals of how life could have its origin on
earth. Some say that life started with template-replicating polymers, some say with clays or
maybe polypeptides and, so on [41]. But it is clear that the research involving the origin of life
on earth seems divided between two paradigms: genetic-first or metabolism-first [28]. One
class assumes the domination of metabolism and cellular organization, whereas the other
class assumes the domination of reproduction and genetic information [41]. It reminds us
of the following question, "which came first, the chicken or the egg?", or even better which
came first, metabolism or reproduction"? A lot of authors have defended both hypothesis.
However, one element that both these paradigms have in common is that of autocatalysis.

It is widely accepted that reproduction is certainly essential for any form of life, here and
elsewhere. So, as a deduction, some form of molecular replication must have been initiated
spontaneously in the prebiotic environment as a crucial step. Thus, authors who favor the
egg-first hypothesis link the origin of animate matter with the origin of information-carrying
polymers. From now on we shall define autocatalysis and the model used in the present
work. First of all let the term autocatalysts denote self-replicating molecules which started
autocatalysis spontaneously in a prebiotic environment. It seems clear that once an autocatalytic molecule originates spontaneously, it can grow exponentially by replication, thus
reaching macroscopic abundance if its reactants are abundantly available. By definition, an
autocatalytic reaction is one in which the product acts as the catalyst for its own formation [8].

The first enzyme-free replication system (known as non-enzymatic template-directed selfreplication) was first reported in 1986 by von Kiedrowski [77]. In his classical work Kiedrowski
and co-worker demonstrated the self-replication of a biopolimer (Hexanucleotide) synthesized from two trinucleotides. That was the first demonstration that a template with defined
sequence can catalyses the formation of its complementary strand under specific and nonenzymatic conditions.

Almost ten years later, it was demonstrated that a peptide comprised of 32 amino acids
can undergo, under favorable conditions, exactly the same form of autocatalytic synthesis
13
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from two roughly equal fragments [37]. Contrary to the nucleic acid bases, developed by
Kiedrowski and others, information transfer in polypeptides is inherently more complex and
dependent on both the structure and the polypeptide sequence [37].

The literature presents a wealth of examples displaying autocatalysis-like process in common chemical transformations, such as the formose reaction [39], oligonucleotides [77, 29,
32, 40, 94, 46, 65], helical peptides [37, 62, 16, 91, 92], non-helical peptides β-sheet [70, 57],
homochirality [9, 68], small organic molecules [88, 85, 34, 31] and even ribozymes [50, 73].
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2.1

The Model: An Overview
As precisely defined above, self-replication is the ability of a system to catalyse the syn-

thesis of accurate copies of itself from dispersed building blocks present in the environment.
In its simplest form, self-replication involves the product (template,T) assembly of starting
components or "building-blocks" (E,N) to form a new product (T). The formation of T may occur directly, via a relatively slow background reaction, or autocatalytically, where the template
acts as a catalyst for accelerating its own production [42, 82] (see the chemical reaction and
a schematic view bellow). Furthermore, such a process can be stated as follows (Templatebased replicators):
g
GGG
GG
GG
GB
(1)
E+NF
GG T + S,
gr
a
b
d
GGG
GG
GG
GB
GGG
GG
GG
GG
GG
B
GGG
GG
GG
GG
GB
E+N +T F
(2)
GG EN T F
G TT + S F
GG T + T + S,
ar1
br1
dr
f
a
b
d
GGG
GG
GG
GB
GGG
GG
GG
GG
B
GGG
GG
GG
GG
GB
GGG
GG
GG
GG
GB
E + N + TT F
GG EN T T F
G TTT + S F
GG T + T T + S F
GG T + T + T + S, (3)
ar
br
fr
dr

Background reaction

E

T

N

S

1st Order catalysis

E

N

T
ENT

TT

S

S

T

T
2nd Order catalysis

T
E

ENTT
TT

T

N
TTT

S

TT

S

T

S

T

Figure 1: Schematic diagrams for self-replication. Top: Background reaction, where two reactants (E and N) combine together
to form a template T. Middle: First order reaction, where a template T catalyzes itself, a processes called autocatalysis. Bottom:
Second order reaction where the dimer TT acts as a catalyst. S denotes the thiol molecule.

The reaction network, Fig. 1, is taken to be governed by mass-action kinetics (See Thermodynamic Constraints section), and is thus a description of elementary chemical transformation, not coarse-grained overall net reactions. Whether in pre-biotic chemistry or else in
the context of the more "applied" scenarios, the corresponding mass-action kinetic networks
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must combine principles of chemical thermodynamics and non-equilibrium physics to ensure
the physico-chemical coherence of the underlying model. Such principles are crucial for
achieving an understanding of what is likely to happen in such non-linear systems involving
many (reversible) steps.

To begin with, coarse-grained models derive as approximations from more fundamental mass-action elementary reactions, and there is no guarantee that spurious dynamical
or steady state behaviours are not introduced as artifacts of the approximation. Second,
mass-action kinetics bears a precise relationship to the networks architecture revealing the
connections between architecture and the varieties of behaviour that the corresponding differential equations might exhibit. Finally, the finer mechanistic details, e.g, reversible versus
irreversible transformations, have notable consequences, as we will see in the Thermodynamic constraints section.

Now we shall introduce the concepts of both background, first order and second order
reactions established in this work.

2.1.1

Background Reaction

We shall begin discussing the background reaction, displayed in (1), which is the noncatalytic ligation process. The background reaction is regulated by only two rate constants,
as follows: g and gr describe the association and difusion, respectively. In a previous statement settled by Beutel (2006), for the uncatalyzed step (background reaction), the components E and N "collide" with a relative low probability to form the template T [7]. Even though
faster catalytic processes take place (1st order and 2nd order), this reaction (background) will
always be running in the background. One shall note that this reaction will dominate in the
special cases when either the catalytic processes are negligible (high affinity of the dimers
and or trimers) or not present, and can therefore be thought of as a zeroth catalytic order
system (See Chemical Reaction Rates).

Unlike the nucleic acid bases, which provide a clear framework for establishing complementary molecular interactions [33, 77, 32], autocatalysis, and thus information transfer
in polypeptides, is inherently more complex and dependent on both the structure and the
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polypeptide sequence [37, 63]. In experimental works carried out previously [82, 81, 80] this
system (See Fig.1) was realized with peptides, and the amide-bond-forming process was
based on the thioester-promoted peptide fragment condensation [37, 19] in order to circumvent potential side reactions which may arise from reactions at amino and carboxylic acid
side-chain functionalities. In this work we shall treat S as free molecule in order to carry out
the steady state analysis that follows.

Finally, as the chemistry involved allows modulation of the association and dispersion
(rate constants) constants, Severin (2004) suggests that the work should be carried out under
conditions where the building blocks are the dominant species in solution [61]. Based on this
premise, we carried out a couple of numerical experiments where we used E and N, always
in the same amount of both reactants, as inputs (See Section 4: Flow Reactors and Open
Flow).

2.1.2

First Order Catalysis

In the first order catalytic model of minimal self-replication, in each catalytic cycle the
template T forms a ternary intermediate (ENT) with the two fragments E and N. Thus, under ideal conditions the template T exposes its recognition sites in the correct orientation,
assembling E and N, and then connects these two molecules to form an exact copy of itself
by transmitting structural information to the new template [31]. After that, the template dimer
dissociates into two T molecules, readily available to continue the catalytic process. Such a
process is described by equation (2). The first T needed to "Kick-start" the first order autocatalysis process comes from the slower background reaction.

Here the rate constants are as follows: a and dr describe the association of the reactants
that must form the intermediates ENT and TT; ar1 and d describe the respective dissociation
of these intermediates; b describes the crucial step catalytic ligation, where br1 is the new
rate constant, applied by us in order to obey thermodynamic constraints (See Thermodynamic Constraints section), and it describes the reverse association process.

In a remarkable paper written in 1996, Lee and co-workers pointed out the importance of
molecular recognition in crucial steps such as that must catalyse the conversion of the intermediate (ENT) into the dimers products (TT). Utilizing mutant templates, the group showed
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that a single mutation, in some specific places, can and will abolish the self-replication process [37]. In this sense, one can assume that sequence-selective molecular recognition on
complementary surfaces has a critical and vital role in peptide self-replication. This statement was later discussed and supported by [8]. Orgel (1983) studying oligonucleotides, did
find that efficiency is highest when the intermediates and hexamer are fully complementary
[29], this was later strengthened by [65]. Likewise, the recognition-mediated reaction has a
dramatic effect in the autocatalysis displayed by small molecules as well [31].

2.1.3

Second Order Catalysis

Finally, in a second order catalytic model, a template dimer (TT) forms a quaternary intermediate complex (ENTT) with two fragments (E and N), which ligate and form a template
trimer (TTT), once it is catalytically active it will catalyse the ligation between the fragments
and then dissociates into three free templates (See Eq. 3).

This catalytic mechanism also takes place in parallel with the slower background reaction, and it is regulated by the following rate constants: a, dr , and fr describe the association
of the reactants that form both intermediates ENTT, TT and TTT, respectively; ar ,d and f
describe the respective dissociation of these intermediates; b describes the pivotal catalytic
ligation and br catalyzes its reverse reaction (introduced by us, as a result of thermodynamic
constraints).

In a previous work developed by Ashkenasy and co-workers (2017), they stated as follows, that the irreversible step (catalytic step and the reverse rate constants for the second
order and first order respectively (br and br1 ) could be set equal to zero, since the folded template trimer is more protected from attack by the thiol and water molecules than the unfolded
random coil template monomers [82]. However, in this present work, we proved that those
reverse rate constants cannot be set equal to zero in mass-action kinetics (See Thermodynamic Constraints section), and to do so other pre-requisites must be required.

Additionally, in second order systems only dimer templates attach to the reactants, so
two templates are required for catalysis. These two templates may be either identical or not,
in this present work we treated them as identical since the non-identical templates require
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different types of "building-blocks", and those can be subjected to mutation and selection
[37, 31, 17] that could lead to new pathways, and a primitive system displaying a repair-like
property [63]. However, such an approach was not contemplated in this work.

2.2

Catalytic Growth
Autocatalysis is usually demonstrated in two ways: by the presence of an exponential

product/time curve, and by a correlation between initial product concentration and reaction
rate [8]. Both effects arise since the rate of reaction is proportional to the concentration of
product. Equation (4) [77] shows the general form of a rate equation for template-based autocatalysis, where c is the concentration of product, b is the non-autocatalytic term and p is
the order of reaction with respect to product.
dc
= acp + b
dt

(4)

It must be pointed that ideally template autocatalysis will lead to an exponential increase in
product concentration, that is, p=1 "exponential growth". Analytically it means an efficient
dissociation of the intermediates [81]. According to von Kiedrowski [33], exponential replication is a prerequisite for natural selection.

However Template-based self-replication is limited by product inhibition. It happens when
template molecules associate into dimers or multimers that are catalytically inactive, i.e, the
template is "stuck" in the dimer form [81] due a very high affinity. Thus, the reduced concentration of free catalyst leads to a limiting condition where p=1/2 [8]. Such a condition displays
a "Parabolic" growth and it has a limited efficiency [8, 81, 59]. This behaviour can also be
stated as the "square-root law of autocatalysis" [33].

Moreover, experimental results have pointed that first-order autocatalysis yields parabolic
growth, thus following the "square-root law" [49]. In some systems the rate of competing
background reaction is high enough to mask the expected parabolic behaviour [8]. Beyond
any shadow of a doubt, only very inefficient systems are expected to show linear growth (See
Results section), where this means the total association between the intermediates and its
inefficiency to dissociate into free templates.
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In this fashion, some experimentalists, in order to achieve exponential growth with a template based replicator, have proceeded as follows: they enhance the catalytic efficiency of
the template, by avoiding total recognition and annealing of the building blocks and/or reducing the stability of product dimers or multimers [8, 42, 51].

In this section we outlined the key roles played by the reaction order on the growth rate in
minimal self-replication. These analyses may change when the systems have more than one
species competing for the same reactant, for example. In the next section we shall discuss
the main aim that motivated this work.
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3

Thermodynamic constraints
Before introducing the thermodynamic constraints applied in this work, we shall first re-

view some concepts about rate constants, kinetic equations, as well as the law of mass
action.

3.1

Chemical Reaction Rates
The introduction of reaction rates have taken scientists beyond the classical thermody-

namics of equilibrium states that was formulated by Gibbs and others. Though affinity is the
driving force of chemical reactions, the rates are not determined exclusively by affinities, but
depend on many factors, such as the presence of catalysts [53].

The basic and most accepted concept concerning reaction rate is as follows: the reaction
rate is defined as the number of reactive events per second per unit volume, and it is usually
expressed as mol L−1 s−1 [53]. As noted, chemical reactions depend on collisions, but in
most reactions only a very small fraction of the collisions result in a chemical reaction. Based
on this premise, it is clear that the rate constants are proportional to the product of the concentration, since the number of collisions per unit volume is proportional to its concentration.
Summarizing, a reaction rate refers to conversion of reactants into the products or vice versa.

Consider the following reaction:
kf
GGG
GG
GG
GG
GB
A+BF
GG C
kr

(5)

Here, Rf = kf [A][B] and Rr = kr [C] are the forward and reverse reaction rate, respectively
and kf and kr are the rate constants.

In a reaction, both forward and reverse reactions take place concurrently. Thus, considering any rate constant equal to zero implies some constraints as we shall see in the next
topic. Furthermore, it is important to note that the rate constant depends on temperature.
For a reaction such as (5), one could assume that the rate of reaction bears a direct relation
to the stoichiometry of the reactants, but this is not always true. For a reaction such as
2A + B → P roducts, Rate = k[A]a [B]b

(6)
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where k is a temperature-dependent rate constant and the exponents a and b are not always
integers. Thus, the rate is said to be of order a in [A] as well as order b in [B]. Finally the
sum of all the orders of the reactants, a + b, is the order of the reaction. For the reaction
(6) the rate would be as follow, k[A]2 [B], it implying second order in [A] and first order in [B],
respectively.

Moreover, the rate of conversion from products into reactants depends on the energetic
barrier imposed [53], such a definition comes from Transition State Theory that is based on
statistical mechanics and quantum theory developed by Pelzer and co-workers in 1930. Due
to the fact that the reverse reaction, from products into reactants takes so long, some authors
prefer to neglect the rate, but only in few strict conditions, as we shall see later, can it be set
equal to zero.

Reaction rates are generally determined empirically. Once the reaction rates are known,
the time variation of the concentration can be obtained by integrating the rate equations,
which are coupled differential equations. For example, for an elementary reaction of the form
kf
GGG
GG
GG
GG
GB
AF
GG 2B
kr

(7)

then the concentrations of the reactants and products will be governed by the following differential equations, also called Kinetic Equations

d[A]
= −kf [A] + kr [B]2
dt

(8)

d[B]
= 2kf [A] − 2kr [B]2
dt

(9)

For more complex reactions, as carried out in this present work, one can obtain numerical solutions using the Mathematica program. Moreover, the concentration of reactants as
a function of time can be calculated for reaction systems that show the effects of detailed
balance (See Eq. 13,14 and 16) on chemical kinetics [1].

The first proposed schemes for minimal self-replication described above combine reversible transformations with irreversible catalytic ligation, based on the Michaelis-Menten
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quasi-steady state approximation [87]. However, it is crucial to highlight that such a scheme
is incompatible with strict conditions imposed by chemical equilibrium in mass-action kinetics. To corroborate this statement, consider the background reaction, first-order catalysis
and second-order catalysis where we have included the reverse catalytic ligation, with a nonvanishing rate constant br and br1 , in order to demonstrate that these reverse paths cannot
be neglected when combining first-order catalysis (11) with the background reaction (10),
and when combining the first (11) and second order systems (12) with the background reaction, as firstly proposed by [87], and many others [82, 81, 18, 79, 17, 80, 81].

g
GGG
GG
GG
GB
E+NF
GG T + S,
gr
a
b
d
GGG
GG
GG
GB
GGG
GG
GG
GG
GG
B
GGG
GG
GG
GG
GB
E+N +T F
GG EN T F
G TT + S F
GG T + T + S,
ar1
br1
dr
f
a
b
GGG
GG
GG
GB
GGG
GG
GG
GG
B
GGG
GG
GG
GG
GB
E + N + TT F
GG EN T T F
G TTT + S F
GG T + T T + S,
ar
br
fr
d
GGG
GG
GG
GB
T + TT + S F
GG T + T + T + S.
dr

(10)
(11)

(12)

It is important to note that when the reaction system comes to equilibrium, the principle of
detailed balance requires that for each step, the rate of the forward reaction must be equal
to the rate of the backward reaction at equilibrium (a complete review concerning detailed
balance can be found at [1]). Thus the steady state, chemical equilibrium, conditions that
follow from the above chemical transformation are as follows. From Eq.(10)
[T ]eq [S]eq
g
=
,
gr
[E]eq [N ]eq

(13)

whereas from the sequence of reactions in Eq(11) we find
[T ]2eq
[EN T ]eq
[T T ]eq [S]eq d
a
b
=
,
=
,
=
,
ar1
[E]eq [N ]eq [T ]eq br1
[EN T ]eq
dr
[T T ]eq

(14)

Here [..]eq denotes the equilibrium concentration of the indicated species. Multiplying these
expressions together and cancelling the common factors between the numerator and denominator, we find that the rate constants must obey the constraint
gr a b d
= 1.
g ar1 br1 dr

(15)

It states that one cannot take irreversible catalysed ligation (br1 = 0) in the presence of the
reversible background reaction (gr > 0). Likewise, the steady state (chemical equilibrium)
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conditions that follow from the sequence of reactions for the second-order catalysis Eq.(12)
are:
[EN T T ]eq
[T T T ]eq [S]eq f
[T ]eq [T T ]eq [S]eq
a
b
=
,
=
,
=
ar
[E]eq [N ]eq [T T ]eq br
[EN T T ]eq
fr
[S]eq [T T T ]eq
2
[T ]eq
d
=
,
dr
[T T ]eq

(16)
(17)

As before, multiplying these expressions together and cancelling the common factors between the numerator and denominator, give rise to the following constraint
gr a b f
= 1.
g ar br fr
Note that the ratio

d
dr

(18)

is identical for both the first (14) and second order catalysis (15), but

it is not involved in the constraint Eq.(18). Finally, for the combined first and second order
systems in the presence of the background reactions the conditions on the reaction rate
constants are given by both constraints Eqs.(15,18), simultaneously. Note these constraints
are independent of the concentrations. In this sense, according to the principle of detailed
balance, the eight rate constants (See Eqs. 15 and 18) are not independent and the product
of their rate has to be always equal to 1 [21].

Thus, the behaviour of reaction systems in strongly determined by structural constraints
on mass and energy flow that follow from the stoichiometry of the system [21]. The above
equations (15 and 18) for the parameters is called Wegscheider condition, and is well described by [21].

A critical point that must be emphasized is that the equations Eqs.(15,18) hold for the
reaction schemes of Eqs.(10,11,12), regardless of whether the system is near or far from
chemical equilibrium, or whether the system is in a transient state or exhibits a stationary
equilibrium steady state. Even for systems with little possibility of ever attaining equilibrium,
these relationships ordained by chemical thermodynamics dictate what is thermodynamically
possible for the system in all experimentally realizable situation described by mass-action kinetics. In this sense, a model violating the Wegscheider conditions may be interpreted as a
system violating energy conservation [21].

One such thermodynamically realizable situation is when the system is merely taken
closed and isolated, it must then come into equilibrium, and with all reactions obeying de24
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tailed balance. This situation serves as a thermodynamic "boundary condition" on the rate
constants, which implies constraints. Since the rate constants are just that, namely constants, once they are found to be constrained by detailed balance, they are subsequently
constrained for all out-of-equilibrium situations.

Eqs.(15) and (18) states that one of the inverse rate constants cannot arbitrarily be chosen to equal zero, as proposed by Ashkenasy and co-workers [82], when that choice forces
another rate constant to diverge and become Infinite. Since this case violates principle of
detailed balance, it turns out to be physically unrealistic (thermodynamically infeasible as
described by [21]). Hence, thermodynamic inconsistencies can arise when both reversible
and irreversible transformations are present simultaneously within a common mass-action
reaction scheme.

Furthermore, and yet concerning detailed balance, Ederer (2007) and co-workers compared model equations, such as that in Ashkenasy 2017 [82], that violate detailed balance
to the picture "Waterfall" by the graphic artist M.C. Escher. It shows a cyclic self-sustained
water flow driving a water wheel. This is physically impossible, because water always flows
from higher to lower levels. Nevertheless as a whole it shows an impossible situation, violating energy conservation [60].

However, an important conclusion was stated, no such constraints apply if both the background and template assisted ligation steps are taken irreversible gr , br1 → 0. Correspondingly, if the template dimer assisted ligation is taken to be irreversible together with the background reaction gr , br1 → 0 there is no constraints on the rate constants. In other to show
this, consider Eqs.(18). If we consider the background and template assisted ligation steps
gr , br1 → 0 and call both as ε the following equation must hold:
a bf ε
= 1.
ar ε fr g

(19)

Multiplying these expressions together and cancelling the common factors between them
shows that the reaction rate constants must obey a new constraint
a b f
=1
ar fr g

(20)

where br = ε = gr . Such as approach has been developed by [81, 80, 58] and in many
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other reviews [81, 66].

In the literature detailed balancing is discussed in the framework of a formal, mathematical of general kinetic systems. Recently, Yang (2016) has discussed how to impose
detailed balance in complex reaction mechanisms, such as biochemical networks [90]. Such
a method is based on explicit identification of stoichiometric cycles. The latter presents a parameterization of the model in terms of equilibrium concentrations and fluxes. For purposes
of illustration consider the following stoichiometric cycles that emerges from both constraints
(15,18).

Figure 2: Stoichiometric cycles imposed by constraints (15,18). Top-left, First order plus background reactions; Top-right,
Second order plus background reactions.

Note that, tracking the chemical reactions described by each rate constants, and imposed
by both constraints [15,18], is possible to draw the stoichiometric cycle describing both firstorder catalysis (a, ar , b, br1 , d, dr ) plus background reactions (g, gr ) and second-order catalysis (a, ar , b, br , f, fr , d, dr ) plus background reactions (g, gr ). As stated before, the rate constants (d and dr ) (second constraint, Eq.18) concerning second-order plus background reactions (See Fig. 2, right) does not participate in the stoichiometric cycle (flux), since these
forward and reverse rate constants are free to be chosen.

Moreover, by clamping species concentrations, an external thermodynamic force is imposed upon the system (open flow), preventing it from going to thermodynamic equilibrium,
and driving a cyclic flux. Such cyclic fluxes are called futile cycles, since they are driven by a
permanent inflow of energy. In this sense, the argument used to derive the detailed balance
relations (Eqs. 13,14,16), are no longer valid, because it is based on the assumption that
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thermodynamic equilibrium is reached. This shows that detailed balance relations can only
be formulated for true cycle (such as that direction imposed by a, ar , b, br1 , d, dr and g, gr ,
See. Fig 2 (Left)) , but not for futile cycles (direction imposed by the external force (open
flow)) [21]. That is the reason because we did not include the set of intake/out-takes (See
Tab. 3) in the detailed balance equations (Eqs. 13,14,16).

In this thesis we consider minimal single template replication networks governed by massaction kinetics and in view of the corresponding chemical thermodynamic constraints. Furthermore, we established values for the rate constants based on previous experimental work
performed by [82]. The following table displays the rate constants and their respective values.

Table 1: Rate constants for the partial model (Second Order and Background Reaction)

Rate Constant

Value

a

108 (mol−2 s−1 )

ar

1 (s−1 )

d

10 (mol−2 s−1 )

dr

106 (mol−1 s−1 )

f

1000 (mol−1 s−1 )

fr

106 (mol−2 s−1 )

g

1 (mol−1 s−1 )

gr

10 (mol−1 s−1 )

b

10 (s−1 )

br

107 (mol−1 s−1 )

Note that the new rate constant br has a large value, and in this sense too many intermediates (ENTT) are produced. Despite this tremendously large value for br the system
was capable of producing Templates, and we believe that that the main reason lies in the
network-like property presented by the system. The following table shows the full reaction
and its respective rate constants.
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Table 2: Rate constants for the full model (First Order, Second Order and Background Reaction)

Rate Constant

Value

a

109 (mol−2 s−1 )

ar

10 (s−1 )

ar1

10 (s−1 )

d

10 (mol−2 s−1 )

dr

106 (mol−1 s−1 )

f

1000 (mol−1 s−1 )

fr

106 (mol−2 s−1 )

g

1 (mol−1 s−1 )

gr

100 (mol−1 s−1 )

b

10 (s−1 )

br

108 (mol−1 s−1 )

br1

106 (mol−1 s−1 )

To the full model two more variables showed up, they are ar1 and br1 , both from the
first other catalysis. Those large values established by [82] yielded a large amount of both
intermediates (ENT and ENTT). As remarked previously, the open-flow network helps to
generate the templates, but in some cases only the intermediates are produced (See Results
section).

28

4. FLOW REACTORS AND OPEN FLOW

4

Flow Reactors and Open Flow
In this work we drive the system out-of-equilibrium by opening the system to the environ-

ment, i.e, we carried out a well-known concept utilized in many chemical industries as well
as in many other theoretical/experimental works [28, 15, 3, 24], and recently supported by
NASA and collaborators [93]. Many industrial chemical reactions take place in a flow reactor
into which reactants flow and from which products are removed. The kinetic equations for
such systems must consider the inflow and outflow terms [53]. The following equation describes how the kinetic equations are written for a flow reactor.

k1f

k2f

A −−→ B −−→ C

(21)

The reactant A, for example, flows into the reactor of volume V. Inside the reactor, a catalyst must activate the conversion from the reactant A to B and C. The outflow is a solution
containing A, B and C, thus the reaction should be rapid enough so that very little A is in the
outflow. It is important to note that we can control what goes in (input) as well as the volume
that must be injected, but we cannot control the specie(s) concentration that goes out, only
its volume. The flow rate is considered to have a volume of q Liters per second of a solution
of concentration q[X]in mol L−1 . It basically means moles of [X] flowing into the reactor per
second equals q[X]in .

Hence, the rate at which the concentration of X increases due to the inflow into the reactor
of volume V is q[X]in /V . Equivalently, the rate of decrease in concentrations of the reactants
due to the outflow follows the same rule (e.g, q[X]out /V, q[Y ]out /V , so on). The term q/V has
units of s−1 [53]. Taking the previous scheme (21), and if we consider only A as the input and
B and C as the output, the kinetic equations for the reactor can be written as follows:

d[A]
dt
d[B]
dt
d[C]
dt

= (q/V )[A]in − k1f [A],

(22)

= k1f [A] − k2f [B] − (q/V )[B],

(23)

= k2f [B] − (q/V )[C].

(24)

This set of linear coupled equations can be solved for steady states by setting d[A]/dt =
d[B]/dt = d[C]/dt = 0. If the flow rate is high, then the conversion in the reactor will only be
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partial, on the other hand if the rate constants k1f and k2f are larger compared with q/V, then
the steady-state concentration [A]s and [B]s will be small, whereas [C]s will be large. This
corresponds to almost total conversion of A into product C.

Due to its simplicity, the coupled linear equations presented above can be solved both
numerically and analytically. Generally, however, chemical kinetics leads to coupled nonlinear equations (e.g, as in the present model), which can be only solved numerically in
general.

4.1

Open Flow and Catalysis
Based on the example explained above, we studied a set of non-linear equations that was

solved numerically, using the program [89]. First of all, we sorted two groups of reactions,
firstly second order catalysis and background reaction (in short, the partial model); secondly
first order, second order and background reaction (in short, the full model). For each group
we defined different inputs and outputs, and for different arrays of inputs and outputs we
called these cases, as follows:
Table 3: Arrays of Inputs and Outputs for both schemes, Full model (second order, first order and background reaction) and
Partial model (second order and background reaction)

Full Model
Cases

Input

Output

1

E,N

TT,S

2

E,N

T,S

3

E,N

T,S,TT

Cases

Input

Output

1

E,N

TT,S

2

E,N,TT

T,S

3

E,N,T

TT,S

4

E,N,S

TT,S

Partial Model

The arrays of intakes and out-takes chosen determines the pathways/networks as drawn
by Copasi [26], thus we could control both what comes in and what goes out as well as the
flux rate of each input and output. Also, the concentrations of E and N are for all cases equal.
The same approach, establishing equal build block’s concentration , was carried out as well
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in these works [15, 82, 77, 81], and in many others.

In the next subsection we analyse the kinetic rate equations that follow from Eqs. (1, 2,
3), for both partial and full model, note that we only display one specific case.

4.1.1

Combined Second Order and Background Reaction

Once established the input/output arrays, we can display the kinetic rate equations for the
specific open flow partial catalysis case (one):
d[S]
dt

= b[EN T T ] − br [S][T T T ] + g[E][N ]
− gr [T ][S] − q[S],

d[E]
dt

= −g[E][N ] + gr [T ][S] − a[E][N ][T T ]
+ ar [EN T T ] + qE0 ,

d[N ]
dt

(26)

= −g[E][N ] + gr [T ][S] − a[E][N ][T T ]
+ ar [EN T T ] + qN0 ,

d[T ]
dt

(25)

(27)

= g[E][N ] − gr [T ][S] + f [T T T ][S]
+ (2d − fr )[T ][T T ][S],
− 2dr [T ]3 [S],

d[T T ]
dt

(28)

= −a[E][N ][T T ] + ar [EN T T ]
+ f [T T T ][S] − (d + fr )[T ][T T ][S],
+ dr [T ]3 [S] − q[T T ],

d[T T T ]
dt

= b[EN T T ] − (br + f )[T T T ][S]
+ fr [T ][T T ][S],

d[EN T T ]
dt

(29)

(30)

= a[E][N ][T T ] − (ar + b)[EN T T ]
+ br [T T T ][S].

(31)

One should note that for the case shown above (case 1, check list table 3) we used as input
[E] = [N ] and as output [S] and [TT], but all the other cases and their respective set of nonlinear coupled equations must follow the same structure. Furthermore, using this approach
we can control only what specie(s) must go in as well as the flux rate, q.

In regards to the output we can only control what specie(s) go out and the flux rate, but
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not its concentration. It makes sense considering that reactants and products are constantly
being produced and consumed according to their rate constants.

This set of non-linear coupled equations (25-31) were solved for their steady states by
setting d[S]/dt = d[E]/dt = d[N ]/dt = d[T ]/dt = d[T T ]/dt = d[T T T ]/dt = d[EN T T ]/dt = 0,
using the computational program Mathematica. Thus, we found only one possible steady
state numerical solution for each species (See the Results section).

Additionally, to describe the total molar concentration of template in all forms we used the
following equation
[R] = [T ] + 2[EN T T ] + 2[T T ] + 3[T T T ]

(32)

Such an equation was firstly described by Wills et al [87] and has been used by many others [82, 45]. In the next section, Results, we shall relate [R](µM ) as a function of the input
concentration, this approach allows us to monitor the yield of T and/or many other species
based on equation (32).
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4.1.2

Combined First Order, Second Order and Background Reaction

As done previously, we now display the kinetic rate equations for the specific open flow
that follows from the full catalysis case (one):
d[S]
dt

= b[EN T T ] − br [S][T T T ] + g[E][N ]
− gr [T ][S] + b[EN T ] − br1 [T T ][S]
− q[S],

d[E]
dt

(33)

= −g[E][N ] + gr [T ][S] − a[E][N ][T T ]
+ ar [EN T T ] − a[E][N ][T ] + ar1 [EN T ]
+ qE0 ,

d[N ]
dt

(34)

= −g[E][N ] + gr [T ][S] − a[E][N ][T T ]
+ ar [EN T T ] − a[E][N ][T ] + ar1 [EN T ]
+ qN0 ,

d[T ]
dt

(35)

= g[E][N ] − gr [T ][S] + f [T T T ][S]
+ (2d − fr )[T ][T T ][S],
− 2dr [T ]3 [S] − a[E][N ][T ] + ar1 [EN T ],

d[EN T ]
dt
d[T T ]
dt

+ 2d[T T ][S] − 2dr [T ]2 [S]

(36)

= a[E][N ][T ] − (ar1 + b)[EN T ] + br1 [T T ][S],

(37)

= −a[E][N ][T T ] + ar [EN T T ]
+ f [T T T ][S] − (d + fr )[T ][T T ][S],
+ dr [T ]3 [S] − q[T T ],
+ b[EN T ] − (br1 + d)[T T ][S] + dr [T ]2 [S]

d[T T T ]
dt

= b[EN T T ] − (br + f )[T T T ][S]
+ fr [T ][T T ][S],

d[EN T T ]
dt

(38)

(39)

= a[E][N ][T T ] − (ar + b)[EN T T ]
+ br [T T T ][S].

(40)

As discussed before, one should note that for the case shown above (case 1, check table
3) we used as input [E]=[N] and as output [S] and [TT]. This set of non-linear coupled equations were solved for their steady states by setting d[S]/dt = d[E]/dt = d[N ]/dt = d[T ]/dt =
d[T T ]/dt = d[T T T ]/dt = d[EN T T ]/dt = d[EN T ]/dt = 0, using the computational program
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Mathematica. Thus, we found only one possible steady state numerical solution for each
species (See the Results section).

To describe the total concentration of Template in all forms we employed the following
equation [87]
[R] = [T ] + [EN T ] + 2[EN T T ] + 2[T T ] + 3[T T T ]

(41)

Note that now we have one more component, [ENT], that came from the first order autocalysis. When combined one more equation (2), the network becomes much more complex (See
the Networks and Pathways section), resulting in the change of the Template yields (See the
Results section).

4.2

Networks and Pathways
Networks appear in many aspects of the world, from ecological systems, social networks,

economies, to the microscopic biochemical networks of living cells [3, 27, 6]. The minimal
self-replication model presented here may be expanded into networks favoring the rapid
emergence of robustness [6]. To better understand how a small set of compounds organize
themselves into a complex web of molecular interactions and whether a flux of compounds,
through the open flow approach, can either switch or give rise to new pathways, we performed a series of computational simulations using the program package Copasi [26].

Consider the following reaction
g
GGG
GG
GG
GB
E+NF
GG T + S
gr

(42)

when analysed by Copasi we obtain the following network scheme in Fig 3.
On Copasi we can still adjust the rate constants and see whether or not the network
changes. For the reaction described above, all the mass must be conserved if it takes place
inside a closed system, but we could still study the stoichiometric coefficients, and so on.
Before showing all the networks and pathways depicted for the present model (1-3) we shall
show two more examples. Consider the following first order and background reaction (43,44).
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Figure 3: Schematic image generated by Copasi showing the conversion of reactants into products and vice-versa. In a
virtual tank reaction (closed-system) this reaction proceeds to approach thermodynamic equilibrium, where the forward rate of
a reaction is equal to the backward rate, and thus its overall flux is zero [21].

g
GGG
GG
GG
GB
E+NF
GG T + S
gr
a
b
d
GGG
GG
GG
GB
GGG
GG
GG
GG
GG
B
GGG
GG
GG
GG
GB
E+N +T F
GG EN T F
G TT + S F
GG T + T + S
ar1
br1
dr

(43)
(44)

Again, Copasi renders the following schematic representation (See Fig 4).

Figure 4: Schematic network depicted by Copasi. Inside a tank, closed system, we place the first order and background
reactions.

One should note that that web of reactions will persist until the system approaches the
equilibrium state, once it takes place inside a closed system. Even though we utilized a
low number of molecules colliding and reacting with each other, we can see how complex a
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network can be, mainly regarding statistical analysis [3, 28]. Finally, we shall see the same
system illustrated previously (43,44) but now we shall open the system to the environment
(red paths), thus driving the system out-of-equilibrium.

Figure 5: Schematic network depicted by Copasi. For this example we used E and N as input and T and S as output. The
red-coloured pathway is responsible for (reaction 6-7) (See Table 4) enhancing the template yield.

As illustrated above, we can see a complex "spider-web" motif interconnecting all those
components. Yet, through this new approach we can see arrows going into the system as
well as leaving it, it means that the system is open to the environment, i.e, we input into the
system both E and N, and took out both T and S, as can be verified by the arrows. In this
sense, we can simulate what happens inside a cell, instead a living cell, we could perhaps be
considering an autocatalytic (super)set, consisting of several inter-dependent autocatalytic
subsets [28, 75, 67] that, under certain strict conditions, can indeed lead to an evolutionary
process, including competition and selection [75].

Furthermore, in the previous example we highlighted (red) an important "Pathway" that
was established, thus influencing the production of the template. Recalling the schematic
representation (See Image 4) where all the system must approach to the equilibrium state, if
provided enough time, one could call it as "uninteresting" reactions, once we have an equilibrium state, thus no productive pathway was observed.

However, as soon as we opened the system to the environment (e.g, one such flow
technique is based on membrane separation in flow injection systems [74],or even methods
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based on molecular immobilization [64], and more recently [93].) the system is driven outof-equilibrium, all the components can and will organize into a complex web of reactions [24]
displaying important and crucial pathways, in the previous case enhancing the production of
T. That was an important finding that contradicts the statement made a few years ago that
autocatalytic pathways do not influence significantly in the template production formation [37].

In order to show what pathway was driven by the open flow, consider the following table
of reactions (See Table 4).

Table 4: Table displaying the chemical equations and the pathway used on the previous equation

Reaction

Rate Constant

1

d,dr

2

b,br

3

a,ar

4

g,gr

5

d,dr,b,br,a,ar

6

7

Pathway
d
GGG
GG
GG
GB
TT + S F
GG T + T + S
dr
b
GGG
GG
GB
EN T F
GG T T + S
br
a
GGG
GG
GG
GB
E+N +T F
GG EN T
ar
g
GGG
GG
GG
GB
E+NF
GG T + S
gr
d
GGG
GG
GG
GB
TT + S F
GG T + T + S
dr
b
GGG
GG
GB
EN T F
GG T T + S
br
a
GGG
GG
GG
GB
E+N +T F
GG EN T
ar

g

E+N *T +S

Soutput

S*

Toutput

T *

Ninput

*N

Einput

*E

g

E+N *T +S

Soutput

S*

Toutput

T *

Ninput

*N

Einput

*E

a

E + N + T * EN T

b

EN T * T T + S

d

TT + S * T + T + S
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As we can see in the Table (4) for the reactions (1-5) the system displays only forward and
reverse reactions (i.e, the "unproductive" closed pathways). On the other hand, reactions (6
and 7, red coloured ) exhibit the new open pathway that will lead to the enhancement of the
Template concentration in this specific case. In this sense, it becomes clear that depending
on the input and output, the pathway will change, sometimes producing more templates and
sometimes producing more intermediates (See the Results section). In the next section we
shall see how exactly Copasi chooses and draws both the networks and the pathways.

4.3

Driven Unidirectional Pathways
Before moving on to the Results section, let us discuss briefly how Copasi works and how

it is capable of identifying those flow-driven pathways. As was noted, the selection of input
and output specie(s) to and from an open flow reactor gives rise to driven unidirectional reaction pathways. By means of stoichiometric network analysis (SNA), we were able to identify
those flow-driven pathways as well as the specific reactions they were involved in. This will
show how an imposed open flow can overcome the reverse ligation steps, that resulted in the
extremely large concentration yield observed for the template T (See the Results section),
even for large values of the inverse rate constants br and br1 .

Clarke (1980,1988) wrote a full and detailed paper concerning SNA [12, 13]. Summarizing, we begin with a set of chemical reactions for r reactions involving n reacting species:
kj

α1j S1 + . . . + αnj Sn → β1j S1 + . . . + βnj Sn ,

j = 1, . . . , r,

(45)

where the Si , 1 ≤ i ≤ n, are the chemical species and each kj the reaction rate constant
for the j-th reaction. From the coefficients in Eq. (45) we construct the n × r stoichiometric
matrix S with elements:
Sij = βij − αij .

(46)

The reaction rate of the j-th reaction, assuming mass action kinetics, takes the form of a
monominal:
vj (x, kj ) = kj

n
Y

α

xi ij ,

(47)

i=1

where αij is the molecularity of the species Si in the jth reaction. The xi = [Si ] denote concentrations.
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Dynamic mass balance equations for the general network in Eq. (45) can be written in
vector notation as:
dx
= Sv.
dt

(48)

Then, as discussed in [13] the pathway structure is an invariant property of the reaction
network. It is possible to find this structure from the steady-state condition:
0 = Sv,

(49)

which defines the right null space of the stoichiometry matrix S, and corresponds to the set
of all stationary-state (ss) solutions (v) of Eq. (48). Since the reaction rates in Eq. (47) are
positive-definite, they necessarily satisfy vi (x, k) > 0, and therefore must belong to the interr.
section of the null space Eq. (49) with the positive orthant R+

The intersection of these two linear spaces defines a convex polyhedral cone Cv [56]
which is spanned by a set of M minimal generating vectors Ei ’s:
Cv = {v =

M
X

ji Ei : ji > 0}.

(50)

i=1

These extreme currents or extreme flux modes (EFM) {Ei }M
i=1 are r-component vectors (r
being the number of reactions including the input/output pseudoreactions [13]). The positive
definite expansion coefficients ji > 0 are the convex parameters and give the magnitude of
the matter fluxes traversing the reaction subnetwork defining the ith elementary mode Ei .
Thus according to Eq. (50) a general steady state reaction rate vector v can be expanded in
terms of this basis. We calculate these basis vectors using the COPASI program.

We apply the SNA method to our reaction schemes. Thus, it will be possible to obtain the
corresponding elementary flux modes (EFM) and later on identify and highlight the specific
ones corresponding to the unidirectional pathways that cross the reactor, such was done to
produce the Figure 5.

For purposes of demonstration, consider the second order and background reaction, case
2 (check Table, 3). We organize the individual reaction rates Eq.(47) in a sequence. Then,
we indicated them via their associated reaction rate constant: (g, gr , a, ar , b, br , f, fr , d, dr ) and
the input/output expressions (q[E]0 , q[N ]0 , q[T T ]0 , −q. − q), a total of fifteen steps, including
the open flow terms in the latter five positions, where q is volume fraction flow term. We
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kept their input flow concentration as constant, thus [E]0 = [N ]0 = [T T ]0 . The first ten entries correspond to the five reversible transformations implied by Eqs. (1,3) when these are
expressed individually as in Eq. (45). We also order the seven species in a list: (E, N, S,
T, ENTT, TT, TTT). Thus, the corresponding 7x15 stoichiometric matrix S (See Eq.46) can
be used to represent the individual kinetic rate equations (See Kinetic Equations (25-31)) in
vector form.

For our purposes, the intersection of the right null space of S with the positive orthant
15 ) leads to 10 EFMs. Three of them correspond to the open driven pathways listed in Ta(R+

ble 5, and can be displayed graphically (See Figure 6-Copasi and 7-Pathvisio), as the solid
red lines (Copasi) and solid blue lines (Pathvisio). We see that this case, E,N,TT input and
S,T output to/from the reactor, drives the background reaction forward, as represented by
the EFM E2 , and drives forward the sequence of reactions leading to the autocatalysis of the
template T, the combination of transformations represented by the flux modes E1 , E2 .

Table 5: Elementary flux modes representing the three driven unidirectional pathways established for the second order and
background reactions when these are subject to open flow; partial model Case 2 of Table 3. These driven pathways are shown
in both Copasi (Fig. 6) and Pathvisio (Fig. 7).

EFM

Subnetwork and pathway

E1

→ T T , T + T T + S → 3T + S, T →

E2

→ E, N , E + N → T + S, T, S →

E3

→ E, N , E + N + T T → EN T T , EN T T → T T T + S
T T T + S → T + T T + S, T, S →

For each entry described above we can see the respective Copasi unidirectional pathway
(See Fig.6). Lastly, we can use the Pathvisio package to visualize and analyse the individual
unidirectional pathways (Fig. 7, corresponding to the entries E1 , E2 and E3 (See Table 5)).

Summarizing, Pathvisio package is a pathway editor, visualization and analysis software
[35]. Even though Pathvisio can draw pathways, we still need the Copasi to help us to determine what is the more suitable pathway (EFM) that leads to the enhancement of template
production. It is easy to note that Pathvisio illustrates pathways in a neater way than Copasi,
however Copasi is both more realistic and much more robust.
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Figure 6: Network displayed by Copasi. top-left: entry E1 ; top-right: entry E2 ; bottom-Middle: entry E3 , check the elementary
flux mode table 5.

Figure 7: Forward driven unidirectional pathways (blue arrows) generated by open flows. Combined Second order catalysis
plus background reactions when species E, N, TT are input and when S and T are removed from the reactor. See Tables 3 and
5 for the corresponding arrays of inputs/outputs and the elementary flux modes E, respectively.
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5

Results
Based on the many motivational reasons discussed earlier and supported by the laws

of chemistry and physics, we carried out a series of numerical simulations in order to better
understand how a simple system can organize itself into a set of network reactions and in
which, despite the enormous values depicted for the inverse ligation rate constants, were
incapable of blocking the template production. Beyond that, we are interested in testing the
reaction networks ability to transform the input concentrations of the E and N fragments into
template products T under various open flow reactor scenarios.

To find all the stationary states, we set the time derivatives to zero in the set of rate equations (25-31, combined second order plus background reaction) and (33-40, full model). We
then solve the corresponding coupled non-linear algebraic equations numerically. Note that,
for each case (3, different scenarios) all we had to do was that replace the specie(s) input
expression (q[specie]0 ) to the rate equations for that specific [species], and subtract the term
(-q[Specie]) from the rate equations concerning the [species] to be removed from the reactor.
Thus, for all the cases (See Table 3) we used the Mathematica package in order to calculate
the numerical solutions.

In this sense, we sorted the results into two large groups based on their chemical reaction. The first group displays the numerical solutions to the reaction between the second
order catalysis and background slow-step (Partial Model); and the second one exhibits the
results for the full model, i.e, first order, second order and background reactions. Furthermore, in order to maintain a pattern and diminish the number of variables that could affect
the final outcome, we kept the concentrations of the Input species set to a common value for
whatever specie(s) we inject into the virtual tank.

Beyond that, we always kept [E]=[N] for the aforementioned reasons, and well supported
by [61]. Before discussing the results, it is important to mention that we kept a range of 20
and 100 µM for all the concentration of inputs and varied as well the values for q (flow rate),
for the latter we used a range of 10−2 s−1 and 10−10 s−1 . We shall begin discussing the results
with the Second Order Catalysis and Background Reaction.
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5.1

Second Order and Background Reaction
For the Second Order and Background Reaction we chose four sets of Inputs/Outputs

(See Table 3), in which each case we simulated values for 20 and 100µM for the Inputs and
10−2 s−1 and 10−10 s−1 concerning the flow rate (q). Remember that, the larger the flow rate
means that the input/output flows quickly and that one could metaphorize it as "OpenedSink". On the other hand, a tiny value established for the flow rate means that the "sink" is
almost closed meaning less input/output coming and leaving to the system. This implies a
larger residence time for the reactants in the tank. Before analysing the numerical simulation,
we shall take a look at the extreme flux modes (EFM) corresponding for each case, for this
consider the following Table.6

Table 6: Elementary flux modes representing the driven unidirectional pathways established for the second order and background reactions when these are subject to open flow; case 1, case 2 (See Table 3). These driven pathways are shown in both
Copasi (Fig .8) and Pathvisio (Fig.9).

EFM

Subnetwork and pathway Case 1

E1

→ E, N , E + N → T + S, 3T + S → T + T T + S, T T, S →

E2

→ E, N , E + N + T T → EN T T , EN T T → T T T + S,
T T T + S → T + T T + S, 3T + S → T + T T + S, T T, S →

EFM

Subnetwork and pathway Case 2

E1

→ T T , T + T T + S → 3T + S, T →

E2

→ E, N , E + N → T + S, T, S →

E3

→ E, N , E + N + T T → EN T T , EN T T → T T T + S
T T T + S → T + T T + S, T, S →

In the table presented above only the specific EFMs that led to the unidirectional pathways are shown. For the first case we obtained nine EFMs, however, only two of them E1
and E2 correspond to the open driven pathway depicted in Fig.9. For case 2 we obtained
ten EFMs but only three of them (E1 ,E2 ,E3 ) were relevant to drive the system in only one
direction (See Fig.8). Similarly to the second case, third case has a total of ten EFMs but
only three (E1 , E2 , E3 ) were capable of driving the system into unidirectional pathways.

Finally, case four had ten EFMs and three (E1 ,E2 ,E3 ) of them corresponding to the open
driven pathways. Note that, for cases 3 and 4 we injected into the system the building blocks
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Table 7: Elementary flux modes representing the driven unidirectional pathways established for the second order and background reactions when these are subject to open flow; case 3 and case 4 (See Table 3). These driven pathways are shown in
both Copasi (Fig .8) and Pathvisio (Fig.9).

EFM

Subnetwork and pathway Case 3

E1

→ T , 3T + S → T + T T + S, T T →

E2

→ E, N , E + N → T + S, 3T + S → T + T T + S, T T, S →

E3

→ E, N , E + N + T T → EN T T , EN T T → T T T + S,
T T T + S → T + T T + S, 3T + S → T + T T + S, T T, S →

EFM

Subnetwork and pathway Case 4

E1

→ S, S →

E2

→ E, N , E + N → T + S, 3T + S → T + T T + S, T T, S →

E3

→ E, N , E + N + T T → EN T T , EN T T → T T T + S
T T T + S → T + T T + S, 3T + S → T + T T +, T T, S →

E,N and T (Case 3) and E,N, S (case 4), and took out the same species from both cases,
namely TT/S. In this way, we got the same pathway for the entries, E2 and E3 (See Table.7),
but a difference for the first entry (E1 ), it might be responsible for the slight difference in the
template yield observed in Fig. 10.

Note that, all the pathways were fairly similar and all of them led to the forward reaction
concerning the background reaction. However, only the second case presented an unidirectional pathway favoring the production of the free template (T). In discordance, cases 1, 3
and 4 drove the system to produce mostly the dimer (TT), the thiol group (S) and free template (T) (See Fig. 9).

For purposes of demonstration, consider the following network depicted by Copasi and
their respective pathways as drawn by the Pathvisio package, where the highlighted arrows
(blue) corresponds to the EFMs established in both Tables. 6 and 7.

In Fig. 8 we can see four images that must correspond to the first, second, third and fourth
cases respectively (See Table 3). For the first image (top-left) we use as Input [E]=[N] and as
Output [TT] and [S]; for the second case (top-right) we kept [E]=[N]=[TT] as Intake and took
out of the tank [T] and [S]; the third case (bottom-left) we did use [E]=[N]=[T] as Input and [S]
and [TT] as output and finally for the fourth case (bottom-right) we injected into the system
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Figure 8: Network displayed by Copasi. They are sorted as follow, top-left: case 1; top-right: case 2; bottom-left: case 3;
bottom-right: case 4; check Table 3.

[E]=[N]=[S] and took out [TT] and [S].

Note that all the time we kept the input concentration constant for all the species but we
could not control the output concentrations, only the specie(s) that must come out. Via the
Copasi package we cannot see the effect of the flux rate (q) on the system, but as mentioned
before, it helps us to identify the most suitable pathway that leads to the maximum production of template yield. From the next couple of images depicted by Pathvisio, we were able to
identify the most relevant pathways that increased the template and/or intermediate (ENTT)
yield (See Fig. 9).

In Fig. 9 the first (top-left), second (top-right), third (bottom-left), fourth case (bottom-right)
show us that the template/intermediate production is dependent on the set of input and output that is chosen. The one can visualize easily that when we select [E]=[N] as input and
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Figure 9: Pathways shown by Pathvisio. They are arranged as follows, top-left: case 1; top-right: case 2; bottom-left: case
3; bottom-right: case 4 (check the list of inputs/outputs, 3). Blue arrows highlight the most suitable pathway that leads to
the template/intermediate production, and the black arrows are the respective reverse reactions. See Table 6 and 7 for the
corresponding elementary flux modes E and the explicit reaction subnetworks and pathways they represent.

[TT] and [S] as output (case 1) the system (pathway) converges to increase the amount of
[T], [TT] and [S] (blue arrows), however, once we change the input, now let us consider the
second case, all the system converges to increase the [T] and [S] yield (blue arrows) but not
the intermediate [TT].

Through Pathvisio we can figure out both what is being produced most, as well as the
pathway that leads to its production. The black arrows represent the reverse reaction that
leads to the product precursors. It is important to recall that all the rate constants were
maintained constant throughout the simulation, thus one can assume that the set selected of
inputs and outputs is what modified the production rate.
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Likewise, when we injected [E]=[N]=[T] into the tank and took out [S] and [TT] third case
(bottom-left), and [E]=[N]=[S] as input and as output [TT] and [S] fourth case (bottom-right),
the system displayed exactly the same pathway as case 1, but the numerical solution (values
and yields) were totally different (check the subsequent graphs). It corroborates our prediction that even though a system presents apparently the same pathway, the total product yield
will change and most likely it comes from the disparity between both the rate constants and
the flux rate (q) that is injected into the system.

In order to prove this statement, let us analyse the numerical solution computed by Mathematica. For that, we solved for the steady state solutions numerically. Plotting both the
total concentration of the template in all forms [R](Eq.32), and determining all the individual
concentrations (histograms), as functions of the input concentrations (X axis) and the flow
rate term q. Consider the following graphs (See Fig. 10).

The results presented in Fig. 10 were firstly calculated for an input concentrations in the
range 0 − 100µM and for a flow rate of 10−2 s−1 , i.e, opened sink. For the graphs of numerical
solutions, we can see that for cases 1, 3 and 4 (A, C and D, respectively) the system yielded
a parabolic growth (See the Catalytic Growth section) it means a limited efficiency. As previously stated, the system is incapable of dissociating efficiently from the intermediate (ENTT)
into the trimer TTT and then to dissociate into the free templates T.

Many variables can affect the intermediate dissociation, the first one being time, once the
system is exposed to a large value of the flow rate q , as shown above, such as 10−2 s−1 ,
there is not enough time for the reaction and subsequent dissociation of ENTT into its product TTT. This is because a large flow rate that implies a short residence time in the reactor.
But, doubtless, the most important reason is that the value established for the reverse rate
constant (br ) is roughly 107 . This statement can be corroborated if we analyse the histograms
of the respective cases 1, 3 and 4.

Undoubtedly, the system yield is remarkable, thus for a total input of 100µM the system
was capable of producing 20.000, 50.000 and 30.000 µM of total components [R], respectively for cases 1, 3 and 4. However, the component that was produced most was the inter47
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Figure 10: Numerical solution computed by Mathematica, for second order catalysis and background reaction. Case 1, case
2, case 3 and case 4 are respectively A), B), C) and D) illustrating the numerical solution and on the bottom their respective
steady-state template concentration (histogram) for the individual complexes at 100µM . Flow rate set to 10−2 s−1 . Rate
constants employed: a = 108 , ar = 1, b = 10, br = 107 , f = 1000, fr = 106 , g = 1, gr = 10, d = 10, dr = 106 .

mediate ENTT, this means that the enormous value for the reverse rate constant, br , drove
the system to produce almost exclusively ENTT. Thanks to the network-like property, cases
1, 3 and 4 (A, C and D, respectively) were capable of producing free templates, T.

The total difference of ENTT and T production is undoubtedly enormous, but if we consider that for the tiny value injected into the tank 100µM , the system was able to produce
almost 2000µM for cases 1 and 4 (A and D, respectively) and almost 3000µM for case 3 (C).
Thus, we can confirm the conclusion about the importance of networks (EFMs) and pathways inside a system, but not even the network and pathway have helped to increase the
template production, recall that this system possesses a background reaction that produces,
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even in a small amount, free templates (T).

Finally, case two (B) showed a peculiar behaviour. For slight values of input, in the range
0 − 20µM , the present model decreased the values for the total components [R], but the
system inverted that behaviour for higher values of input. As we can see in the bar graph
((B)-bottom) the system was incapable of producing free template (T), at least at that scale
of production.

Yet, analysing this range of concentration,0 − 100µM , the next few graphs (See Fig. 11)
display the same system as well as the same cases, but now we turned off the "sink" and
injected into the tank much less reactant at flow rate q = 10−10 s−1 . Apparently the system
behaved in the same way, but some tiny differences can be observed. It seems that when the
system is exposed to more time for carry out their reactions much more intermediate ENTT
is converted into its product TTT as we can observe in cases 1, 3, 4 (E, G and H, respectively). This makes sense since now smaller, q, implies larger residence time in the reactor.
As shown previously, case 2 (F) did not produce any amount of free template. So, it becomes
clear that for different set of intakes and out-takes, the model behaves rather different.

This is a remarkable finding if one considers that for an open system like the Earth, many
meteorites came from both within and beyond the solar system colliding with the planet and
bringing a large amount of organic material, such as amino-acids, hydrocarbons and water
[10, 36]. But even if this example is too remote to be compared to the present model, in
order to understand the concept of open flow, let us consider micro-environments here on
earth where dispersed molecules have collided with themselves for billions of years. Thus
it is entirely possible that some of those collisions were favorable enough to produce a certain molecule(s) in a certain quantity and capable of self-replicating, to undergo Darwinian
selection and later on to evolve, i.e, different rate of inputs and outputs (one can consider it
as a self-decay) played a fundamental role in the evolution of life on earth and perhaps even
outside the solar system.

Taking into account the latter results, now let us analyse what happens to this system
when we decrease the input concentration from 100 to 20µM . Firstly, we shall analyse the
system for the open sink ,10−2 s−1 , condition (See Fig. 12).
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Figure 11: Numerical solution computed by Mathematica. Case 1, case 2, case 3 and case 4 are respectively E), F), G) and
H) illustrating the numerical solution and on the bottom their respective steady-state template concentration (histogram) for the
individual complexes at 100µM . Flow rate set to 10−10 s−1 . Rate constants employed: a = 108 , ar = 1, b = 10, br = 107 ,
f = 1000, fr = 106 , g = 1, gr = 10, d = 10, dr = 106

Out of the blue, when we decrease the input concentration, the system started producing
much more free templates, but still displaying the parabolic growth condition (limited efficiency), proving that this model is non-linear as well as unpredictable. For case 1 (I) the
system produced a bit more than 1500µM , case 3 (L) produced more than 2000µM and almost 1400µM for the fourth case (M). Similarly to the previous analyses, the second case (J)
did not produce any free template, but it is important to note that for this case there was an
abundant production of TT, i.e, providing enough time for the dimer TT (check Fig. 9, case 2),
this molecule can either participate in the first order reaction dissociating into free templates
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Figure 12: Numerical solution computed by Mathematica. Case 1, case 2, case 3 and case 4 are respectively I), J), L) and
M) illustrating the numerical solution and on the bottom their respective steady-state template concentration (histogram) for the
individual complexes at 20µM . Flow rate set to 10−2 s−1 . Rate constants employed: a = 108 , ar = 1, b = 10, br = 107 ,
f = 1000, fr = 106 , g = 1, gr = 10, d = 10, dr = 106

(recall that such reactions take place simultaneously, and the production of a molecule can
and will participate in other pathways), or the dimer will help to produce more free templates
acting in the second order reaction.

In these few graphs we can see networks and pathways acting more explicitly, where the
set of input/outputs drove the system to a specific path. When we considered only [E]=[N]
as input (case 1), the model produced much more free template than case 2, which uses
[E]=[N]=[TT] as input. One reasonable and supported explanation [11] for that can be due
to the Law of Mass Action. Once we inject the dimers (TT) into the system, the direction
of the reaction pushed the system to the opposite side of the free template production (i.e,
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driving the system to produce the intermediate ENTT), so it helps us to explain why case 2
(J) produced very many ENTT complexes.

Once interpreted what happened to the system with a total flux of inputs, let us restrict the
flow and observe how the model operates with a tiny rate flux of 10−10 s−1 , but still keeping
the same input concentration of 20µM (See Fig. 13).
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Figure 13: Numerical solution computed by Mathematica. Case 1, case 2, case 3 and case 4 are respectively N), O), P) and
Q) illustrating the numerical solution and on the bottom their respective steady-state template concentration (histogram) for the
individual complexes at 20µM . Flow rate set to 10−10 s−1 . Rate constants employed: a = 108 , ar = 1, b = 10, br = 107 ,
f = 1000, fr = 106 , g = 1, gr = 10, d = 10, dr = 106

Surprisingly, and in contrast to what happened to the input concentration of 100µM , the
flux rate once diminshed, q, the template yield declined drastically. We can take a look again
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at cases 1 (N), 3 (P) and finally case 4 (Q), where even though the system is working to
produce almost only the free molecule T and the dimer TT, its yield was very poor. For an
input of 20µM , the system produced only 10µM for cases 1 and 4, and almost 15µM for
case 3. This low production can be due to the linearity of the curves (N,P,Q), recall that a
linear reponse system is very inefficient [8] (See the Catalytic Growth Section).

Note that, the second case (O) yielded many more dimers and free templates compared
to these three other cases. Yet, this was the only strict condition where the second case
was capable of producing template and dimers, in any other case, even if we compare to the
concentration of 100µM , second case never produced any amount of free template (to within
the limits of our numerical calculations).

For this first set of results we may draw some conclusions about this model. As was
noted, this system is non-linear and unpredictable, this means a little change in any of these
variables (concentration, rate constant, flux rate, and so on) can change the system behaviour completely, sometimes it will favor the template production and sometimes it will trap
the system, producing only the very stable intermediate (ENTT) complex.

Additionally, it was proved that, depending on the set of input/output that we select, the
system is going to change its pathway to the most suitable one, and it does not necessarily
mean the one that we wish, however, through this approach, and supported by Copasi, we
were able to identify the most relevant pathway in order to favor the free template production,T. But, as we could see sometimes, that pathway is only favorable in a strict defined
condition, as soon as we change either the flux rate (q) or any other variable, the entire set
of outcomes is going to change as well.

5.2

Full Model
In what follows we shall analyse the results, similarly to what was carried out in the pre-

vious analysis, displayed by the reactions between the first order, second order and the
slow-step background reaction: the full model. Three cases were chosen for these reactions
(See Table. 3). Different from the latter reactions, we now inject into the tank only the precursors E and N, since the system is capable of producing all the components and involves
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a full set of reactions (Network).

Before scrutinizing the numerical solution for each case, we shall take a look at the extreme flux modes (EFM), such as done for the partial model (See Table 8).

Table 8: Elementary flux modes representing the driven unidirectional pathways established for the first and second order
catalysis and background reactions when these are subject to open flow; case 1, case 2 (See Table 3). These driven pathways
are shown in both Copasi (Fig. 14) and Pathvisio (Fig. 15)

EFM

Subnetwork and pathway Case 1

E1

→ E, N , E + N → T + S, 3T + S → T + T T + S, T T, S →

E2

→ E, N , E + N → T + S, 2T + S → T T + S, T T, S →

E3

→ E, N , E + N → T + S, E + N + T → EN T ,
EN T → T T + S, S, T T →

E4

→ E, N , E + N + T T → EN T T , EN T T → T T T + S,
T T T + S → T + T T + S, 3T + S → T + T T + S, T T, S →

E5

→ E, N , 2T + S → T T + S, E + N + T T → EN T T ,
EN T T → T T T + S, T T T + S → T + T T + S, T T, S →

E6

→ E, N , E + N + T → EN T , EN T → T T + S, E + N + T T → EN T T ,
EN T T → T T T + S, T T T + S → T + T T + S, T T, S →

E7

→ E, N , E + N + T → EN T , EN T → T T + S,
T + T T + S → 3T + S, S, T T →

E8

→ E, N , E + N + T → EN T , EN T → T T + S,
T T + S → 2T + S, S, T T →

EFM

Subnetwork and pathway Case 2

E1

→ E, N , E + N → T + S, T, S →

E2

→ E, N , E + N + T T → EN T T , EN T T → T T T + S,
T T T + S → T + T T + S, T, S →

E3

→ E, N , E + N + T → EN T , EN T → T T + S,
T + T T + S → 3T + S, T, S →

E4

→ E, N , E + N + T → EN T , EN T → T T + S,
T T + S → 2T + S, T, S →

It is noteworthy that the elementary flux modes presented in Table 8, are more complex,
mainly concerning both the first and third case. The first case leads to twenty-eight EFMs,
however, only eight of them correspond to the pathways portrayed in the Fig. 15 (top-left).
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The following entries, E3 and E8 are responsible to the straight pathway leading to the production of template (red line) in the first order reaction, and the entry E7 biased the pathway
to total production of free templates, T, red line (second order reaction). Henceforth, we would
like to prioritize a concept well-known in enzymatic reactions concerning reactant-product.

For case 1, we examine the entries E5 , E6 and E7 . Let us start with the entry E5 . Note
that, the injection of E,N into the system pushed the reverse direction (first order catalysis)
2T + S → T T + S in order to produce the dimer TT (entry E5 ). Subsequently, the dimer TT
leaves the first order reaction and participates in the second order reaction’s dynamics, stimulating the production of T + T T + S (second order catalysis), through the following reaction
E + N + T T → EN T T . Here new and powerful concept arises, which is communication.
This is extremely important in the biochemistry field, as it resembles enzymatic catalysis
where the substrate of one enzyme works as a reactant to the following enzyme, and this
"entanglement" of reactants gives rise to a complex network (See Copasi, Fig. 14) and new
pathways.

Case 2 presented only one unidirectional pathway for both background, first and second
order (See Fig. 15). The injection of E/N as well as the output of S/TT induced twenty-four
EFMs, but only four of them (See Table 8) lead to the unidirectional pathway. Note that, the
entries lead to the straight production of both 2T (first order) and 3T (second order). It is
reasonable once we consider the law of mass action. Similarly to the first case, the entry E3
(case 2) induced the dimer (TT) production that later on worked in the production of free templates,T. Case 2, easily exemplifies what we have discussed above, where one intermediate
works to help a drive secondary path, i.e, the first order reaction evolves and its products
assist in the second order development.

Case 3 (Table 9) seems to be much more complex than the previous ones. Analysing
Figure 15 we can see that the system behaves similarly to the first case, concerning, mainly,
pathways. Case 3 differs from case 1 in that, for case 1, we took out two species (TT/S) and
in case 3 we took out three (TT/T/S). Due to this, case 3 gave rise to thirty-two EFMs, where
only twelve of them drove the system into two pathways, the first stimulating the production
of both 2T and 3T (entries E4 , E7 , and E12 (first order reaction) and (entries E2 and E8 )
(second order reaction).
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Table 9: Elementary flux modes representing the driven unidirectional pathways established for the first and second order
catalysis and background reactions when these are subject to open flow; case 3 (See Table 3). These driven pathways are
shown in both Copasi (Fig. 14) and Pathvisio (Fig. 15)

EFM

Subnetwork and pathway Case 3

E1

→ E, N , E + N → T + S, T, S →

E2

→ E, N , E + N + T T → EN T T , EN T T → T T T + S,
T T T + S → T + T T + S, T, S →

E3

→ E, N , E + N + T → EN T , EN T → T T + S,
T + T T + S → 3T + S, T, S →

E4

→ E, N , E + N + T → EN T , EN T → T T + S,
T T + S → 2T + S, T, S →

E5

→ E, N , E + N → T + S, 3T + S → T + T T + S, T T, S →

E6

→ E, N , E + N → T + S, 2T + S → T T + S, T T, S →

E7

→ E, N , E + N → T + S, E + N + T → EN T ,
EN T → T T + S, T T, S →

E8

→ E, N , E + N + T T → EN T T , EN T T → T T T + S,
T T T + S → T + T T + S, 3T + S → T + T T + S, T T, S →

E9

→ E, N , 2T + S → T T + S, E + N + T T → EN T T ,
EN T T → T T T + S, T T T + S → T + T T + S, T T, S →

E10

→ E, N , E + N + T → EN T , EN T → T T + S, E + N + T T → EN T T ,
EN T T → T T T + S, T T T + S → T + T T + S, T T, S →

E11

→ E, N , E + N + T → EN T , EN T → T T + S,
T + T T + S → 3T + S, T T, S →

E12

→ E, N , E + N + T → EN T , EN T → T T + S,
T T + S → 2T + S, T T, S →

Additionally, the entries E3 , E5 , E9 , E10 and E11 produced bounded intermediates that
drove the forward reaction (E3 and E11 , second order red arrow) as well as the reverse reaction (E5 , E9 and E10 , second order blue arrows) (See Fig. 15). The following images show
the complex "spider-web" portrayed by Copasi for each case (See Fig. 14) Comparing to
the reaction amid the second order and background reaction, here the net of interactions
between the reactants and products is larger and much more complex. Similarly to a biochemical network, where the product of an enzyme can be the substrate for another enzyme
and so forth, here all the components interact with each other, i.e, once the background reaction produces the free template (T), its can, "kick-start", both the first-order reaction and/or
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Figure 14: Network displayed by Copasi. They are organized as follows, top-left: case 1; top-right: case 2; bottom: case 3;
check the list of inputs/outputs.

the second-order, and the products of both reactions can and will participate in the production of each others component(s), as well possible to be seen in the Tables. 8 and 9.

From a philosophical viewpoint, one can assume that the injection of energy (matter) into
the system will culminate in the total distribution of that energy between all the components
until its total dissipation. Similarly, the organism utilizes, in many ways, the freedom of choice
among reaction velocities, through the influence of catalytic substances to satisfy advantageously its energy requirements [43]. In this sense, as long as we keep infusing energy into
the system, it will organize itself in many ways, depending on many variables, but in the end,
it will always undergo Darwinian selection of the fittest [48, 54], in order to maintain its stability [83].
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Let us now study how the different sets of reactant input/outputs are implied in the template production (See Fig. 15).

Figure 15: Full model. Pathways shown by Pathvisio. They are arranged as follows, top-left: case 1; top-right: case 2; bottommiddle: case 3 (check the list of inputs/outputs, 3). Both blue and red arrows highlight the most suitable pathways that lead
to the template/intermediate production, and the black arrows are the respective reverse reactions. See Table 8 and 9 for the
corresponding elementary flux modes E and the explicit reaction subnetworks and pathways they represent.

As we can see, for all the cases we injected into the tank only the precursors E and N
and both always in the same amount. Differently, from the last reactions (second order and
background) we tried to see how the system behaves in a condition where we took out the
dimer TT and S (case 1), T and S (case 2) and TT, S and T (case 3). Surprisingly, as soon
as the system becomes more complex, new pathways are going to emerge. For case 2,
as we can see, the set of input/outputs drove the system to produce mainly free templates
(T) in both first and second order. It was already expected once we took out T and S, we
pushed the non-equilibrium steady-state direction to the free template side, thus driving the
system towards that direction. Unfortunately, due to the larger values of the inverse ligation
rate constants br and br1 , the production of T was compromised (see numerical simulation,
Fig. 16).
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Interestingly, new pathways emerged for cases 1 and 3 (red arrows). For those cases,
we maintained the already-known pathways displayed previously (blue and black arrows) favoring the dimer production. Nonetheless, now we got a new pathway (red) which favors the
production of the forward reaction, i.e, the production of the template,T. Taking a closer look
at the pathways for cases 1 and 3, we have two pathways being favored simultaneously, one
helping the forward reaction template production (red arrow) and the other one promoting the
reverse reaction dimer production (blue arrow). It is not easy to guess which one overcomes
the production of the other, this is dependent on many factors, however taking a look at the
numerical simulation (See Fig. 16), one can state that the most favorable pathway will be that
which leads to the production of the dimers (i.e, blue arrows).

Recall that all these pathways presented up to now were rendered by Copasi without
taking account the rate constants of each forward and reverse reaction. For this present
model, it has been clear that the rate constants will dictate which kind of product will be
produced most, but once one changes any values for the rate constants, the entire system
must change. The production of template (T) is due to both background reaction and the
network-like property that the system bears. Needless to say, the template yield is limited
but in some cases, as discussed in the second order and background reaction, it is still high
enough to undergo Darwinian selection and even repair of mutants [63, 84].

Having discussed the new characteristics that emerged from including the first order reaction to the system, let us now analyse how that will affect the numerical solutions for the
stationary yields (See Fig. 16).

As done in previous analysis, let us start with the concentration range of 0 − 100µM and
the flow rate 10−2 s−1 . As can be easily seen in Fig. 16, for cases 1 (A), two (B) and three (C)
(See Table 3), all the curves display a parabolic growth, showing that the system still has a
limited ability to dissociate the intermediate into the products, as already observed previously.
This statement can be corroborated looking at the histograms, where almost all the product
yield encompassed both the species ENTT (intermediate, second order reaction) and ENT
(intermediate, first order reaction).
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Figure 16: Numerical solution computed by Mathematica. Case 1, case 2, case 3 are respectively A), B), C) illustrating
the numerical solution and on the bottom their respective steady-state template concentration (histogram) for the individual
complexes at 100µM . Flow rate set to 10−2 s−1 . Rate constants employed: a = 109 , ar = 10, ar1 = 10, b = 10, br = 108 ,
br1 = 106 , f = 1000, fr = 106 , g = 1, gr = 100, d = 10, dr = 106

From an optimistic viewpoint, one notes that the total amount yield for each species (ENT
and ENTT) is very large, 2000µM for both the first and third case, and almost 120000µM for
the second case. It is an enormous profit if we consider that we started the system by injecting only 100µM of the precursor reactants (E,N). Recall, the high yield of the intermediates
is, mainly due to the large value of both br and br1 : the rate constants of the inverse ligation. Recall, moreover, that the values established for these rate constants were dictated by
constraints imposed by thermodynamic principles that were violated [82], and consequently
corrected by us for mass-action kinetics.

In this present work our aim is not to dispute whether these experimental evaluated rate
constants are realistic. The important conclusion lies in the fact that the system is selfsufficient (the importance of self-sustainability is endorsed by [27]), has a remarkable yield,
and peharps the most important conclusion is that the system displays a self-replication
property, and is one of the pre-requisites applied to differentiate animate from inanimate
matter [71, 41]. Moreover, it is widely accepted that the pre-biotic precursor of life, whether it
be RNA [52] or any other molecule, must have been capable of duplicating itself, thus having
a steady-steady growth [83, 55] as well as maintaining the system out-of-equilibrium [47].
Further, through this model one could apply and transfer information, encoded in the form
of bits of information (e.g, nucleobases or sequence of aminoacids), due the system selfreplicate quickly and with a high fidelity [30, 80]. It is a feasible model to study the evolution
60

5. RESULTS

of life on earth.
In order to determine how the model behaves when we turn off the "source", let us maintain the same concentration range of 0 − 100µM and lower the flow rate to 10−10 s−1 (See
Fig. 17).
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Figure 17: Numerical solution computed by Mathematica. Case 1, case 2, case 3 are respectively D), E), F) illustrating
the numerical solution and on the bottom their respective steady-state template concentration (histogram) for the individual
complexes at 100µM . Flow rate set to 10−10 s−1 . Rate constants employed: a = 109 , ar = 10, ar1 = 10, b = 10, br = 108 ,
br1 = 106 , f = 1000, fr = 106 , g = 1, gr = 100, d = 10, dr = 106

Similarly to the flow rate 10−2 s−1 , the model was incapable of producing free template
molecules, but has a parabolic growth, showing its limited efficiency. Yet, the model presented a good yield around 1000µM to cases 1 and 3 (for ENTT) and 100000µM for the
second case.

Additionally, when we decreased the flow rate, the system produced a bit more of the intermediate ENT and a small quantity of free template (See D, F). Contrary, the pathway drawn
for case 2 showed that the most advisable pathway would work to produce free templates,
however, if we come back and take a look at the numerical simulation illustrated for case 2
(E), neither amount of free template T was produced, at least at this concentration scale, µM .

This supports the idea, that even though a system may present a suitable and sometimes
a most privileged pathway, at the end the rate constants will always dictate what specie(s) will
be produced in the most yield. Furthermore, case 1 and 3 (D and F, respectively) presented
an insignificant quantity of free templates, this can be due either to the fact that there was a
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pathway leading to its production or, and the most reasonable conclusion, due to the strong
background reaction. Finally, the large amounts of both ENT and ENTT are still sustained by
the background reaction, i.e, almost all the T produced in this step goes into the network and
helps the production of both intermediates.

Distinct to the partial model, when we lower the input concentration to 20µM , we did
not observe the production of free templates, even though the system displays a parabolic
growth (See Fig. 18).
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Figure 18: Numerical solution computed by Mathematica. Case 1, case 2, case 3 are respectively G), H), I) illustrating
the numerical solution and on the bottom their respective steady-state template concentration (histogram) for the individual
complexes at 100µM . Flow rate set to 10−2 s−1 . Rate constants employed: a = 109 , ar = 10, ar1 = 10, b = 10, br = 108 ,
br1 = 106 , f = 1000, fr = 106 , g = 1, gr = 100, d = 10, dr = 106

The graphs portrayed in Figure 18 corresponds to the first (G), second (H) and third (I)
case, with a flow rate of 10−2 s−1 and a concentration of 20µM . Unfortunately, the system
was incapable of producing a significant amount of template. A curious observation is that
case two (H) was the unique case whose its pathway did not lead to the reverse reaction favoring the production of the dimer TT, instead its pathway pointed to favor the production of T.

However, the production of ENTT was larger than for case 1 and 3 whose pathway favored
such an intermediates (recall Pathvisio Fig. 15). Moreover, the total production of ENTT and
ENT in both cases 1 and 2 were similar. It is worth taking a look at the Pathvisio graphs and
see that once we took TT and S (first case) out of the tank and TT, S and T (case 3), the
model performance was fairly similar. unlike, when we took out of the tank the product T the
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system used a different pathway showing that its component is likely capable of stimulating
the production of the intermediates (ENT and ENTT).

Finally, maintaining the same concentration range of 0 − 20µM , and reducing the flow
rate to the minimum flux of 10−10 s−1 , the system behaved similarly to the latter graphs (See
Fig. 19)
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Figure 19: Numerical solution computed by Mathematica. Case 1, case 2, case 3 are respectively J), L), M) illustrating
the numerical solution and on the bottom their respective steady-state template concentration (histogram) for the individual
complexes at 100µM . Flow rate set to 10−10 s−1 . Rate constants employed: a = 109 , ar = 10, ar1 = 10, b = 10, br = 108 ,
br1 = 106 , f = 1000, fr = 106 , g = 1, gr = 100, d = 10, dr = 106

The switch in flow does not seem to have changed drastically the production of template, except for case 2 (L). The decrease of fluid injected into the system seems to have
been favorable for the template yield. For cases 1 (J) and 3 (M), almost any compound was
produced. Regarding the full model, the network that yielded most was, for the range of concentrations and flux rates studied, the second case. It means that, injecting into the system
[E]=[N] and taking out both T and S (case 2, check Fig. 14) pushed the stationary equilibrium
towards the template direction, and it does make sense, once we consider the Law of Mass
Action.

It is important to note that we did use a virtual output flow-like to remove reactants from
the system, but some experimental/theoretical works [15, 78] have used enzymes to catalyse some products, thus decreasing their levels inside the tank. More sophisticated systems
could be developed such as, for example two tank reactors (or more) linked to each other
where the template/intermediate of one tank could cross to the "sibling" reactor and catalyse
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the formation of either other kind of template, or even itself. In this sense, we might simulate
a set of complex networks as well as "communication" that may occur between different reactors, similarly to that which occurs between cells that form a functional tissue.
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6

Conclusion
The study and understanding of how the first populations of self-replicating molecules

emerged on our planet has shed light on many fields, ranging from organic chemistry, synthetic chemistry, genetics to molecular biology, and so on. Additionally, the knowledge
of molecular networks has helped to improve the understanding of interactions between
molecule-molecule, cancer surveys, neuronal networks and species-species interactions. It
is important to note that, to approach the question of how life could have arisen on earth,
it will be needed to connect not only biologists, physicists and chemists, but rather it will be
necessary to construct a long bridge connecting many fields, e.g, from ecology to psychology.

Independenting of what system we are looking at, or its physical-chemical mechanism,
it is widely accepted that the survival of a system is dependent on, and perhaps the most
important characteristic, replication. Template induced replication is the basis of multiplication and reproduction in nature. From this characteristic, complex behaviours give rise
[80, 82, 78], to natural selection of the fittest, information transfer and repair [30, 31, 63].

The dynamics of biological reaction networks are strongly constrained by thermodynamics. The complete understading of their behaviour and regulation requires mathematical
models that describes these constraints [21]. We have demonstrated here the importance
of thermodynamic principles and their constraints. Moreover, kinetic rate models may invoke the approximation of irreversible steps, mainly due both mathematical simplicity as well
as experimental reasons (if we consider time scales short compared to the temporal scale
characteristic of the reverse reactions) [17], and in this sense, may easily violate the constraints imposed by the principle of detailed balance, if no special care is taken. We have
demonstrated here that combining reversible and irreversible steps leads to thermodynamic
inconsistencies concerning the values established for the rate constants.

However, full reversibility implies thermodynamic equilibrium when one treats the system
as closed. Thus, we overcame this problem by opening the system to the environment (flow
tank reactor approach), similarly to a living cell. The outcome was that a very large amplification of the template production. That was a remarkable finding concerning the amplification
of polymers that later on (but not studied in this present work) can be subjected to natural
65

6. CONCLUSION

selection and evolution, based on the "egg-first theory" [41].

Furthermore, an entire understanding of large biochemical networks requires models
that describe the functioning of the system under the constraints of mass and energy conservation. Both classes of constraints are determined by the complete stoichiometry of the
network.

In general, this work not only highlights the importance of thermodynamic constraints, we
also showed that the establishment of networks (set of interactions) allows us to drive the
system into pathways that are most suitable to enhance the template yield. In this sense,
we were completely capable of studying the system under a set of different input/output and
flow-rate conditions, thus simulating how this property could have helped the production and
reproduction of the first populations of self-replicating molecules on earth.

Further studies must be developed to shed light on selection and information transfer
applied to the present model. One could incorporate bits of information [30, 54] into the
building blocks "E" and "N", in this way we would give rise to both physical information, that
is dependent on the assembly of E-N or N-E, and intrinsic information. The latter could be
derived from the sequence of either nucleotide base pairs or peptide sequences, for example.
Furthermore, we could develop the concept of cross-catalysis [38, 81, 76] and supply the
system with either different raw materials or different templates [38, 78, 17, 92], through the
theoretical approach carried out in this present work, namely open flow tank reactor.
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Appendices
The numerical simulations carried out in this work were performed by the Mathematica

package version 10.4. In order to show how it was implemented as well as stimulate future
works in this field, consider the following images.

Figure 20: Values established for the rate constants concerning the partial model (2nd order and background reaction.)

Wolfram Mathematica is a modern technical computing system extending to all areas of
technical computing , such as neural networks, geometry, data science, machine learning
and much more. Summarizing, the notebook interface (See Fig. 20) is divided into two parts,
they are the kernel and the front end. The kernel interprets expressions and returns its results. The front end allows the creation and editing of Notebook documents [89].

In the image depicted above we named each variable (rate constants) as well as their
respective values, later they will be used to evaluate the stationary state for each specie(s).
Note that br obeys the constraints imposed by thermodynamic laws as aforementioned (18).
The next picture (See Fig. 21) shows the "routine", concerning the partial model, used in this
present work.

After setting the values for each rate constant, we now present the equations used to
evaluate the steady state solution for each species. Note that we added one more variable,
it is the flow rate(q). Furthermore, it is easy to see that for each species (eqnSn, eqnEn,
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Figure 21: Program to solve for the steady-state solution for each species. Partial model. Where q = 10−2 s−1 and E0 =
10−6 − 100 × 10−6 µM . [E]=[N] (input) and TT/S (output), red expressions.

eqnTn, and so on) has their respective kinetic equation, where [E]=[N], thus we did not need
to add one more equation.

After that, we evaluated the steady state solution using the command NSolve. NSolve
attempts to find numerical approximations to the solutions of the system [89], after that step,
we looked for both real and Non-negative solutions, since negative concentrations do not exist in chemistry. In order to accomplish these requirements, we turned the working precision
to 25, that is twenty-five digits of precision. we believe that that was the main reason why we
had only one possible numerical solution based on our requirement (real and non-negative
numbers).

Another important expression was the "Do-looping". It deals as follows, we varied the
concentration from 1µM to 100µM , thus for each concentration between this range the program runs all those equations (See Fig.20), finding out new possible numerical solutions and
then presenting the results into a graph. Once established this "routine", all we have to do is
to change the values for q, replace values for the input concentrations and/or establish new
arrays of input/output species (red expressions).

The following routine was written to the full model (first order, second order and back68
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ground reaction), but follows the same basic idea presented above.

Figure 22: Values established for the rate constants concerning the full model (second order, first order and background
reactions).

Those rate constants must obey the constraint imposed by the equation (15,18). Note
that now we wrote two more expressions, they are ar1 and br1 , and more than that we defined new values for each rate constant. The next picture shows us the routine utilized in the
full model.

Figure 23: Equations for the steady-state solution for each specie. Full model. Where q = 10−10 s−1 and E0 = 10−6 − 100 ×
10−6 µM . [E]=[N] (input) and TT/S (output), red expressions.
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Here we added one more term to the kinetic equations, corresponding to the component
ENT that came from the first order reaction. If we compare this new routine to the previous
one (partial model) it is easily noted that all the kinetic equations were rewritten with some
new terms, it was due to the implementation of the first order reaction, thus the concentrations of all components are governed by a more complex set of differential equations.

Now let us show what commands were used to picture the results, namely histograms
and graphs.

Figure 24: Command used to picture the results into graphs. Note that the "X" and "Y" axis are, input and the total production
[R](Numerical results for each specie), respectively.

Figure 25: Command used to picture the values for the total components expression [R].

In the Figure 24 we used such a command to define the "X" and "Y" axes, that are the
input (in this case [E]=[N]) and [R], respectively. The variable [R] represent the total component secondly to the equation (32 and 41) depending on what reaction are we looking for,i.e,
partial or full model. Yet, in the image (21 and 23) we can check the expression for [R] in the
"s=Sort" section.

Finally, the latter image (25) represents the individual yield of each species. For that,
we resolved the values of [R] into each value concerning for each species. Through this
approach, the study of the steady-state solution for the present model was possible. We
could also vary different building blocks, subjecting the system to mutations, selection, and so
on. The routine would be fairly similar, but undoubtedly much more complex. Moreover, one
advantage that was possible to be noted, among many other, is that Mathematica took only
a few seconds to run all the simulations (Do-looping) and to plot the results into the graph,
making it a feasible and sophisticated/robust program that can be used in future surveys.
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Template induced replication is the basis of multiplication and reproduction in nature and underlies the
importance of gaining a detailed understanding of its mechanisms in terms of chemical reaction
networks. We analyze numerically the stationary state solutions for a class of autocatalytic reactions
based on reversible template assisted ligation with first and second order catalysis and governed by
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mass-action kinetics. Chemical thermodynamics leads to constraints on the reaction rate constants
which result in very low template yield in systems subject to fixed external concentrations. When
however the network is driven out of equilibrium via open flow in a well-mixed reactor, the template
yield can be increased significantly for very small fluid flow rates. This can be understood in terms of

rsc.li/pccp

driven unidirectional pathways, as determined by stoichiometric network analysis.

1 Introduction
It is generally accepted nowadays that inanimate prebiotic
chemistry evolved towards biological chemistry through the
formation of self-replicating molecules.1 In the very earliest
stages of chemical evolution this would have taken place in the
absence of enzymes. In this respect, mention must be made of
the first experimental enzyme-free replication system reported
by von Kiedrowski,2 who framed a general description of such
systems denoted as Minimal Replicator Theory.3 Other series of
self-replicating molecules have been designed and characterized
experimentally since then (for reviews see ref. 4–6) including
organic molecules4,7–10 and also peptides11–14 as well as nucleic
acids, for DNA,2,6,15,16 and also for RNA.17 The underlying autocatalytic mechanism for all these systems is based on nonenzymatic template assisted ligation. In these chemical processes,
a template T pre-organizes two constituent fragments, one termed
the electrophile E and the other a nucleophile N. This preliminary
stage promotes the ligation of these two fragments to yield a
second identical copy of the template which can then go on to
participate in another autocatalytic cycle, see Fig. 1. It is natural to
include the non-catalyzed template formation or background
reaction. The template doublet TT produced as an intermediate
in the first-order catalytic stage can also serve as catalyst to form
a template trimer TTT in a second order catalytic stage for T,
and this couples the background, first and second order transformations together in a nonlinear fashion, see Fig. 1. This is an
important dynamic feature, since self-organization of catalytic
Department of Molecular Evolution, Centro de Astrobiologı́a (CSIC-INTA),
Carretera Ajalvir Kilómetro 4, 28850 Torrejón de Ardoz, Madrid, Spain.
E-mail: hochbergd@cab.inta-csic.es
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Fig. 1 Schematic diagrams for self-replication. Top: Non-catalyzed
template formation (background reaction) where E and N form a template T.
Middle: First order reaction where T is an autocatalyst for its own production.
Bottom: Second order reaction where the template dimer TT is the
catalyst. All transformations are reversible, including the ligation steps.
S denotes the thiol molecule.

molecules into simple networks with non-linear growth kinetics is
known to result in, and favor, the rapid emergence of robustness.18
Autocatalysis is a basic property of life19,20 and emerges during
the evolutionary stage of the onset of replicator molecules and
template mechanisms of self-reproduction. Prebiotic scenarios for
such emergence could be that of abyssal hydrothermal vents and
volcanic plumes.21–24 These systems are open systems, exchanging
mass and energy with the surroundings and so the open-flow well
mixed approximation used in this paper may be reasonably
justified. The role of clays in abiotic chemistry is also an accepted
scenario in the chemistry of the origin of life;25–27 as catalysts
in the prebiotic synthesis of organic compounds. The spatial
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extent of the surface mediators for autocatalysis should be taken
into account, though we may continue to invoke the well-stirred
approximation for localized spatial domains, coupling the
smaller homogeneous domains together to model the overall
spatial dependence, in a first approximation.
In addition to their role in origin of life chemistry, much
simpler minimal or single template assisted self-replication
networks have been shown to give rise to various interesting
complex behaviors such as logic gates28 and to bistability and
bifurcation,29 just to name two. Explicit mathematical and
kinetic modeling of these minimal self-replicating systems
provides important and useful insight into the many complex
processes that are believed to occur, or which have been
reported experimentally. The reaction network, Fig. 1, is taken to
be governed by mass-action kinetics, and is thus a description of
elementary chemical transformations, not coarse-grained overall
net reactions. Whether in prebiotic chemistry or else in the context
of the more ‘‘applied’’ scenarios, the corresponding mass-action
kinetic networks must combine principles of chemical thermodynamics and non-equilibrium physics to ensure the physicochemical coherence of the underlying model. Such principles are
crucial for achieving an understanding of what is likely to happen
in such nonlinear systems involving many (reversible) steps.
Detailed mass-action kinetic descriptions of non-enzymatic
template catalysis have been proposed and analyzed,30,31 which
assume both irreversible background and ligation steps. The
latter turns out to be a thermodynamically acceptable and
coherent approximation, and corresponds to kinetic control.
This approximation may be reasonable for relatively high
exergonic reactions and for short reaction times. But evolution
requires long time scales, as do the experimental conditions
necessary for the formation of the condensation of the
instructed polymers. Moreover, some variants of these minimal
template networks combine both reversible background formation
with strictly irreversible ligation steps which in their conjunction
give rise to thermodynamic inconsistencies. For both these
reasons, it is therefore crucial to allow for reversibility and to
implement correctly the fundamental constraints imposed by
chemical thermodynamics.
In this paper we consider minimal single template replication
networks governed by mass-action kinetics and in view of the
corresponding chemical thermodynamic constraints. We first
indicate how and why the simultaneous combination of reversible
with irreversible steps is inconsistent with thermodynamics. Once
the constraints are properly accounted for, we solve numerically
for the non-equilibrium steady states of the network and for the
individual concentrations of the templates in all forms: both singly
and in their bound intermediate complexes. The constraints on
the reaction rate constants destroys the bistability and bifurcation
reported in the mathematical models,29,32 and for the approximation of constant concentration thiol molecule, lead to very
low yield of templates. By marked constrast, when we place the
fully reversible network in open flow well-mixed tank reactors,
the steady state yields of the templates in all their forms are
greatly enhanced, and even for rather small input/output fluid
flow rates. Using stoichiometric network analysis, we identify

This journal is © the Owner Societies 2018

the reaction pathways that are responsible for this strong (parabolic)
amplification taking place in a fully reversible network maintained
out of equilibrium by open flow.

2 Model
The complete mass-action reaction scheme corresponding to
Fig. 1 indicating the individual forward (a,b,d, f,g) and reverse
(ar,ar1,br,br1,dr, fr,gr) reaction rate constants for each step is as
follows:
g

E þ N Ð T þ S;

(1)

gr

a

b

d

ar1

br1

dr

E þ N þ T Ð ENT Ð TT þ S Ð T þ T þ S; (2)
a

b

f

ar

br

fr

E þ N þ TT Ð ENTT Ð TTT þ S Ð T þ TT þ S;
d

T þ TT þ S Ð T þ T þ T þ S:

(3)

dr

As stated in the Introduction, we consider this network to be
governed by mass-action kinetics. There are good reasons for
doing so.33 To begin with, coarse-grained models derive as
approximations from more fundamental mass-action elementary
reactions, and there is no guarantee that spurious dynamical or
steady state behaviors are not introduced as artifacts of the
approximation. Second, the finer mechanistic details, e.g.,
reversible versus irreversible transformations, have notable consequences, as we will appreciate below. Third, mass-action
kinetics bears a precise relationship to the network’s architecture
revealing the connections between architecture and the varieties
of behavior that the corresponding diﬀerential equations might
exhibit.
Our objective is to place this network in well-stirred open
flow reactor systems and to analyze the non-equilibrium steadystate outcomes. Our systems involve the entry of a specific
volume of reactant solution per unit time, and the exit of the
same fluid volume per unit time containing the instantaneous
concentrations established within the tank reactor, of some of
the reaction network products. We indicate below how the
selection of outflow species may be made. We consider various
cases of input/output species as indicated in Table 1. Diﬀerent
choices of input/output species correspond to the selection of

Table 1 Input and output species for the reactions in a well-stirred open
flow reactor. Top two rows: combined first and second order autocatalysis
eqn (2) and (3) plus background reaction eqn (1). Bottom two rows: second
order only plus background reaction eqn (3) and (1)

Case (first and second order)

Input species

Output species

1
2

E, N
E, N

T, S
T, S, TT

Case (second order and background)

Input species

Output species

1
2

E, N
E, N, TT

TT, S
T, S
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diﬀerent key driven reaction pathways. These open flow pathways
will be identified using stoichiometric network analysis below.
For the well-mixed approximation, the reaction dynamics in these
open flow reactors are represented by diﬀerential rate equations
taking into account both the constant inflow of reagents and the
outflow of some of the species from the reactor. These massaction diﬀerential equations are expressed in Appendix A.1 for
the background reaction (1) and second order catalysis alone (3),
and in Appendix A.2 for the background (1), first (2) and second
order catalysis (3), illustrating the case when the two fragments E,
N are input at fixed concentrations and the template T and thiol
S are removed from the tank (Case 1, Table 1) in the latter, and
illustrated for Case 2 for the former. The rate equations corresponding to the other open flow cases are obtained straightforwardly
simply by modifying the input and output terms accordingly in the
appropriate rate equation.
2.1

Constraints from chemical thermodynamics

The dynamics of biological reaction networks, and the existence
of their possible non-equilibrium stationary states (NESS), are
strongly constrained by thermodynamics.34 Schemes for minimal
self-replication that combine reversible transformations with
irreversible catalytic ligation (br = 0, br1 = 0), can be problematic
thermodynamically. This leads to incompatibilities with the strict
conditions dictated by chemical equilibrium in mass-action
kinetics. To understand how and when this arises, consider
the background reaction, first-order catalysis and second-order
catalysis (see Fig. 1) where we include explicitely the reverse
catalytic ligation steps, with positive rate constants br1 4 0 and
br 4 0, to demonstrate that these reverse paths cannot be
ignored when combining first-order catalysis (2) with the reversible
background reaction (1), nor can they be overlooked when
combining the first (2) and second order catalytic reactions (3)
together with the reversible background reaction (1).
The proof is straightforward. The steady state, chemical
equilibrium, conditions that follow from the above chemical
transformations are as follows. From eqn (1) equilibrium implies
½Teq ½Seq
g
¼
;
gr ½Eeq ½Neq

(4)

whereas, from the sequence of reactions in eqn (2), we find
½ENTeq
a
¼
;
ar1 ½Eeq ½Neq ½Teq

½TTeq ½Seq
b
¼
;
br1
½ENTeq

½Teq 2
d
¼
;
dr ½TTeq

(5)

where [  ]eq denotes the equilibrium concentration of the
indicated species. Multiplying these expressions together and
canceling the common factors between the numerator and
denominator, we find that the reaction rate constants must
obey the constraint:
gr a b d
¼ 1:
g ar1 br1 dr

(6)

This means that one cannot take irreversible catalyzed ligation
(br1 = 0) in the presence of the reversible background reaction
gr 4 0.
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Similarly, the steady state (chemical equilibrium) conditions
that follow from the sequence of reactions for the second-order
catalysis eqn (3) are
½ENTTeq
a
¼
;
ar ½Eeq ½Neq ½TTeq

b ½TTTeq ½Seq
¼
;
½ENTTeq
br

½Teq ½TTeq ½Seq
f
¼
½Seq ½TTTeq
fr
(7)

½Teq 2
d
¼
;
dr ½TTeq

(8)

Multiplying these expressions together and canceling the common factors between the numerator and denominator shows
that the reaction rate constants must obey the constraint:
gr a b f
¼ 1:
g ar br fr

(9)

d
is identical for both the first
dr
(5) and second order catalysis (8), and is not involved in the
constraint eqn (9). Lastly, for the combined first and second
order systems in the presence of the background reaction, the
conditions on the reaction rate constants are given by both
constraints eqn (6) and (9) simultaneously. Note these constraints
are independent of the concentrations.
A fundamental point worth emphasizing is that the constraints on the reaction rate constants eqn (6) and (9) hold for
the reaction schemes of eqn (1)–(3) regardless of whether the
system is near or far from chemical equilibrium, or whether the
system is in a transient state or exhibits a non-equilibrium
steady state (NESS). Even for systems that are maintained far
from equilibrium, these relationships ordained by chemical
thermodynamics dictate what is thermodynamically possible for
the system in all experimentally realizable situations described
by mass-action kinetics. One such thermodynamically realizable
situation is when the system is merely taken closed and isolated,
it must then come into equilibrium, and with all reactions
obeying detailed balance. This situation serves as a thermodynamic ‘‘boundary condition’’ on the rate constants, eqn (4), (5)
and (7), which implies constraints. Note the constraints eqn (6)
and (9) are independent of the concentrations. Since the rate
constants are just that, namely constants, once they are found to
be constrained by detailed balance, they are subsequently constrained for all out-of-equilibrium situations. In fact, any reaction
system violates detailed balance under productive conditions, and
in non-equilibrium situations. The eqn (6) and (9) tell us that one
of the inverse rate constants cannot arbitrarily be chosen to equal
zero when that choice forces some other rate constant to become
unbounded and diverge.
We point out that no such reaction rate constraints arise if
both the background and template assisted ligation steps are
assumed to be simultaneously irreversible30,31 gr, br1 - 0. This
approximation is coherent thermodynamically, and corresponds
to kinetic control. Such an approximation may be useful on
time scales short compared to the temporal scale characteristic
of the reverse reactions. Similarly, if the template dimer

Note that the rate constant ratio
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assisted ligation is taken to be irreversible together with the
background reaction gr, br - 0 there is again no constraint
on the rate constants. Hence, thermodynamic inconsistencies
can arise when both reversible and irreversible transformations
are present simultaneously within a common mass-action
reaction scheme.

3 Results and discussion
As stated in the Introduction, we are interested in testing the
reaction network’s (Fig. 1) ability to transform the input concentrations of the E and N fragments into template products
T under various open flow reactor scenarios. We assess this
ability for the fully reversible scheme, and in view of the
constraints eqn (6) and (9) that the individual reaction rate
constants must comply with. To do so, we solve numerically for
all the steady state solutions of the rate equations and calculate
the asymptotic yield of the total amount of templates in all
forms together, as well as the individual final concentrations of
the template T and of its various complexes: TT, TTT, ENT, and
ENTT. The rate constants employed in all the numerical
calculations below have the appropriate units (in M) so as to
yield rate values in moles per second.

3.1

No flow: clamped thiol concentration

Before considering open flow itself, we first revisit the closed
model (clamped thiol concentration)29 in order to validate our
numerical procedure as well as to compare results when the
reaction rate constraints are properly taken into account. The
onset of bistability in such minimal self-replication non-enzymatic
networks was recently shown to require at least a second-order
catalysis as well as a mismatch between some forward and reverse
processes.29 We therefore begin with a re-examination of the
second order catalysis in the presence of the background reaction.
For purposes of comparison, we use the same values of the rate
constants, which are supposed to correspond to experimentally
reasonable values relevant for peptide synthesis.32 In the
approximation of clamped constant concentration of the thiol
S (that is, taking [S] to be constant), then the reactions in (1) and
(3) are subject to the two conservation laws
[E]  [N] = a,

(10)

3[ENTT] + 3[TTT] + [T] + [E] + 2[TT] = A,

(11)

where a, A are constants. The concentration of the total amount
of template in all forms is then
[R] = [T] + 2[ENTT] + 2[TT] + 3[TTT].

(12)

Fig. 2 No flow. Top panel (A) numerically computed steady state total template concentration [R], see eqn (12), and bifurcation diagram, corresponding
to second order catalysis (3) and the background reaction (1), when the rate of inverse ligation is set to zero (br = 0), in violation of the thermodynamic
constraint eqn (9) (compare to Fig. 3 of ref. 29). Rate constants employed: a = 108, ar = 1, b = 10, br = 0, f = 1000, fr = 106, g = 1, gr = 10, d = 10, dr = 106
and fixed thiol concentration [S] = 102 M. The straight dotted line represents [R] = [A], which is the upper limit for [R]. Lower panel (A) the individual
steady state template yields for [A] = 200 mM; note the preponderance of the template doublet TT. Top panel (B) the resultant low yield of template in all
forms [R], when the thermodynamic constraint eqn (9) is accounted for, br = 107. The bifuraction and bistability are lost. Compare to top panel (A). Lower
panel (B) the corresponding individual steady state template yields for [A] = 200 mM; the template T is now the predominant species, but only at an
extremely low concentration: there is no production of templates. Compare to lower panel (A).
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For clamped thiol concentrations, we set [S] = S0 to a constant
value, and take q = 0, as there is no open fluid flow in this case.
To find all the stationary states, we set the time derivatives to
zero in the set of rate eqn (21)–(26) in Appendix A.1. We then
solve the corresponding coupled non-linear algebraic equations
numerically. Taking [E] = [N] (i.e., a = 0), and using the
conservation law (11) together reduce the number of independent
algebraic equations from six to four. Varying the total amount of
available reactant in the range 0 r A r 200 (mM), we reproduce all
the detailed features of the original bifurcation diagram29 when
the ligation step in (3) is assumed to be strictly irreversible, br = 0,
see top panel (A) Fig. 2, and we also calculate the individual
steady state concentrations of the template in all of its forms for
A = 200 (mM), lower panel (A) Fig. 2. Note that most of the
template is to be found in the doublet form TT for irreversible
ligation. Nevertheless, and as explained in Section 2.1, we are
not free to choose arbitrarily the value of the rate constant br of
the reverse ligation: the constraint (9) dictates a specific value
for it in terms of the values of other rate constants. The resultant
steady state solutions for the total amount of template are
shown in Fig. 2, top panel (B). Not only does the bistability
vanish completely, but the template yield in all forms [R] drops
down to insignificant values. The total and the individual
concentrations all drop down dramatically to miniscule steady
state values over this same range of A, see lower panel (B). It is
thus clear that accounting for reversible ligation and under the
dictates of chemical thermodynamics, completely eradicates the
onset of bistability and bifurcation in this particular kinetic
model. We emphasize that we analyze the identical mass action
scheme as considered in ref. 29, except that we allow for reversible
template assisted ligation and we also take the rate constant
constraints into account. Note that a variation of the rate of the
reverse template assisted ligation step was previously seen
to lead to diminished bistability32 but again, we emphasize
that this rate constant cannot be freely varied: it is fixed
rigidly by the constraint eqn (9) as soon as the other rate
constants are specified.
3.2

Open flow configurations

We consider the reactions eqn (1)–(3) taking place under wellmixed conditions in open flow reactors and where it is possible
to select one or more of the reaction products for the outflow
from the reactor. This selection of the output flow species is
important for selectively driving forward those specific chemical
pathways that can lead to high template yields, and in spite of
the large values of the rates of inverse ligation. One such flow
technique is based on membrane separation in flow injection
systems.35 Another viable method is based on inmobilization,
which includes adsorption, entrapment, microencapsulation
and covalent attachment.36 These methods can be regarded
as plausible physico-chemical mechanisms in scenarios for
modelling prebiotic chemical evolution systems.37
3.2.1 Second order autocatalysis.. Chemical reaction networks operating in non-equilibrium open system configurations
arise in a great number of contexts, including, of course, the
study of living systems. It therefore makes sense to consider the
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above reaction scheme embedded in an open flow reactors
under well-mixed conditions. To this end, we examine a few
specific open flow configurations, as summarized in Table 1.
Thus for example, in Case 1, the two short fragments E and N
flow into the reactor with a fixed and common input concentration for convenience [E]0 = [N]0, whereas we remove the
template doublet TT and the thiol molecule S, or else in Case 2
all three E and N and TT flow in at fixed concentrations, and we
instead remove the template T and the thiol S together from the
reactor. The input and output fluid flows must be such as to
maintain constant the total reactor volume V. The output flow
species are removed with their steady-state concentrations as
determined by all the reactions taking place within the reactor
V. If the fluid flow rate is f liters per second, then q = f/V has
units of s1 and gives the fraction of fluid volume flowing into
and out of the reactor per unit time. For purposes of illustration
and comparison, we consider a ‘‘large’’ and a ‘‘small’’ fluid
volume fraction flow rate q in order to view the impact of open
flow on the fully reversible replication scheme. For each case in
Table 1, we make the appropriate modification to the corresponding kinetic rate equation. Thus for example in Case 2, we
append the terms q[E]0, q[N]0 and q[TT]0, to the rate equations
for E, N, and TT, respectively. At the same time, we subtract the
terms q[T] and q[S], from the rate equations for T, S, respectively.
The other remaining equations are unaltered (see Appendix A.1
for the corresponding rate equations).
We solve for the steady state solutions numerically. plotting
both the total concentration of template in all forms R, and
determining all the individual concentrations, as functions of
the input concentrations of the two fragments E, N and the flow
rate term q. We first consider the combined second order
catalysis plus background reactions in Fig. 3. The two panels
(A) in the top left hand column show the results for Case 1 and
fluid volume fraction flow rate q = 102. The transformation of
E, N into templates is dramatic (following a parabolic dependence
on the input concentrations) already for the relatively small input
concentration range of 0 r [E]0 = [N]0 r 20 mM to the reactor. Note
for [E]0 = [N]0 = 20 mM the single template T is the overwhemingly
dominant component, followed by the quaternary intermediate
complex ENTT (lower panel (A)). Thus, imposing open flow on the
fully reversible scheme can overcome the eﬀects of the reversible
ligation(compare to Fig. 2), giving rise to substantial production
and yield of the templates. If we decrease the flow rate to
q = 1010, by eight orders of magnitude, then the conversion
shows an approximately linear dependence on the input concentrations (see panels (C), lower left hand column) and the
distribution of individual concentrations is peaked for the
template and the doublet, followed by the quaternary intermediate complex ENTT (lower panel (C)). The results on the
right hand side Fig. 3 demonstrate the sensitivity to the open
flow arrangement or specific architecture itself. Here, and for
the identical range of input concentrations and flow rates, in
addition to E and N, we also input the doublet TT and remove
both T and S from the reactor (Case 2 of Table 1). Then for fluid
volume fraction flow rate q = 102, the conversion of E, N and
TT into templates in all forms R is remarkably eﬃcient, and the
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Fig. 3 Open flow. Numerically computed steady state concentrations for second order catalysis (3) and the background reaction (1) with reversible
ligation as dictated by the thermodynamic constraint eqn (9). Rate constants employed: a = 108, ar = 1, b = 10, br = 107, f = 1000, fr = 106, g = 1, gr = 10,
d = 10, dr = 106. Left (right) column corresponds to Case 1 (Case 2), respectively, see Table 1. Top panel (A): Total steady state concentration [R] as a
function of [E0] = [N0] (mM) input for fractional fluid volume flow rate q = 102. Lower panel (A): The corresponding steady state template concentrations
for the individual complexes at [E0] = [N0] = 20 (mM). Panel pair (C): Case 1 for flow rate q = 1010. Panel pair (B): Case 2 for flow rate q = 102. Top panel
(B): Total steady state concentration [R] as a function of [E0] = [N0] = [TT0] (mM) input concentations. Lower panel (B): Corresponding steady state
template concentrations for the individual complexes at [E0] = [N0] = [TT0] = 20 (mM). Panels (D): Case 2 for flow rate q = 1010, showing total (upper
panel) and individual (lower panel) template yield.

steady state distribution of templates is peaked for the doublet
TT and the quaternary intermediate complex ENTT, see panels
(B). Even when the flow rate is diminished by eight orders of
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magnitude ro q = 1010, the conversion is still appreciable, a
parabolic dependence on input concentrations [E]0 = [N]0 =
[TT]0, see the lower two panels (D) on right hand side of Fig. 3.
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Note the shift in the distribution of steady state concentrations
at [E]0 = [N]0 = [TT]0 = 20 mM indicating a substantial relative
increase in the template population T with respect to the
doublet TT and quaternary complex ENTT populations as
compared to the larger fluid flow rate calculation directly above
it (in panel (B)).
3.2.2 First and second order autocatalysis. We next examine
open flow systems where both first and second order autocatalysis take place simultaneously in the presence of the
background reaction, as depicted schematically in Fig. 1. The
reversible transformations are given in eqn (1)–(3) and lead to
the set of rate equations as listed in Appendix 5.2, written there
for the open flow Case 1; see Table 1. We solve for their steady
state solutions numerically, plotting both the total concentration
of template in all forms, where now the total concentration of
template in all forms is
[R] = [T] + [ENT] + 2[ENTT] + 2[TT] + 3[TTT],

(13)

and determining all the individual concentrations, as functions
of the input concentrations [E]0 = [N]0 of the two fragments E, N
and the flow rate q. We employ the nominal experimental
values of the rate constants as above, but now subject to the
two constraints eqn (6) and (9) which thus fix the values of the
two reverse ligation steps br1 4 0, br 4 0, as dictated by
chemical thermodynamics. Results illustrating some major
diﬀerences between two specific flow configurations are displayed in Fig. 4. Here we keep the flow rate fixed to a small
value q = 1010 and compare Case 1 with Case 2, in the left and
right hand sides of Fig. 4, respectively, in two diﬀerent ranges
of the input fragment concentrations [E]0 = [N]0. For the open
flow Case 1, the conversion of fragments flowing into the
reactor at flow rate q = 1010 for the range 0 r [E]0 = [N]0 r
100 mM into templates shows a dramatic nonlinear dependence
on the input concentrations. For [E]0 = [N]0 = 20 mM the
amplification factor is roughly 25 times (upper panel (C))
whereas for [E]0 = [N]0 = 100 mM, the factor has increased to
2000 (top panel (A)). ENTT is the dominant complex in both
cases (see panels (A) and (C) for the steady state distributions of
all template complexes). When we change the open flow
configuration to Case 2 (E and N flow in, removing T, S and
TT) but keep the flow rate fixed as before, the amplification
factors and steady state template complex concentrations change
in a marked way; see top and bottom panels (B) and (D) on the
right-hand side of Fig. 4.
3.2.3 Driven unidirectional pathways. The selection of input
and output species to and from an open flow reactor gives rise to
driven unidirectional reaction pathways that traverse the reactor.
We can identify these flow-driven pathways, and the specific
reactions they involve, by means of stoichiometric network
analysis (SNA). This will show how an imposed open flow can
overcome the reverse ligation steps, yielding the large steady state
concentations of the template, even for large values of the inverse
rates of ligation.
We summarize briefly the most basic constructs of the
stoichiometric network analysis needed for this demonstration.
A full and detailed account of SNA and a review are given in
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ref. 38 and 39. We begin with a set of chemical reactions for r
reactions involving n reacting species:
kj

a1j S1 þ    þ anj Sn ! b1j S1 þ    þ bnj Sn ;

j ¼ 1;    ; r;
(14)

where the Si, 1 r i r n, are the chemical species and each kj the
reaction rate constant for the jth reaction. From the coeﬃcients
in eqn (14) we construct the n  r stoichiometric matrix S with
elements:
Sij = bij  aij.

(15)

The reaction rate of the j-th reaction, assuming mass-action
kinetics, takes the form of a monomial:
n
Y


a
xi ij ;
vj x; kj ¼ kj

(16)

i¼1

where aij is the molecularity of the species Si in the jth reaction.
The xi = [Si] denote concentrations.
Dynamic mass balance equations for the general network in
eqn (14) can be written in vector notation by means of the
stoichiometric matrix eqn (15) as:
dx
¼ Sv:
dt

(17)

Then, as discussed in ref. 39 the pathway structure is an
invariant property of the reaction network. We can find this
structure from the steady-state condition:
0 = Sv,

(18)

which defines the right null space of the stoichiometry matrix
S, and corresponds to the set of all stationary-state (ss) solutions
v of eqn (17). Since the reaction rates in eqn (16) are positivedefinite, they necessarily satisfy vi(x,ki) 4 0, and therefore must
belong to the intersection of the null space, eqn (18), with the
positive orthant Rr+.
The intersection of these two linear spaces defines a convex
polyhedral cone Cv40 which is spanned by a set of M minimal
generating vectors Ei’s:
(
)
M
X
Cv ¼ v ¼
ji E i : ji 4 0 :
(19)
i¼1

These extreme currents or extreme flux modes (EFM) {Ei}M
i=1 are
r-component vectors (r is the number of reactions including the
input/output pseudoreactions39). The positive definite expansion
coeﬃcients ji 4 0 are the convex parameters and give the
magnitude of the matter fluxes traversing the reaction subnetwork
defining the ith elementary mode Ei. Thus according to eqn (19) a
general steady state reaction rate vector v can be expanded in
terms of this basis. We calculate these basis vectors below
employing the freely available COPASI program.41
We now apply the SNA method to our specific reaction
schemes. We will obtain the corresponding elementary flux
modes (EFM) and identify and highlight the specific ones
corresponding to the unidirectional flow-driven pathways that
traverse the reactor. For purposes of illustration, we will first
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Fig. 4 Open flow. Numerically computed steady state template concentrations corresponding to combined second and first order catalysis (3) and (2)
and the background reaction (1) with reversible ligation rates as dictated by the thermodynamic constraints eqn (6) and (9). Rate constants employed:
a = 109, ar = 10, ar1 = 10, b = 10, br = 108, br1 = 106, f = 1000, fr = 106, g = 1, gr = 100, d = 10, dr = 106, and the volume fraction flow rate q = 1010. Top
panel (A): Case 1 total steady state concentration [R] of the template in all forms, see eqn (13), as a function of input concentations. Lower panel (A):
Corresponding steady state template concentrations for the individual complexes evaluated at [E0] = [N0] = 100 (mM). Top panel (C): Same as for (A)
but for 0 r [E0] = [N0] r 20 (mM). Bottom panel (C): Corresponding steady state template concentrations for the individual complexes evaluated at
[E0] = [N0] = 20 (mM). Panels (B): Case 2 total steady state concentration [R] of the template in all forms as a function of input concentations 0 r [E0] =
[N0] r 100 (mM). Panels (D): Same as for (B) but for 0 r [E0] = [N0] r 20 (mM).

consider the second order catalysis and background reactions
subject to the open-flow Case 2 in Table 1: E, N, TT inflow; T, S
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outflow. We first construct the corresponding matrix eqn (15). We
organize the individual reaction rates eqn (16) in a sequence.
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Table 2 Elementary flux modes representing the three driven unidirectional
pathways established for the second order only and background reactions
when these are subject to open flow; Case 2 of Table 1. These driven pathways
are depicted on the left hand side of Fig. 5

EFM

Subnetwork and pathway

E1
E2
E3

-TT, T + TT + S - 3T + S, T-E, N, E + N - T + S, T, S-E, N, E + N + TT - ENTT, ENTT - TTT + S
TTT + S - T + TT + S, T, S-

Without loss of generality, we indicate them via their associated
reaction rate constant: ( g,gr,a,ar,b,br, f, fr,d,dr,q[E]0,q[N]0,q[TT]0,qq),
a total of fifteen steps, including the open flow terms in the
latter five positions, where q is volume fraction flow term.
The input concentrations [E]0, [N]0, [TT]0 are fixed constants.
The first ten entries in the list correspond to the five reversible
tranformations shown in eqn (1) and (3) when these are
expressed individually as in eqn (14). We also order the seven
species in a list: (T, TT, S, E, N, TTT, ENTT). Then, the
intersection of the right null space of the resultant 7  15
stoichiometric matrix S with the positive orthant R15
+ leads to
10 EFMs. Three of these correspond to the open driven pathways listed in the Table 2, and are displayed graphically in
Fig. 5, as the solid blue lines. We see that this case, E, N,
TT input and S, T output to/from the reactor, drives the background reaction forward, as represented by the EFM E2, and
drives forward the sequence of forward reactions leading to the
net second order autocatalysis of the template T, through the
combination of transformations represented by the pair of flux
modes E1, E3. Specifically, the EFM E3 includes the forward
driven ligation step ENTT - TTT + S and E1 the final step
T + TT + S - 3T + S. The concatenation of these two EFMs is

depicted in Fig. 5. By contrast, the full set of the 10 EFM’s is
depicted on the left hand side of Fig. 6, in which the intricate
coupling of the reaction network can be appreciated.
We next determine the driven unidirectional pathways for
the combined first and second order catalysis in the presence of the
background reaction, and for the open flow Case 1, Table 1: E, N
inflow; T, S outflow. We order the twenty individual reaction rates
eqn (16) in a list, indicating them through their associated reaction
rate constant: ( g,gr,a,ar1,b,br1,d,dr,a,ar,b,br, f, fr,d,dr,q[E]0,q[N]0,qq).
The latter four entries correspond to the open flow terms. We
order the eight species in the sequence (T, TT, E, S, ENTT, N,
ENT, TTT). Then the intersection of the right null space of the
resultant 8  20 stoichiometric matrix S with the positive
orthant R20
+ leads to a total of 24 EFMs, see the right-hand side
of Fig. 6 for the corresponding elementary flux mode network.
Four of these flux mode vectors correspond to the open driven
unidirectional pathways listed in Table 3. These are displayed
graphically in Fig. 5, by the solid blue lines. We see that this
case, E, N input and S, T output to/from the reactor, drives the
background reaction forward, as represented by the EFM E1. It
moreover drives forward the sequence of reactions leading to
the first order autocatalysis of the template T: as represented by
the EFM E4. The second order catalysis is driven forward by the
sequence of steps represented by the two EFMs E2, E3. Specifically,
the EFMs E2, E3 and E4 include both the forward driven ligation
steps involving the two intermediates ENT, and ENTT. Thus, open
flow arquitectures can be designed and selected to optimize the yield
of templates T and template complexes, by having the fragments E
and N flow into the reactor, and by removing the template T, and or
the dimer TT, in conjunction with the thiol S. A variety of other
input/output open flow arquitectures are of course possible and lead
to driven pathways qualitatively similar to those illustrated here.

Fig. 5 Forward driven unidirectional pathways (dark thick arrows) generated by open flows in a well-mixed reactor. Left: The second order catalysis only
and background reactions when the species E, N and TT are input to the reactor, and when S and T are removed. Right: The combined first and second
order catalysis plus background reactions when species E, N are input and when S and T are removed from the reactor. Note how the crucial ligation
steps, involving the intermediate complexes ENT, ENTT, are driven forward by the open flow in both these cases. See Tables 2 and 3 for the
corresponding elementary flux modes E and the explicit reaction subnetworks and pathways they represent.
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Fig. 6 Left: The full set of 10 EFM’s for the second order catalysis only and background reactions when the species E, N and TT are input to the reactor,
and when S and T are removed. The mode E3 (see Table 2) is highlighted in red. Right: Full set of the 24 EFM’s for the combined first and second order
catalysis plus background reactions when species E, N are input and when S and T are removed from the reactor. The mode E1 (see Table 3) is highlighted
in red. Note the presence of the node ENT, as a consequence of the inclusion of the first-order catalysis.

Table 3 Elementary flux modes representing the four driven unidirectional
pathways established for the combined first and second order catalysis plus
background reactions subject to open flow: Case 1 of Table 1. These driven
pathways are depicted on the right hand side of Fig. 5

EFM

Subnetwork and pathway

E1
E2

-E, N, E + N - T + S, T, S-E, N, E + N + TT - ENTT, ENTT - TTT + S
TTT + S - T + TT + S, T, S-E, N, E + N + T - ENT, ENT - TT + S
T + TT + S - 3T + S, T, S-E, N, E + N + T - ENT, ENT - TT + S
TT + S - 2T + S, T, S-

E3
E4

4 Conclusions
Template induced replication and ligation are the basis of
multiplication and reproduction in nature and have been
shown to lead to an interesting variety of complex behaviors,
both in vitro and as developed further by detailed mathematical
modeling.28,29 It is the latter approach in particular which
concerns us here since this template phenomena, taken as a
whole, underscores the importance of a detailed and thermodynamically coherent understanding of the finer mechanistic
details involved. Mass-action kinetic rate equation models may
invoke taking the approximation of irreversible steps, typically
taken in the interests of mathematical simplicity and analytic
tractability.30,31 We have demonstrated in this paper however
that combining reversible and irreversible steps within the
same mass-action reaction network leads to thermodynamic
inconsistencies concerning the choices made for the numerical
values of the specific reaction rate constants. Fully reversible
reaction networks subject to constraints may eradicate some of
the complex behaviors found for the mixed cases, such as
bistability and bifurcation found in single template models,29
and can lead to very poor template yields when constant
concentration reactants (such as thiols) are assumed. But their
placement within open flow reactors can lead generally to very
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large significant amplifications of the templates with very high
steady state yields. We have used stoichiometric network analysis,
SNA,38,39 as an excellent method for exposing and identifying the
unidirectional pathways and chemical fluxes that are driven by
such open flows. Driven reaction pathways are also of paramount
importance for instructed polymers where replication and multiplication can be subjected to selection and evolution in open
systems subject to an environment, and where template assisted
ligation plays a crucial role.42,43 In general, chemical reaction
systems operating in nonequilibrium open system configurations
arise in a great number of contexts, including, of course, the study
of living systems. Finally, mass-action kinetics enjoys a precise,
transparent and coherent relationship to the network architecture
that exposes and uncovers the conections between the network
structure and its response to the diﬀerent input and output open
flow scenarios and their impact on non-enzymatic template
autocatalysis.
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Appendix
A

Kinetic rate equations

The replication reaction network in Fig. 1 is taken to be
governed by mass-action kinetics, and so represents elementary
chemical transformations, not coarse-grained overall reactions.
We follow the general procedure outlined in Section 3.2.3 to
obtain the corresponding diﬀerential kinetic rate equations.
For each individual reaction, the stoichiometric coeﬃcients in
(14) and corresponding entry of the stoichiometric matrix (15)
can be read oﬀ and the corresponding reaction rate monomial
(16) identified. The order of the ith species in the jth reaction
is given by the exponent aij. Then the rate equation for the
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species follows from (17). Note the (partial) order aij can
generally be distinct from its corresponding entry bij  aij in
the stoichiometric matrix Sij.44 This procedure leads to the
following sets of coupled non-linear diﬀerential equations
written below.
A.1 Second order catalysis only and background reaction.
The mass-action diﬀerential rate equations implied by the
reaction scheme in Fig. 1 for the background (1) and the second
order catalysis alone (3), corresponding to the open flow Case 2
in Table 1 (E, N, TT inflow; T, S outflow), are given below. The
fraction of fluid volume entering and exiting the open flow
reactor per unit time is q; and the zero subscript labels the
species to be input to the reactor at a fixed input concentrations
(E0, N0, TT0).
d½S
¼ b½ENTT  br ½S½TTT þ g½E½N
dt

particular species to be input to the reactor at a fixed constant
concentration (E0, N0).
d½S
¼ b½ENTT  br ½S½TTT þ g½E½N
dt
 gr ½T½S þ b½ENT  br1 ½TT½S
 q½S;
d½E
¼  g½E½N þ gr ½T½S  a½E½N½TT
dt
þ ar ½ENTT  a½E½N½T þ ar1 ½ENT

d½N
¼  g½E½N þ gr ½T½S  a½E½N½TT
dt

(20)

þ ar ½ENTT  a½E½N½T þ ar1 ½ENT
þ qN0 ;
d½T
¼ g½E½N  gr ½T½S þ f ½TTT½S
dt
þ ð2d  fr Þ½T½TT½S
(22)

 2dr ½T ½S  a½E½N½T þ ar1 ½ENT
þ 2d½TT½S  2dr ½T2 ½S  q½T;

d½T
¼ g½E½N  gr ½T½S þ f ½TTT½S
dt

d½ENT
¼ a½E½N½T  ðar1 þ bÞ½ENT þ br1 ½TT½S;
dt

(23)

 2dr ½T3 ½S  q½T

þ f ½TTT½S  ðd þ fr Þ½T½TT½S
(24)

þ b½ENT  ðbr1 þ dÞ½TT½S þ dr ½T2 ½S;
d½TTT
¼ b½ENTT  ðbr þ f Þ½TTT½S
dt

(25)

þ fr ½T½TT½S;
d½ENTT
¼ a½E½N½TT  ðar þ bÞ½ENTT
dt

(33)

þ fr ½T½TT½S;
d½ENTT
¼ a½E½N½TT  ðar þ bÞ½ENTT
dt

(26)

þ br ½TTT½S:

(34)

þ br ½TTT½S:

A.2 First and second order catalysis and background reaction. The mass-action diﬀerential rate equations that follow
from the full scheme in Fig. 1 for the background (1), first (2)
and second order catalysis (3), corresponding to the open flow
Case 1 in Table 1 (E, N inflow; T, S outflow), are given below.
The fraction of fluid volume entering and exiting the open flow
reactor per unit time is q; and the zero subscript labels the
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(32)

þ dr ½T3 ½S;

þ dr ½T3 ½S þ qTT0 ;
d½TTT
¼ b½ENTT  ðbr þ f Þ½TTT½S
dt

(31)

d½TT
¼  a½E½N½TT þ ar ½ENTT
dt

d½TT
¼  a½E½N½TT þ ar ½ENTT
dt
þ f ½TTT½S  ðd þ fr Þ½T½TT½S

(30)

3

þ ar ½ENTT þ qN0 ;

þ ð2d  fr Þ½T½TT½S

(29)

(21)

þ ar ½ENTT þ qE0 ;
d½N
¼  g½E½N þ gr ½T½S  a½E½N½TT
dt

(28)

þ qE0 ;

 gr ½T½S  q½S;
d½E
¼  g½E½N þ gr ½T½S  a½E½N½TT
dt

(27)
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