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Abstract

Cosmic strings as hypothetical objects passed through ups and downs of scientific community
attention. They were predicted in the 1970s and reborn in the 2000s due to the implementation
of superstring theory to the description of the early universe. The connection with superstring
theory led to the new properties and a new name – cosmic superstrings, which remains the
subject of theoretical and observational researchers.

This thesis is aimed at clarifying questions of the cosmic (super)string network evolution
and subsequent observational predictions. The first chapter reviews the main principles and
motivations to study cosmic (super)strings.

The second chapter is dedicated to the description of a semi-analytic velocity-dependent
one scale (VOS) model in order to study the evolution of topological defect networks. This
chapter provides a thorough comparison between numerical simulations and the semi-analytic
approaches. We investigate a broad range of regimes, conditions and possible errors to test
the VOS model validity.

In the third chapter we develop our approach to go beyond the standard cosmic strings
and include possible extensions to the strings dynamics. The developed general treatment
applies to wiggly strings and strings with chiral currents. The latter is generalized for an
arbitrary Lagrangian, and the exact solution in Mikowski space for such strings is found. Also
we generalize the study of the scaling regimes for string networks evolution in the framework
of the VOS model.

The properties of cosmic superstrings are discussed in the fourth chapter. We consider
dynamics and conditions for the production of string junctions both for superstrings in an
expanding universe and for superstrings with currents. In addition, we suggest an approach
for integrating junction dynamics in the VOS model. For this case we revisit the averaged
treatment of strings collisions and averaged correlation function evolution. This leads to the
formulation of the generalized VOS model with dynamical junctions.

The possible observational outcomes of this work are studied in chapter five. We
review the main observational opportunities to confirm/restrict the existence of cosmic
(super)strings. In particular, we revisit the cosmic microwave background anisotropies
produced by cosmic strings. We generalize this study for the case of strings with non-trivial
internal structure, i.e. with presence of currents. Specifically we study anisotropies caused by
wiggly and superconducting (chiral) cosmic strings. In addition, we explore the stochastic
gravitational background from cosmic strings and highlight the main adjustments that should
be implemented in order to extend the study for non-conventional cosmic strings.

The outlook and conclusions end the thesis in chapter six.





Resumo

Cordas cósmicas são objetos físicos hipotéticos, para os quais atenção da comunidade científica
passou por altos e baixos. Previstas na década de 1970, o estudo das cordas cósmicas renasce
em 2000 devido à implementação da teoria das supercordas à descrição do universo, no seu
momento inicial. A conexão com a teoria das supercordas originou, além de um novo nome –
supercordas cósmicas – novas propriedades que permanecem o tema de investigadores teóricos
e observacionais.

Esta tese tem como objetivo esclarecer algumas questões sobre a evolução das redes
de (super)cordas cósmicas e as suas previsões observacionais. Em particular, o primeiro
capítulo revê os principais princípios e motivações para estudar as supercordas cósmicas.

Para estudar a evolução de redes de defeitos topológicos, o segundo capítulo dedica-
se à descrição do modelo semi-analítico de uma escala dependente da velocidade (VOS).
Este capítulo fornece uma comparação completa de simulações numéricas, e também uma
abordagem semi-analítica. Investiga-se uma ampla gama de regimes, condições e possíveis
erros para testar a validade do modelo VOS.

No terceiro capítulo apresenta-se uma abordagem para ir além da corda cósmica padrão
e incluir extensões possíveis da dinâmica de cordas. O tratamento geral desenvolvido aplica-se
às cordas com estrutura de pequena escala e cordas com correntes quirais. Este último é
generalizado para um Lagrangeano arbitrário, sendo a solução exata no espaço de Minkowski
para tais redes encontrada. Generaliza-se também o estudo dos regimes de escalonamento
para evolução de redes de cordas no contexto do modelo VOS.

As propriedades das supercordas cósmicas são apresentadas no quarto capítulo. Con-
sideramos a dinâmica e as condições para a produção de junções tanto para supercordas nu
universo em expansão como para supercordas com correntes. Sugerimos um cenário de como
a dinâmica das junções pode ser integrada no modelo VOS. Para este caso, revisitamos o
tratamento médio das colisões de cordas e a evolução da função de correlação média. Isto
leva à formulação do modelo VOS generalizado com junções dinâmicas.

Possíveis consequências observacionais foram estudadas no quinto capítulo. Revemos as
principais oportunidades de observação para confirmar/restringir a existência de (super)cordas
cósmicas. Em particular, revisitamos as anisotropias da radiação cósmica de fundo de micro-
ondas produzidas por (super)cordas cósmicas. Generalizamos este estudo para o caso de
cordas com estrutura interna não trivial, ou seja, com presença de correntes. Especificamente,
estudamos anisotropias causadas por redes de cordas com estrutura de pequena escala e
supercondutoras (quirais). Finalmente, exploramos o fundo gravitacional estocástico devido
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às cordas cósmicas e enfatizamos as principais alterações que devem ser implementados para
estender o estudo para cordas cósmicas não convencionais.

As perspectivas e conclusões terminam a tese pelo sexto capítulo.



Glossary of Symbols and Acronyms

Throughout this thesis the natural units are used: speed of light, reduced Planck constant
and Boltzmann constant are unity cl = ~ = kB = 1. The metric signature is chosen −2.
Greek indices µ, ν, ... run over 4 space-time dimensions (0, 1, 2, 3), Latin indices in the middle
of alphabet i, k, ... run over spatial coordinates (1, 2, 3), while first letters a, b run over two
dimensional worldsheet coordinates (0, 1). The Einstein notations are used unless otherwise
specified. Bold letters as x define a 3d vector. Partial derivatives are defined as ∂

∂xµ = ∂µ,
gauge covariant derivatives as Dµ.

Symbol Reference Definition
a Eq.(1.1) Scale factor
t Eq.(1.1) Physical time
τ Eq.(1.2) Conformal time
Tµν Eq.(1.3) Energy-momentum tensor
gµν Eq.(1.3) Metric tensor
G Eq.(1.3) Gravitational constant
ρ Eq.(1.4) Energy density
P Eq.(1.4) Pressure
H Eq.(1.5) Hubble parameter
ρcrit Eq.(1.7) Critical energy density
Ω Eq.(1.10) Density parameters
z Eq.(1.14) Redshift
Fµν Eq.(1.20) Electromagnetic tensor
µ0 Eq.(1.36) String tension
γab Eq.(1.35) Worldsheet metric
εV , ηV Eq.(1.48), (1.49) Slow-roll parameters
Mpl Eq.(1.63) Planck mass
δab Eq.(2.2) Kronecker symbol
ε Eq.(2.4) Coordinate energy per unit length
δ(...) Eq.(2.5) Dirac delta function
υ Eq.(2.7) Root-mean-square speed
k Eq.(2.9) Momentum parameter
L Eq.(2.10) Correlation length
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x Glossary of Symbols and Acronyms

Symbol Reference Definition
c Eq.(2.10) Chopping parameter
γυ Eq.(2.17) Lorentz factor
εab Eq.(3.5) Levi-Civita symbol
Eab Eq.(3.6) Levi-Civita tensor
T Eq.(3.7) Tension
U Eq.(3.7) Mass per unit length
ηab Eq.(3.41) Metric of Minkowski space
TE Eq.(4.1) Imaginary time
κG Eq.(4.6) Gravitational coupling
Γ(...) Eq.(4.7) Gamma function
2F1 Eq.(4.42) Hypergeometric function
ℓ Eq.(4.71) Physical length of the string
TK Eq.(5.1) Absolute temperature
Y m
l Eq.(5.14) Spherical harmonics
Cl Eq.(5.15) Angular power spectrum

Acronym Reference Name
ΛCDM 1.1 Lambda cold dark matter - standard cosmological model
GUT 1.1 Grand Unified Theory
GR 1.2 General Theory of Relativity
FLRW 1.2 Friedmann–Lemaître–Robertson–Walker
CMB 1.5 Cosmic Microwave Background
BPS 1.7 Bogomol’nyi–Prasad–Sommerfield
VOS 2 Velocity-depend one scale
PRS 2 Press-Ryden-Spergel
ACK 2.1 Austin-Copeland-Kibble
rms 2.1 Root-mean-square
DBI 3.2 Dirac-Born-Infeld
COBE 5.1.2 Cosmic Background Explorer
WMAP 5.1.2 Wilkinson Microwave Anisotropy Probe
LISA 5.3.2 Laser Interferometer Space Antenna
PTA Fig.5.8 Pulsar timing array
SMBBH Fig.5.8 Supermassive binary black hole
aLIGO Fig.5.8 Advanced Laser Interferometer Gravitational-Wave Observatory
BBO Fig.5.8 Big Bang Observer
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Chapter 1

Introduction

String theory cosmologists have
discovered cosmic strings lurking
everywhere in the undergrowth [1]

Tom Kibble

1.1 Prelude

Today’s standard description of the universe evolution is the ΛCDM model. It is consistent
with observational evidence spanning a wide range of scales [2]. However, it still leaves some
unsolved tensions/problems, such as the lithium problem [3] (although this may be connected
with nuclear physics [4]), the value of Hubble constant [5] and some other questions [6]
that can eventually extend the current ΛCDM concept. At the same time, there is also one
essential supplementation for the ΛCDM model that is considered to be unavoidable - a
theory of inflation. It is responsible for the description of very early time in the history of
the universe and intended to resolve some basic puzzles of the ΛCDM model, including the
"flatness" and "horizon" problems (for details see [7]).

The reason that causes inflation is still unclear. But since the period when inflation
happened is characterised by extremely high energy (∼ 1015 GeV), it looks reasonable to
search for the answer in fundamental theories. There are different approaches to how inflation
can be established [8, 9]. Depending on the model we can anticipate finding observational
evidence that confirm or rule out some of these models. One possible remnant of inflation
that can survive till the current day is a network of topological defects. The possible
mechanism of topological defects production was fully described at first by Tom Kibble [10].
Meanwhile, it was noticed that two types of defects formed at high energy scales, domain
walls and monopoles, lead to cosmological disasters: disagreement with observation due to
their domination in the universe [11, 12]. In turn, cosmic strings with tension comparable
to the Grand Unified Theory (GUT) energy scale (Gµ0 ∼ 10−6) are not in agreement with
measurements of cosmological microwave background anisotropies [13]. As a result, the
original idea to consider topological defects as a main seed of fluctuations for large scale
structure growth [14], was disapproved and this duty was successfully imposed on inflation

1



2 Introduction

models. Nevertheless, topological defects didn’t stay aside for long time and were noticed as
an outcome of a wide range of inflation models and some high energy particle physics scenarios:
brane inflation (where they obtained name of cosmic superstrings) [15–20], supersymmetric
grand unified theory [21–26], some other types of inflation [27–30] and particle physics [31–34].

As a result, we can think about topological defects as an additional observational signal,
which can tell us about high energy physics in the early period of the universe. In order to
have an accurate prediction for the observational signal from cosmic strings, the evolution of
their networks should be studied properly. The current PhD thesis "Cosmic Paleontology:
Searching for Superstrings" is aimed to make some progress in this direction.

In the current chapter 1 we will make a groundwork for further chapters of the thesis.

1.2 ΛCDM Cosmology

Nowadays, the universe on a large scale seems very isotropic and homogeneous. The main
interaction, which plays the key role in the evolution of the universe is gravity. The Einstein’s
General Theory of Relativity (GR) is the best candidate for the description of this type of
interaction. The space-time in this theory can be represented as a 4-dimensional manifold M,
which can be foliated into a spatial 3-dimensional Riemannian hypersurface and time Σ3 ×R
respectively. The homogeneity and isotropy imply that the spatial part Σ3 is maximally
symmetric: it possesses the maximal number of Killing vectors, n(n+1)

2 , where n is the
dimension of the considered space. For this case one finds the general form of the metric to be
the Friedmann–Lemaître–Robertson–Walker (FLRW) metric, which has maximally symmetric
spatial part with the space-time interval

ds2 = dt2 − a(t)2
(

dr2

1− kr2 + r2
(
dθ2 + sin2 θdφ2

))
, (1.1)

where a(t) is a scale factor, speed of light is set to be one cl = 1, (t, r, θ, φ) - space-time
coordinates and k is responsible for a curvature of the hypersurface Σ3. For k = −1 the
spatial part will have hyperbolic geometry, for k = 1 - elliptic and Euclidean for k = 0.

Sometimes, for the convenience, we will use the FLRW metric (1.1) expressed in terms of
conformal time τ instead of physical one t. They are related by the following expression

dt2 = a2dτ2. (1.2)

The FLRW metric is a result of the cosmological principle’s application: homogeneity
and isotropy. The dynamics in GR is described by Einstein equations

Rµν −
1
2Rgµν = 8πGTµν , (1.3)

where Rµν and R are the Ricci tensor and scalar respectively, G is the gravitational constant,
Tµν is an energy-momentum tensor, gµν is a metric of a space-time, Greek indices (µ, ν) run
from 0 to 3 and represent space-time coordinates.
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In order to obtain equations of the universe evolution, the energy-momentum tensor must
be defined. By using the assumption that the substance of the universe on a large scale can
be described by a perfect isotropic fluid, the energy-momentum tensor takes the form

Tµν = (P + ρ)UµUν − Pgµν , (1.4)

where P is a pressure, ρ is a density and Uµ is a fluid’s four-velocity.

Let us return to Einstein equations (1.3) to calculate its ”00” component and the trace.
By doing this, one can obtain two Friedmann equations

H2 = 8πG
3 ρ− k

a2 , (1.5)

Ḣ +H2 = −4πG
3 (ρ+ 3P ) , (1.6)

where H = 1
a
da
dt is the Hubble parameter.

It is useful to define the critical density: the case when the curvature k equals zero. By
setting k = 0 in equation (1.5), the critical density has the form

ρcrit = 3H2

8πG.
(1.7)

By differentiating the equation (1.5) and using (1.6), the equation of continuity for the
FLRW metric can be obtained as

dρ

dt
+ 3H (ρ+ P ) = 0. (1.8)

It is possible, by using the form of equation of state as P = wρ (assuming that w is a
constant), to obtain the general solution of equation (1.8)

ρ ∝ a−3(1+w), (1.9)

where the equation of state is w = 0 for matter, w = 1
3 for radiation and w = −1 for a

cosmological constant.

The Friedmann equation (1.5), by using the definition of today’s critical density (1.7) and
the general solution (1.9), can be rewritten in a more common form

H2 = H2
0

(
Ωra

−4 + Ωma
−3 + Ωka

−2 + ΩΛ
)
, (1.10)

where Ωi = ρi
ρcrit

and index i is r for radiation, m for matter, k for curvature, Λ for dark
energy, H0 is the Hubble parameter at present epoch (when a0 = 1).

The equation (1.10) defines the dynamics of the universe. It is useful to obtain the scale
factor as a function of time for radiation, matter and dark energy domination periods. For
this purpose we consider the domination of correspondingly terms Ωi in the (1.10).
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In this way, for the radiation epoch

a ∝ t1/2 ∝ τ, (1.11)

for the matter domination period

a ∝ t2/3 ∝ τ2 (1.12)

and for dark energy domination

a ∝ exp(t) ∝ −1/τ. (1.13)

An additional parameter that is useful to define here is a redshift z. Due to expansion
of the universe, the wavelength of an electromagnetic wave λ is stretching. We can define
the redshift through the ratio between observed λo and emitted λe wavelengths, which also
connected with the scale factor as

1 + z = λo
λe

= ao
a
, (1.14)

where ao corresponds to the scale factor value in the moment of observation.

1.3 The Kibble Mechanism

It is believed that at the very beginning of the universe’s evolution, when the energy density
was extremely high, the Grand Unification happened: the moment when weak, electromagnetic
and strong interactions were unified in one type of interaction. The idea of Grand Unification
was inspired by the success of electroweak theory, which unifies weak and electromagnetic
interactions by the gauge group SU(2)× U(1). As a result, it is believed that at high energy
the strong interaction is unified with the electroweak one. When the energy density of the
universe dropped down due to expansion, different types of interactions became separated as
a result of symmetry breaking processes. Because of the finite correlation distance between
different patches in the universe, these processes can produce topological defects. This
mechanism was called after Tom Kibble [10], who gave the first comprehensive description of
such phenomena (more details can be found in [35, 36]).

For the sake of clarity, let us us consider the Kibble mechanism [10] that causes cosmic
strings production. The potential, which is responsible for cosmic strings appearance during
a phase transition is illustrated in figure 1.1. When the energy in the universe decreases, due
to expansion, the field (in that case it is a scalar complex field ϕ) will have to chose one of
the true vacuum minima (one of the minima of the potential shown in figure 1.1). The choice
is mainly determined by random fluctuations. Moreover, the choices of different patches of
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Fig. 1.1 Kibble mechanism: symmetry breaking by a complex scalar field that produces
cosmic strings [36]. On the left panel patches with true vacua (white regions) start growing
as the symmetry is broken. On the right picture patches with true vacua merge and a false
vacuum region (grey region) is squeezed and forms a topological defect.

the field are correlated only on a distance of the particle horizon

RH = a(t)
t∫

0

dt′

a(t′) , (1.15)

namely, the signal can cross the distance RH for the time t.
That is why different segments, separated by a distance bigger than RH (1.15), in the

time period of symmetry breaking, can choose different vacua. This process is illustrated in
the figure 1.1 (left panel). Eventually, patches start to grow and become causally connected.
Points surrounded by different vacua and whose phases are different by 2π (right panel of
figure 1.1), will give rise to a cosmic string. It happens due to requirement that the field ϕ

must be a continuous function of space-time coordinates (X, Y, Z coordinates for the case in
figure 1.1).

Depending on a symmetry breaking scenario, there are different types of defects that
can be produced. Let us provide a classification of all possible topological defects. It can
be accomplished by studying the corresponding homotopy groups. Let’s suppose that the
considered field obeys a symmetry, which is defined by a group G (universal covering group),
and this group is broken to a subgroup K: G→ K. In such case, topological defects can be
classified by considering the n-th homotopy group πn of quotient space G/K. In particular,
when the first homotopy group of this quotient space is non-trivial: π1 (G/K) ̸= I, the
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string-like topological defects can be produced by symmetry breaking: G→ K. Non-triviality
for the first homotopy group means that there is a loop in quotient space G/K that cannot
be shrunk into a point.

In the same manner we can do it for other topological defects and classify them in the
following way:

π0 (G/K) ̸= I - walls;
π1 (G/K) ̸= I - strings;
π2 (G/K) ̸= I - monopoles;
π3 (G/K) ̸= I - textures.

1.4 The zoo of cosmic strings

In the previous section we already saw how cosmic strings can be produced. Let’s consider in
more detail their existence in some models of field theory.

1.4.1 Global U(1) strings

For the first and simplest case, global strings [37], we can consider a complex scalar field
ϕ with the potential illustrated in the figure 1.1. In this case the Lagrangian has a U(1)
symmetry and can be written in the form (the metric signature is chosen −2)

L = (∂µϕ)∗ ∂µϕ− λ

4
(
|ϕ|2 − η2

)2
, (1.16)

where η is a constant.
Varying the Lagrangian (1.16) with respect to the scalar field ϕ, the equation of motion

can be obtained as
∂µ∂

µϕ+ λ

2ϕ
(
|ϕ|2 − η2

)
= 0. (1.17)

To see the presence of a string, as a solution of (1.17), we can use the corresponded static
ansatz in Minkowski space

ϕ = ηfs(msr)einsθ, (1.18)

where we defined the constants as m2
s = λη2 and free parameter ns. The orientation of the

string is chosen along z in the cylinder coordinates (r, θ, z).
As a result, the equation (1.17) can be rewritten as

∂2fs
∂R2 + 1

R

∂fs
∂R
− n2

s

R2 fs −
fs
2
(
f2
s − 1

)
= 0, (1.19)

where R = msr.
We need to impose the following boundary condition: f −−−→

r→0
0 - to preserve the continuity

of the field ϕ at the origin of the string; f −−−→
r→∞

1 - to recover the ground state far away from
the string. As a result, we can solve the differential equation (1.19) numerically by using
relaxation techniques for the boundary value problem. An example of the string profile from
the equation (1.19) is shown on the left panel of figure 1.2. It is seen how the field fs forms
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the string profile: it tends to zero (and restores the U(1) symmetry), when the distance is
small R→ 0, and increases to unity (breaks the U(1) symmetry), when we are far away from
the core R→∞. As a result, there is a global string1 solution for the system defined by the
Lagrangian (1.16).

1.4.2 Abelian Higgs strings

Another type of strings, which can be thought as a generalization of global strings is the
Abelian Higgs model of strings [38]. In this case the U(1) symmetry of the field ϕ is local and
the system can be described by the charged complex scalar field ϕ and by a gauge abelian
field Aµ with the Lagrangian

L = (Dµϕ)∗ Dµϕ− 1
4FµνF

µν − λ

4
(
|ϕ|2 − η2

)2
. (1.20)

where the constant e is a charge, Fµν = ∂µAν − ∂νAµ and the gauge-covariant derivative
Dµ = ∂µ − ieAµ.

Equations of motion obtained from the Lagrangian (1.20) are

DµD
µϕ+ λ

2ϕ
(
|ϕ|2 − η2

)
= 0,

∂µF
µν = jν ,

(1.21)

where the current is given as jν = 2 e Im [ϕ∗Dνϕ].
It is seen that the Abelian Higgs string is different from a global one by the presence of

a gauge field Aµ. It can be reduced to the previous case when e = 0. The gauge field Aµ

doesn’t change the approach to study string solution of equations of motion (1.21). As before,
to see the presence of the string we need to search for the field ϕ solution in the form (1.18)
together with the gauge field Aµ ansatz

Aθ = −ns
αs(r)
er

, (1.22)

where the index θ defines the non-zero component of the gauge field Aµ in the cylinder
coordinates frame, when the string is placed along the z axis (the same coordinates frame as
for global strings in 1.4.1).

Using ansatz (1.22), from (1.21) we obtain equations

∂2fs
∂R2 + 1

R

∂fs
∂R
− n2

s

R2 fs (αs − 1)2 − fs
2
(
f2
s − 1

)
= 0,

∂2αs
∂R2 −

∂αs
∂R
− β2

sf
2
s (αs − 1) = 0,

(1.23)

where βs = 2e2/λ.

1The name global means that the symmetry U(1) is a global symmetry, without a gauge field.
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As it was done for global strings, we need to establish boundary conditions as: fs, αs −−−→
r→0

0
and fs, αs −−−→

r→∞
1. Using these boundary conditions, numerically we can find the profile of

Abelian Higgs string (right panel of the figure 1.2).

fs

00

1

R

fs�
00

1

R
s

Fig. 1.2 Left panel shows string profile for the global string (described by equations (1.19))
when ns = 1. Right panel shows string profile for the Abelian Higgs string (described by
equations (1.23) when ns = β = 1.

1.4.3 Non-Abelian strings

A more general situation can appear if the group G is broken to the non-Abelian subgroup
K (according to notations in the section 1.3) [39, 40]. Let’s consider the N -component field

Φ =


ϕ1

...

ϕN

 (1.24)

that transforms locally according to some simple compact Lie group G. In this case the gauge
field can be put together in the form

Aµ = taA
a
µ, (1.25)

where ta are generators of the group G.
Eventually, we can build the Lagrangian as

L = (DµΦ)† DµΦ− 1
4TrFµνFµν − V (Φ,Φ†), (1.26)

where Fµν = ∂µAν − ∂νAµ + e [Aµ, Aν ], [... , ...] denotes commutator and † is responsible for
the conjugate transposition.

The equation of motion for the field Φ formally can be written as

DµD
µΦ = ∂V

∂Φ . (1.27)

By introducing the corresponding ansatz with cylindrical symmetry, one can study
solutions for non-Abelian string profiles with the same method as was done in the previous
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sections [41]. For the vacuum solution, far away from the string, the potential V should reach
the minimum. Hence, ∂V

∂Φ = 0 and, using the left hand side of (1.27), one can obtain that far
away from the string the field satisfies

∂µΦ− ieAµΦ = 0. (1.28)

Considering a small field displacement Φ(x+ dx) and using (1.28), it is seen that

Φ(x+ dx) = eidxµAµ +O(dx)2. (1.29)

One can integrate (1.28) along the curve using relation (1.29). We chose the curve of
integration in cylindrical coordinates that begins at angle 0 and ends at angle θ. This
integration is called the path-order exponent, which transforms the field Φ: rotate it by U(θ)
for the angle θ

Φ(θ) = U(θ)Φ(0) = P exp
(
ie

∫ θ

0
dxµAµ

)
Φ(0), (1.30)

where P defines path-ordering.

x0 A BA

γB

B

'

γ
γ

Fig. 1.3 Homotopically inequivalent loops γA, γB and γ′
B on a surface with holes A and B.

The difference between loops γB and γ′
B demonstrates the case of non-Abelian strings.

The path-order exponent in (1.30) can probe fields for the presence of string-like defects.
When the integral in (1.30) makes a complete winding U(2π), it forms a closed curve.
Depending on a loop choice, they can be associated with elements k ∈ K of the unbroken
subgroup K as U(2π) = D(k), where D(k) is some representation of group elements. It
can be visualized by considering loops on a two dimensional surface, where the set of N
possible different strings is represented by N holes (for example A and B in the figure 1.3).
The location of each string is defined by the set M = M(x1, x2, .., xN ). Choosing the fixed
base at the point x0, we can build the fundamental group π1(M, x0) on this surface. Each
closed curve γ ∈ π1(M.x0) around holes can be mapped on some non-trivial elements of the
group K: π1(M, x0) → K. In figure 1.3 we see an example of this realization, the surface
with two holes, which presents strings A, B, and different possible loops γ. It is seen that
two curves γ′

B and γB are homotopically inequivalent. This ambiguity of the different paths
corresponds to the fact that K is a non-Abelian group: γ′

B ̸= γA ◦ γB ◦ γ−1
A . For the case
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of an Abelian group K, curves γB and γ′
B are mapped to the same element of K, which

excludes the ambiguity of the path choice.

The non-Abelian structure of the group K brings additional properties to such strings.
There should be a "holonomy interaction" between these strings [40]. Moreover, whereas
previously studied strings could reconnect or pass through each other if they collide, non-
Abelian strings can form only entanglements when the collision happens. These properties
are dictated by the flux conservation [42, 43].

The cosmic string network with non-Abelian strings was studied in [44] and will be
discussed briefly in the chapter 4.

1.4.4 Superconducting strings

As we saw above, the main features of cosmic strings are defined by properties of a broken
symmetry group G → K. There were shown examples for global, Abelian-Higgs and non-
Abelian string models. All these analyses were done for the simple group G. If we consider
an example of direct group product U(1) × Ũ(1), we can find new interesting features for
defects [45]. The Lagrangian for this case can be written as

L = 1
2 (Dµϕ)∗ Dµϕ+ 1

2
(
D̃µσ

)∗
D̃µσ − 1

4FµνF
µν − 1

4 F̃µνF̃
µν − V (σ, ϕ), (1.31)

where the potential is chosen as V (σ, ϕ) = λ
4
(
|ϕ|2 − η2)2 + λ̃

4
(
|σ|2 − η̃2) |σ|2 + g|σ|2|ϕ|2, the

gauge-covariant derivative is D̃µ = ∂µ − iẽÃµ, F̃µν = ∂µÃν − ∂νÃµ and constants must obey
the relation λη4 > λ̃η̃4, gη2 ≥ 1

4 λ̃η̃
2.

The relation for constants provides the situation that for the vacuum state it is energetically
more favourable to have a broken symmetry U(1) (|ϕ| = η, σ = 0), rather than Ũ(1). At the
same time, in the core of the string, when the field ϕ = 0, the other field is not necessary
zero σ ̸= 0 [46, 47].

The string-like solution can be found by using the ansatz (1.18) and

σ = ηhs(Rs)ei(ωt−kz),

Ãt = 1− bs(Rs)
ẽ

ω, Ãz = bs(Rs)− 1
q

k,

Aθ = 1
e

(ns − Ps(r)) ,

(1.32)

with the convenient substitution of constants as q = η̃
η , a2 = e2

λ , ã2 = ẽ2

λ , γ = λ̃
λ , γ̃ = g

λ

and initial conditions Ps(0) = ns, bs(0) = 1, hs(0) = ∂fs(Rs)
∂Rs

|Rs→0 = ∂bs(Rs)
∂Rs

|Rs→0 = 0,
Ps(∞) = fs(∞) = 0 and hs(∞) = 1 [48].
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Using the ansatz, one can obtain a final system of differential equations for the simple
case when the vector field Ãµ = 0 (which means bs(Rs) = 1) [48]

∂

∂Rs

( 1
Rs

∂Ps
∂Rs

)
= a2Psh

2
s

Rs
,

1
Rs

∂

∂Rs

(
Rs

∂hs
∂Rs

)
= hs

(
P 2
s

R2
s

+
(
h2
s − 1

)
+ γ̃f2

s hs

)
,

1
Rs

∂

∂Rs

(
Rs

∂fs
∂Rs

)
= wfsb

2
s + γfs

(
f2
s − q2

)
+ γ̃h2

sfs.

(1.33)

The simple example of solution without the vector field Ãµ = 0 is represented in figure 1.4.
There are many different possible interesting solutions that exhibit non-trivial field presence
inside the string core [49–51]. These fields do influence string properties (such as its equation
of state) and their network evolution correspondingly. The possible effective description of
such strings and their network evolution will be discussed in the chapter 3.

fs

00

1

Rshs

Ps

Fig. 1.4 String-like solution for fs and hs of equations (1.33) for the superconducting string,
described by the model (1.31) with the following choice of constants: a = 0.01, γ = 10−6,
γ̃ = 0.01, q = 0.1, w = 0, ã = 0, b(Rs) = 1.

1.4.5 Nambu-Goto strings

String-like solutions in the context of a field theory allow us to gain insight into the core
structure properties, interactions, stability and some energy loss characteristics of these
defects. Meanwhile, these solutions do not provide us a convenient way to study the evolution
of string networks analytically. Through the field theory description we can study string
networks only by numerical simulations. Taking into account the possible complexity of some
networks, simulations can be very time-consuming and do not let us achieve the goal. In
order to make some progress in the network evolution study, one can use an approximated
description - the Nambu-Goto Lagrangian. This approximation is dictated by the fact that
we do not anticipate to have any big contribution to string dynamics from field excitations at
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the string core. Hence, this approach should give us a macroscopic picture, even though it is
not valid at microscopic level. In particular when the string curvature is high (small-scale
structure) and at the point of string intersection.

Let us consider the Abelian Higgs Lagrangian (1.20) and build the effective model from it.
We chose the space-time coordinate as functions of two-dimensional world sheet coordinates
xµ(σa), where a = 0, 1. Coordinates σ0 and σ1 describe the space-time area that is swept
by the string motion. Let’s chose σ0 as timelike and σ1 as spacelike vectors. Hence, there
will be two vectors tangent to the world-sheet surface xµ,a = ∂xµ/∂σa. We also can build
vectors orthogonal to the world-sheet surface nµA, where A = 2, 3 and therefore xµ,anAµ = 0.
Requiring that vectors nµA are normalized for unity, one can describe any point on the
string-like defect as (see figure 1.5) [52]

Xµ(ξν) = xµ(σa) + rAnµA(σa), (1.34)

where ξν =
(
σa, rA

)
.

Making the coordinate transformation Xµ → ξµ and using (1.34) we can evaluate the
Jacobian determinant as

det [Jab] = det
(
gµν

∂Xµ

∂ξµ′
∂Xν

∂ξν′

)
= det

[
γab 02x2

02x2 −δAB

]
+O

(
|rA|
Rk

)
≈ det (γab) , (1.35)

where we used the fact that the function Xµ(ξν) (1.34) is well-defined only when R > |rA|.

σ1

σ0

r An
AX(ξ)

x(σ a)

Rk

Fig. 1.5 Parametrization of the surface swept by the string-like object.

We need to apply the change of coordinates with the Jacobian (1.35) and leave only
terms with accuracy O

(
|rA|
Rk

)
. Normal coordinates rA can be integrated out and from the

Lagrangian (1.20) we obtain the lower order effective Nambu-Goto action

S = −µ0

∫ √
−γd2σ, (1.36)

where γ = det (γab), d2σ = dσ0dσ1 and the part from the rA integration is included in the
string tension µ0.
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The action (1.36) is the first term of the original model expansion around O
(
δs
Rk

)
, where

the parameter |rA| was changed for the string width δs, which is defined by the string profile.
Additional terms to the action (1.36) can be included [53], however for the case of cosmic
strings we do not anticipate big corrections from them.

Other modifications that can appear in the Nambu-Goto action (1.36) can come from
the presence of non-trivial internal structure, as for superconducting strings 1.4.4. Further
discussion and developments in this direction will be in the chapter 3.

1.5 Inflation

As it was already mentioned above (section 1.1), the inflation scenario is an essential structure
of today’s cosmology. It was developed to find an explanation to problems that emerged in
the "hot big bang" model. Let’s consider these problems with a solution that the inflation
scenario proposes.

The horizon problem. This issue comes from the observational evidence that the
"surface of the last scattering", which we observe today as the Cosmic Microwave Background
(CMB), is highly homogeneous. This means that all regions on the CMB sky (even separated
by a big distance) are statistically the same. It makes us to assume that these separated
patches were somehow causally connected in the early period. In order to see it properly, we
can introduce the cosmological horizon Rc [54]: 2

Rc = rca = 1
H
, (1.37)

where rc is the comoving cosmological horizon, which would be more convenient to use.
If we assume that due to some conditions, rc decreases when the scale factor a increases,

we can resolve the horizon problem: all the presently visible universe could be causally
connected at some earlier period (see figure 1.6).

Flatness problem. Substituting the critical density (1.7) in the Friedmann equation
(1.5) we can obtain that

|1− Ω| = |k|
H2a2 ,

(1.38)

where Ω = ∑
i Ωi.

Since the factor H2a2 is decreasing when a ∝ tλ grows for all 0 < λ < 1 (λ = 1/2
radiation, λ = 2/3 matter domination eras, section 1.2), the relation (1.38) tells us that an
initial small deviation from the flat universe will increase with time. Thereby, if we have a
small curvature deviation for the Planck era, this discrepancy will grow by 1060 times. This
result requires fine-tuning or corresponding mechanism that can lead to an increase of H2a2,
when a2 is increasing. It is the same condition that we needed for the horizon problem and
which can be accomplished by the inflation model.

2It should be noticed the difference between RH (1.15) and Rc (1.37). If two points are separated by the
distance bigger than particle horizon, RH , they were never causally connected; if by the cosmological horizon,
Rc, they are causally disconnected now. It follows that we can have RH > Rc, which is sufficient for solution
of the horizon problem [55].
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Fig. 1.6 Schematic picture of the evolution of comoving cosmological horizon rc (1.37). The
inflation period starts at ti, finishes at tf . Current time t0 corresponds to smaller value of
comoving cosmological horizon than at the beginning of inflation: rc(ti) > rc(t0). In this way,
all observable universe was causally connected during some earlier period.

Monopole problem. We know that the gauge symmetry of electromagnetic interaction
is described by the group U(1). Let’s assume that there is a GUT, whose gauge symmetry is
described by a compact covering group G. And let’s then assume that this group G includes
an unbroken subgroup U(1) (which just means that GUT includes electromagnetism). In
this case, the symmetry breaking process of the group G inevitably gives rise to magnetic
monopoles [56], [57]. The mass of this particle should be very high and it is not limited by
any theoretical constraints: MM ≈ 500− 1016GeV [58]. It is much bigger than the proton
mass Mp ≈ 1GeV . Therefore, a GUT with a compact covering group predicts the existence
of very heavy particles, which should be separated by the particle horizon distance RH (1.15)
at the moment of their production. As it was shown in the paper [59], monopole annihilation
proceeds very slowly, which is why the density parameter of monopoles ρM ∝ Mp

R3
H

will exceed
the critical density ρcrit (1.7) by many orders of magnitude. Possessing this density the
universe would have collapsed a long time ago. This disagreement, as it is going to be shown
below, can be resolved by the inflation scenario, as well as the two previous issues.

Inflation dynamics. Now we can consider the solution of all mentioned problems. As
it was already emphasised, we need to achieve the condition when the comoving cosmological
horizon rc (1.37) is shrinking:

d

dt
(rc) = d

dt

( 1
Ha

)
< 0→ d2a

dt2
> 0. (1.39)

It means that we need to have an accelerated expansion of the universe. Substituting the
condition (1.39) in the equation (1.6), we see that we need to satisfy the following relation
between density and pressure

ρ+ 3P < 0. (1.40)
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The last condition can be realized by a scalar field ϕ. We can write the general Lagrangian
for this scalar field as

L = 1
2∂µϕ∂

µϕ− V (ϕ), (1.41)

where V (ϕ) is a potential of this field.
Using the definition of the energy-momentum tensor

Tµν = − 2
√
g

δS

δgµν
(1.42)

and the expression for a perfect isotropic fluid (1.4), we can conclude that

ρϕ = 1
2

(
dϕ

dt

)2
+ V (ϕ), (1.43)

Pϕ = 1
2

(
dϕ

dt

)2
− V (ϕ). (1.44)

Let’s substitute (1.43), (1.44) in (1.5), (1.8) and obtain equations of motion for scalar
field in the FLRW metric

H2 = 1
3M2

pl

[
V (ϕ) + 1

2

(
dϕ

dt

)2]
, (1.45)

d2ϕ

dt2
+ 3Hdϕ

dt
= −V ′, (1.46)

where Mpl = 1/
√

8πG and V ′ = dV
dϕ .

From these relations it is seen that the inflation takes place when

V (ϕ) >>
(
dϕ

dt

)2
. (1.47)

Making an assumption that the scalar field dominates and satisfies (1.47), one can obtain
the following conditions for the form of the field potential (so called slow-roll conditions)

εV =
M2
pl

2
(
V ′/V

)2
<< 1, (1.48)

|ηV | = M2
pl

∣∣V ′′/V
∣∣ << 1. (1.49)

In order to solve the flatness, horizon and monopole problems, the inflation should persist
for a sufficient period. We can express this demand by the e-fold parameter [60]

N =
∫ ϕ

ϕend

dϕ√
2εV

& 60. (1.50)

Thus scalar field, which causes the inflation period, we will call inflaton.
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In order to stop the inflation period of the universe, one can use the symmetry breaking
mechanism, as is done in the hybrid inflation mechanism [61]. Another scalar field ψ should
be introduced for this purpose. Let’s say that we have an inflaton field ϕ, which satisfies the
slow-roll conditions (1.48)-(1.49), and another field ψ, whose mass depends on inflaton field.
The system in this situation can be described by the potential

V (ϕ,ψ) = a(ϕ2 − ϕ2
0)ψ2 + bψ4 + c, (1.51)

where ϕ2
0, a, b and c are positive constants.

It is seen from the (1.51) that when the inflaton is big ϕ2 > ϕ2
0, the additional field ψ is

massive. When the inflaton reaches the relation ϕ2 = ϕ2
0, the field ψ becomes massless. And

when ϕ2 < ϕ2
0, the field ψ has negative mass (tachyonic field). As a result, for the case ψ = 0,

the potential (1.51) is flat in the inflaton ϕ direction and satisfies the slow roll conditions
(1.48)-(1.49). It corresponds to the 1-point in the figure 1.7, and provides the inflation period.
When the inflaton reaches the value ϕ2 = ϕ2

0 the field ψ starts to be unstable and this point
is illustrated by the number 2 in the figure 1.7. Further decrease of ϕ2 induces symmetry
breaking of the field ψ and leads to the end of inflation period. Points 3 and 4 correspond to
possible values of the field ψ2

0 = aϕ2
0

2b .
Because of symmetry breaking at the end of the inflation period, we anticipate that topo-

logical defects should be common for these scenarios. The potential described above appears
in a range of supersymmetric models [21, 23–26] (details in the section 1.6). Additionally, a
similar form of potential (1.51) appears in the brane type of inflation (details in the sections
1.7).

1.6 Cosmic strings from D- and F-term inflation

1.6.1 F-term inflation and cosmic strings

In the context of supersymmetry, there are different scenarios that can be used for inflation.
One possible way to implement inflation in supersymmetric theory is to use the dominant
contribution from the so-called F-term (for details see [62, 63]). It can be realized by the
renormalisable superpotential

WF
inf = dΦ0

(
Φ+Φ− − η2

)
, (1.52)

where Φ± are charged (q± = ±1) and the Φ0 are neutral superfields with real constants η, d.
The F-term part of the scalar potential from (1.52) is

VF (φ+, φ−, ϕ) = |FΦ+ |2 + |FΦ− |2 + |FΦ0 |2 =

= d2|φ+φ− − η2|2 + d2|ϕ|2
(
|φ−|2 + |φ+|2

)
,

(1.53)

where |FΦi | = |∂W∂Φi
|θ=0 (i = +,−, 0) means that after differentiation only the scalar component

of the superfields is taken into account: φ+, φ− and ϕ correspondingly.
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V(φ,ψ)
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Fig. 1.7 The form of the potential for hybrid type of inflation (1.51). When the field ψ2 = 0,
the potential provides conditions for inflation, being flat in the ϕ field direction. The inflation
starts from the point 1, with positive mass of the field ψ. With decrease of the value ϕ2, at
the point 2 the field ψ becomes massless. When the inflaton field reaches ϕ = 0, the inflation
period ends and the field ψ experiences symmetry breaking. Possible values of the field ψ are
denoted by points 3 and 4, where ψ0 = aϕ2

0
2b .

From (1.52) it is seen that until ϕ2 > η2 the potential has a valley of local minima
VF = d2η4, this valley corresponds to the line 1-2 in figure 1.7. The period when the potential
is constant is responsible for the inflation period and can satisfy slow-roll conditions (1.48)-
(1.49). When the field reaches ϕ = 0, the potential becomes VF = 0 with φ+ = φ− = η, which
is responsible for the end of inflation. As a result, we see that a supersymmetric model with
dominant F-term leads to the hybrid inflation scenario. However, the generalization of this
approach to supergravity leads to the η-problem: the condition |ηV | << 1 (1.49) cannot be
satisfied. Only some specific terms can help to tackle this problem [64–66].

The relevant issue for us is that this inflation ends with the phase transition and con-
sequently can produce cosmic strings. By establishing the full Lagrangian one can find
equations of motion that possess string-like solutions [67]. In particular, for the bosonic part
of the Lagrangian, the ansatz (1.18) together with (1.22) gives an equation of motion identical
to (1.23) (the string profile is illustrated on the right panel in figure 1.2) [63]. At the same
time, if the Yukawa coupling is present, as it is anticipated for the supersymmetric model
[67], in the core of the string there should exist a fermionic contribution.

The fermion field trapped on the string core propagates along the string. In order to
study this effect, one can consider the following ansatz in the cylinder coordinates [45]

Ψ(r, θ, z, t) = β(z, t)Ψ0(r, θ), (1.54)

where Ψ0 is the zero mode, while β(z, t) is responsible for the field propagation.
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The Dirac operator for this fermion field can be split into components transverse /DT =
γ1∂x+γ2∂y and longitudinal to the string /D = γ0∂t+γ3∂z+ /DT , where γµ are Dirac matrices.
Since in the core of the string all scalars are equal to zero, one can write the equation for the
longitudinal components as (

∂

∂t
± ∂

∂z

)
β(t, z) = 0, (1.55)

where we used the property that iγ0γ1γ2γ3Ψ = −Ψ ⇒ γ0γ3β(t, z) = ±β(t, z).
The general solution of the equation (1.55) is given by

β(t, z) = Ff (z ± t), (1.56)

where Ff is an arbitrary function.
We see that the fermion can travel along the string with a speed of light in one string

direction ±z. As a result, we end up with a superconducting string, described in [45]. The
presence of the internal structure can influence cosmic string dynamics and consequently
observational predictions. The effect of the current on the string network evolution will be
presented in the chapter 3.

1.6.2 D-term inflation and cosmic strings

Another type of inflation that can be implemented in the context of supersymmetry is D-term
inflation. We can start the consideration of this model with the same superfields as for F-term
inflation: Φ0, Φ+, Φ−. But this time, these fields form the superpotential in the following
way

WD
inf = dΦ0Φ+Φ−. (1.57)

As a result, from the equation (1.57) one can obtain the full scalar potential for global
supersymmetry as3

V = d2|ϕ|2
(
|φ−|2 + |φ+|2

)
+ d2|φ−φ+|2︸ ︷︷ ︸

F−term

+ g2

2
(
|φ+|2 − |φ−|2 − ξ

)2

︸ ︷︷ ︸
D−term

, (1.58)

where constants are: g - gauge coupling, ξ - Fayet-Iliopoulos term, which is non zero only if
the gauge symmetry is U(1).

It is seen from the expression (1.58) that when the |ϕ| > g
√
ξ/d, the minimum of the

potential is reached when φ+ = φ− = 0. Hence, the F -term is vanishing and only the D-term
stays important. This situation provides the valley of the constant potential V = g2ξ2/2
in the ϕ direction. As a result, satisfying conditions (1.48) and (1.49), we can obtain an
inflation scenario from the D-term as well. It is worth to note that the generalization of this
idea to supergravity does not lead to a η-problem, as it was for the F -term inflation [68, 69].

As the field ϕ → 0 the D-term inflation ends with symmetry breaking. Let’s consider
just the dominant D-term contribution of the potential (1.58), to see how cosmic strings can

3For details of the full expression for the scalar potential in global supersymmetry see [62, 63]
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arise from this type of inflation

VD = g2

2
(
|φ|2 − η2

)2
, (1.59)

where we introduced the field φ instead of φ− and φ+ and redefined, for convenience, ξ = η2,
since ξ is a positive constant.

Applying the ansatz (1.18) and (1.22) in the cylinder coordinates, one can show that from
the equations of motion the following equations can be obtained [67]

f ′ = n
1− α
r

f,

n
α′

r
= g2η2(1− f2).

(1.60)

Equations (1.60) describe the profile of cosmic strings, which can be formed from the
D-term inflation. Using these equations, one can study the internal structure of cosmic
strings. It was shown that the supersymmetry in that case is only half broken and hence, the
zero mode can propagate along the string only in one direction. By comparison, for strings
from F -term, the supersymmetry is completely broken and zero modes can propagate in both
directions [67].

The presence of cosmic strings from inflation scenarios allows us to put additional
constraints on these models. In particular, it was shown that using observational predictions
from cosmic strings, it is possible to restrict F and D-term inflations [70, 71]4. Moreover,
supersymmetric GUT due to spontaneously broken symmetry also can lead to cosmic string
formation. It was shown that for all supersymmetric GUT models that do not produce
monopoles, contain proper baryogenesis description and stay in agreement with proton life
time measurements, lead to creation of cosmic strings [21].

It should be noted that models which were used for cosmic string network description to
obtain restrictions for D, F -term inflations, are not sufficiently accurate. They do not take
into account some important features of these strings. Improvements in this direction will be
presented here in the chapter 3.

1.7 Brane Inflation and Cosmic Superstrings

Let us consider a schematic picture of brane inflation and how cosmic strings can be produced
at the end of it [73, 74]. It can be done by considering a Type IIB string model. The
ground state in this theory can be represented as a direct product of two Dirac spinors
(left and right moving modes), whose dimension is 2n/2 for n-dimensional space. Since the
dimension of strings of Type IIB is 10, the ground state is 32 ⊗ 32. This 32-dimensional
representation is reducible: Dirac spinors can be written in terms of two 16-dimensional Weyl
spinors with opposite chiralities. By imposing a physical state condition (mass-shell condition

4It should be noted that for the superstring-inspired D-term inflation in principle it is possible to avoid
cosmic string production [72]
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and Lm|φ⟩ = 0, where Lm - Virasoro operators), nonphysical states can be decoupled and
16 → 8. In order to produce a chiral theory, two spinors with the same chirality must be
taken. As a result, the ground state for strings of type IIB is 8⊗ 8. This spinor product can
be decomposed into a sum of tensor representations

8⊗ 8 = [0]⊕ [2]⊕ [4]+ . (1.61)

This means that Type IIB theory possesses a scalar, two form and self-dual four form
gauge fields. By contraction with the totally antisymmetric symbol ϵα1α2...αn , the six, eight
and ten forms of gauge field can be built from four, two and zero forms correspondingly. Each
p+ 1 gauge field determines the stability of the p-brane. That is why for Type IIB theory
there are D9, D7, D5, D3 and D15 stable branes [74].

These stable p-branes inspired the original idea for brane inflation. The inflation potential
comes from brane interactions [75]. Later this idea got development for more realistic case,
where the potential is represented by a brane-antibrane system6 [76]. In this scenario the
brane and antibrane configuration is embedded into a highly warped geometrical throat [77],
which has a Klebanov-Strassler solution [78].

The potential between 3-dimensional brane and antibrane separated by a long distance in
terms of scalar field ϕ can be written as

V (ϕ) = 2T3

(
1− 1

2π3
T 3

3
M8
pl10ϕ

4

)
, (1.62)

with slow-roll parameters as

εV ≈
M2
pl

N2
ϕ2

0
ϕ10 ,

(1.63)

ηV ≈ −
M2
pl

N

ϕ4
0

ϕ6 ,
(1.64)

where Mpl10 = M2
pl

L6 is a 10-dimensional Planck mass, T3 is a tension of 3 brane/antibrane, L
is a volume of compactifaction manifold and ϕ0 is a parameter defined by a tension of branes,
string coupling and integrals that specify fluxes (for details see [76]).

Moreover, since the brane and antibrane attract each other, they eventually collide. The
approximation, which was used above, does not work for a short distance between branes.
As a result, the potential (1.62) is not valid anymore. To describe the system when brane
and antibrane come close to each, we should introduce an additional scalar field ψ. This
field plays the same role as in the hybrid inflation scenario. Specifically, for a large distance
the field ψ is massive. When the distance reaches characteristic length, the field ψ becomes
massless. Eventually, the field ψ is tachyonic, when brane and antibrane annihilate. This
model gives a natural mechanism for the end of inflation period. The form of potential in

5The letter D means that these branes ensure the Dirichlet boundary conditions for fundamental strings.
6An antibrane is a charge conjugate brane with the same tension as the corresponding brane.
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this case we can represent as

V (ϕ,ψ) = a
(
ϕ2 − ϕ2

0

)
ψ2 + bψ4 + 2T3

(
1− 1

2π3
T 3

3
M8
pl10ϕ

4

)
, (1.65)

where a, b and ϕ2
0, as it was in (1.51), are positive constants.

Eventually we end up with a potential in the form (1.65). As we already mentioned before,
such form of potential can lead to formation of topological defects at the end of inflation. It
happens due to symmetry breaking by the field ψ, when it becomes tachyonic. The table 1.1
shows possible brane inflation models and the corresponding string productions. The term
thermal cosmic strings defines such string that are produced by reheating, which eventually
should appear after the inflation [79], [20].

Table 1.1 Types of viable inflation scenarios, and strings that can be produced at the end of
each scenario. More details can be found in [20].

Inflation Cosmic string types
Types of branes: Kibble Thermal

D(9− 9̄) ×
D(7− 7̄)1,2 X 51,2 -
D(7− 7̄)1,3 X 51,3 -
D(5− 5̄)1 X 31 10
D(5− 5̄)3 X 33 -
D(3− 3̄)0 X 10 -
D(1− 1̄) ×

Additionally, it is worth to note one important feature that restricts the variety of
topological defects in the brane inflation scenario. In order to obtain the usual 4-dimensional
space-time, the initial 10-dimensional space-time should be compactified as (T 2×T 2×T 2)/ZN .
In this case, stable branes can warp different dimensions. Since there are only odd-dimensional
stable branes, after the compactification only string-like objects (or R3,1 branes that cover
all space), can be produced as a topological defect. It happens due to the fact that the
Kibble mechanism doesn’t work for compactified dimensions: they are not big enough to
provide patches separated by particle horizon distances RH (see figure 1.8). The table 1.2
demonstrates how it should be for D5 branes.

We saw that the model of brane inflation has an outcome in the form of cosmic strings. In
addition, D-strings (1-dimensional branes), described above, can be bounded with fundamental
strings, F -strings [80]. Let us suppose that the F -string is charged by an antisymmetric field
Bµν and D-strings are charged by the field Aµν . Then, SL(2,Z) transformations interchange
their potentials (

Bµν

Aµν

)
→
(

0 1
−1 0

)(
Bµν

Aµν

)
=
(
−Aµν
Bµν

)
. (1.66)
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Compactified extra
dimensions

Kibble mechanism

φ~e0

φ~eπ

φ~e3π/2

φ~eπ/2

φ~e2π

R
H

Fig. 1.8 Kibble mechanism for compactified extra dimensions. Topological defects can
be produced only for extended dimensions. The Kibble mechanism is not applicable for
compactified dimensions, since their size is smaller than particle horizon size (1.15).

Table 1.2 Possible combinations of wrapping for the stable branes D5. The labels on the
branes indicate which of the 2-cycles they wrap in the compactified dimensions. The empty
spots indicate unwrapped dimensions, and check marks indicate dimensions that are wrapped
by branes [20].

Dimensions
Stable branes 01 23 45 67 89

D51 X X X
R3,1 branesD52 X X X

D53 X X X
D51,2 X X X

stringsD51,3 X X X
D52,3 X X X

Additionally, we should anticipate existence of a complex scalar doublet7

τ = C0 + i

gs
, (1.67)

where C0 is a scalar field [81]. The scalar doublet τ transforms under the SL(2,Z) in the
following way

τ → −1
τ
. (1.68)

As a result, we can conclude that F -strings are connected with D-strings by these
transformations. It means that when the coupling constant is small, gs << 1, F -strings
behave as fundamental strings, when gs >> 1, D-strings behave as fundamental strings. This
is called S-duality (the description can be found in [81] and [82]). From this duality it follows
that F and D-strings can form a bound state. If we assume that supersymmetry is not

7Sometimes τ is referred as axion-dilaton field. The coupling constant gs is connected with the vacuum
expectation value of dilation field Φ as gs =< eΦ > and the scalar field C0 possess a shift symmetry:
C0 → C0 + const
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broken, then the Bogomol’nyi–Prasad–Sommerfield (BPS) condition should saturate. In this
case, the tension of a new (p, q)string can be determined as [17, 83, 84]

µp,q = µF

√
(p− q C0)2 + q2/g2

s . (1.69)

q D-string

p F-string

(p,q) string

x

y

β

α

x

y

β'

α

x

y

α

β'<β

β'>β

β'

Fig. 1.9 Collision of p F -string with q D-string gives rise to (p, q)string. The balance between
strings is provided not only by string tensions, but also by the junction dynamics. The left
part of the figure illustrates the configuration of strings in the rest frame defined by angles α
and β. When the angle β′ (angle between straight D and F -strings) is bigger than the angle
β, the green string is shrinking. When the angle β′ is smaller than the angle β the green
string is growing.

When the BPS condition is saturated, it corresponds to the string tension balance, figure
1.9 and these strings are called cosmic superstrings. However, we should remember that in
this situation strings can be shrinking or enlarging during the evolution. The dynamics of
this phenomena leads to other possible configurations of strings (other α and β angles in the
figure 1.9) with dynamical change of the length [85]. More details about junction dynamics
and their influence on string networks will be given in chapter 4.

Production of cosmic superstrings at the end of brane inflation should lead to observational
consequences. Absence of cosmic superstrings detection with particular tensions leads to
restrictions on brane inflation [86, 87]. In that sense, cosmic superstrings play the role of the
probe of early period of the universe.

It should be noted that the valid brane inflation scenario imposes bounds on F -string
tension [18, 20]

10−12 < GµF < 10−6, (1.70)
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while D-string tension is related as
µD = µF

gs
. (1.71)

This condition comes from the inflation requirements for the brane inflation.
In order to obtain some possible predictions from the presence of cosmic superstrings, the

evolution of its network should be studied in detail. Until now, most progress was achieved
in the description of ordinary cosmic string network evolution. Due to a number of numerical
simulations and analytical models there were obtained some observational predictions of
cosmic strings presence. However, some debatable questions on cosmic string networks are
still open. The current thesis is aimed to clarify some of them.

1.8 Summary

In this chapter we gave a brief introduction to the standard ΛCDM model and inflation
period at the early stage of the universe’s evolution. There were presented only aspects
relevant to the current work, which will be used further. In this context we reviewed the
condition under which topological defects can appear on the cosmological scale. In particular,
we reviewed the Kibble mechanism and gave a short overview of possible cosmic strings.
Specifically we revisited global, Abelian Higgs, non-Abelian, superconducting strings and
provided a connection between field theory strings and their infinitely thin limit analogue -
Nambu-Goto string action.

Special attention was dedicated to the possible scenarios under which cosmic strings
can appear. We gave some details of hybrid type of inflation and have shown how strings
can be produced at the end of it. With some details we revisited possible situations when
supersymmetric models give rise to cosmic strings. Especially we described situations with F
and D terms inflation from supersymmetric models, where cosmic strings can be produced.
We underlined the importance of cosmic strings in possible additional restrictions for these
types of inflations.

Another scenario, which is relevant to cosmic strings production, brane type of inflation,
was recalled in the last section. It was shown how cosmic (super)strings can be produced at
the end of the brane inflation. We presented details about specific properties for these kind
of cosmic strings and pointed out important differences that can influence the scaling of the
cosmic superstring network.

In the same way as it is applied to some supersymmetric models of the early universe,
a proper understanding of the behaviour of junctions (example of junction is illustrated in
the figure 1.9) for superstring networks will give a more accurate way to put restrictions on
brane inflation. The analytic approach, the base of which is going to be described in the next
chapter 2, opens the opportunity to study specifics of cosmic superstrings, which are not
reachable by numerical simulations.



Chapter 2

The standard VOS model and
simulations of defect networks

As was already mentioned in section 1.4, a network of defects can be readily studied using
numerical techniques. To make a realistic simulation of strings with all possible properties
is an impracticable task today, due to the necessity of huge computing power. Meanwhile,
simulations of simple defect networks can reveal important features and play the role of
a testbed for more complicated examples. Moreover, these simulations are necessary to
calibrate analytic approaches.

In this chapter we are going to introduce the semi-analytic velocity-depend one scale
(VOS) model for topological defect networks evolution. It is based on the assumption that
defects are infinitely thin (section 1.4.5). Developing the equations of motion for these defects,
we apply an averaging procedure to obtain macroscopic variables. Since there is no firm
approach to include dissipation mechanisms at the level of the Lagrangian, we need to include
mechanisms of energy loss phenomenologically. Eventually, applying all these steps, it is
possible to build a final system of differential equations, called VOS model. It is aimed
to describe the defect network’s evolution at a macroscopic level [88, 89]. This approach
is applicable for discussing defect networks of arbitrary dimensions, evolving in arbitrary
dimensional space [90–94].

At the step when energy loss terms are introduced into the VOS model, new undefined
constants appear. These constants cannot be determined from first principles. As a result,
numerical simulations are required to determine them phenomenologically. In this chapter
we are going to test the VOS model against data from domain wall network simulations.
Specifically, we are going to build upon the work done in [95, 96] and study an extensive
set of high-resolution field theory simulations of domain wall networks, which use the Press,
Ryden and Spergel PRS algorithm [97]. Compared to earlier works, these simulations are
both larger (40963 boxes, the largest currently available) and span a more diverse set of
conditions, including simulations with fixed expansion rates as well as, for the first time for
domain walls, a series of simulations that accurately span the radiation-matter transition.
This extended high-resolution dataset enables us to calibrate and significantly improve the
analytic model, as was previously done for strings [98, 99].

25
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Additionally, we revisit the issue of the role of damping mechanisms on the evolution of
defect networks. In particular, we show that a sufficiently large Hubble damping (specifically,
a power-law dependence of the scale factor a ∝ tλ with λ below, but close to, unity) leads
to a linear scaling regime where the network is non-relativistic. This is therefore another
realization of a Kibble scaling regime, allowing us to interpret the linear scaling solution as
the Kibble regime for Hubble-damped networks [36, 100]. Moreover, there is also a stretching
regime counterpart for Hubble-damped networks, whose behaviour we first derive analytically
in a VOS model context and then confirm numerically (for a description and definitions of
scaling regimes see sections 2.2.2 and 2.2.5).

The wider range of expansion rates simulated yields an additional benefit. The low
velocities and high densities of these fast expansion networks imply that the averages of
sets of simulations with the same expansion rate but different initial conditions will have
smaller statistical uncertainties than those for slower expanding boxes of the same size.
Additionally, we study numerical tests allowing us to estimate the systematic uncertainties in
the measurements of the numerical quantities relevant for the calibration of the model. Both
of these allow us to make additional improvements in the VOS model calibration for domain
walls.

At the same time, the simulations confirm that the VOS model approach is very suc-
cessful in describing defect networks. This gives us the opportunity for better insight and
contemplation of the network dynamics.

2.1 The Standard VOS Model

To give the analytic description of defect network evolution, one should concentrate on
macroscopic (thermodynamic) parameters. The first attempt in this direction was done
in reference [101], where the one-scale model was presented. In this original model the
string network was described by a single macroscopic variable: a characteristic length, which
was playing the role of correlation length, radius of string curvature and string separation
distance. Later this description was extended in [102, 103], where a detailed study of loop
production and their fragmentation was given. Notable progress on the network description,
using arguments of statistical mechanics was achieved in [104]. A more sophisticated model
was presented by Austin, Copeland and Kibble (ACK) [105], where already three distinct
length scales are taken into account. The original analytic VOS model was developed in [88].
This model gave a firm description of the so-called scaling behaviour of the network and was
refined in [89].

The VOS model does not include as many details as the ACK model [105], but it
is sufficient to give the main properties of the defect network evolution, implementing a
dynamical equation for the network’s root-mean-square (rms) velocity. Moreover, in contrast
to the ACK model, the VOS model avoids the introduction of many undefined parameters.
Another important feature of the VOS model is that it can be relatively easily extended to
string models with more complex properties [44, 106–109]
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Let us revisit the main steps in the derivation of the original VOS model for strings.
The description starts from the effective Nambu-Goto action introduced in section 1.4.5. To
obtain equations of motion we need to vary the action (1.36) with respect to xµ. Using the
following useful property

d
√
γ = 1

2
√
γγabdγab , (2.1)

one can obtain
1
2
√
γγabgµν,ηx

µ
,ax

ν
,b = ∂c

(√
γγabgµηx

µ
,aδ

c
b

)
, (2.2)

where δcb is a Kronecker symbol.
To simplify equations (2.2) we can chose a convenient parametrization. As it is shown on

figure 1.5 we can chose the following form of the worldsheet parametrization

σ0 = τ, σ1 = σ,

gµν ẋ
νx′µ = 0,

(2.3)

where xµ,0 = ẋµ, xµ,1 = x′µ and the second equation means that tangent vectors for (τ ,σ)
parametrization are orthogonal.

The parametrization (2.3) can be always established for any background gµν metric. At
the same time, for the case when the metric gµν is a Minkowski space, there is an additional
degree of freedom that allows us to simplify equations even more. This additional degree of
freedom comes from the presence of time translation invariance, i.e. the presence of timelike
Killing vector fields. In general it is not the case for the FLRW metric.

Using the parametrization (2.3), let us rewrite the equation (2.2) in a handy form for the
flat (k = 0) FLRW metric (1.1) with conformal time τ

ε̇+ 2ε ȧ
a

ẋ2 = 0,

ẍ + 2 ȧ
a

ẋ(1− ẋ2) = 1
ε

(x′

ε

)′
,

(2.4)

where ε2 = x′ 2

1−ẋ2 and x defines three-dimensional spatial vector.
From the first equation (2.4) it is seen that for the Minkowski space (ȧ = 0), the value ε

is preserved during the evolution. In order to infer the physical meaning of the variable ε we
can calculate the energy-momentum tensor for the Nambu-Goto action (1.36)

Tµν
√
−g ≡ −2 δS

δgµν
= µ0

∫ √
γγabxµ,ax

ν
,bδ

4(xρ − xρ(σc))dσ0dσ1, (2.5)

where δ4(...) is a Dirac delta function for the four-dimensional argument.
To study the evolution of the string network, we need to apply the averaging procedure

from [88]. To achieve this goal and to find a large-scale description, we need to integrate
equations (2.4) over the parameter σ. The integration over σ has rather symbolic meaning,
which implies that we integrate over all strings and obtain macroscopic parameters for the
whole network. In this way, using the parametrization (2.3), the macroscopic energy of the
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string network can be written as

E0 = µ0a(τ)
∫ √

γγ00dσ = µ0a(τ)
∫
εdσ . (2.6)

From the expression (2.6) we see that ε plays the role of energy density of the string.
Hence, the first equation (2.4) corresponds to evolution of the microscopic energy density ε,
which is conserved for Minkowski space.

Let’s introduce another macroscopic variable, the rms velocity:

υ2 =
∫
ẋ2εd2σ∫
εd2σ

. (2.7)

Using the definitions of macroscopic variables (2.6) and (2.7), one can average equations
(2.4) and obtain evolution equations for macroscopic variables [88]

dρ

dt
= −2Hρ

(
1 + υ2

)
,

dυ

dt
=
(
1− υ2

)(k(υ)
R
− 2Hυ

)
,

(2.8)

where ρ = E0/a
3 is an energy density, R is an average curvature of strings in the network,

k(υ) is a momentum parameter, which was analytically estimated as [88]

k(υ) = 2
√

2
π

(1− υ2)(1 + 2
√

2υ3)1− 8υ6

1 + 8υ6 .
(2.9)

The system of equations, as it was mentioned in the beginning of this chapter, does not
include an energy loss part, while the real string network during the evolution can dissipate
its energy. There are several mechanisms that can be responsible for loss of energy in the
string network. The most significant should be the loop production and radiation1. The loop
production can be caused by self-intersection of the curved string or by exchange of strings
ends (figure 2.1 top and bottom panels correspondingly). To include the energy loss term
caused by the loop production, we can add an appropriate term in the system (2.8) (for more
details see [88, 102, 103])

dρ

dt

∣∣∣
loops

= cυ
ρ

L
, (2.10)

where the new variable L - corresponds to average distance between strings.

1This mechanism will be considered for domain wall networks in the section 2.3.2
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1

1

2

2

Fig. 2.1 Collisions of string/strings that can produce loops. On top panel there is an example
of self-intersection and loop production. On the bottom panel the example of two strings
intersection and loop production is shown. All loops eventually collapse due to their tension,
reducing the amount of energy in the string network.

Making an assumption that the correlation length, average distance between strings and
average radius of curvature for string network are equal to each other, we can obtain final
VOS model for cosmic strings

2dL
dt

= 2HL
(
1 + υ2

)
+ cυ,

dυ

dt
=
(
1− υ2

)(k(υ)
L
− 2Hυ

)
,

(2.11)

where the Brownian assumption about strings distribution was used: ρ = µ0
L2 .

The VOS model (2.11) can be generalized to p+ 1-dimensional defects evolving in N + 1-
dimensional space-time [90, 94]. To do so the parameter σ with indices a, b, .. should be
enlarged to p+ 1-dimensions and space-time indices µ, ν, ... to N + 1-dimensions in equations
(2.2), (2.5). At the same time the Brownian assumption is needed to be extended in the
following way [94].

ρ = µ0 p
LN−p . (2.12)

Taking into account all changes, one can obtain the generalization of the VOS model [94]

dL

dt
= HL

(
1 + p+ 1

N − p
υ2
)

+ c

N − p
υ,

dυ

dt
=
(
1− υ2

)(k(υ)
L
− (p+ 1)Hυ

)
.

(2.13)

In spite of the fact that there is an analogue of the VOS model for more dimensions, such
functions as the momentum parameter (2.9) and the phenomenological energy loss function
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(2.10) can be different for other dimensional topological defects. We will come back to this
question for domain walls (p = 2) in details 2.3.

2.2 Simulations of domain wall network evolution

2.2.1 Simulations set up

As was already discussed, simulations are important for the test and calibration of semi-
analytic VOS models. The more precise a simulation is, the more accurately we can calibrate
the VOS model. At the same time, the bigger range of parameters we can probe, the more
confident we can say if the VOS model describes the defect network evolution properly. We
want to make such set of simulations that allows us to make a proper calibration of VOS
model and at the same time tells us if the VOS model describes the network evolution
correctly. The easiest model of defects to fulfil our desire is a domain wall network. It is the
easiest example of defects to simulate, which allows us to make very accurate simulations
and to cover a big range of possible parameters.

Numerical simulations follow in the footsteps of those reported in [95, 96]. We assume a
domain wall producing field theory model with a single scalar field ϕ. The Lagrangian for
this case has the form

L = 1
2∂µϕ∂

µϕ− V (ϕ). (2.14)

We are going to study the field ϕ in FLRW universes with power law expansion rates,
a ∝ tλ. After using the PRS procedure [97] the equation of motion in conformal time τ has
the form

∂2ϕ

∂τ2 + 3d ln a
d ln τ

∂ϕ

∂τ
− ∂2ϕ

∂xi∂xi
= −∂V

∂ϕ
, (2.15)

where the potential is

V = V0

(
ϕ2

ϕ2
0
− 1

)2

. (2.16)

Relevant numerical parameters are ϕ0 = ±1 for the minima of the potential, while the
maximum of the potential is V0 = π2/2W 2

0 (where W0 = 10 is the initial wall thickness in
grid units). All these are similar to the ones used in earlier simulations [95–97]. Current
simulations have following key points

• We used a faster and more memory-efficient version of the earlier WALLS code [95, 96],
optimized for the Intel Xeon Phi architecture.

• This optimization allows us to increase the box size (and therefore the spatial resolution
and dynamic range). Specifically, we ran several series of 40963 simulations on the
COSMOS supercomputer, thus gaining a factor of 8 in volume and a factor of 2 in
dynamic range as compared to [96]. Each simulation starts with τi = 1 and is stopped
when the horizon becomes half the box size (τf = 2048), ensuring that the periodic
boundary conditions of the simulation boxes do not affect the results. Each such
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Fig. 2.2 In order to make measurements for the field ϕ in the simulation box, we need to
define where wall boundaries are. Since for the wall the field ϕ should be around ϕ = 0,
we can put bounds to define for which ϕ we measure the wall edge. In this way, the green
and red dashed lines represent different thresholds that are aimed to define if we indeed
measure the wall in simulations or just a field ϕ oscillations. Specifically the red one is for the
25% threshold and the green one is for 75% threshold, providing an estimate of systematic
uncertainties.

simulation requires 1 Tb of memory and takes about 3.7 hours of wall clock time to
run on 512 CPUs.

• We explore a large range of fixed expansion rates, including radiation era (λ = 1/2),
matter era (λ = 2/3) and other expansion rates, ranging from λ = 1/10 to 1−λ = 10−7.
Additionally we simulated universes during the transition from radiation to matter
domination epochs.

• For each choice of expansion rate we have carried out 10 simulations with different
(random) initial conditions: although each of the 10 choices was made randomly, the
same 10 choices were used for each of the simulated expansion rates. This ensures that
any differences can be solely ascribed to the different expansion rates. Unless otherwise
stated, the results presented in what follows correspond to the average of each set of 10
runs.

• We estimated systematic errors by making simulations for different choice of thresholds
for velocity measurements. The threshold is changing from 25% to 75% of the value
ϕ0 to define if we have a wall on the measured grid or it is just a field fluctuation.
Schematically differences in the threshold can be seen on the figure 2.2.

Simulations describe the evolution of the field ϕ in the box with periodic boundary
conditions obeying the equation (2.15). Let us recall how parameters of domain wall networks
are going to be measured by these simulations. The static solution of the equation (2.15) is
[11, 91]

ϕ = ϕ0 tanh
[√

2V0
γυ
ϕ0

(z − z0 − υτ)
]
. (2.17)
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The solution (2.17) represents a planar wall moving along the coordinate z with the
velocity υ (where γυ = 1/

√
1− υ2 is a Lorentz factor). Using the solution (2.17) we can

consequently define the relevant parameters2

υ2γ2
υ =

〈
ϕ̇2

2V (ϕ)

〉
,

ρ =
〈
ϕ̇2

2 + ∇ϕ
2

2 + V (ϕ)
〉
,

(2.18)

where ∇ = ∂2

∂xi∂xi
, brackets ⟨...⟩ represent the averaging over all network, ρ defines the density

of the wall network, while υ without index s defines rms velocity for the wall network.
Making measurements for velocity and for the density parameter, as in the (2.18), one

can study the evolution of these values for domain walls. Results of simulations for the range
of 1/10 ≤ λ ≤ 19/20 are presented in figure 2.3.

Note that our choice of initial conditions lead to large energy gradients in the early
timesteps of the simulation, and the network needs some time (which is proportional to the
wall thickness) to wash away these initial conditions. This implies that in many grid points
the field will go over the top of the potential to get into the other minimum, transiently
leading to a relatively small average velocity (the more so the faster the expansion rate),
which is clearly visible in the early timesteps in the bottom panel of figure 2.3—note that
τ = 10 is the light-crossing time for walls of the average thickness being simulated. This
erasing of initial conditions is done in a quasi-coherent way at the various points in the box,
leading to the damped oscillations in the average velocity that are also visible in the left
panel of the figure 2.3 (though in this case they are clearer for the slower expansion rates,
corresponding to weaker damping).

A similar result, but for faster expansion rates 0.03 ≤ 1− λ ≤ 10−7 is presented in the
figure 2.7. We split expansion rates formally for two ranges, which are on figures 2.3 and 2.7.
It is seen that in figure 2.7 that the rms velocity and the density have some kind of transition
between two scaling regimes. These results will be clarified below. For now let’s study the
Kibble scaling regime, which appears after the relaxation timesteps in figure 2.3.

2.2.2 The Kibble scaling regime

Since simulations are evolved in conformal time, the quantity we measure is the conformal
correlation length divided by conformal time, which can be straightforwardly related to the
physical time quantities

ξc
τ

= (1− λ)L
t

= (1− λ)ϵ , (2.19)

where ϵ is a constant in the linear scaling regime.
Similarly for the velocity we measure γvv (or, more precisely, (γvv)2) [95]. In order to

identify accurate asymptotic values, we should find the simulation dynamic range when
2The equation for the density ρ in equation (2.18) can be obtained from the canonical energy-momentum

tensor T µν = ∂L
∂(∂µϕ) ∂νϕ − gµνL
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Fig. 2.3 The evolution of the dimensionless density ρτ and the rms speed (γvv)2 in 40963

domain wall simulations with different expansion rates, from λ = 1/10 (red dashed, corre-
sponding to the highest velocity and lowest density) to λ = 19/20 (black solid, corresponding
to the highest density and lowest velocity).

ξc/τ and γvv have already reached the asymptotic behaviour and the simulation box still
has enough walls for robust statistics (towards the end of each simulation only a few long
walls remain, resulting in comparatively poor statistics). After some tests, we conservatively
defined the region τ = 500 − 1500 in which our simulations are generally well behaved
for expansion rates 1/10 ≤ λ ≤ 19/20 (specifically, they are in scaling solutions without
significant fluctuations).

Once this region is specified, the averaged values of ξc/τ and γvv can be obtained. These
results are presented in table 2.1. Together with values of ξc/τ and γvv we also list the
scaling exponents ν and µ, quantifying convergence to the attractor scaling solution. These
are defined as

1
ξc
∝ τµ,

γvv ∝ τν ,
(2.20)

so for a scaling network these exponents should be numerically consistent with µ = −1
and ν = 0. As expected, one finds that the convergence to the scaling solution is faster
for faster expansion rates (corresponding to a larger damping term in the wall equations
of motion). Indeed, the ν diagnostic shows that for the slowest expansion rate we have
simulated (λ = 1/10) the network has not converged to the scaling behaviour and, as a result,
it cannot be used for further analysis. In fact this is also qualitatively clear from a simple
visual inspection of figure 2.3.

Let’s test the standard VOS model for domain wall network description, which was used
in previous works [95, 96]: the parameters c and k in equations (2.13) are constants (p = 2,
N = 3 should be chosen for equations (2.13) to describe a domain wall network evolution in
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Table 2.1 Scaling properties of numerical simulations for domain wall networks with expansion
rates 1/10 ≤ λ ≤ 19/20 in the range τ = (500− 1500). See the main text for the definition
of the various parameters.

λ µ ν ξc/τ γvv kw cw

1/10 −1.020 ± 0.005 −0.147 ± 0.001 0.496 ± 0.016 0.867 ± 0.040 0.108 ± 0.004 0.65 ± 0.03
1/5 −0.992 ± 0.005 −0.085 ± 0.003 0.575 ± 0.020 0.514 ± 0.017 0.20 ± 0.01 1.06 ± 0.04
1/4 −0.984 ± 0.005 −0.066 ± 0.003 0.578 ± 0.020 0.489 ± 0.015 0.25 ± 0.01 1.06 ± 0.04
1/3 −0.984 ± 0.005 −0.057 ± 0.003 0.580 ± 0.021 0.467 ± 0.013 0.37 ± 0.02 1.00 ± 0.04
2/5 −0.983 ± 0.005 −0.054 ± 0.004 0.577 ± 0.021 0.449 ± 0.014 0.47 ± 0.03 0.94 ± 0.04
1/2 −0.989 ± 0.005 −0.046 ± 0.004 0.568 ± 0.019 0.418 ± 0.012 0.66 ± 0.04 0.81 ± 0.04
3/5 −0.996 ± 0.004 −0.039 ± 0.004 0.545 ± 0.018 0.379 ± 0.012 0.87 ± 0.05 0.67 ± 0.05
2/3 −1.000 ± 0.004 −0.032 ± 0.004 0.519 ± 0.015 0.348 ± 0.011 1.02 ± 0.05 0.56 ± 0.06
3/4 −1.003 ± 0.003 −0.026 ± 0.004 0.470 ± 0.012 0.302 ± 0.008 1.22 ± 0.06 0.41 ± 0.07
4/5 −1.006 ± 0.003 −0.021 ± 0.003 0.430 ± 0.009 0.269 ± 0.007 1.34 ± 0.05 0.31 ± 0.06
9/10 −1.006 ± 0.002 0.003 ± 0.003 0.316 ± 0.004 0.190 ± 0.004 1.59 ± 0.05 0.11 ± 0.06
19/20 −0.997 ± 0.001 0.008 ± 0.002 0.227 ± 0.002 0.133 ± 0.002 1.70 ± 0.03 0.03 ± 0.04

3 + 1 dimensions). For clarity, further we will use cw and kw (instead of c and k) for domain
wall networks. Eventually, using the function for the scale factor as in simulations a ∝ tλ,
one can obtain from (2.13) the following relations

kw = 3λϵv0 ,

cwv0 = ϵ
[
1− λ

(
1 + 3v2

0

)]
,

(2.21)

where we used the asymptotic scaling solution

L = ϵt,

υ = v0,
(2.22)

with λ, ϵ and v0 as constants [91].
Using the asymptotic values, one can obtain ϵ = ξc

τ(1−λ) and the velocity v0 for each
expansion rate. By inserting ϵ and v0 in (2.21) one numerically obtains the momentum and
chopping parameters. The values thus obtained for each expansion rate are also listed in
Table 2.1. It is noteworthy that, with the exception of the λ = 1/10 case, kw increases
monotonically with λ, while cw correspondingly decreases.

For comparison with previous work [95, 96], it is interesting to carry out a joint analysis
of the data (except the λ = 1/10 case, which hasn’t reached scaling), and determine the
best-fit values for these phenomenological parameters if one imposes that they should have
the same constant value for all epochs. The results of this analysis are shown in the right
panel of the figure 2.4, and the following best-fit parameters and uncertainties were found
cw = 0.63±0.36, kw = 0.88±0.51. It should be noted that in this analysis only the statistical
errors were taken into account.

We studied the standard VOS model with constant cw and kw. The important conclusion
that we can make after the calibration is that the model with constant chopping parameter
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Fig. 2.4 The likelihood contours for the VOS model with constant parameters cw and kw,
for all scaling expansion rates 0.2 ≤ λ ≤ 0.95 (right panel) and for the restricted range
0.5 ≤ λ ≤ 0.9 (left panel). Each point with error bars in the plot presents asymptotic values
from one simulation. The black dots denote the simulations used in the fit, and the red dots
the simulations not used. The slowest expansion rate data was not used in either case: it has
a manifestly different behaviour because the simulations did not reach the asymptotic scaling
behaviour.

cw and momentum parameter kw does not describe properly all possible expansion rates.
This means that the model requires extension, which is going to be done later in section 2.3.

For now, let’s finish the exploration of the Kibble scaling regime for the wall network
simulations. In the figure 2.7 we see that in spite of the grow of velocity υ and conservation of
energy density ρ in first steps of simulations, eventually we obtain the Kibble scaling regime
at the end of some simulations. Conducting similar analyses for ν and µ (defined in equations
(2.20)), as it was done above, we have chosen sets of 10 simulations, for which we still can
study asymptotic the Kibble scaling regime, which we will further discuss below. Obtained
results for these 10 simulations are listed in the table 2.2.

2.2.3 Systematic and statistical errors

We already mentioned the fact that for all our simulations we have calculated statistical
errors, but systematic ones have not been considered so far. From table 2.1 it is noteworthy
that the statistical error bars, which come from averages of ten simulations with different
(random) initial conditions, decrease significantly as the expansion rate increases. Therefore,
we can anticipate that systematic errors intrinsic to the simulations (having to do with the
discretization, the PRS algorithm, the identification of the domain walls in the box and
the estimation of their velocities) will eventually dominate the error budget for sufficiently
large expansion rates. It is therefore important to obtain estimates of these systematic
uncertainties.

In order to do this, we performed additional sets of simulations for different choices of
threshold for velocity measurements. In the previously described simulations, the velocity is
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Table 2.2 Scaling properties of numerical simulations for domain wall networks with different
expansion rates λ in the linear scaling regime. In addition to the slope parameters µ and
ν we also list the asymptotic values of the dimensionless density and the wall energy, as
well as the range of conformal times used in each set of simulations. One-sigma statistical
uncertainties are quoted throughout.

λ µ ν ξc/τ γvv Fit range (τ)
0.97 −0.993± 0.001 0.006± 0.001 0.177± 0.001 0.102± 0.001 500− 1500
0.98 −0.992± 0.001 0.005± 0.001 0.145± 0.001 0.083± 0.001 500− 1500
0.99 −0.990± 0.0003 0.004± 0.001 0.103± 0.0004 0.059± 0.0002 500− 1500
0.995 −0.992± 0.0003 0.001± 0.001 0.073± 0.0002 0.041± 0.0002 900− 2046
0.997 −0.991± 0.0002 0.006± 0.0004 0.057± 0.0001 0.032± 0.0001 1050− 2046
0.998 −0.989± 0.0002 0.013± 0.0002 0.046± 0.0001 0.026± 0.0001 1200− 2046
0.999 −0.982± 0.0001 0.018± 0.0002 0.033± 0.0001 0.018± 0.0001 1350− 2046
0.9995 −0.971± 0.0001 0.031± 0.0001 0.023± 0.0001 0.013± 4 · 10−5 1500− 2046
0.9997 −0.960± 0.0001 0.044± 0.0001 0.018± 0.0001 0.010± 3 · 10−5 1650− 2046
0.9998 −0.949± 0.00003 0.055± 0.0001 0.015± 3 · 10−5 0.008± 2 · 10−5 1800− 2046

estimated as an average over all points in the box in which the field obeys |φ| < 0.5 (recall
that the minima of the potential are at φ = ±1). This has been previously shown to be an
optimal choice. As a test, we have carried out further simulations for expansion rates λ = 0.4
and λ = 0.999 with exactly the same initial conditions (in other words, a fixed seed) but with
thresholds for the velocity calculation spanning the range from 0.25 to 0.75; this is illustrated
in figure 2.2, and the results of these simulations are shown on the left and right panels in
figure 2.5.

Fig. 2.5 Results from velocity measurements for different choices of thresholds, illustrated in
figure 2.2. The left panel presents the result for expansion rate λ = 0.4 and the right one for
λ = 0.999. Black lines represent the velocities in the ten individual simulations with different
initial conditions, measured with a canonical 50% threshold, and provide the statistical errors.
Colored lines represent the velocity in one of the ten simulations, measured using different
thresholds (specifically the solid red one is for the 25% threshold and the solid green one is
for 75% threshold), providing an estimate of systematic uncertainties.
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Making the plausible assumption that the effect of the choice of thresholds on the velocity
measurements is a reliable proxy for the systematic numerical uncertainties, this test confirms
our intuition that as the expansion rate is increased the statistical uncertainties decrease
much faster than the systematic ones, and therefore the latter will dominate for sufficiently
large expansion rates λ. Specifically, we find that the systematic error for λ = 0.4 is

δυsyst,λ=0.4 = ±12.3× 10−4 , (2.23)

while for λ = 0.999 it is
δυsyst,λ=0.999 = ±4.7× 10−4 . (2.24)

Since the difference between systematic errors for different λ is comparatively small, in what
follows we will make a linear interpolation in order to estimate the systematic uncertainty for
other expansion rates.

2.2.4 The radiation-matter transition

As an additional test, and the most important one from the point of view of cosmological
application, we have carried out analogous field theory simulations of the radiation-matter
transition. In this case the scale factor has the following exact analytic expression

a(τ)
aeq

=
(
τ

τ∗

)2
+ 2

(
τ

τ∗

)
, (2.25)

where τ∗ = τeq/(
√

2−1) and the parameters aeq and τeq are constants denoting the scale factor
and conformal time at the epoch of equal radiation and matter densities. For illustration
purposes we can also calculate an ’effective’ expansion rate during the transition

λeff =
2 + 2 τ

τ∗

4 + 3 τ
τ∗

; (2.26)

as expected this interpolates between the radiation and matter era values.
In this case we ran various sets of simulations with the same parameters and (random)

initial conditions that were described in the section 2.2.1, except that the scale factor obeys
the equation (2.25). The requirement of sufficient resolution implies that there is not enough
memory available for a single simulation to span the entire transition epoch; instead, various
sets of runs were carried out starting at various different conformal times relative to the
transition epoch, equally spaced in the logarithm of τi/τeq.

Figure 2.6 (to be compared to figure 2.3) summarizes the results of these simulations.
Note that the two black solid lines correspond to the radiation (λ = 1/2) and matter (λ = 2/3)
simulations already discussed in the section 2.2.2. This is an important test of our code: it
shows that simulations evolving sufficiently early and sufficiently late in the transition behave
exactly like radiation and matter era simulations—as they must. This figure also makes it
visually clear that although the ’early’ and ’late’ simulations reach scaling (since they are
effectively evolving with a constant or quasi-constant expansion rate) this is not case for
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Fig. 2.6 The evolution of the dimensionless density (ρτ , right panel) and (γvv) (left panel) in
40963 domain wall simulations around the radiation-matter transition. Note that the two
black solid lines correspond to the radiation (λ = 1/2) and matter (λ = 2/3) simulations
already discussed in the section 2.2.2.

the ones evolving during the transition itself: in that case the effective expansion rate is
changing and the network is constantly trying to adapt (as fast as allowed by causality) to
these changing conditions. This is clear in the cyan, green and yellow lines in the plots. Later
in this chapter we will compare the VOS model behaviour for the non-scaling regime and
compare it with the radiation-matter transition simulated here.

2.2.5 The conformal stretching regime

As was already mentioned in section 2.2.2, the early timesteps of evolution show another kind
of scaling behaviour. It is clearly seen directly from the result of the γυυ and ρ evolution for
very fast expansion rates in the figure 2.7. The simulation with highest λ (purple line in the
figure 2.7) does not even reach the Kibble scaling regime, all evolution in the simulated time
interval is in the stretching regime.

To figure out why this regime appears and what is going on there, we must consider extra
term in the VOS model (2.13): ℓf - friction length. The friction length can appear due to
particles scattering on strings, which eventually influences on the network evolution [110].
This kind of friction force is anticipated to be present in the radiation domination epoch.
And effectively wee can put it as [88, 111, 112]

ℓf ∝ a2+p , (2.27)

to equations (2.13) in the following way

dL

dt
= HL+ υ2 L

ℓd
+ cυ , (2.28)



2.2 Simulations of domain wall network evolution 39

where for convenience we introduced the damping length as

1
ℓd

= (p+ 1)H + 1
ℓf
. (2.29)

Now, following Kibble [36, 100] we note that in damped regimes the velocity is expected
to change slowly. Then from the velocity equation it follows that

v ∼ k ℓd
L

(2.30)

and substituting this in the evolution equation for the correlation length we find

dL

dt
= HL+ k(c+ k)ℓd

L
. (2.31)

We now have four possible scenarios, depending on whether the damping is provided
by friction or by the expansion of the universe, and on whether or not the velocities are
negligible.

Starting with the case where the damping length is due to friction, ℓd = ℓf , as discussed
in [88, 91] there is a transient scaling solution

L ∝ a , v ∝ ℓf
a
∝ ap+1 (2.32)

this is known as the stretching regime, and corresponds to the case where the network’s
average velocity and density are sufficiently small to make the probability of self-intersections
negligible. In this case the network is conformally stretched by the expansion. However,
velocities are increasing so this regime must be a transient, at least in an expanding universe.
If friction domination persists, eventually these assumptions will no longer hold, and the
network will switch to the canonical Kibble regime [36, 100]

L ∝ (ℓf t)1/2 , v ∝
(
ℓf
t

)1/2
; (2.33)

here the energy losses are significant, and therefore the correlation length grows faster than
in the stretching regime while the velocity grows more slowly.

Now let us repeat this analysis if the damping is simply provided by the expansion of the
universe; as we will confirm numerically in what follows, a sufficiently fast expansion rate
is enough to make the defects move with non-relativistic speeds. In this case the damping
length is ℓ−1

d = (p + 1)H and we will consider generic expansion rates a ∝ tλ ∝ τλ/(1−λ),
where t and τ are, respectively, physical and conformal time. In this case the correlation
length equation becomes

(3− p)dL
dt

= (3− p)HL+ k
c+ k

(p+ 1)HL , (2.34)
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Fig. 2.7 The evolution of the dimensionless density ρτ and the rms speed (γvv)2 in 40963

domain wall simulations with different expansion rates, from (1− λ) = 0.03 to (1− λ) = 10−7

(from black-red to blue-purple). Each line is the average of the 10 simulations, with random
initial conditions.

and just like in the previous case we find two scaling regimes. The transient scaling regime
also corresponds to conformal stretching

L ∝ a , v ∝ 1
(p+ 1)λ

t

a
∝ 1− λ

(p+ 1)λ τ . (2.35)

On the other hand, the analogue of the Kibble regime is precisely the standard linear
scaling regime,

L =
√

k(c+ k)
(3− p)(p+ 1)λ(1− λ) t , v =

√
3− p
p+ 1

1− λ
λ

k

k + c
. (2.36)

The two friction-dominated regimes and the linear scaling regime are all well known, but in
what follows we will use a high-resolution field-theory simulations to study the Hubble-damped
stretching regime, as well as to confirm that it is a transient which eventually switches to the
linear regime.

The analysis leads us to expect a conformal stretching regime which translated into the
numerically measured quantities should correspond to

ρw ∝ const. , v ∝ 1− λ
λ

τ ; (2.37)

naturally the Lorentz factor is irrelevant for non-relativistic speeds.
Relations (2.37) show us exactly what is happening at the beginning of simulations. In

the figure 2.7 first timesteps correspond to relation described by (2.37). Below in this chapter
we will use the stretching scaling regime as an additional method to calibrate/probe the VOS
model.
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2.3 Extending the VOS model

As we already mentioned in section 2.2.2, the standard VOS model (2.13) for walls is not
able to reproduce results from simulations, if one wants to keep cw and kw as constants. If
we compare the likelihood contours in the left panel of the figure 2.4 with the same plot from
the work [96] (which only had data from three expansion rates, λ = 1/2, 2/3, 4/5), it is seen
that they are statistically consistent, but in our case the error bars are significantly larger (as
is the reduced chi-squared for the fit). As a comparison, if we repeat the analysis using only
the simulations in the range 0.5 ≤ λ ≤ 0.9 we find cw = 0.48± 0.24, kw = 1.12± 0.31; the
results of this analysis are shown in the right panel of the figure 2.4. The error bars become
smaller and the agreement with [96] is even better. This implies that assuming cw and kw to
be constants is not accurate enough.

More explicitly this can be shown by plotting the right-hand sides of relations (2.21) in
terms of the velocity—cf. figure 2.8. For the first of these (left panel), the right-hand side
describes the behaviour of the momentum parameter k(v) for different expansion rates, while
for the second one (right panel) it describes an energy loss function which we will denote
F (v). For constant kw and cw, equations (2.21) would imply a constant value for the first
plot and a linear function for the second one. Data from our simulations show that this
is not the case. As a final, more straightforward check, table 2.1 also lists the numerically
inferred cw and kw for each expansion rate. Hence, the momentum parameter should depend
on velocity, and the chopping parameter is not sufficient for describing the energy losses.

Fig. 2.8 Momentum parameter kw(v) (left panel) and energy loss function F (v) (right panel),
as numerically determined from the right-hand side of equations (2.21). The red line in
the energy loss plot is a linear function of the rms velocity cwv fitted for high λ (hence low
velocity). The blue lines are from the extended analytic model, using phenomenological forms
of the momentum parameter (2.45) and energy loss due to scalar radiation (2.47) with the
following best-fit parameters d = 0.28, r = 1.30, β = 1.69, k0 = 1.73 and q = 4.27, discussed
in the text.

Moreover, analytical treatment of VOS equations also suggests that at least kw cannot be
a constant, when λ is varying. This result can be seen from the ratio (2.21): if the expansion
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rate tends to zero λ→ 0, it follows that kw should inevitably tend to zero, which is not the
case when kw is a constant.

As a result, being motivated by the simulations data, we are going to improve the standard
VOS model for domain wall networks. Below we will give a description of the extended
analytic VOS model, with more accurately modelled the momentum parameter and the
energy loss term.

Before going to detailed description of the extension, let’s revisit general microscopic
equations (2.2). Let us redefine the coordinates σ1 and σ2 there to s1 and s2 in such way
that | ∂xi

∂sα
|2 = 1 (α = 1, 2). This means that derivatives will be changed in the following way

∂xi

∂σα
= |xi,α|

∂xi

∂sα
, (2.38)

(no summation over α). In these new coordinates, it is possible to introduce an orthonormal
basis (refer to figure 2.9): ξiα = ∂xi

∂sα
, and ni = ẋi

|ẋi| . Consequently, the zeroth component of
equation (2.2) (index η = 0) can be written as

ε̇+ 3 ȧ
a
εẋiẋi = 0 . (2.39)

The spatial part (index η = i ) of equation (2.2) contracted with the vector ni has the form

ẍini + 3 ȧ
a
ẋini

(
1− ẋiẋi

)
=
(
1− ẋiẋi

)
ki1ni +

(
1− ẋiẋi

)
ki2ni , (2.40)

where kiα = ∂ξi
α

∂sα
.

Fig. 2.9 The wall surface M2 parametrized by two parameters, σ1 and σ2.

The scalar products kiαni project the curvatures corresponding to σ1 and σ2 along the
normal vector ni. It should be noted that kiα = a

Rα
uiα, where uiα are unit vectors and Rα are

the radii of curvature for σ1 and σ2, respectively.
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Now it is possible to obtain averaged equations, using the same strategy that was described
in the section 2.1. One introduces two macroscopic (averaged) quantities, the energy density
for domain walls3

ρ = σwa
2

V

∫
εd2σ (2.41)

and the rms velocity as (2.7).
Thus, the microscopic equations (2.39) and (2.40) can be averaged

dρ

dt
= −Hρ

(
1 + 3υ2

)
,

dυ

dt
=
(
1− υ2

)(K1 +K2
L

− 3Hv
)
,

(2.42)

where we made the assumption that curvature radii have the same averaged value and are equal
to the correlation length: R1 = R2 = L. The K1 and K2 parameters are curvature/momentum
parameters. The component K1 can be written as

K1 = ui1ni , (2.43)

suitably averaged over the network, with an analogous definition for K2. In the next section
2.3.1 we will work out how they may depend on the velocity υ.

2.3.1 The momentum parameter

The momentum parameter can be estimated in an analogous way to what was done for cosmic
strings in [89]. As we saw, the momentum parameter in our VOS wall model is given by
kw = K1 +K2 (2.42). The component K1 was defined in (2.43). We now need to estimate
this scalar product in terms of the velocity υ. As can be seen in the figure 2.9, there is an
orthonormal basis

{
ξi1, ξ

i
2, n

i
}
, and therefore we can decompose the vector

ui1 = Ani +Bξi2 ; (2.44)

note that vector ξi1 is orthogonal to ui1. Therefore ui1ni = A and ui1u1i = A2 +B2 = 1.
When the expansion rate is slow, the velocity squared tends to some maximal value 1/q

and perturbations on the wall surface increase. Since the wall surface is highly perturbed in
that regime, the averaged value of ui1ni goes to zero (A→ 0). In the opposite limit when the
rate of expansion is fast, the velocity squared tends to zero, and perturbations on the wall
surface are very small. As a result, the scalar product ui1ni goes to some value k0/2. The
same considerations apply for K2.

Hence, kw(v) should reach some value k0 when the velocity is zero and tend to zero when
the velocity squared is 1/q. In that case kw(v) can be written similarly to the momentum

3It should be noticed that the energy density compared to expression for strings (2.6) has an additional
scale factor multiplier. It comes from the extended induced metric determinant √

γ in (2.6).
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parameter of the string network [89]

kw(v) = k0
1−

(
qυ2)β

1 + (qυ2)β
, (2.45)

where β, k0 and q are unknown parameters.
At this point there is one difference between the string and wall cases: there are no

non-trivial analytic solutions for walls (like the helicoidal solution for strings) that can be
used to infer exact values of q, k0 and β, as it was done for strings. Consequently, it is only
possible to impose physical restrictions on these parameters. The constant k0 characterizes
the maximum value of the momentum parameter: it is positive, but cannot be bigger than 2.
The parameter 1/q is an averaged maximal velocity for the wall network. Similarly to what
was done for strings in [101], using the general expression for the n-dimensional topological
defect dynamics (2.2) [93], it can be shown that the maximal possible velocity is v2

max = n
n+1 .

For walls this is v2
w = 2/3, as expected, but this result requires a set of assumptions that need

not be satisfied. In that case the maximal averaged velocity of the network can be smaller
(but not larger). We therefore have

0 < 1
q
≤ v2

w . (2.46)

Other than these general physical constraints, these parameters must be calibrated numerically.
Fortunately, the resolution of our simulations is high enough to enable this calibration, as we
will show below.

2.3.2 Energy loss mechanisms

The modification of the momentum parameter described above is not sufficient to account
for the mismatch between the simulation data and the analytic prediction for the energy
losses. We should also improve the modeling of the latter for a better description of the wall
network evolution. In addition to the chopping mechanism, another significant contribution
to energy losses is expected to be from scalar radiation. Moreover, one may expect it to be
proportionally more important (compared to the chopping mechanism) for slower expansion
rates.

Energy loss due to scalar radiation was considered in [113]. It was shown that the uniformly
moving wall does not radiate. Only perturbations on the wall surface produce scalar radiation.
We have already estimated the level of perturbations in the momentum parameter expression
kw(v). The maximal value k0 corresponds to the minimal rms velocity and hence to minimal
perturbations on the wall surface. Conversely the case when the momentum parameter is zero
corresponds to a maximal rms velocity and a maximally perturbed surface. It looks reasonable
to anticipate that the amount of radiation is proportional to the surface perturbations. As a
result, we can introduce a modified analytic description of energy losses

F (v) = cwv + d[k0 − k(v)]r , (2.47)
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where d and r are constants. In the maximally perturbed (slow expansion) limit v2 → 1/q
this behaves as

F (v) = cw√
q

+ dkr0 , (2.48)

and we expect the scalar radiation term to be the dominant one. Conversely in the uniform
surface (fast expansion) limit we have

F (v) ∼ cwv + d(2k0)rqβrv2βr , (2.49)

and in this case we expect the chopping term to be more important, and possibly dominate
(depending on the values of the free parameters to be calibrated numerically).

2.4 Calibration of the extended VOS model

Putting together the extensions mentioned above, the VOS model equations (2.42) for a
domain wall network together with relation (2.12) can finally be rewritten as

dL

dt
= (1 + 3υ2)HL+ cwυ + d[k0 − kw(v)]r,

dυ

dt
= (1− υ2)

(
kw(v)
L
− 3Hυ

)
,

(2.50)

where kw(v) is defined by (2.45).
Equations (2.50) contain undefined parameters that should be calibrated by numerical

simulations. As it was already discussed in the section 2.2.2 we can use the asymptotic values
of simulations to find values for the phenomenological constants in (2.50).

One can easily confirm that the extended VOS model given by equations (2.50) possess
the same scaling behaviour as the original one (2.22) (but of course with other values of
constants ϵ and v0). In this way, the Kibble scaling regime for equations (2.50) can be written
in algebraic form

F (v0) = cwv0 + d[k0 − kw(v0)]r = ϵ
(
1− λ

(
1 + 3v2

0

))
,

kw(v0) = 3λϵv0.
(2.51)

We see that right-hand sides of equations (2.51) contain only parameters that can be
measured by the simulations set for the Kibble scaling regime. At the same time left-hand
sides of (2.51) represent phenomenological parameters as functions of velocity. Hence, from
simulations we can directly define velocity-depend functions: the energy loss function F and
momentum parameter kw. In figure 2.8 one can see data from simulations for F and kw.

Let us perform the fitting of the extended VOS model to asymptotic values of simulations
in the Kibble scale regime, presented in the table 2.1 and shown in the figure 2.3: 1/5 ≤ λ ≤
19/20. We excluded the simulation λ = 1/10, since the simulation doesn’t reach required
scaling regime.



46 The standard VOS model and simulations of defect networks

Fig. 2.10 Velocity v and conformal correlation length divided by conformal time ξc/τ obtained
from the model using equations (2.50) with the best-fit parameters described in the text,
compared to the data (with statistical error bars) from the numerical simulations for different
expansion rates. The solid blue line corresponds to the best-fit parameters for the full range
of expansion rates considered while the red dashed one corresponds to the best-fit parameters
for the restricted range.

In the extended model we have in principle 6 undefined parameters that should be
determined from numerical simulation data. By using bootstrapping techniques one finds that
the chopping parameter cw is negligibly small in comparison with the contribution from scalar
radiation and may be neglected as a first approximation (specifically, we find cw = 0.00±0.01),
while the other five parameters are presented in the table 2.3 (for comparison, we have also
repeated this analysis for the restricted range 0.5 ≤ λ ≤ 0.9)

Table 2.3 The best-fit values for the free parameters of the extended VOS model; for
comparison, we also show the values obtained for the fit with other ranges of expansion rates.
One-sigma statistical uncertainties are quoted throughout.

λ Systematics cw d r

0.5 ≤ λ ≤ 0.9 No 0.00± 0.03 0.29± 0.01 1.30± 0.06
0.2 ≤ λ ≤ 0.95 No 0.00± 0.01 0.28± 0.01 1.30± 0.02

0.97 ≤ λ ≤ 0.9998 Yes 0.01± 0.01 0.10± 0.09 1.34± 0.25
0.2 ≤ λ ≤ 0.9998 Yes 0.00± 0.08 0.26± 0.02 1.42± 0.04

k0 q β

0.5 ≤ λ ≤ 0.9 No 1.72± 0.03 4.10± 0.17 1.65± 0.12
0.2 ≤ λ ≤ 0.95 No 1.73± 0.01 4.27± 0.10 1.69± 0.08

0.97 ≤ λ ≤ 0.9998 Yes 1.82± 0.02 1.20± 0.72 0.94± 0.38
0.2 ≤ λ ≤ 0.9998 Yes 1.77± 0.03 3.35± 0.32 1.08± 0.07

The scaling solution of equations (2.50) with the best-fit parameters is shown in figure
2.8 (for explicit demonstration of energy loss F function and momentum parameter kw) and
in figure 2.10 (to compare the final result of velocity υ and correlation length ξc). As can be
seen, this now provides an excellent agreement with the entire range of numerical simulations.
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A smaller fit range (0.5 ≤ λ ≤ 0.9) leads to parameters that are fully consistent with the
ones obtained for the 1/5 ≤ λ ≤ 19/20 range of expansion rates. While this is not entirely
surprising (since the fit is dominated by the high expansion rates, for which the statistical
uncertainties of the parameters measured in the simulations are smaller) it is supporting
evidence for the fact that the model can accurately describe all expansion rates. We note
that in this restricted range the chopping parameter is still negligible (cw = 0.00± 0.03).

To make the full analyses of undefined parameters, we need to make the analyses of ν, µ in
tables 2.1, 2.2, to identify which simulations we can use for calibration of the VOS model by
the Kibble regime. Eventually, the maximal range is 0.2 ≤ λ ≤ 0.9998. We can now improve
upon the calibration of the VOS model. Combining all data and adding the statistical and
(estimated) systematic uncertainties (for details see section 2.2.3) in quadrature for each
expansion rate, we obtain the best-fit values for each of these model parameters indicated in
the table 2.3. For comparison, this table contains different ranges of expansion rates for the
fit, as well as for the case where only the fast expansion rates are used (with the caveat that
this will be the case where the results of our fit will be most vulnerable to our estimates of
the systematic uncertainties).

It is worthy of note that the loop chopping efficiency is still statistically consistent with
zero, with the exception of the case where only expansion rates λ ≥ 0.97 are used in the
fit in which case a non-zero value is preferred at one sigma. This is in agreement with our
expectations, already discussed above, and confirms the expectation that the production of
’wall blobs’ is a subdominant energy loss mechanism, unlike the analogous production of loops
in cosmic string networks. As for the other fitted parameters, we find general agreement with
our previous analysis: the only parameter that is significantly changed is β, which leads to
a corresponding shift (and an increased error bar) for q, with which it is clearly correlated.
Shifts in the remaining parameters are within about one standard deviation.

Fig. 2.11 Velocity v and conformal correlation length divided by conformal time ξc/τ obtained
from the extended VOS model with the best-fit parameters indicated in the last line of table
2.3, compared to the data from the numerical simulations for different expansion rates.
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It is particularly suggestive that a value of β = 1 provides a good fit to the simulations.
In this case the momentum parameter has the simpler form

kw(v) = k0
1− qυ2

1 + qυ2 , (2.52)

to be contrasted with the analogous parameter for cosmic strings

k(v) ∝ k0,s
1− 8υ6

1 + 8υ6 . (2.53)

It is tempting to speculate that the velocity dependence in the former would be associated
with energy losses due to scalar radiation [113], which are indeed dominant in our simulations
from which this calibration has emerged. Similarly, the velocity dependence in the latter
could be associated with quadrupole radiation—which is implicitly assumed as an energy
loss mechanism in the phenomenological modeling which, together with a comparison with
Goto-Nambu string simulations, led to the analogous expression for strings [89]. Exploring
this hypothesis is certainly worthy of future study.

Fig. 2.12 Comparing the analytic solution of the VOS model, with the free parameters fixed
at their best-fit values, for domain walls in the stretching regime (red dashed lines) with the
result of our field theory numerical simulations for high values of λ (blue solid lines).

Now we can use another scaling regime, the conformal stretching regime, to make an
alternative calibration of some parameters in the extended VOS model. For this purpose we
need to quantify the proportionality factor that appears in the equation (2.37). To do so, we
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need to use equations (2.50) with the asymptotic solution (2.37)

v = 15
2π

1− λ
1 + 2λ k0ρwτ , (2.54)

where we have used our definition of k(v) (2.45)—which in the non-relativistic limit is simply
k0—and again the numerical factor stems from our choices of parameters for the potential
and the thickness of the domain walls4.

In order to further quantify this behaviour we will again use the scaling diagnostic
parameters µ and ν defined in (2.20). For the conformal stretching regime we expect µ = 0
and ν = 1. Table 2.4 shows the results of this analysis and fully confirms the presence of this
regime, for the faster expansion rates for which it persists longer.

Table 2.4 Scaling properties of numerical simulations for domain wall networks with different
expansion rates λ in the conformal stretching regime. In addition to the slope parameters µ
and ν we also list the asymptotic values of the (constant) comoving correlation length and
the slope of the wall energy, as well as the range of conformal times used for the fits in each
set of simulations. One-sigma statistical uncertainties are quoted throughout.

1− λ µ ν ξc γvv/τ(10−6) Fit range (τ)
3 · 10−6 −0.001± 0.001 0.997± 0.217 0.900± 0.001 3.792± 0.357 1− 76
2 · 10−6 −0.005± 0.003 0.967± 0.125 0.905± 0.006 2.502± 0.142 1− 226
1 · 10−6 −0.007± 0.004 0.955± 0.099 0.908± 0.008 1.245± 0.058 1− 376
5 · 10−7 −0.007± 0.003 0.956± 0.085 0.908± 0.008 0.623± 0.025 1− 526
3 · 10−7 −0.007± 0.003 0.956± 0.075 0.908± 0.008 0.374± 0.014 1− 676
2 · 10−7 −0.006± 0.003 0.956± 0.068 0.907± 0.008 0.249± 0.009 1− 826
1 · 10−7 −0.004± 0.002 0.968± 0.061 0.905± 0.005 0.125± 0.004 1− 976

As a result, the equation (2.54) allows us to carry out a further test of the VOS model
calibration, since we can use it to numerically measure the value of the parameter k0. This is
a useful consistency test, since in the analysis in the previous section k0 as well as the other
model parameters were determined using data from the linear scaling regime. Here we find
that

k0 = 1.76± 0.11 , (2.55)

which is fully consistent with the results of table 2.3. Figure 2.125 shows the conformal
stretching part of the evolution of our simulations, plotted together with the predictions of
the VOS model with its best-fit parameters.

The last probe that is left for the VOS model in our treatment is a set of radiation-matter
transition simulations, already described in section 2.2.4. For this purpose we insert the scale
factor expression (2.25) with the corresponding constants aeq and τ in the system of equations
(2.50). We can now compare the dynamics of the extended analytic model and the simulations.
This comparison is summarized in the figure 2.13, where the results of simulations (solid color

4The multiplier for equation (2.54) can be obtained from the expression for the wall tension σw =
∫

ϕ′(z)dz
[35], where ϕ(z) is given by (2.17) with parameters for the potential (2.16)

5It should be noted that in the paper [114] the legend in the similar to 2.12 figure contains an error, which
is corrected here.
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Fig. 2.13 Evolution of the conformal correlation length divided by conformal time ξc/τ (right
panel) and of (γvv)2 (left panel) during the radiation-matter transition, plotted as a function
of the natural logarithm of the scale factor (relative to aeq). The simulations are denoted by
solid color lines (each line being an average of 10 simulations with random initial conditions)
while the prediction of the extended analytic model with the best-fit parameters discussed
in the text is shown by the black dashed lines. The plot only includes the dynamic range
20 ≤ τ ≤ 1500 of each set of simulations; the earlier part (which is dominated by the initial
conditions in the box rather than converging to the attractor solution) and the latter part
(due to lack of statistics) have been omitted for clarity.

lines) and the extended analytic model (dashed black line) are compared. It is seen that the
analytic model provides an excellent description of the radiation-matter transition. It should
be emphasized that this is an independent test of the VOS model calibration, since it does
not rely on scaling regime.

2.5 Summary

In this chapter we revisited the standard description of the VOS model [88, 89], and reviewed
a possible generalization for p+1-dimensional defects evolving in the N +1 FLRW space-time
manifold [90, 94]. This description provided the base to study the evolution of domain wall
networks in expanding FLRW universes in more detail.

We took advantage of recent progress in computing power and hardware to scrutinize
the largest and most extensive set of field theory simulations of domain walls, using the
PRS algorithm. Domain wall networks were simulated in FLRW expanding universes for a
wide range of expansion rates λ. These simulations allowed us to significantly improve the
analytic description of wall network evolution, based on the quantitative VOS model. We have
explicitly shown that a constant momentum parameter kw and chopping parameter cw cannot
fully reproduce the simulations for different expansion rates. Motivated by this mismatch,
we used phenomenological arguments to introduce an extended model, given by equations
(2.50). In this model the momentum parameter is described by a velocity-dependent function
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kw(v) (2.45), and there is a generalized energy loss function F (v) (2.47), which in addition
to chopping losses also includes scalar radiation of the walls. We did not address the issue
of possible losses to gravitational radiation, which is left for subsequent work. Fitting the
phenomenological parameters to the simulations, we found that energy losses due to creation
of sphere-like objects are typically subdominant in comparison with scalar radiation.

Also we revisited the role of damping mechanisms in the cosmological evolution of
topological defect networks, comparing and contrasting friction due to particle scattering and
the expansion of the universe as damping mechanisms capable of making the evolution of the
networks non-relativistic. In both cases the network can either be conformally stretched or
evolve in a Kibble scaling regime [36, 100]. In particular we have explicitly demonstrated
that a sufficiently large Hubble damping (that is a sufficiently fast expansion rate) eventually
leads to a linear scaling regime where the network is non-relativistic, but this is typically
preceded by a stretching regime counterpart which we characterize for the first time.

We have for the first time simulated domain wall networks in universes with very fast
expansion rates (from 1− λ = 0.03 to 1− λ = 10−7, for a ∝ tλ). In addition to confirming to
high accuracy the two scaling regimes, we have also used these simulations to improve the
calibration of the VOS model for the case of domain walls. This improvement stems both
from the wider range of expansion rates now available and from the inclusion of an estimated
systematic uncertainty in our error budget.

Additionally we have confirmed that the extended analytic model can describe both the
fixed expansion rate cases and the transition from the radiation to the matter-dominated era.
The latter one is an important test of the model, since the network is not scaling during the
transition (while the model parameters were calibrated from fixed expansion rate data in the
scaling regime).





Chapter 3

Strings with non-trivial internal
structure

As it was already demonstrated in sections 1.4 and 1.6, there are many different types of
possible strings. If we want to obtain accurate observational constraints on models that
produce strings, we need to be able to describe a variety of strings properties. Hence, in order
to achieve reliable observational constraints on the underlying early universe models from
cosmic string network phenomenology, one needs to develop an accurate description of cosmic
string network evolution, taking into account the distinctive features of different types of
cosmic strings. One way to accomplish this task is to conduct numerical simulations [115, 116].
This approach provides reliable results, but it is currently limited by computer capabilities,
especially for the case of cosmic strings with non-trivial internal structure (section 1.4.4).

The alternative – and largely complementary – semi-analytic approach for the description
of cosmic string network evolution is based on the VOS model (already presented in section
2.1). In this treatment it is much easier to add non-trivial features for cosmic strings (some
examples can be found in [44, 92, 106, 107, 109, 117–119]) allowing evolution over large
dynamical ranges that cannot be achieved by numerical simulations. However, as it was
emphasised in section 2.1, semi-analytic descriptions involve free parameters, which can only
be reliably calibrated by comparison to simulations. As a result, a combination of such
analytic descriptions and numerical simulations is at present the best approach for studying
the evolution of cosmic string networks with non-trivial properties.

One of such extensions is aimed to study superconducting cosmic strings. These strings
were described for the first time in [45] and can be found as an outcome of a wide range of
grand unified scenarios [26, 67, 120, 121]. These strings are characterized by the presence of
a worldsheet current. This can be caused by a coupling between the field forming the cosmic
string and other fields, by trapped charged fermion modes along the string [45] (which as we
saw is common in supersymmetric models [67, 122]), by trapped vector fluxes on non-Abelian
strings [123], and other specific mechanisms (for example symmetry breaking of an accidental
symmetry in SU(2) strings [124]).

In addition, it should be mentioned that the presence of a current enables the inclusion of
effective macroscopic properties. For example, it was shown that the small-scale structure
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(wiggles) is described by the elastic type of string and can be successfully mimicked by a
specific type of current [110, 125, 126].

In what follows, we will show quantitatively how the presence of currents on the string
worldsheet can affect the string network evolution. In particular, we obtain the general
microscopic description of strings with any type of current in the section 3.2. Then we move
on to study the effective macroscopic description of wiggly cosmic strings in the section
3.5. In the section 3.6 the description of superconducting string network evolution will be
presented, specifically for the chiral type of current.

3.1 Modifications of the Nambu-Goto action

3.1.1 The effective action for superconducting strings

In section 1.4.5 we already demonstrated how the approximation in the form of the Nambu-
Goto action can be obtained from the original 3 + 1-dimensional field theory description.
Let’s review the approach that leads to extension of the Nambu-Goto action caused by the
current inside the string core (the field theory description is given in sections 1.4.4, 1.6) [45].
To do so, we need to recall the string-like solution from section 1.4.4. Instead of studying
the numerical solution of the equations, as it was done above, we consider small fluctuations
of the field σ around the ϕ background. For this purpose we write the equations of motion
for the σ field from the Lagrangian (1.31) keeping only terms linear in σ terms and putting
Ãµ = 0

∂µ∂µσ + σ
(
4g|ϕ|2 − λ̃η̃2

)
= 0. (3.1)

Let’s use the ansatz σ = eiωtσ0(r) to equation (3.1) in cylinder coordinates. This allows
us to obtain the following equation [45](

∂2
r + 1

r
∂r

)
σ0 =

(
U(r)− ω2

)
, (3.2)

where U(r) is defined by the string profile, and hence has following boundary values U(0) =
−λ̃η̃2, U(∞) = 4η2g − λ̃η̃2.

Equation (3.2) is similar to the Schrödinger equation for the motion of a particle in the
potential U(r). Therefore, to have a bound state for the system (3.2), the following relation
should be satisfied 4η2g > λ̃η̃2, which is exactly the condition to have superconducting strings
(see section 1.4.4). The presence of the bound state for the field σ means that the string is
stable when σ ̸= 0, which guarantees the non-trivial structure inside the string core [45].

Considering small fluctuations of the field σ, we can obtain an effective action for the
infinitely thin string, in a similar way as it was done in section 1.4.5 for the Nambu-Goto
action. We can write small excitations of the σ field in the form

σ = eiθ(z,t)σ0(r), (3.3)

where θ is an arbitrary slowly varying function [45].
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Similarly, the vector field Ãµ(z, t) can be chosen to be a slowly varying function of
coordinates t, z. Recalling that in the string core we anticipate ϕ = 0 and Aµ = 0, we can
rewrite the Lagrangian (1.31) in the form of the action

SW = −1
4

∫
F̃µνF̃

µνd4x+K

∫ (
∂aθ + ẽÃa

)2
dzdt, (3.4)

where a = 0, 1 runs over t, z coordinates and K is a constant which appeared from the
integration over x, y coordinates.

Thus, the current on the string worldsheet for the action (3.4) can be written as

Ja = −2Kẽ (∂aθ + ẽAa) = qεabγ
bc∂aφ, (3.5)

where q = ẽ
√

2K, εab is the Levi-Civita symbol and the last identity was obtained from the
fact that any two dimensional conserved current can be represented as a derivative of a scalar
field φ.

As a result, we can substitute the field φ in the action (3.4) and apply the same method
as in the section 1.4.5, i.e. change coordinates Xµ to ξµ and take the limit of infinitely
thin strings. Carrying out all steps listed above, one can obtain the effective action for the
infinitely thin string, which takes into account the presence of non-trivial internal structure
(for more details see [35])

SW =
∫ √
−γ

(
−µ0 + 1

2γ
abφ,aφ,b − qÃµxµ,aEabφ,b

)
dσ0dσ1, (3.6)

where Eab = εab
√

−γ is the covariant Levi-Civita tensor.

We see from the action (3.6) that the Nambu-Goto action should be modified for stings
with non-trivial internal structure. Let’s introduce relevant parameters, which are needed
to investigate the string properties. At first, using the definition in (2.5), we can obtain the
tension T and the mass per unit length U from 3 + 1-dimensional field theory with following
relations [127, 128]

Tµν u
ν = Uδµνu

ν ,

Tµν v
ν = Tδµν v

ν ,
(3.7)

where uν , vν are orthonormal time-like and space-like eigenvectors of the energy-momentum
tensor Tµν with corresponding eigenvalues U , T respectively.

The energy-momentum tensor on the string worldsheet T ab is related to the space-time
energy-momentum tensor Tµν (3.7) by the coordinate transformation

Tµν = T abxµ,ax
ν
,b. (3.8)

Having the definition of the mass per unit length U and the tension T , we can define
the speed υE of transverse perturbations (which are called wiggles) and the speed υL of
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longitudinal perturbations (which are called jiggles or woggles) (details can be found in [128])

υ2
T = T

U
,

υ2
L = −dT

dU
.

(3.9)

The quantities introduced above are important for the string properties description. In
this way, the action developed by Witten (3.6) is supposed to be able to mimic the main
features of the original four dimensional field theory model of the superconducting string
(1.31). However, further study of the effective action (3.6) revealed that this action requires
generalization [129]. Moreover, and what is more important, the original model of the
superconducting string, described by the Lagrangian (1.31), is supersonic, i.e. υT > υL. This
means that wiggles on this string propagate faster than jiggles. On the other hand, the
effective action (3.6) describes the subsonic type of strings [130], i.e. υT < υL. This, in turn,
means that wiggles propagate on the string slower than jiggles. As a result, the alternative
phenomenological action was suggested to settle down this inconsistency [131, 132]

Sm =
∫ √
−γ

(
−µ0 −

κ

2

(
1 + κ

µ∗

)−1
)
dσ0dσ1

magnetic regime: κ > 0,

Se =
∫ √
−γ

(
−µ0 − µ∗ ln

(
1 + κ

µ∗

))
dσ0dσ1

electric regime: κ < 0,

(3.10)

while in the weak current limit

Sweak =
∫ √
−γ

(
−µ0 −

κ

2

(
1 + κ

µ∗

))
dσ0dσ1, (3.11)

where κ = κ0γ
abφ;aφ;b with the gauge-covariant derivative and µ∗, κ0 are positive constants.

3.1.2 The effective action for wiggly strings

It was shown above that some models with non-trivial structure on the string worldsheet
lead to modifications of the Nambu-Goto action. However, these extensions can be caused
not only by the presence of additional fields on the string worldsheet. There are situations
in which the effective current on the worldsheet plays the role of the effective description of
string macroscopic properties. This is the important case of wiggly strings1 (see figure 3.1).
Wiggles unavoidably appear on small scales during string evolution. Their presence on a
microscopic scale affects macroscopic properties of the string. In particular, it was shown that
microscopic string excitations can be effectively taken into account at a macroscopic level,
independently of the noise details [125]. Later on, it was argued that the transonic elastic
string model can effectively describe wiggles [126]. Here transonic means that transverse

1Wiggles here has the same meaning as in the previous section, scilicet, transverse perturbations on a
string.
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� �Length of averaging 21
Fig. 3.1 The averaging over wiggly strings. The typical size of wiggles is smaller than the
averaging length and can be taken into account effectively by introducing the Lagrangian
(3.12). Parameter ω takes into account the presence of small-scale structure, as less ω, as
more wiggles inside the averaging length.

and longitudinal perturbations propagate with the same speed υT = υL. Elasticity implies
presence of a specific form of the current on the string worldsheet, which leads to the action

Swiggly = −µ0

∫ √
−γ (1− κ). (3.12)

Having the effective action (3.12) and using definitions (2.5) and (3.7), one can show that
the tension and the mass per unit length obey the equation of state

UT =µ2
0,

U = µ0/ω, T = µ0ω,
(3.13)

where ω =
√

1− κ.
It was shown that the exact form of the equation of state (3.13) appears on a macroscopic

scale for wiggly strings [133]. It should be noted that from equation (3.13) it follows that the
transverse and longitudinal speeds are equal, as it is supposed to be for the transonic model

υ2
T = T

U
= υ2

L = −dT
dU

= ω2. (3.14)

The ratio (3.14) implies that ω ≤ 1, the usual Nambu-Goto action (1.36) is recovered
when ω = 1. We anticipate to recover the Nambu-Goto action when the averaging length
has similar size compared to the size of wiggles. At the same time we depart from the
Nambu-Goto action as the size of averaging becomes bigger than the typical size of wiggles
(see figure 3.1).

The effective action (3.12) allows us to study the wiggly string network. In particular, by
using the VOS model approach, described in the section 2.1, it is possible to obtain evolution
equations for the wiggly string network. We do this below.

3.2 General microscopic equations for strings with current

As we already saw in the section 3.1, strings with non-trivial structure require an extension of
the Nambu-Goto action. As was shown before, to obtain an effective two-dimensional action
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of a string-like object from a 3 + 1-dimensional field theory, one can follow the procedure
of [45]. This coarse-graining approach leads to loss of some string features compared to the
original description. As a result, there is only a phenomenological approach to reproduce
properties of the original model correctly (details in section 3.1.1). On the other hand, one
is often interested in averaged equations of motion and these can be the same for different
Lagrangians (for an explicit example see [106]). Thus, focusing on deriving the exact form
of the Lagrangian is not necessarily the most productive route to obtaining accurate string
network evolution.

Bearing in mind the subtleties described above, we consider the general form of a two-
dimensional Lagrangian involving an arbitrary function of a string current. First, as it was
already mentioned in section 3.1.1, let’s note that a current on a two-dimensional space can
be represented as a derivative of a scalar field ϕ,

Ja = ϕ,a. (3.15)

We can thus build three possible terms "living" on the worldsheet, out of which the
Lagrangian will be constructed

[1]: ϕ,aϕ,bγab = κ,

[2]: εacεbdγabγcd = γ,

[3]: εacεbdγabϕ,cϕ,d = ∆.
(3.16)

The term ∆ is motivated by the Dirac-Born-Infeld (DBI) action for cosmic strings (relevant
studies can be found in [134], [135] and [109]).

Taking into account the three possible terms in (3.16) we can write down the general
form of the action generalising the Nambu-Goto action to the case of a string with current

S = −µ0

∫
f(κ, γ,∆)

√
−γd2σ. (3.17)

The arbitrary choice of the function f(κ, γ,∆) can break reparametrisation invariance of
the generalized action (3.17). In order to preserve invariance of the action under reparametriza-
tions, the last two terms of (3.16) should be connected in the following way f(κ,∆/γ).
Hereinafter, for the sake of simplicity, the function f(κ,∆/γ) in equations will be denoted as
f .

Assuming that cosmic strings are moving in a flat FLRW background metric (1.1), we
can build the energy-momentum tensor from the action (3.17)

Tµν(y) = µ0√
−g

∫
d2σ
√
−γδ(4)(y − x(σ))(

Ũ ũµũν − T̃ ṽµṽν − Φ(ũµṽν + ṽµũν)
)
,

(3.18)
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where ũµ =
√
εẋµ

(−γ)1/4 and ṽµ = x′µ
√
ε(−γ)1/4 are orthonormal timelike and spacelike vectors

respectively (ũµũµ = 1, ṽµṽµ = −1) and

Ũ = f − 2∂f
∂γ

∆
γ

+ 2γ00∂f

∂κ
ϕ̇2 + 2γ11 ∂f

∂∆ϕ′ 2, (3.19)

T̃ = f − 2∂f
∂γ

∆
γ

+ 2γ11∂f

∂κ
ϕ′ 2 + 2γ00 ∂f

∂∆ ϕ̇2, (3.20)

Φ = 2√
−γ

(
∂f

∂κ
− ∂f

∂∆

)
ϕ′ϕ̇ . (3.21)

It is important to note that for this modification of the Lagrangian, the energy-momentum
tensor (3.18) has non-diagonal terms induced by the presence of the current. Let us obtain
the equations of motion for the action (3.17) using the definitions of Ũ in (3.19), T̃ in (3.20)
and Φ in (3.21). Variation of the action (3.17) with respect to xµ and ϕ gives

∂τ (εŨ) + ȧ

a
ε
(
ẋ2(Ũ + T̃ ) + Ũ − T̃

)
= ∂σΦ, (3.22)

ẍεŨ + ẋε ȧ
a

(
1− ẋ2

) (
Ũ + T̃

)
= ∂σ

(
T̃

ε
x′
)

+ x′
(

2 ȧ
a

Φ + Φ̇
)

+ 2Φẋ′, (3.23)

∂τ

((
∂f

∂κ
+ ∂f

∂∆

)
εϕ̇

)
= ∂σ

((
∂f

∂κ
+ ∂f

∂∆

)
ϕ′

ε

)
. (3.24)

As can be seen from the equations of motion (3.22) and (3.23), string dynamics does
not depend explicitly on the form of the current contribution f(κ,∆/γ). The dynamics of
the string is defined completely by Ũ , T̃ and Φ, which can be associated to mass per unit
length and string tension. Indeed, it is only the dynamics of ϕ itself – equation (3.24) –
that explicitly depends on ∂f/∂κ and ∂f/∂∆. This provides us an alternative approach
to studying string dynamics effectively, without an explicit connection between an effective
Nambu-Goto-like action and the original field theory model. One can instead study the
behaviour of Ũ , T̃ and Φ in the original four-dimensional model in the framework of field
theory (as it was done for example in [49, 50, 136–138]) and then insert the dynamics of Ũ ,
T̃ and Φ in the equations of motion (3.22) and (3.23).

Additionally, we note that one can easily generalize the equations of motion (3.22)-(3.24)
to include any number of uncoupled scalar fields, associated to corresponding currents. In
this case, we can simply rewrite the variables κ and ∆ as

κi = γabϕ
,a
i ϕ

,b
i , ∆i = εacεbdγabϕi,cϕi,d , (3.25)

where the index i runs over the number of fields. There is no summation over i; if a sum over
this index is to be taken it will be written explicitly.
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Definitions (3.19), (3.20) and (3.21) in the case of multiple currents generalise to

Ũ = f + 2
∑
i

(
γ00 ∂f

∂κi
ϕ̇i

2 + γ11 ∂f

∂∆i
ϕ′ 2
i −

∂f

∂γ

∆i

γ

)
, (3.26)

T̃ = f + 2
∑
i

(
γ11 ∂f

∂κi
ϕ′ 2
i + γ00 ∂f

∂∆i
ϕ̇i

2 − ∂f

∂γ

∆i

γ

)
, (3.27)

Φ = 2√
−γ

∑
i

(
∂f

∂κi
− ∂f

∂∆i

)
ϕ′
iϕ̇i. (3.28)

With definitions (3.26)-(3.28) the form of the energy-momentum tensor (3.18) and the
equations of motion (3.22)-(3.23) stay unchanged. On the other hand, the equation of motion
for the scalar field (3.24) is substituted by the set of equations

∂τ

((
∂f

∂κi
+ ∂f

∂∆i

)
εϕ̇i

)
= ∂σ

((
∂f

∂κi
+ ∂f

∂∆i

)
ϕ′
i

ε

)
. (3.29)

We see, therefore, that if we extend the action (3.17) to include additional scalar fields
ϕi, the structure of the equations of motion together with the form of the general energy-
momentum tensor remains unchanged; we only need to add a new index i to κ and ∆. This fact
will be useful in our considerations below. For now, let us diagonalise the energy-momentum
tensor (3.18) and use the definition of the mass per unit length and tension (3.7). The
eigenvalues U , T are related to the original Ũ , T̃ and Φ in (3.19)-(3.21) by

U = µ0/2
(
Ũ + T̃ + ∆Φ

)
,

T = µ0/2
(
Ũ + T̃ −∆Φ

)
,

(3.30)

while the eigenvectors can be expressed in terms of the original ũµ and ṽµ as

uµ = aũµ +
√
a2 − 1ṽµ,

vµ =
√
a2 − 1ũµ + aṽµ,

(3.31)

with
a = 1

2

[
1 + Ũ − T̃

∆Φ

]
and

∆Φ =
√

(Ũ − T̃ )2 − 4Φ2 .

The passage from the equations of motion of a single string segment to an effective
description of a whole network of strings is done through an averaging procedure [88]
leading to the VOS model for cosmic strings. Following this approach, we begin by dotting
equation (3.23) with vectors ẋ and x′ and using the property of our parametrization ẋ ·x′ = 0
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to obtain

ẋ · ẍεŨ + ẋ2ε
ȧ

a

(
1− ẋ2

) (
Ũ + T̃

)
= T̃

ε
ẋ · x′′ − 2Φẍ · x′, (3.32)

x′ · ẍεŨ − x′ · x′′ T̃

ε
+ 2Φx′′ · ẋ = x′2

(
2 ȧ
a

Φ + Φ̇ + T̃ ′

ε
− T̃

ε2 ε
′
)
. (3.33)

Using the expression ε′

ε = x′·x′′

x′2 − x′·ẍ
1−ẋ2 we can eliminate the terms proportional to ε′ and

x′ · ẍ obtaining the equation

ẋ · ẍεŨ + ẋ2ε
ȧ

a

(
1− ẋ2

) (
Ũ + T̃

)
− T̃

ε
ẋ · x′′ =

= 2Φ1− ẋ2

Ũ − T̃

(
T̃ ′ + ε

(
2 ȧ
a

Φ + Φ̇− 2Φx′′ · ẋ
x′2

))
.

(3.34)

As a result, we obtained the system of equations (3.22) and (3.34), for any kind of currents.
These equations are determined only by Ũ , T̃ and Φ parameters, which in principle can
be studied numerically from the field theory approach. The general connection between Ũ ,
T̃ and Φ with worldsheet current is defined by the equations (3.26)-(3.28). Later we will
consider how we can average these equations and apply them to the string network.

3.3 Exact solution in Minkowski space for chiral current

In this section we consider the most general action (3.17) in Minkowski space for the string
with a "chiral" current2

∆, κ→ 0 (3.35)

described by an arbitrary function f(κ,∆/γ).

To consider this situation, at first we need to obtain the equations of motion, and then we
need to take the limit (3.35). The equations of motion for the action (3.17) can be written in
the form

∂a
(
Tabxµ,b

)
= 0, (3.36)

∂a
(
Sabϕ,b

)
= 0, (3.37)

with
Tab =

√
−γ

(
γabf + θab

)
, (3.38)

2Chiral type of current doesn’t mean that the current disappears, it just means that the current is described
by a null (light-like) vector.
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with θab = 2
(
∂f
∂κγ

acγbd + 1
γ
∂f
∂∆ε

acεbd
)
ϕ,cϕ,d and

Sab =
√
−γ

(
γab

∂f

∂κ
+ 1
γ

∂f

∂∆εacεbdγcd

)
, (3.39)

where the limit (3.35) has been taken.
We try to find a parametrisation of the worldsheet such that the usual (without current)

equations of motion for the string are valid

∂a
(
ηabxµ,b

)
= 0, (3.40)

which requires that
Tab = ηab, (3.41)

where ηab is a 2x2 Minkowski metric.
In order to show that it is possible to chose such a parametrization, to satisfy relations

(3.40) and (3.41), we will follow the method elaborated in [139], i.e. we will study the Tab

determinant3

detTca = −det (fδca + θca) = −f2 − fTrθca − det θca. (3.42)

If the expression (3.42) is equal to detηca = −1, there should exist the parametrization
that allows to satisfy conditions (3.40), (3.41). Let’s consider the terms in the expression
(3.42) separately. At first we can calculate the determinant of the θca

det θca = εcdε
abθcaθ

d
b ∼ εcdεab(ϕ,aϕ,c)(ϕ,bϕ,d)︸ ︷︷ ︸

=0 (since ϕ,aϕ,b = ϕ,bϕ,a)

+

+ εcdε
ab(εamϕ,mεckϕ,k)(εdpϕ,pεbnϕ,n) + εcdε

ab(εamϕ,mεckϕ,k)(ϕ,dϕ,b) =

= δkdδ
b
m(ϕ,mϕ,k)(εdpϕ,pεbnϕ,n) + δkdδ

b
m(ϕ,mϕ,k)(ϕ,dϕ,b) = 0.

(3.43)

We demonstrated that the third term in the expression (3.42) is zero. Let’s consider the
second one

Trθca = θaa ∼ (ϕ,aϕ,a)︸ ︷︷ ︸
=0 (chirality)

+εabϕ,bεadϕ,d = δdbϕ
,bϕ,d = ϕ,bϕ,b︸ ︷︷ ︸

=0 (chirality)

= 0. (3.44)

We didn’t include f derivatives in equations (3.43), (3.44), because each term in these
expressions is equal to zero separately. To see that (3.42) is equal to −1 we need to recall
that f → 1 for the chiral current. As a result, for chiral currents it is possible to choose a
parametrization that leads to equations of motion (3.40). The general solution of equations
(3.40) is

x = 1
2 (a(σ + τ) + b(σ − τ)) . (3.45)

3Note the absence of µ0 comparing with [139]. This happens due to the fact that we can take out the
constant µ0 for the action (3.17).
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where a(σ + τ) and b(σ − τ) are arbitrary vector-valued functions.
We still need to consider the equation for the field ϕ (3.37). Using the identity (3.39), we

rewrite the equation (3.37) explicitly

∂a

(√
−γ

(
γab

∂f

∂κ
+ 1
γ

∂f

∂∆εacεbdγcd

)
ϕ,b

)
=

= ∂a

√−γ
ϕ,a∂f

∂κ
− ∂f

∂∆ EacEbdγcdγbk︸ ︷︷ ︸
=δa

k

ϕ,k


 =

= ∂a

(√
−γγab

(
∂f

∂κ
− ∂f

∂∆

)
ϕ,b

)
= 0,

(3.46)

where we used the tensor Eab = 1√
−γ ε

ab instead of the Levi-Civita symbol. This was done to
allow the manipulation of Eab indices by the metric γab.

At the same time, it is seen that from equations (3.41) and (3.38) we can obtain the
following relations

√
−γγab = Tab −

√
−γθab,

√
−γεacεbdγcd = εacεbd

(
Tcd −

√
−γθcd

)
.

(3.47)

Let’s use the calculated expressions (3.47) in equation (3.46). Recalling the proven identity
(3.41), we obtain the following construction

∂a

[(
ηab −

√
−γθab

)(∂f
∂κ
− ∂f

∂∆

)
ϕ,b

]
= 0, (3.48)

where the multiplier inside brackets can be simplified as

(
ηab −

√
−γθab

)
ϕ,b = ηabϕ,b − 2

√
−γ

(
∂f

∂κ
γacγbd + 1

γ

∂f

∂∆εacεbd
)
ϕ,cϕ,dϕ,b =

= ηabϕ,b − 2
√
−γ

∂f
∂κ
γacϕ,c ϕ

,bϕ,b︸ ︷︷ ︸
=0

+ 1
γ

∂f

∂∆εacϕ,c ε
bdϕ,dϕ,b︸ ︷︷ ︸

=0

 = ηabϕ,b.

(3.49)

Combining all results together, the final equation for the field ϕ can be expressed as

∂a

[(
∂f

∂κ
− ∂f

∂∆

)
ηabϕ,b

]
= 0, (3.50)

Using the condition θabϕ,aϕ,b = 0 together with (3.38) and (3.41), one can conclude that

ηabϕ,aϕ,b = 0. (3.51)

Let’s recall that ∂f
∂κ and ∂f

∂∆ are constants for the chiral current. As a result, assuming
that ∂f

∂κ −
∂f
∂∆ ̸= 0, the general solution of equations (3.50), (3.51) is

ϕ = F (σ ± τ), (3.52)
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where for the later discussion we will chose the + sign, which does not reduce the generality
of the consideration.

We found the general solution for the string with a chiral current. However, there are
some additional constraints that should be imposed. These conditions can be obtained by
considering the metric γab. The equation for the metric components comes from the chiral
condition

γ00 + γ11 + 2γ01 = 0 or γ00 + γ11 − 2γ01 = 0. (3.53)

Using the definition γab = xµ,axµ,b for (3.53), we obtain the equation

ẋµẋµ + xµ′x′
µ − 2ẋµx′

µ =
(
ẋµ − xµ′) (ẋµ − x′

µ

)
= 0, (3.54)

which allows us to conclude that

|b′| = 1. (3.55)

Using the identity θabθbc = 0 and (3.41) together with the fact that θab, γab are symmetric,
we can conclude that

1√
−γ

(γab − θab) = ηab. (3.56)

Calculating the "01" components in the equation (3.56), we conclude that

γ01 = 1
4
(
1− |a′|2

)
. (3.57)

and with the condition (3.56), one can obtain the final connection between the solution (3.45)
and (3.52)

1− |a′|2 = 8
(
∂f

∂κ
− ∂f

∂∆

)
F ′2. (3.58)

One can show that components "00" and "11" for the equation (3.56) coincide with
equation (3.58). As a result, we obtained the general solution for the superconducting string
(3.45, 3.52) together with condition (3.58) for any type of the chiral current. The difference
between the obtained solutions and the previously studied particular cases [140], [141], [139]
appears only in the multiplier

(
∂f
∂κ −

∂f
∂∆

)
in the equation (3.58).

3.4 General macroscopic equations for strings with current

In the previous section 3.2 we developed the microscopic description for strings with any
type of currents, which is defined by an arbitrary function f(κ,∆/γ). In this section we will
average microscopic equations and subsequently apply them to the string network description.
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To do so, let’s introduce the additional macroscopic parameter

E = µ0a

∫
Ũεdσ . (3.59)

We will call the macroscopic quantities (3.59), (2.6), (2.7) as the total energy, the ’bare’
energy (without the contribution from the current) and rms velocity respectively. Using these
definitions we proceed to average equations (3.22) and (3.34) finding

Ė + ȧ

a
E
(
υ2 (1 +W )−W

)
=
〈
Φ′/ε

〉
E0, (3.60)

υ̇ + υ
ȧ

a

(
1− υ2

)
(1 +W )− (1− υ2)k(υ)

Rc
=

=
〈

2 Φ
Ũ

1− ẋ2

1− T̃ /Ũ

(
T̃ ′

ε
+ 2 ȧ

a
Φ + Φ̇− 2Φx′′ · ẋ

x′2

)〉
,

(3.61)

where ⟨...⟩ =
∫
... εdσ∫
εdσ

denotes the (energy-weighted) averaging operation, the same as it was
used in section 2.7.

Here, we have defined W =
〈
T̃ /Ũ

〉
and introduced the average comoving radius of

curvature of strings in the network, Rc, and the curvature parameter, k(υ), satisfying〈
ẋ
ε ·
(

x′

ε

)′
〉

= k(υ)
Rc

υ(1−υ2). For ordinary cosmic strings, an accurate ansatz for the curvature
parameter as a function of velocity has the form (2.9) [89]. We assume that this function
stays valid for strings with currents as well.

Following the procedure of [88, 89], we rewrite the averaged equations of motion (3.60-3.61)
in terms of more convenient macroscopic variables: the comoving characteristic length Lc

and the comoving correlation length ξc, which are related to the energies in (2.6), (3.59) by
the following expressions

E = µ0V

a2L2
c

and
E0 = µ0V

a2ξ2
c

,

where V is the volume over which the averaging has been performed. In addition, we employ
the VOS model approximation that the average radius of curvature of cosmic strings in the
network is equal to the correlation length, i.e. Rc ≈ ξc. Assuming further that the averaged
macroscopic quantities can be split as

〈
ΦŨ T̃

〉
= ⟨Φ⟩

〈
Ũ
〉〈
T̃
〉

we obtain the following system
of equations

2L̇c = ȧ

a
Lc
(
υ2 (1 +W )−W + 1

)
−
√

1− υ2Q,s

Û
, (3.62)
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υ̇ + υ
ȧ

a

(
1− υ2

)
(1 +W )− (1− υ2)k(υ)

ξc
=

= 2Q
Û

1− υ2

1−W

(√
1− υ2 T̂,s + Q̇+ 2Q

(
ȧ

a
− k(υ)υ

ξc

))
,

(3.63)

where ⟨Φ⟩ = Q,
〈
Φ̇
〉

= Q̇, Û =
〈
Ũ
〉
, T̂ =

〈
T̃
〉
, the correlation and characteristic lengths

are related by ξc = Lc
√
Û and a new derivative variable ,s = ∂

∂s has been introduced,
corresponding to the parametrization ds =

√
x′2dσ.

Equations (3.62-3.63) are the averaged macroscopic equations describing a network of
cosmic strings with a current. It is apparent that scaling solutions (Lc = ϵcτ, υ = const
when a ∝ τn with ϵc and n constants [88, 89]) exist if the averaged quantities Û , T̂ and Q

are appropriately restricted. In particular we see from (3.62)-(3.63) that scaling behaviour –
typical for ordinary string networks – can arise when Û , T̂ , Q = const, while T,s and Q,s ∼ 1/τ .
Additionally, the requirement of a well-defined ϵc implies the condition

υ2 <
2 + n(W − 1)
n(W + 1) . (3.64)

Equation (3.64) relates the rms string velocity υ to the ratio W =
〈
T̃ /Ũ

〉
for a given

expansion rate (characterisd by n) for a cosmic string network with currents. These general
relations will be useful when we consider the special case of a wiggly string network.

3.5 Wiggly model

In this section we consider in detail the particular form of the current for the case of wiggly
cosmic strings. This model was developed as an effective description of small-scale structure
on cosmic strings [110, 125, 126]. By applying a suitable phenomenological Lagrangian, the
evolution of wiggly string networks was studied in [107, 142]. However, a great deal about
the dynamics and scaling behaviour of the network can be understood by focusing on the
equation of state for wiggly strings, without specifying the precise form of the Lagrangian.

The equation of state for wiggly strings is (3.13). We will use more convenient averaged
variables that were defined above and form the following equation of state

Û T̂ =1 ,
Û = µ, T̂ =1/µ, Q = 0 ,

(3.65)

where µ is a dimensionless parameter quantifying the amount of wiggles on the string, and
µ = 1 corresponds to the usual Nambu-Goto string.

Applying the equation of state (3.13) to the averaged equations of motion (3.62) and (3.63)
we obtain

2dLc
dτ

= ȧ

a
Lc

[
1 + υ2 − 1− υ2

µ2

]
, (3.66)
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dυ

dτ
=
(
1− υ2

) [ k(υ)
Lcµ5/2 −

ȧ

a
υ

(
1 + 1

µ2

)]
. (3.67)

Note that the comoving correlation length is connected to comoving characteristic length
by the following relation ξc = √µLc.

We can now include an energy loss term F (υ, µ) on the right-hand side of equation (3.66)
and assume scaling behaviour of the network Lc = ϵτ (while ξc = ξ0τ). Note that in this case
the previously obtained constraint (3.64) has the form

v2 <
2/n− 1 + 1/µ2

1 + 1/µ2 , (3.68)

where, in the scaling regime, µ is a constant.

The expression (3.68) means that the rms string velocity has an upper limit, determined
by the expansion rate n and amount of wiggles µ on the string; this is illustrated in figure 3.2.

Fig. 3.2 The constraint (3.68) on the square of the rms velocity, v2, depending on the expansion
rate n and the amount of wiggles µ.

It is important to note that this restriction was obtained just by using the equation of
state for wiggly cosmic strings (3.13) in our general equation (3.62). This means that any
Lagrangian suitable for wiggly string description (i.e. any choice of f(κ,∆/γ) satisfying (3.13)
for the equation of state) cannot change this relation. Moreover, it is valid for any energy
loss function F (v, µ). Thus, any wiggly cosmic string network with any energy loss function
of the form F (v, µ) must satisfy the constraint (3.68).
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To get a feeling for the size of the maximum network velocity in (3.68) we consider two
limiting cases: strings without wiggles (µ = 1) and highly wiggly strings (µ→∞):

v2 < 1/n (µ = 1), (3.69)

v2 < 2/n− 1 (µ→∞). (3.70)

As seen from (3.69), for strings without wiggles only very fast expansion rates n can
cause a significant restriction to the string network velocity, while for highly wiggled strings
the limit (3.70) provides a severe constraint even when n = 2 (matter domination era). For
wiggly strings with µ = 1.5 in the matter domination era (n = 2) the velocity is limited as
v2 < 0.3, which is close to the values of rms velocities from field theory simulations [116] in
the matter domination era.

Let us now study the full description of the wiggly cosmic string network model [107, 142]
described by the action (3.12). The derivation of the averaged equations of motion for this
model can be found in [107, 142]. We will use the final system of equations in the following
form (where we have omitted the term responsible for scale dependence)

2dLc
dτ

= ȧ

a
Lc

[
1 + υ2 − 1− υ2

µ2

]
+ cfaυ√

µ
, (3.71)

dυ

dτ
=
(
1− υ2

) [ k

Lcµ5/2 −
ȧ

a
υ

(
1 + 1

µ2

)]
, (3.72)

1
µ

dµ

dτ
= υ

L
√
µ

[
k

(
1− 1

µ2

)
− c(fa − fo − S)

]
−

− ȧ

a

(
1− 1

µ2

)
,

(3.73)

where the three functions fa(µ), f0(µ) and S(µ) quantify energy loss/transfer:

2
(
dξ

dt

)
only big loops

= cf0(µ)υ, (3.74)

2
(
dL

dt

)
all loops

= cfa(µ)υL
ξ
, (3.75)

2
(
dξ

dt

)
energy transfer

= cS(µ)υ . (3.76)

Let’s notice that in (3.74-3.76) ξ = ξca, L = Lca are the physical (rather than comoving)
lengthscales corresponding to ξc and Lc.

The term f0(µ) accounts for the energy loss due to the formation of big loops. Here, “big"
means that they are formed by intersections of strings separated by distances of order the
correlation length ξ or by self-intersections at the scale of the radius of curvature R ≈ ξ.
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The function fa(µ) describes the energy loss caused by all types of loops, and the difference
fa(µ) − f0(µ) corresponds to the energy loss by small loops only, which is driven by the
presence of wiggles.

In order to reproduce correctly the original model without wiggles, we can use the energy
loss/transfer functions as discussed in [142]

f0(µ) = 1, (3.77)

fa(µ) = 1 + η

(
1− 1
√
µ

)
, (3.78)

S(µ) = D(1− 1
µ2 ), (3.79)

where D and η are constants.
Thus, the evolution of a wiggly string network is described by the system of ordinary

differential equations (3.71)-(3.73), which, in view of equations (3.77)-(3.79) includes three
free constant parameters c, D and η [142]:
• c is the “loop chopping efficiency" parameter quantifying how much energy the network

loses due to the production of ordinary loops;
• η is a parameter describing the energy loss enhancement due to the creation of small

loops caused by the presence of wiggles;
• D is a parameter quantifying the amount of energy transferred from large to small

scales.
By making different choices of parameters c, η and D we can explore the effects of the

energy loss/transfer mechanisms described above on the evolution of the string network. Note
that c has been measured in Abelian-Higgs and Goto-Nambu simulations to be c = 0.23±0.04
[98, 144], but there are no such measurements for the other two parameters. We have chosen
to vary parameter D, keeping η fixed, which allows us to cover a wide range of µ values. Fixing
D and increasing η is equivalent to decreasing the amount of wiggles and an effective change
of c, which is already covered from our variation of D with fixed η. Let us solve equations for
the network evolution numerically and see how these phenomenological quantities change
the evolution of the string network. In the figure 3.3 we present the solution of differential
equations (3.71-3.73) for the "real" universe, whose evolution is defined by equation (1.10).
Equations are numerically solved in the modified CMBact code [143], since we will use these
results to study the CMB anisotropies in the section 5.2.

It is important to note that in order to have an attractor scaling solution when a ∝ τn

the following condition must be satisfied

η >
D
(
1− 1/µ2)

1− 1/√µ . (3.80)

Physically, this means that in order to achieve a scaling solution, small scale structure
should be able to lose energy (controlled by parameter η) faster than it receives the energy



70 Strings with non-trivial internal structure

z

υ

zz

μ

η=3, c=0.23, 10*D=

       5.50
       6.00
       6.50
       6.75
       7.00
       7.25
       7.50
       7.75
       8.00  
 

α=2

       0.00

L
c/
τ

Fig. 3.3 Evolution of the rms velocity υ, comoving characteristic length Lc and amount of
wiggles µ as a function of redshift z for wiggly cosmic string networks with different values of
the parameter D, obtained by a modified version of the CMBact code [143]. The horizontal
dashed red and blue lines correspond to the usual (without wiggles; µ = 1) scaling regimes
for radiation (red shaded area) and matter domination (blue shaded area) epochs respectively.
Note that the horizontal (redshift) axis is depicted in a linear scale in the redshift range
0 < z < 1 and in a logarithmic scale for z > 1.

from large scales (controlled by parameter D). When the condition (3.80) is violated, energy
accumulates at small scales and there is no stable scaling regime for these wiggly cosmic
strings. In practice, the condition (3.80) is used as a guide for estimating the range of
variation of D. The situation when the scaling solution is not an attractor implies limitations
to possible values of υ, µ and ϵ (details in the next section 3.5.1).

3.5.1 Scaling solutions and their stability for wiggly string networks

As we discussed above, the system of differential equations (3.71-3.73) has a scaling solution
in the form: L = ϵτ , υ, µ, ϵ = const. The presence of this solution doesn’t mean that it is an
attractor (a similar question was raised and studied in the paper [142]). Let’s show that it is
the case for some combinations of υ, µ, ϵ. It means that these asymptotic values cannot be
reached by the wiggly string network, described by equations (3.71-3.73), at all.
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Let’s define some additional functions for convenience f2(µ) = c(f0(µ) + s(µ)), f1(µ) =
fa(µ). Thus, we can rewrite the system of differential equations for the scaling variables

ϵ̇τ = 1
2

(
nϵ

[
1 + υ2 − 1− υ2

µ2

]
+ υcf1(µ)

√
µ

)
− ϵ = F1(υ, ϵ, µ),

υ̇τ =
(
1− υ2

) [ k

ϵµ5/2 − nυ
(

1 + 1
µ2

)]
= F2(υ, ϵ, µ),

µ̇τ = µ

[(
υk

ϵ
√
µ
− n

)(
1− 1

µ2

)
− υ

ϵ
√
µ

(cf1(µ)− sf2(µ))
]

= F3(υ, ϵ, µ),

(3.81)

where we introduced the functions F1(υ, ϵ, µ), F2(υ, ϵ, µ), F3(υ, ϵ, µ).
The system of equations (3.81) has scaling solutions when the phenomenological parameters

are related to the asymptotic scaling values by the following expressions

c = f1(µ)−1√µ ϵ
υ

(
2− n

[
1 + υ2 − 1− υ2

µ2

])
,

k = ϵµ5/2nυ

(
1 + 1

µ2

)
,

s =
(
cf1(µ) +

(
nϵ
√
µ

υ
− k

)(
1− 1

µ2

))
f2(µ)−1.

(3.82)

Fig. 3.4 Scaling solutions for wiggly string networks with different values of υ and µ, when
n = 2. The same color corresponds to the same value of υ∗ (left panel) and ten different
values of µ∗ are chosen to fix c, s and k. Similarly for the right panel: different colors
correspond to different values of µ∗ and the same color for ten different values of υ∗. Dashed
lines correspond to υ∗, µ∗ and solid lines represent solutions of differential equations (3.81).
The value of ϵ∗ is the same everywhere, since it almost doesn’t affect convergence to the
scaling regime.

We have scaling solutions for the system of differential equations (3.81), but we do not
know if the system tends to them. Let’s study the stability of these solutions. We chose some
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values (physically allowed) of velocity (υ∗), correlation length over time (ϵ∗) and amount of
wiggles (µ∗). This choice fixes constants c, s and k, as functions of υ∗, ϵ∗ and µ∗ by relations
(3.82).

Let’s test straightforwardly if it is always possible to reach the scaling solution. To do
so, we can evolve the differential equations (3.81) for the set of initial conditions, which
are meaningful (we avoid trivial and unphysical initial conditions, as an example when the
velocity υ0 = 1). The numerical result of wiggly string network evolution is presented in the
figure 3.4. This shows whether the system approaches the scaling solution for range of υ∗, ϵ∗

and µ∗ values. In particular, for big µ∗ and big υ∗ the system stops approaching the scaling
solution and eventually deviates from it. It is a clear signal that the scaling solution is not an
attractor for such µ∗ and υ∗. It means that the system of differential equations (3.81) cannot
reproduce such values of velocity and wiggles.

It is possible to check the stability of scaling solutions in more details. For that we
consider linear perturbations around an exact scaling solution. Let’s define Y = (ϵ, υ, µ) and
F = (F1(υ, ϵ, µ), F2(υ, ϵ, µ), F3(υ, ϵ, µ)). In this way, the equations (3.81) can be rewritten as

Ẏτ = F(Y). (3.83)

Considering perturbations around the scaling solution we obtain

Ẏτ = F(Y∗) + ∂F (Y)
∂Y

∣∣∣∣
Y=Y∗

(Y−Y∗) +O
(
(Y−Y∗)2

)
, (3.84)

where Y∗ = (υ∗, ϵ∗, µ∗) - scaling solutions and O
(
(Y−Y∗)2) defines higher order terms.

We can denote (Y−Y∗) = δY in that case δẎ = Ẏ and

δẎτ = J∗δY, (3.85)

where J∗ is a Jacobian matrix evaluated at the point Y = Y∗.
The solution of equations (3.85) can be written as Y ∝ tλi , where λi are eigenvalues of

the J∗. In order to achieve the convergence to scaling solutions, the real part of λi should be
negative. In this case perturbations around the scaling solution decays as a power function.

Let’s study eigenvalues of the Jacobian matrix J∗ at the point of exact solution. We can
do it by searching for the smallest eigenvalue, which is plotted in figure 3.5.

As a result, in order to have the system of differential equations that can reproduce values
of the string network with some specific velocity, wiggliness and correlation length over time,
we need to require "good" behaviour. This means that the scaling solution should be an
attractor. As it is seen in figure 3.5, a different choice of loss/transfer functions leads to
different properties of the scaling solution stability. This additional condition can be useful
for phenomenological choice of energy loss/transfer functions (3.77 - 3.79).

To end this section, let us return to the wiggly model but this time without referring
to the specific Lagrangian, only to equation of state (3.13). We wish to study the scaling
regime for wiggly strings but leaving the amount of wiggles µ as a free parameter that we
can tune. Instead of varying parameter D, we can vary µ. This approach does not require an
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1) 2)

3) 4)

Fig. 3.5 In the plot you can see how the smallest eigenvalue (called "Stability" axis) depends
on velocity υ and wiggles µ, when n = 2. As long as the "stability" value is negative (blue
color), the scaling solution is an attractor. The first plot represents result for functions
f1(µ) = f2(µ) = 1, the second: f1(µ) = f2(µ) = 1

1+µ2 , the third: f1(µ) = f2(µ) = 1
1+µ4 , the

forth: f1(µ) = f2(µ) = 1
1+µ20 .

assumption on the energy transfer function (3.79); we only need to define how energy loss
depends on the amount of wiggles (3.78). Let us now estimate how the rms velocity υ and
comoving characteristic length over time ϵ are related to the parameters c, η and µ in the
scaling regime. We insert the scaling solution Lc = ϵτ , υ =const to equations (3.71), (3.72)
to obtain algebraic equations

ϵ

(
2− n

[
1 + υ2 − 1− υ2

µ2

])
= cfa(µ)υ

√
µ

,

k(υ)
ϵµ5/2 = nυ

(
1 + 1

µ2

)
,

(3.86)

where we have included energy loss function fa(µ) defined by (3.78).
Despite the reduction of the equations of motion to algebraic equations (3.86) in the

scaling regime, it is still not possible to solve them analytically, mainly due to the complicated
form of the momentum parameter (2.9). To study how the amount of wiggles affects the
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Fig. 3.6 Dependence of the scaling values of the rms velocity, v, and the comoving correlation
length divided by conformal time, ϵ, on the amount of wiggles µ for different expansion rates
n.

macroscopic parameters υ (rms string velocities) and ϵ (comoving correlation length in units
of conformal time) in the scaling regime we solve the system (3.86) numerically for different
expansion rates n. The results are shown in figure 3.6. It is seen that the rms velocity
υ, as anticipated from the restriction (3.68), decreases with the growth of the amount of
wiggles µ. This is also in agreement with our results for the rms velocity evolution (see
figure 3.3) in the dynamical wiggly model for a realistic expansion history. The situation
for ε is more interesting. The correlation length does not increase monotonically with the
amount of wiggles but has a maximum around µ = 1.5− 1.9. This is also in agreement to
our full treatment in figure 3.3 where we modelled string wiggles by varying parameter D
and took a realistic expansion history.

3.6 Superconducting model (chiral case)

Another special case of current-carrying cosmic strings of notable physical interest is the
case of superconducting cosmic strings. This type of strings has been studied thoroughly
in the framework of field theory [45, 49, 50, 136, 137, 145, 146]. In all these cases the
energy-momentum tensor on the string worldsheet has the following form:

T ab =
(
A+B −C
C A−B

)
. (3.87)

where A arises from the field responsible for the string core formation, while B and C represent
additional contributions due to coupling with external fields (dynamics of currents). The

energy-momentum tensor (3.87) is written for the worldsheet metric ηab =
(

1 0
0 −1

)
on a

3 + 1-dimensional Minskowski spacetime background with ε = 1.
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Consider now the two-dimensional energy-momentum tensor for the action (3.17), which
reads

T ab =
(
µ0Ũ −µ0

Φ
ε

µ0εΦ µ0T̃

)
. (3.88)

There is an obvious correspondence between the energy-momentum tensors (3.87) and (3.88);
they are in agreement if we demand the chiral condition [106, 109]

κ→ 0 , (3.89)

which also means
∆→ 0 ; (3.90)

here κ and ∆ are defined by (3.16). These imply that Ũ = 1 + Φ, T̃ = 1− Φ. In Minkowski
space (ϵ = 1) we see that A = µ0, B = µ0Φ and C = µ0Φ, so we have the condition B = C. In
order to avoid this situation and be able to reproduce a energy-momentum tensor of the form
(3.87) within the Nambu-Goto approximation, we need to use at least two scalar fields. It has
already been demonstrated that adding any number of additional fields (3.25) together with
the definitions (3.26)-(3.28) keeps the evolution equations (3.22)-(3.23) unchanged, replacing
the scalar field equation (3.24) by the set of equations (3.29). In effect, introducing additional
fields makes C and B different in Minkowski space.

Indeed, when we add extra scalar fields we obtain a energy-momentum tensor in the
form of (3.87) with the correspondence4 A = µ0, B = 2µ0γ

00
(
∂f
∂κ −

∂f
∂∆

)∑
i ϕ̇i

2 = µ0Ψ and
C = µ0Φ, where Φ is given by equation (3.28) and we have assumed a Minkowski background.
These correspond to

Û = 1 + ⟨Ψ⟩ , T̂ = 1− ⟨Ψ⟩ , Q = ⟨Φ⟩ . (3.91)

Thus, this multiple worldsheet field approach provides enough flexibility to reproduce the
field-theoretical energy-momentum tensor variables in (3.87) within the Nambu-Goto approx-
imation.

Let us now consider the equations of motion for chiral currents. We will apply our
averaging procedure to the system of equations (3.29) for the currents, similarly to what we
already did for first two equations (3.62) and (3.63) for the correlation length and string
velocity. First of all, we note that in order to have the appropriate Nambu-Goto limit for the
action (3.17) when ϕ = 0 we need to have f(κ,∆) −−−→

κ→0
1 and additionally ∂f(κ,∆)

∂κ −−−→
κ→0

const

(as well as ∂f(κ,∆)
∂∆ −−−→

∆→0
const). These conditions allow us to make simplifications, similar to

what was done in reference [109], and consider the case of conserved microscopic charges for
each field

εϕ̇i = φi = const , (3.92)

ϕ′
i = ψi = const , (3.93)

4Here we used an assumption that all multipliers ∂f
∂∆i

are equal as well as all ∂f
∂κi

are equal (3.89).
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which leads to the additional condition ϵ′ = 0. Furthermore, in this case we can define Ψ and
Φ as

Ψ =
(
∂f

∂κ
+ ∂f

∂∆

)∑
i

φ2
i

a2x′2 , (3.94)

Φ =
(
∂f

∂κ
+ ∂f

∂∆

)∑
i

φiψi
a2x′2 , (3.95)

and (3.89) gives us ∑
i

φ2
i =

∑
i

ψ2
i . (3.96)

Expressions (3.94) and (3.95) tell us that if we use the condition of conserved microscopic
charges (3.92)-(3.93) we have two variables Ψ and Φ which evolve in the same way and differ
only by a multiplicative constant β:

Ψβ = Φ, (3.97)

where β =
∑

i
φiψi∑
i
φ2

i

. Together with (3.96), this implies that 0 < β < 1.
By direct differentiation of equation (3.94) we obtain the following evolution equations

for the field Ψ (clearly, the same equations are also obeyed by Φ)

Ψ̇ + 2 ȧ
a

Ψ = 2Ψ ẋ · x′′

x′ 2 , (3.98)

Ψ′ + 2Ψx′ · x′′

x′ 2 = 0. (3.99)

Following the approach of [109], we average the equations of motion (3.98), (3.99) and
substitute the equation of state (3.91) into equations (3.62) and (3.63). This leads to the
VOS model for superconducting chiral strings, taking into account energy and charge losses
(for details on these loss terms see [109])

dLc
dτ

= ȧ

a
Lc
υ2 +Q

1 +Q
+ υ

(
Qsβ

(1 +Q)3/2 + c

2

)
, (3.100)

dυ

dτ
= 1− υ2

1 +Q

[
k(υ)

Lc
√

1 +Q

(
1−Q(1 + 2sβ

k(υ))
)
− 2 ȧ

a
υ

]
, (3.101)

dQ

dτ
= 2Q

(
k(υ)υ

Lc
√

1 +Q
− ȧ

a

)
+ cυ

(
1−
√

1 +Q
)

Lc

√
1 +Q . (3.102)

We have used the assumption
〈

Ψ′

ε(1+Ψ)

〉
= −s υ

Rc

2Q
1+Q [109] and the fact that the correlation

and characteristic lengths are related by ξc = Lc
√

1 +Q.
Therefore, our general analysis of chiral current dependence in the action (3.17) including

the addition of extra worldsheet fields has not introduced significant changes in the macroscopic
equations describing superconducting chiral cosmic string networks, as compared to the results
in [109] (the only difference is that the constant s has now been changed to βs). Note also
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that the final result does not depend explicitly on the precise form of the Lagrangian; the
important physics can be encoded in the equations of state of the strings, in agreement with
our previous discussion.

The evolution of string networks described by equations (3.100)-(3.102) was carefully
studied in [109]. It was shown that these networks have generalized scaling solutions5 only if
the following relation is satisfied

n = 2k(υ)− cW̃
c+ k(υ) , (3.103)

where W̃ =
√

1+Qs−1
1+Q−1

s
, with Qs a constant corresponding to the scaling value of the function

Q. As we can see from equation (3.103), the expansion rate n for scaling solutions (with
constant charge) cannot be larger than n ≤ 2. The maximal value of n is reached when c = 0,
while for c = 0.23 (which we use here) we have the condition n . 1.6 for scaling behaviour.
For expansion rates n larger than the right hand side of (3.103) the charge Q on the string
decays.

Fig. 3.7 Constraints on the possible values of the charge Qs depending on the rms velocity υ
and parameter s.

It is worth noting that at the same time the asymptotic value of the charge Qs is limited
from equation (3.101) to satisfy the following (see figure 3.7)

Qs <
k(υ)

2sβ + k(υ) . (3.104)

5In this context, by “generalized scaling solutions" we mean that all three quantities Lc/τ , v and Q approach
constant non-zero values (and so the strings have non-zero charge). For larger expansion rates there are also
solutions with a decaying charge Q for which Lc/τ and v are (non-zero) constants but Q approaches zero in a
power-law fashion [109]. These correspond to the standard linear scaling solutions of (uncharged) Nambu-Goto
strings and we do not discuss them here in detail.
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For all other expansion rates that do not satisfy conditions (3.103) and (3.104), there is
no scaling regime with nonzero Q. To see the evolution of the string network, we can vary
Q0 for differential equations (3.100-3.102). The result of superconducting string network
evolution is presented in figure 3.8.
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Fig. 3.8 Evolution of the rms velocity υ, comoving characteristic length Lc and charge Q
depending on redshift z for superconducting (chiral) cosmic string networks with different
initial conditions Q0 for the string charge, obtained by a modified version of the CMBact
code [143]. The horizontal dashed red and blue lines correspond to the usual (without charge,
Q = 0) scaling regimes for radiation (red shaded area) and matter domination (blue shaded
area) eras respectively. Note that the horizontal (redshift) axis is depicted in a linear scale in
the redshift range 0 < z < 1 and in a logarithmic scale for z > 1.

Let us consider the network at specific values n satisfying equations (3.103), (3.104).
For that we will use the typical scaling ansatz Lc = ϵτ with constant ϵ, υ and Q in
equations (3.100)-(3.101)

ϵ = nϵ
v2 +Q

1 +Q
+ v

(
Qsα

(1 +Q)3/2 + c

2

)
,

k(v)
ϵ
√

1 +Q

[
1−Q

(
1 + 2sα

k(v)

)]
= 2nυ.

(3.105)
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Fig. 3.9 Scaling values of rms velocity, v, and comoving correlation length divided by conformal
time, ϵ, depending on the charge Q, for different expansion rates n.

The equations (3.105) describe the network evolution in the scaling regime (they will
be valid only in a range of n satisfying (3.103)). We can solve these algebraic equations
numerically for different values of Q. The result for ϵ and υ dependence on a charge Q is
shown in figure 3.9. These solutions show the connection between macroscopic parameters of
a superconducting string network. It is evident that the connection for the scaling regime
does not depend the dynamics of the charge Q.

3.7 Summary

In this chapter we considered strings with non-trivial structure on their worldsheets. In
particular, we studied the action (3.17) describing strings with an arbitrary dependence on
worldsheet currents. We obtained the set of microscopic equations for these strings (3.22),
(3.34) without specifying the form of the current. Then we described how to average these
equations of motion to obtain macroscopic evolution equations (without energy loss) for the
string network (3.62)-(3.63). These describe the time evolution of the rms string velocity υ
and characteristic length L, and depend only on three parameters Û , T̂ and Q defining the
string equation of state. These same parameters, together with the network quantities L and
υ, appear directly in the string energy-momentum tensor (3.18).

We considered the case of a string with the chiral current, described by an arbitrary
function in (3.17), in Minkowski space. We found the general solution for these strings, which
is defined by equations (3.45), (3.52) with conditions (3.58).

For wiggly string networks we studied the specific case when the parameter κ in (3.16)
only carries a time dependence, κ = κ(τ). We studied network dynamics using an effective
action for wiggly cosmic strings, and introduced the averaged macroscopic equations. We
evolved the macroscopic equations of wiggly string network for the “realistic” expansion
scenario. Additionally, we studied the scaling regime when a ∝ tλ for wiggly string network
and tested the stability of these solutions.
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The other type of strings that were scrutinized in this work are superconducting cosmic
strings. It was shown that if we use the microscopic charge conservation (3.92) and the chiral
condition (κ,∆→ 0, which appears in field theory studies of cosmic strings), we can obtain
the averaged equations of motion (3.100)-(3.102) without specifying the precise dependence
on string currents f(κi,∆i/γ) in the action (3.17). This implies that the debate on the
correct form of the Lagrangian for superconducting strings [140] – while important from a
fundamental physics point of view – does not have a crucial impact on phenomenological
descriptions based on averaging the microscopic dynamics. By comparison to the work of [109],
we notice that the introduction of additional currents for superconducting strings only led
to the change s→ βs in the macroscopic VOS model. We also evolved the superconducting
string network for the “realistic” expansion and studied when the scaling solution is possible.



Chapter 4

Cosmic superstring networks

As we have seen so far, cosmic strings in general can have rather complicated properties.
It is anticipated that these features bring important changes to the network evolution and
should be taken into account accurately. Cosmic non-Abelian strings (see section 1.4.3) and
superstrings (see section 1.7) give rise to entangled strings and junctions respectively. Such
multi-tension cosmic string networks are very time-consuming for numerical simulations,
and cannot be reproduced with both high-resolution and sufficiently large dynamic range.
Furthermore, the superstring network evolution can be reproduced only effectively, not all
properties of cosmic superstring networks can be grasped by the field theory [147–150]. As a
result, due to computational limits of numerical simulations, we suggest to approach this
problem by a semi-analytic method – a generalized VOS model.

In this chapter we review some important issues on cosmic strings interactions. In
particular, we revisit the quantum treatment of string interactions [151–154] and kinematic
constraints on junction production [85, 155–158]. We demonstrate the possible generalization
of the kinematic conditions for the case of FLRW metric [159]. This generalization is probed
by a straight string collision example for the FLRW background, which provides an "angle-
velocity" diagram of the junction production (similar to what was done for Minkowski space
in [155]).

Additionally we study the dynamics of connected strings with currents. In section 4.1.2
we discuss the influence of the presence of currents on junction dynamics. We also obtain the
"angle-velocity" diagrams for collision of identical strings with currents.

To understand the evolution of junctions in the string network we review the small-scale
structure description [160, 161]. This model of small-scale structure provides us with a useful
tool to understand how much junctions can grow on average in a cosmic superstring network.
Eventually, the introduced average growth/reduction of length at string junctions leads to
a generalization of the VOS model for the case of a superstring network evolution with
dynamical junctions.

81
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4.1 Strings collisions

In section 1.7 we saw that fundamental strings (F -strings) can form a bound state with D1
branes (D-strings). We wish to study conditions for, and consequences of, the formation
of these bound states in more detail. To do so, we start from the consideration of string
collisions in Minkowski space.

4.1.1 Probability of string interactions in Minkowski space

Due to the quantum nature of F -strings, a proper treatment of their interactions should be
studied in the framework of string theory. Some relevant questions of quantum strings can
be grasped by the method of vertex operators in string perturbation theory [153, 154, 162].
In particular, this method allows to obtain intercommutation and reconnection probabilities,
string decay rates and emission of radiation (for a detailed description see [154, 162–164]).
An alternative approach to studying cosmic string interactions, which gives similar results,
can be achieved by using the tools of effective field theory [165].

Let’s make a concise revisit of the F and D-string interaction results based on vertex
operators. The main concept of this approach is the connection of string states and vertex
operators in the conformal field theory, state-operator map (details can be found in [166, 167]).

Let’s use Wick rotation τ → iTE (Euclidean signature) to make the map between the
string worldsheet and a complex z-plane

z = e(TE−iσ), z̄ = e(TE+iσ). (4.1)

In this way, the string on the complex plane is represented by a circle (for the closed
string σ ∈ [0, 2π) ) or a semicircle (for the open string σ ∈ [0, π]) as shown in figure 4.1.
Thus, making this transformation we are led to the 2-dimensional conformal invariant theory1

on the complex plane. Each excited state in conformal theory can be associated with a
corresponding operator (vertex operator) acting on the origin (see figure 4.1). In this way,
the lowest excited states of a string in a quantum treatment can be written as2

tachyon :
∫
∂M

: eipηXη : ds (open string),

tachyon :
∫

: eipηXη : d2z (closed string),

photon :
∫
∂M

eα : ∂zXαeipηXη : ds (open string),

1-excitation :
∫
eµν : ∂zXµ∂z̃X

νeipηXη : d2z (closed string),

(4.2)

1Conformal invariance means that the theory is invariant under change of variables in a such way that the
metric transformation corresponds to γab(σ, τ) → ω(σ′, τ ′)γab(σ′, τ ′), where ω is an arbitrary positive defined
function.

2The fourth example in (4.2) represents a 2-index tensor, whose traceless symmetric part corresponds to the
gravitational field, its anti-symmetric part to the Kalb–Ramond field and its trace to the scalar field (dilaton).
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where p is the momentum of the string, ea and eµν are polarization tensors, the index α takes
as many values as the brane dimensionality to which the open string is connected and : ... :
denotes normal ordering of operators.

T

σ

Vz=0

T

σ

Vz=0Re[z]

Im[z] Im[z]

Re[z]

|V
closed
> |V

open
>

∂M

EE

Fig. 4.1 The string worldsheet mapped on the complex plane by the relation (4.1). The origin
(central point z = 0) of this mapping represents the far past, while the circle with infinite
radius corresponds to the far future. The closed string with σ ∈ [0, 2π) is shown on the
left panel, while the open string with σ ∈ [0, π] on the right one. To build a corresponding
quantum state for the closed string |Vclosed > the vertex operator V is placed on the origin
inside the circle (left panel). In the case of an open string state |Vopen > the operator V is on
the boundary of the half-disk on the complex plane (right panel).

As a result, using vertex operators, it is possible to build the relevant initial and final
states of the process under consideration. In this way, it is possible to represent the correlator
of vertex operators

A =
〈

N∏
i=1

Vi(pi, zi)
〉
, (4.3)

where N is the number of strings in the considered process.
Calculations for the collision of macroscopic F -strings by the method of vertex operators

were carried out in the work [151]. In this approach two spatial dimensions are compactified,
in order to use developed string methods. Hence, the collision of strings is considered only in
two noncompact 1 + 1 dimensions, which form an angle θ, see figure 4.2. Two closed strings
are placed along the compactified directions, so the angle between the strings is θ as well.
The initial and final states of these closed strings are chosen to be ground states, which can
be represented by four vertex operators (tachyonic states of closed strings – second line in
(4.2)). This means that only the first order of string interaction is considered. The worldsheet
surface for this process can be represented by a sphere, dotted with four vertex operators.

Using the general solution (3.45) it is possible to make separation in left/right-moving
modes, which are holomorphic/antiholomorphic functions3 on the complex plane z, z̃. We
can write the momentum of strings as right and left-moving modes, where the periodicity of

3A holomorphic function is a function that depends only on z, while an antiholomorphic function has only
z̃ dependence.
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spatial dimensions appears with different signs [166]

pµR,L = pµ ± lµ/4π, (4.4)

where the vectors pµ1,2 and lµ1,2 are defined as

pµ1,2 =
(
(ℓ1,2µ0)2 − 4πµ0

)1/2
{1, ±υ̃γυ̃, 0, 0} ,

lµ1 = ℓ1 {0, 0, 1, 0} , lµ2 = ℓ2 {0, 0, cos θ, sin θ} .
(4.5)

ℓ
1

ℓ
2

θ
ℓ
1

ℓ
2

θ

Fig. 4.2 F -strings collision. Strings are placed in the compact space: the left boundary is
glued with the right one, top with bottom. Hence, these strings are closed with corresponded
lengths ℓ1 and ℓ2. Closed strings are colliding at angle θ and reconnect.

We take into account only the leading order of non-trivial interaction, i.e. only the
probability that the string ends will be exchanged, as shown in figure 4.2. All other possible
scenarios of F -strings interactions (radiation/excitations) are neglected as being subdominant.
By using the optical theorem, the probability of string interaction can be expressed as [151]

P = Im(I(sR, 0))κ2
G

4πυ
√

(ℓ1µ0)2 − 4πµ0) (ℓ2µ0)2 − 4πµ0)
, (4.6)

where sR = −2pµ1Rpµ 2R − 4, κG is a gravitational coupling and the integral I comes from the
scattering amplitude and will be presented below.

The optical theorem allows us to establish the connection between right/left-moving
modes: pµ1R,L = −pµ4R,L, pµ2R,L = −pµ3R,L with the condition pµiLpµ j L = pµiRpµ j R. Conformal
symmetry on the complex plane, described by the group SL(2,Z), gives the freedom to fix
three points on the complex plane: z1 =∞, z2 = 0, z4 = 1, while the last one will stay as a
variable z3 = z. Thus, the scattering amplitude of this process can be found using equations
(4.2), (4.3). These calculations give the Virasoro-Shapiro amplitude (a detailed description
can be found in [167])

I(s, t) = 2πΓ(−1− s/16πµ0)Γ(−1− b/16πµ0)Γ(−1− u/16πµ0)
Γ(2 + s/16πµ0)Γ(2 + b/16πµ0)Γ(2 + u/16πµ0)

[151]−−−−−−→
s→∞,b→0

−4π
b

e−iπb/2s2+b,

(4.7)

where Γ(...) denotes the Gamma function and the Mandelstam variables s = −(pµ1 + pµ2 )2,
b = −(pµ1 + pµ3 )2, u = −(pµ1 + pµ4 )2 satisfy the condition s+ u+ b = −µ0π/8.
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The asymptotic value in the last line (4.7) is obtained in the decompactification limit
ℓ1, ℓ2 → ∞, i.e. compactified dimensions are sent to infinity, restoring ordinary (infinite)
three spatial dimensions. As a result, using the final form of the integral (4.7) and the initial
choice of the string momenta (4.5), one can rewrite the probability of F -string interaction
(4.6) in the following way

P = µ0κ
2
G

(
1 + υ̃2 − (1− υ̃2) cos θ

)2
8πυ(1− υ̃2) sin θ . (4.8)

The supersymmetric extension of (4.8) was obtained in [153]. In the same manner there
was considered a collision process for supersymmetric strings (not bosonic, as it was done
above). Additionally, a factor that may appear due to extra dimensions was included.

In the same manner, by using the vertex operator method, one can consider the D-F
strings collision process, see figure 4.3. In this case, the closed F -string transforms into an
open F -string with ends on a D0-brane (D-string), and eventually re-connect to the closed
F -string. The wordsheet surface in this case is represented by a disc with two vertex operators
of closed strings inside [153].

ℓ
1

ℓ
2

θ

DF

ℓ
1

ℓ
2

θ

FD

Fig. 4.3 F -D-strings collision. The closed F -string is placed in the compact space with lengths
ℓ1, ℓ2. It meets the D-string at the angle θ. The interaction causes the connection of F -string
ends with D-string, transforming the closed F -string to an open one.

The full study of these processes shows that all probabilities for F -string interactions can
be written by one relation in the following convenient way

PF = WF fF (υ̃, θ), (4.9)

where

fF =
4q2υ̃2 + g2

s

(
p(1 + υ̃2)− cos θ(1− υ̃2)µp,q

µF

)2

16υ̃ sin θ(1− υ̃2)µp,q

µF

, (4.10)

while the volume factor is defined as (for details see [168])

WF = min
[
ω(µp,q/µF )3/4, 8ω, 1

]
, (4.11)

where the relation µp,q

µF
is given by (1.69) with C0 = 0 and ω ∈ (0, 1].

The calculation for D-strings collision is more complex, due to the fact that the D-string
is a composite object, i.e. it is surrounded by a "cloud" of F -strings. An estimation was
obtained in [153], while a more complete treatment was provided later [165]. It is interesting



86 Cosmic superstring networks

that the result of the independent computations in [165] and [153] gives a similar result

PD = WDfD(υ̃, θ), (4.12)

where

fD = 1−
(

1−min
[ √

gs

2(πθ)3/4 e
2
√

2/3θυ̃

1−
√

1−υ̃2 exp
[
−4
√
πθ3/2

gs
e

− 4
√

2/3υ̃θ

1−
√

1−υ̃2

]
, 1
])q′q

, (4.13)

and the volume factor for this case is

WD = min
[
(µp,qµp′,q′/µ2

F )3/4, 1
]
. (4.14)

As a result, in order to have the probability of interaction between a F -string and any
other (p, q)-string (where simple F and D-strings are (p = 1, q = 0) and (p = 0, q − 1) strings
correspondingly) we should use (4.9). In the case of D-string collision with some mixed
strings (for p > 1), we should use the relation (4.12).

Fig. 4.4 The figure shows the result for the average probability of strings interaction as a
function of the string network rms velocity. The calculations are carried out for q = 0, while
p = 1 (blue), p = 2 (red), p = 3 (green), p = 4 (black) – dashed lines. The result for p = 0,
while q = 1 (blue), q = 2 (red), q = 3 (green), q = 4 (black) is presented by solid lines.

Further on we will incorporate these probabilities of interaction in the string network
description. In order to take into account all possible collisions between strings, we need to
average probabilities (4.9), (4.12) over the angle θ and velocity υ. To do so, we need to use a
distribution for the angle θ between randomly oriented strings and a proper distribution for
υ. The right choice for the velocity distribution is a subtle problem. Simulations suggest to
use a Gaussian distribution [105], where the "kinematic cut" (see section 4.1.4) can be added,
as it was implemented in [168].

P(υ) = 1
N

∫ 1

0

∫ π/2

0
e−(υ−υc)2/σ2

υfdistr(υ, υc)P (υ̃, θ)υ2
c sin θdυcdθ, (4.15)
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where υc = 2υ̃
1+υ̃2 is used to connect the central mass velocity υ̃ in (4.5) the velocity of collision

υc, N is a normalization factor, σ2
υ = 0.25 is the variance of velocity [169] and fdistr is a

distribution function defined by (4.9) or (4.12), depending on which types of strings are
colliding. Figure 4.4 shows the P dependence on rms velocity υ.

4.1.2 Junction dynamics in Minkowski space

In the previous section we reviewed the F , D-strings interaction probabilities. Such interac-
tions can lead to the production of junctions as it was discussed in section 1.7 (see figure
1.9). To figure out under which conditions the junction can be produced and to understand
the subsequent junction dynamics, we use the approach developed in several previous papers
[85, 155, 156, 159].

Let’s consider junction dynamics in Minkowski space. The action for three connected
strings can be defined as [170, 171]4

S = −
∑
i

µi

∫
Θ(si(τ)− σi)

√
−γidσidτ +

∑
i

∫
fiµ (xµi (si(τ), τ)− Xµ) dτ, (4.16)

where Θ is a Heaviside function, fµ i are Lagrangian multipliers, Xµ is the space-time position
of the vertex (connection between strings), the index i = 1, 2, 3 counts the number of strings
(there is no summation over these repeated indices, summation happens only if the symbol∑ is written explicitly), s is a parametrisation value of σ at the vertex Xµ.

By making a variation of the action (4.16) with respect to xi (using the parametrization
(2.3)) one can obtain the standard equations of motion (2.4) for the three strings. An
additional equation from the xi variation appears due to the boundary term in the action
(4.16) and has the form5 [172]

µi

(x′
i

εi
+ εiṡiẋi

)
= fi, (4.17)

with the condition from the Xµ variation∑
i

fi = 0. (4.18)

From the variation of the Lagrange multipliers fi we obtain the previously mentioned
conditions that σ = s at the vertex,

xi(si(τ), τ) = X(τ), (4.19)

where X is the spatial part of Xµ.

4The action (4.16) is valid for a FLRW background as well [159, 172]. This case is considered below in
section 4.1.3

5We obtain the equations of motion for the general FLRW metric and recover the Minkowski space by
setting ε = 1.
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The general solution of equations of motion (2.4) is (3.45). The vector a represents
the right-moving mode, while the vector b is the left-moving mode, whose derivatives are
normalized to unity (strings without current for comparison with (3.58))

|a′| = |b′| = 1. (4.20)

The split into left/right-moving modes is a key point to treat junction dynamics and their
production. We can chose the parametrization of strings in such way that the b′

i components
are moving towards the string vertex (the point where all three strings connect), while modes
a′
i are moving outwards from the connection (see figure 4.5, for F ′ = 0). The equation (4.19)

allows us to express derivatives of outgoing vectors a′
i as a combination of the ingoing part

b′
i and vertex motion Ẋ. In this sense, the ingoing set of vectors b′

i plays the role of initial
conditions, while a′

i are defined by the equations.

Using the condition (4.18) with (4.17) one can express each ṡi in the following way [85, 155]

(1− ṡi)µi
µ

= Mi(1− ci)
M

, (4.21)

where µ = ∑
i
µi, ci = εijkb′

j · b′
k, Mi = µ2

i − 1
2 |εijk|(µj − µk)2, M = ∑

j
Mj(1− cj).

Demanding that a "just created" string has a positive value of ṡ, we can guarantee that
this string length will grow, i.e. we will have junction production.

Junctions with currents

Let’s generalize the method described above for the collision of strings with currents. This
problem was already studied in [173]. In this work the electric (time-like current κ > 0) and
magnetic (space-like current κ < 0) regimes of currents on strings were considered (3.10).
Here we present the corresponding result for the chiral current κ = 0, which has not been
studied to date.

Let’s start from the definition of the action for three connected strings with currents [173]

S = −
∑
i

µi

∫
dt

∫
dσi
√
−γifi(κi,∆i/γi)Θ (si(t)− σi) +

+
∑
i

∫
dt fµi (xµi (si(t), t)− Xµ(t)) +

∑
i

∫
dt gi (ϕi(si(t), t)− Φ(t)) ,

(4.22)

where gi is a Lagrange multiplier for the current, Φ defines the value of the current at the
point where the three strings are connected and the index i = 1, 2, 3, as before, denotes each
of three strings.
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In a similar way as it was done above, varying the action (4.22) with respect to xµi and
ϕi, we obtain the following equations of motion

∂a
(
Tabxµ,b

)
= 0,

∂a
(
Sabϕ,b

)
= 0.

(4.23)

The boundary terms proportional to δ(si(t)−σi), using (3.41) and (3.50), can be expressed
as

µiη
abxµi,aλb = fµi ,

µiDiη
abϕ,aλb = gi,

(4.24)

where λa = {ṡi, −1} and Di = 2
(
∂fi
∂κi
− ∂fi

∂∆i

)
.

The variation of the action (4.22) with respect to X
µ
i and Φ gives us∑

i

fµi = 0,∑
i

gi = 0.
(4.25)

The action (4.22) variation with respect to fµi and gi provides us the following relations

xµi (si(t), t) = Xµ(t),
ϕi(si(t), t) = Φ(t).

(4.26)

As it was shown in section 3.3, the general solution of the equations of motion (4.23) for
strings with a chiral current in Minkowski space has the form

x(τ, σ) = 1
2 (a(σ + τ) + b(σ − τ)) ,

ϕ(τ, σ) = 1
2F (σ ± τ),

(4.27)

where we added the factor 1
2 for convenience.

It is seen that for the chiral current the situation is similar to the one considered above,
i.e. we can still separate the string solution in ingoing and outgoing modes. As a result, the
modes that move outwards from the junction are determined by the ingoing modes. However,
the situation with the current is a bit more subtle. The current on a string propagates only in
one direction. Additionally, while we know the properties of the colliding strings (in particular
we know D for both strings) it is not clear how to define the value of D for the junction.
Should it be a free parameter, or can it somehow be restricted by other arguments as it was
done for the tension (see section 1.7)? For now, we assume that D is a free parameter defined
by kinematic constraints.

In the situation when D3 is a free parameter, let’s consider the collision of two identical
strings (µ1 = µ2, F ′

1 = F ′
2, D1 = D2). We can choose the parametrization of the colliding
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strings in the same way as it was done for strings without currents, i.e. all vectors b′ represent
modes that are moving towards the junction, while a′ are outgoing modes. From (4.27) it
is seen that the choice of the sign of τ for the function F defines the current direction on a
string. Hence, we can chose if the current propagates toward the vertex between strings or
outwards. Let’s consider the collision of strings in which currents are moving towards the
junction, see figure 4.5. In this situation the string solution together with the current can be
written as

x1,2(t, σ) = 1
2 (a1,2(σ + t) + b1,2(σ − t)) ,

ϕ1,2(t, σ) = 1
2F1,2(σ − t),

(4.28)

with |a′
1,2|2 = 1, while |b′

1,2|2 = 1−D1,2|F ′
1,2|2.

Therefore, the junction solution has to be

x3(t, σ) = 1
2 (a3(σ + t) + b3(σ − t)) ,

ϕ3(t, σ) = 1
2F3(σ + t),

(4.29)

with |b′
3|2 = 1, while |a′

3|2 = 1−D3|F ′
3|2.
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Fig. 4.5 Collision of strings with currents, whose moving modes are represented by F ′
i and

ingoing/outgoing modes of strings are shown by vectors a′
i and b′

i respectively.

Using solutions (4.28), (4.29) we can rewrite (4.24) with (4.25) as∑
i

µi
(
a′
i(1 + ṡi) + b′

i(1− ṡi)
)

= 0,∑
I

µIDIF
′
I(ṡI − 1) = µ3D3F

′
3(ṡ3 + 1).

(4.30)

Differentiating (4.26) we obtain

(1 + ṡi)a′
i − (1− ṡi)b′

i = 2Ẋ(t),
F ′
I(ṡI − 1) = 2Φ̇(t) = F ′

3(ṡ3 + 1),
(4.31)
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where Xµ = (t, X(t)) and I = 1, 2.
As it was done above, manipulating vectors ai and bi, it is possible to obtain equations

for ṡi

a′
k(1 + ṡk) = − 2

µ

∑
i

(1− ṡi)µib′
i + (1− ṡk)b′

k. (4.32)
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Fig. 4.6 The left panel shows how the growth/decrease rate ṡi for the string configurations is
changing due to variations of current properties, represented by F ′

I and DI . The right panel
shows the value of the current F ′

3 generated on the junction for different values of F ′
I and DI .

All solid lines represent variation of F ′
I , with fixed DI = 0.5, while all dashed lines represent

variation of DI with fixed F ′
I = 0.5. These calculations are carried out for string tensions

µ1 = µ2 = 1, µ3 = 1.2 when all vectors b′
i are orthogonal.

Squaring equations (4.32) and using the normalization conditions for a′
i and b′

i vectors,
we obtain equations for ṡi. Since we know the values of F ′

I , to solve these equations for ṡi we
need to define F ′

3. By using the second line in (4.31) one can obtain

F ′
3 = F ′

I(ṡI − 1)
ṡ3 + 1 . (4.33)

To define the string junction completely, we also need to find D3, which can be achieved
by using the second line of relations (4.30). It provides the following equation

D3 = 1
µ3

∑
I

µIDI . (4.34)

We can solve numerically equations (4.32) taking into account conditions (4.33) and (4.34)
for different values of the current F ′

I . The result of these calculations for orthogonal vectors
b′
i is shown in figure 4.6, where the orthogonality was chosen just for explicit demonstration

of the current influence on a string growth/decrease rate.
In the situation when colliding strings are not the same, i.e. they have different values

of tensions µ1 ̸= µ2 or/and currents F ′
1 ̸= F ′

2, it is seen from the second line of (4.31) that
the system has an additional restriction for ṡI . This leads to the system of equations (4.30),
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(4.31) becoming overdetermined. A similar problem appeared in the work [173], where the
magnetic and electric regimes were studied.

A possible resolution for this issue is to assume that vectors b′
i are not completely

independent. We need to fix at least one angle between the vectors b′
i. This means that this

angle should have a specific value during the whole evolution, in contrast to angles for strings
without currents (see figure 1.9).

Let’s assume that we have three connected strings with tensions µ1 = 1, µ = 1.2, µ = 1.4,
while D1 = 0.1, D2 = 0.2, F ′

1 = 0.2 and F ′
2 will be varied. In this situation we can find the

angle of the scalar product of vectors c1 = |b3| · |b2| cosβ. The result of such configuration is
shown in figure 4.7.
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Fig. 4.7 The left panel shows how the growth/decrease rates ṡi and the current F ′
3 for strings

depend on F ′
2. The right panel shows the value of the angle β between vectors b2 and b3.

Calculations are carried out for string tensions µ1 = 1, µ2 = 1.2, µ3 = 1.4, while F ′
1 = 0.2,

D1 = 0.1 and D2 = 0.2. The orientation of other vectors bi is free and was chosen so that
the vectors are orthogonal to each other.

In spite of the possible resolution for the overdetermined system of equations, this question
needs further investigation, especially as it is not clear which angle between vectors b′

i should
be fixed and why. In addition to that, there are still ambiguities about D. Is it possible
to implement additional constraints on the junction properties or maybe in contrast, is it
possible to relax the imposed conditions by new degrees of freedom? These questions should
be addressed in a field theory treatment. More numerical simulations of strings with currents
collisions can shed the light on this problem [174, 175].

4.1.3 Junction dynamics in the FLRW metric

Let’s consider the generalization of connected strings dynamics for the case of the FLRW
metric. We can start from the action (4.16) and varying it, one can obtain the equations of
string motion (2.4) and conditions from string connections (4.17-4.19), while ε ̸= 1 and the
normalization condition (4.20) is not valid anymore.
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For the expanding FLRW metric there is no general solution for string equations (2.4).
However it is possible to build a convenient analogue of a′ and b′ vectors (the same approach
for the FLRW metric was used in [159] for the analysis of loops with junctions):

q = x′/ε+ ẋ,
p = x′/ε− ẋ,

(4.35)

where vectors (4.35) become a′ and b′ correspondingly for Minkowski space (ε = 1).
In the case of monotonic expansion of the scale factor in the FLRW metric, it is reasonable

to assume that ingoing and outgoing waves are distinguishable and won’t be mixed during
the evolution. That is why we can assume that vectors q and p are outgoing and ingoing
waves correspondingly for the vertex X in an expanding universe.

Taking into account the fact that |q|2 = 1, |p|2 = 1 and using equations (2.4), (4.17-4.19)
one can carry out a similar analysis as it was done for Minkowski space in [155]. In this way,
the final equations for junctions in an expanding universe are

∑
i

µi ((qi + pi) + εiṡi(qi − pi)) = 0. (4.36)

Ẋ = − 1
µ

∑
i

µi(1− εiṡi)pi, (4.37)

(1− εiṡi)µi
µ

= Mi(1− ci)
M

. (4.38)

As a result, one can conclude that equations for junctions in an expanding universe can
be obtained from Minkowski space just by changing ṡi to εiṡi and changing the definitions of
a′, b′ into the generalized parameters (4.35). The new set of equations (4.38) tells us how the
growth/decrease of string happens for the FLRW metric. An important issue that stems from
the above treatment is to understand under which conditions the junction will be produced.
This condition just requires ṡ3 > 0 and will be considered for straight strings below.

4.1.4 The junction production

Solution for a straight string in a FLRW background

It is always possible to chose a sufficiently small region near the collision point, where strings
can be considered straight. Hence, to understand under which conditions the collision of
strings leads to the junction production we can consider a straight string collision. For this
purpose we need to formulate a proper straight string solution in a FLRW metric. Let’s
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consider the straight string ansatz, similar to the case of Minkowski space,

x = {C1σ cosα; C1σ sinα; F (τ)} , (4.39)

where C1 is a constant that will be defined later as well as the function F (τ).
From the ansatz (4.39) it is seen that the straight string is located on the XY -plane and

moves along the Z-axis. The angle α defines the orientation of the string in the XY -plane.
It should be noted that the dependence on σ is going to be the same as in Minkowski

space. However, the physical meaning of the σ parameter is not identical. Any interval of a
string in Minkowski space has a fixed length and doesn’t depend on time, while in a FLRW
metric the length of a chosen string interval is stretching as time evolves, which implies a
continuous "effective" reparametrization of the string (4.39). Meanwhile, the time component
τ is substituted by the function F (τ), due to absence of the time symmetry.

Using the form (4.39) we can obtain some useful quantities

x′ = {C1 cosα; C1 sinα; 0} , (4.40a)

ẋ =
{

0; 0; Ḟ (τ)
}
, (4.40b)

ε =
√

x′ 2

1− ẋ2 =
√

C2
1

1− Ḟ 2 , (4.40c)

ε̇ = |C1|
Ḟ F̈(

1− Ḟ 2
)3/2 . (4.40d)

Eventually, by using expressions (4.40a)-(4.40d), one can show that equations of motion
(2.4) are reduced to one equation for the function F (τ)

F̈ + 2 ȧ
a
Ḟ (1− Ḟ 2) = 0. (4.41)

When the scale factor is a ∝ τn, the equation (4.41) has an exact solution

F (τ) = ±τ 2F1

(1
2; 1

4n ; 1 + 4n
4n ; −C2τ

4n
)
, (4.42)

where 2F1 is a hypergeometric function and C2 is a constant.
The solution (4.42) is monotonic in the argument τ for all positive n, which is anticipated

from the physical interpretation of (4.42). To be able to reproduce the solution in Minkowski
space, we should require that this solution goes to to ±vτ when n → 0. This condition
provides C2 = 1/v2 − 1 = (γvv)−2. As a result, the solution (4.42) has the form

x =
{
σ cosα; σ sinα; ±τ 2F1

(1
2; 1

4n ; 1 + 4n
4n ; − (γvv)−2 τ4n

)}
, (4.43)

where we settle C1 = 1 and one can check that 2F1 −−−→
n→0

v reproduces the case for Minkowski
metric.
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One can notice that the constant C1 in the solution (4.43) was chosen to be 1. It is
possible to demand C1 = γ−1

υ , in order to reproduce the same solution as it was used in [85].
However, when we use the generalized description with vectors (4.35), we do not need to
worry about the relation ε = 1. Hence, we can chose another parametrization for the σ and
it will not affect the final result. That is why – for convenience – we have chosen C1 = 1.

Let’s analyse the obtained solution (4.43). Since there is no time symmetry anymore, we
should chose the "initial condition" – the moment from which the string started the evolution.
The most convenient choice, which does not bring additional difficulties is τ = 1 (it is possible
to chose τ = 0, but in that case we will be faced with the term 00 that can require some
redefinition of C1, C2). At the initial moment τ = 1, the velocity of the string is υ. As a
result, at the first moment the string solution (4.43) is identical to Minkowski space, and
only further evolution brings differences in expanding space-time. The velocity

√
ẋ2 of the

string starts decreasing in an expanding universe (it should be noted that the value υ is a
constant that just provides the initial value of velocity). Also, as it was already mentioned, it
is incorrect to think that σ will be the length of the string. The length of the string should
depend on time during the expansion, and σ is chosen in such way that it is the same for any
time.

Collision of straight strings in expanding universe

Above we outlined the approach for description of connected strings in the FLRW metric (sec-
tion 4.1.3) and demonstrated one simple straight string solution in section 4.1.4. Consequently,
we can consider the collision of straight strings in a FLRW background and investigate under
which conditions a junction can be produced. We are going to consider the situation only
when the scale factor is a ∝ τn.

Let’s now model the situation when two strings x1,2 are moving towards each other along
the axis Z with initial speed υ, having the angle α between them. The third string x3 is
created in the XY -plane, and its location is defined by the angle θ and the initial velocity u

x1,2 =
{
−σ cosα; ∓σ sinα; ±τ 2F1

(1
2; 1

4n ; 1 + 4n
4n ; − (γvv)−2 τ4n

)}
,

x3 =
{
σ cos θ; σ sin θ; τ 2F1

(1
2; 1

4n ; 1 + 4n
4n ; − (γuu)−2 τ4n

)}
.

(4.44)

In order to have a simple analytic comparison of the expanding FLRW metric and
Minkowski space, let’s consider the case when the tension of the first string is the same as the
tension of the second one µ1 = µ2. In this way, u = 0 and θ = 0. Using the equality (4.38),
one can show that the solution for ṡ3 is

ṡ3 = 2µ1γ̃(υ, τ) cosα− µ3
2µ1 − µ3γ̃(υ, τ) cosα, (4.45)

where γ̃(υ, τ) = γ−1
υ√

1+υ2(τ−4n−1)
.
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Fig. 4.8 Range of parameters: "initial velocity" υ and angle α, which allow the production of
the junction (ṡ3 > 0) for the case when the heaviest string has the tension µ3 = 1.4µ1 = 1.4µ2.
The evolution of strings happens in an expanding FLRW metric when a ∝ τn with n = 1.0
(radiation era). The first blue area corresponds to the moment τ = 1.0, later evolution is
represented by other colors and the full area until αcr is reached when τ →∞.

If we compare the equation (4.45) with the result for Minkowski space [85], it is seen that
the Lorentz factor γ−1

υ is substituted by the function γ̃, which goes to γ−1
υ when n→ 0 or

when τ = 1. Let’s build the velocity-angle region, when the junction can be produced (ṡ3>0)
- figure 4.8. The value τ = 1 corresponds to the initial conditions of the colliding strings,
which also coincide with the solution for Minkowski space. It is seen that as τ grows the
region where ṡ3 > 0 is increasing. This effect appears due to string velocity decrease in the
expanding universe. Eventually the string speed tends to zero and the junction appears for
all possible collisions at any smaller than critical angle αcr = arccos (µ3/(2µ1)).

As a result, the junction production for straight strings in the FLRW universe is different
from the Minkowski case only by the change of the relative string velocity. This result suggests
that we can apply the approach developed in [85, 155] to the study of junction dynamics in
the FLRW metric.

Collision of straight strings with currents

Similarly as it was done above, we can consider a collision of straight strings with currents and
find conditions which allow the formation of the junction in Minkowski space. In particular,
we consider the collision of two equivalent strings µ1 = µ2, D1 = D2, F ′

1 = F ′
2.

In the first place we need to build an appropriate solution for straight strings with a
current. Following the description of strings with currents from section 3.3, we need to build
new vectors x1,2 for straight strings that can satisfy the previously described properties. It
can be done in the following way

yi = xi + zi, (4.46)
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where vectors xi are defined in the same way as for ordinary straight strings in Minkowski
space [155]

x1,2 =
{
−γ−1σ cosα; ∓γ−1σ sinα; ±υτ

}
,

x3 = {σ; 0; 0} .
(4.47)

Now we need to understand which form of vectors zi should be chosen in order to be in
agreement with properties (3.55), (3.57), (3.58). Using the form of the string (4.47), we can
try the following ansatz

z1,2 =
{
γ−1f1,2(σ − τ) cosα; ±γ−1f1,2(σ − τ) sinα; ±f1,2(σ − τ)υτ

}
,

z3 = {−f3(σ + τ); 0; 0} ,
(4.48)

where fi are arbitrary functions.
One can form ingoing and outgoing components from (3.45)

b′
i = y′

i − ẏi,
a′
i = y′

i + ẏi,
(4.49)

which are normalized as

b′ 2
1,2 = 1− 4f ′

1(1− f ′
1), b′ 2

3 = 1,
a′ 2

1,2 = 1, a′ 2
3 = 1− 4f ′

3(1− f ′
3).

(4.50)

Comparing the result for straight strings with equalities (3.55), (3.57) and (3.58), we can
conclude that

DiF
′ 2
i = f ′

i(1− f ′
i). (4.51)
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Fig. 4.9 Range of parameters: velocity υ and angle α, which allow the junction production
(ṡ3 > 0) for the case when the heaviest string has the tension µ3 = 1.4µ1 = 1.4µ2. It is
seen how the region of junction production depends on the value of colliding strings currents
(ϕ1 = ϕ2).
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Let’s consider the linearised contribution from the current

f ′
1,2 = ϕ1,2 (σ − τ),
f ′

3 = ϕ3 (σ + τ).
(4.52)

where ϕi are constants.
Applying the same method as in the work [155], we can solve the kinematic equations

(4.32) for straight strings with currents and find out for which range of velocities υ and angles
α the production of a junction is possible (ṡ3 > 0). Solutions for different values of the
current are shown in figure 4.9

4.2 Averaged junction evolution after strings collisions

In the previous section we studied the probability of cosmic (super)string interaction and
possible consequence of such collisions. In order to see the effect from these results, we need
to average the processes considered over the whole network and implement this to the VOS
model. In particular, we need to estimate the average junction dynamics after string collisions
and find out how much junctions can grow.

4.2.1 Angles between strings after collision

Let’s revisit the result that all vectors of connected strings x′ are coplanar [156] in Minkowski
space. We will check that this result is valid not only in Minkowski space, but also in the
FLRW background. The junction between strings is described by the vector (4.19). Hence,
Ẋ2 = ẋ2

i + ṡ2
ix′ 2

i together with the definition of εi it is possible to obtain

Ẋ2 = 1− x′ 2
i

ε2
i

+ ṡ2
ix′ 2

i ⇒

⇒
(

1
ε2
i

− ṡ2
i

)
x′ 2
i =

(
1
ε2
k

− ṡ2
k

)
x′ 2
k .

(4.53)

Let’s multiply equation (4.17) by the vector Ẋ, sum over the index "i" and using the
relation (4.18), one can obtain ∑

i

εiṡiµi = 0. (4.54)

Equation (4.54) is just a generalized energy conservation law for shrinking and growing
junctions. Using equations (4.17), (4.18), and the definition of Ẋ together with the condition
(4.54), it is possible to obtain the following expression

∑
i

εiµi

(
1
ε2
i

− ṡ2
i

)
x′
i

(4.53)
=

(
1
ε2
k

− ṡ2
k

)
x′ 2
k

∑
i

εiµi
x′
i

x′ 2
i

= 0⇒

⇒
∑
i

εiµi
x′
i

x′ 2
i

= 0.
(4.55)



4.2 Averaged junction evolution after strings collisions 99

The last equation tells us that tangent vectors x′
i of connected strings lie in one plane,

which means that three connected strings locally have to be coplanar.
To understand the string configuration right after the collision, we can use the method

developed in [176]. Let’s consider the string collision with the angle 2α between them, see
figure 4.10. If the kinematic condition is satisfied (ṡ3 > 0), the junction should be produced
and two kinks start propagating on collided strings in opposite directions as it is shown in
figure 4.10. As a result, there will be new angles between strings that we denoted as π − β1,
π − β2 and β1 + β2.

As it was discussed above, after the collision of strings (lines JK1, JK2 and V J) stay at
the same plane. From the figure 4.10, following the work [176], we can obtain that

1

1
2

2

1

1
2

2

3

Fig. 4.10 Collision of two strings that are defined by blue and red lines. When the kinematic
condition is satisfied (ṡ3 > 0), the junction between colliding strings is produced, green line.
The bottom panel shows the geometrical configuration of straight strings before collision,
while the bottom panel shows the configuration right after the collision.

cosβ1 = V K1 cos(α− θ)− V J
JK1

= cos(α− θ)− ṡ3(0)√
1 + ṡ3(0) [ṡ3(0)− 2 cos(α− θ)]

,

cosβ2 = V K2 cos(α+ θ)− V J
JK2

= cos(α+ θ)− ṡ3(0)√
1 + ṡ3(0) [ṡ3(0)− 2 cos(α+ θ)]

.

(4.56)
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Hence, one can obtain the expression

tan β1 = sin(α− θ)
cos(α− θ)− ṡ3(0) ,

tan β2 = sin(α+ θ)
cos(α+ θ)− ṡ3(0) ,

(4.57)

where ṡ3(0) denotes the rate of junction growth at the moment of stings collision.

It should be noticed that as it was shown in [176], when υ → 0 we obtain β1,2 = π/2 for
α = 0. At the same time, when υ ̸= 0 for α = 0 the angles β1,2 = 0.

Using the equality (4.57), it is possible to obtain angles β1,2 for all possible collisions of
strings. Since we are interested in the average picture, we want to know how angles β1,2

depend on the rms velocity for fixed values of tensions µ1, µ2 and µ3. In order to achieve
this goal we need to express the angle θ and junction rate ṡ3 as functions of α, υ and µi

(i = 1, 2, 3). For this purpose we use equations for straight strings [85]

[Mṡ3 +M3(1− c3)] γ−1
u cos θ = [M1(1− c1) +M2(1− c2)] γ−1

υ cosα,
[Mṡ3 +M3(1− c3)] γ−1

u sin θ = [M1(1− c1)−M2(1− c2)] γ−1
υ sinα,

[M−M3(1− c3)]u = [M1(1− c1)−M2(1− c2)] υ
(4.58)

and following from this system equations

θ = arctan
(
u

υ
tanα

)
,

µ− sin2 αu4 +
[
µ2

3(1− υ2) + µ2
−(υ2 cos2 α− sin2 α)

]
u2 − µ2

−υ
2 cos2 α = 0.

(4.59)

Hence, we can numerically obtain the angles β1,2 as functions of µi, υ and α. Taking
an integration over the values of α from 0 to the maximal value of αcr (the angle at which
the junction still can be created) we average over all possible collisions that lead to junction
production. It should be noticed that when we integrate over all possible angles, we need
to take into account the multiplier in the form of sinα, which comes from possible string
orientations (the same as it was in (4.15)). For velocity we use the distribution in the form of
a delta function centred in the rms velocity value.

Carrying out numerical calculations for the average values of angles β1,2, we build the
plot of the angle dependence on the rms velocity. In figure 4.11 we show the averaged value
of β (for µ1 = µ2) and β1, β2 (when µ1 ̸= µ2) depending on rms velocity υ of the string
network. The results for the average angles β1 and β2 are going to be used as initial values
for the subsequent dynamics of junctions in the string network.
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Fig. 4.11 Averaged values of angles for string configurations as shown in figure 4.10. The
left panel shows calculations for µ1 = µ2 = 1, µ3 = 1.4, i.e. collisions of 1, 2 (green line)
and 2, 3 = 1, 3 (purple line) pairs of strings. The right panel demonstrates the situation for
µ1 = 1, µ2 = 1.2 and µ3 = 1.4, i.e. collisions of 1, 2 (green line), 1, 3 (blue line) and 2, 3 (red
line) pairs of strings. By solid lines we show average angles of string collisions that lead to
junction production α. The dashed lines denote the average angles β1,2.

4.2.2 Correlation function of ingoing components, small-scale structure

To understand how much junctions can grow in the string network, we need to figure out the
average scalar product behaviour hi = 1− εijk < pj · pk >. In other words we need to study
how these scalar products depend on junction growth in equations (4.38)

⟨εiṡi⟩ = 1− µMihi
µiM

, (4.60)

where ⟨...⟩ is the averaging along the string network.
To approach this problem, we can study the scalar product < p(x1)i ·p(x2)i > dependence

on the distance l = x2 − x1. This problem was studied numerically and analytically in a
number of papers [99, 160, 161, 177–180]. Let’s revisit these studies and emphasize the
important points for further investigation.

Let’s recall the definition of ε and notice that this variable depends on the σ parametriza-
tion. In this way, if the length of the string is reduced by a factor p = σ/σ̃, we have the
following relation

ε(σ̃) =
√

∂σ̃x2

1− ẋ2 = ∂σ

∂σ̃

√
∂σx2

1− ẋ2 = p ε(σ). (4.61)

We see that the equation of motion (2.4) is invariant under the transformation (4.61) if
the multiplier p is a constant. However, if p is a time dependent function, there will be an
additional contribution in the form

ε̇i + 2 ȧ
a
εiẋ2

i + ṗ

p
εi = 0. (4.62)
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To estimate the ratio ṗ
p we should remember that it is proportional to the string energy,

i.e. the bigger p is, the more energy the string has. Using the effective chopping parameter
to describe the average possibility for one string to lose the energy due to loops production,
we can conclude that

ṗ

p
= ρ̇

ρ

∣∣∣∣
loops

= c
|υ|
L
, (4.63)

where in the last equality we used the usual contribution to the energy loss from the loop
production mechanism.

Using the relation (4.63), we can include the phenomenological energy loss term at the
microscopic level. In this case the equation (2.4) should be rewritten as

ε̇i + 2 ȧ
a
εiẋ2

i + εi|υi|
ci
Lc i

= 0, (4.64)

where the length Lc i is the comoving distance that the string travels before a collision. This
is similar to the mean free path and we will consider that it is equal to the correlation length.

It can be shown that with the new equation (4.64), one can rewrite the equations of
motion for a string in terms of vectors p and q as [104]

ṗi + 1
εi

p′
i = ȧ

a
(qi − (pi · qi)pi) + qi + pi

2

√
1− (pi · qi)

2
ci
Li
,

q̇i −
1
εi

q′
i = ȧ

a
(pi − (pi · qi)qi) + qi + pi

2

√
1− (pi · qi)

2
ci
Li
.

(4.65)

In the same way as it was done in [160], we can chose the characteristic variable sσ(τ)
instead of σ, which is constant for ingoing waves (∂sσ p = 0). Using this new variable sσ(τ),
let’s estimate how the orientation of the vector pi is changing along the string (see figure
4.12). In particular we are interested in the average scalar product (correlation) between
vectors of different length hi(l, t), as it was performed in [160]. For this purpose we are going
to chose the pi parametrization as sσ(τ) and s′

σ(τ), which are separated by the physical
length l. It should be noticed that the time dependence of parameter sσ(τ) doesn’t change
equations (4.65). In order to understand how the average scalar product is evolving with
time and depends on length, let’s write the equation for the scalar product (further we will
write sσ instead of sσ(τ) for compactness)

< ∂τ
(
pi(sσ, τ) · pi(s′

σ, τ)
)
>=

= < qi(sσ, τ) · pi(s′
σ, τ) > + < pi(sσ, τ) · pi(s′

σ, τ) >
2 |υi|

ci
Li

+

+ < qi(s′
σ, τ) · pi(sσ, τ) > + < pi(sσ, τ) · pi(s′

σ, τ) >
2 |υi|

ci
Li

+

+ ȧ

a

(
< qi(sσ, τ) · pi(s′

σ, τ) > + < pi(sσ, τ) · qi(s′
σ, τ) > −

− < pi(sσ, τ) · pi(s′
σ, τ) >

(
αi(sσ, τ) + αi(s′

σ, τ)
) )
,

(4.66)
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where α =< p · q >= 1− 2υ2 and υ2 =< ẋ2 >.

p(0) p(L)

dt
dL

Fig. 4.12 Schematic evolution of the vector p along the string. Dashed lines show different
possible realizations of the string and corresponding faded vectors p. At the distance L
vectors p in average become completely independent < p(0) · p(L) >= 0. At the same time,
the correlation length L is a function of time, which is anticipated to grow for expanding
universe.

To treat equation (4.66) we are going to use the method from [160]. Let’s consider that
sσ and s′

σ are very close to the initial sσ(0) and s′
σ(0). This means that 1− < pi(sσ, τ) ·

pi(s′
σ, τ) >= O([s− s′]2) (we drop all terms higher than the first order [sσ − s′

σ]).

The outgoing q(sσ, τ) and ingoing p(s′
σ, τ) modes meet each other at the worldsheet

point (sσ, τ − δ), where δ is of the order of [sσ − s′
σ]3. Hence, the product of outgoing and

ingoing modes can be approximated as < qi(sσ, τ) · pi(s′
σ, τ) >= αi(s′

σ, τ − δ). As a result,
the equation (4.66) can be rewritten as

∂τhi(sσ, s′
σ, τ) = −hi(sσ, s′

σ, τ)
(

2 ȧ
a
αi −

|υi|ci
Li

)
− |υi|ci

Li
(1 + αi) +O([sσ − s′

σ]2), (4.67)

where αi = αi(s′
σ, τ) + αi(sσ, τ).

Assuming that the scale factor is evolving according to the power law a ∝ τn, we anticipate
that the correlation length is Li ∝ ϵiτ , where n and ϵi are constants. With these assumptions
we can solve (4.67) and see that

hi ∝
gi(s′

σ − sσ)
τ2nαi−|υi|ci/ϵi

. (4.68)

At the same time, with established assumptions from the equation (4.64) we can notice
that

εi ∝ τ−2nυ2
i +|υi|ci/ϵi (4.69)

and
sσ
τ

= εiσ

τ
∝ 1
τ1+2nυ2

i −|υi|ci/ϵi
. (4.70)

Following [160] we can define the form of the function gi(sσ− s′
σ) from the equation (4.69)

and rewrite (4.68) as

hi ∝
(
ℓs
t

)2χi

, (4.71)



104 Cosmic superstring networks

where χi = 2nαi−κi

1+2nυ2
i −κi

with κi = |υi|ci

2ϵi , the length of a segment ℓs = a
∫
εdσ (with the

assumption that ε depends only on time).
Comparing this result (4.71) with the result from [160], we see that due to including the

loop production term, we have an additional component κi. At first sight it seems that the
χi can become negative due to κi. However, when we use data from network simulations and
recall that the ci should be length dependent (κi → 0 when l→ 0) with a value smaller than
the full chopping parameter (ci < 0.23), we see that negative χi is not realised for the matter
and radiation dominated eras.

We should remember that the treatment described is just an approximation, which is valid
within a specific range of scales. If we consider the smallest scales, where loop production is
insignificant, we will be faced with kink domination. In that case, as it was shown in [161],
the correlator hi has the following behaviour

hi kink ∝
(
ℓs
t

)
. (4.72)

The relation (4.72) can be slightly changing during the network evolution. However, we
do not anticipate significant corrections when the network reaches the scaling regime.

For scales larger than the correlation length, ℓ/t > 1, the correlation hi reaches unity.
We are interested in finding an estimate function that can mimic all ranges of ℓ/t for the
correlator function hi. Let’s call the estimate function h(ℓ/t) (see figure 4.13).

h

Kinks scale Loops, stretchingscale Uncorrelatedscale

 2�1

l/t

l

l

l~Llk

Fig. 4.13 Logarithmic scale for the function h(ℓ/t), which shows how the correlation between
vectors decreases with distance ℓ. On small sales the function should be linear h ∝ ℓ/t. Then
it becomes a power law h ∝ (ℓ/t)2χ. Eventually the function h becomes constant 1 when the
distance ℓ ∼ L, where L is the correlation length.
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Junction rates for the scaling string network

In the previous section we estimated the behaviour of the correlation function h(ℓ/t) on a
string. Now, using this result, we are ready to study the junction evolution when the string
network reaches the scaling regime, i.e. when the correlation length and velocity behave as
L ∝ ϵτ , υ = const. To do so, we use the average equation (4.60), where functions hi are
described by the approximated function shown in figure 4.13.

The change of conformal length for strings we define as

∆ℓc = ṡ

∫
εdσ. (4.73)

Using the definition (4.73) one can rewrite (4.60) in the following way

∆ℓ̇i c = 1− µMihi(ℓj c/τ, ℓk c/τ)
µiM

, (4.74)

where indices j and k are connected with index i by permutation as |εijk|, which means that
when i = 1 index j = 2 and k = 3.

We should keep in mind that we apply the dynamics of the correlation function h to
the point where three strings are connected. This means that instead of focusing on the
correlation function on a single string, we study the correlation between vectors on different
strings. Let’s assume that the decrease of the correlation function depends only on the
corresponding correlation length of the string. Equivalently we are making the assumption
that the small-scale structures on all strings are similar.

The important difference between correlation functions on one string and different strings
is that the correlation function initially in the first case is equal to unity, while on different
strings it can be smaller (which is usually the case). The initial value of the correlation
function for collided strings was studied in section 4.2.1, and it depends only on the relative
velocity of the colliding strings and their tensions.

Combining all results together, we can calculate how the junction will grow/decrease on
average with the assumption of the scaling network regime. It is useful to rewrite equation
(4.60) in the following way

∆ℓ̇i c = 1− µMi

µiM
h0 i(υ)

[
η1Θ(ℓk −∆ℓi c)

(∆ℓi c
τ

)
+

+ η2Θ(∆ℓi c − ℓk)Θ(L−∆ℓi c)
(∆ℓi c

τ

)2χi

+ Θ(∆ℓi c − L)
]
,

(4.75)

where η1,2 are constants that provide the continuity of the correlation function, while h0 i(υ)
is the initial value of the function h.6

We chose the string tensions as µ1 = 1, µ2 = 1.2 and µ3 = 1.4. Each collision of the 1
and 2 strings leads to increase of the 3 string length. To understand how much it can grow,

6The initial value of h is calculated from the geometry of strings (see figure 4.10), taking into account that
initial average angles are given by integration of (4.57) and demonstrated in figure 4.11
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we need to use the average initial angle for such collisions, see figure 4.11 (right panel) -
green line. Fixing the rms velocity and correlation length (for simplicity we have chosen to
be υ = 0.5, L = τ for all strings), we can obtain the values of si from the expression (4.75).
Conducting calculations for this type of collisions we obtain the result shown in figure 4.14
by thin solid lines (all blue colors correspond to the first string, red to the second, green to
the third).

We estimated the third string growth in the process of 1 and 2 strings collision. The same
treatment can be applied for collisions of 2 and 3 strings (dash-dotted lines in figure 4.14)
and for collisions of 1 and 3 strings (dashed lines in figure 4.14).

�
Δℓi c�

1-2 strings collision
3-2 strings collision
3-1 strings collision

solid lines
dash-dotted lines
dashed linesThe sum

Fig. 4.14 Growth/decrease of junctions ∆ℓi for a scaled string network υi = 0.5, Li = τ ,
with tensions µ1 = 1, µ2 = 1.2, µ3 = 1.4. Solid lines represent the change of the length after
collisions of 1-2 strings, dash-dotted of 2-3 and dashed of 1-3. Thick solid lines represent the
sum of all collisions, while the black line shows the sum of all µi∆ℓi c.

4.3 VOS model for strings with dynamical junctions

As long as the preparatory work is done (sections 4.2.1 - 4.2.2), we can return to the VOS
model and introduce the necessary modifications. In particular, we are aiming to obtain a
model where the junction evolution is described by averaged kinematic constraints (section
4.1.3).

To achieve this goal we need to introduce energy exchange terms that correspond to
dynamics of junctions. Let us calculate the probabilities of strings to meet each other and
the corresponding energy densities exchange.

We can start from considering the collision of 1 and 2 strings. Let’s introduce new
variables ∆li for this process, which denote changes of string length that are separated by
the corresponding distances Li. Now we can consider the probability of string j to meet a
string i, which we denote as (j ←→ i) collision.
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(i←→ i ) probability. In the distance Li that is covered by the string i with velocity
υi in the time interval δt, it can meet another i string with probability vi

Li
δt
(
li
Li

)2
, where

the last multiplier appeared since the string li lengths are changed due to junctions and do
not coincide with the correlation lengths Li. The length li can be smaller or bigger than the
correlation length Li due to the junction dynamics (see figure 4.15). The change of energy
density ρi due to loop creation is proportional to each type of energy density. Hence, taking
into account the probability to create a loop of a given size by a constant parameter c, the
whole term can be written as

c
vi
Li

(
li
Li

)2
ρiδt. (4.76)

L

l

L=l

Fig. 4.15 Schematic picture of strings, where the difference between real length l and
correlation length L due to the presence of a junction is demonstrated. In the top panel the
usual string can be seen, with l = L, while on the bottom panel the junction presence is
taken into account l ̸= L.

(1 ←→ 2 ) probability. The probability of a string segment with length L2, which
is moving with relative velocity υ12 = υ1+υ2

2 , to collide with strings that possess lengths
L1 and are separated by distance L1 during the time δt was calculated in [44] and has the
form v12

L1
L2
L1
δt. Taking into account that in the volume (L1)3 on average there are

(
L1
L2

)3

strings of the 2nd type, the probability is then v12
L1

L2
L1

(
L1
L2

)3
δt. Hence, from each collision

the 1st, 2nd and 3rd types of strings obtain/lose on average the following amount of energy
density: ∆l1/L3

1, ∆l2/L3
1 and ∆l3/L3

1 correspondingly. Until this moment we mostly repeated
considerations of [44]. There should be introduced additional factors due to the fact that the
real length l can be smaller/larger than the correlation length L. Taking into account the
multiplier for the probability of interaction, we can conclude that the final energy exchange
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in (1←→ 2 ) collision process has the form

P12(υ12)1/3 v12
L1

L2
L1

(
L1
L2

)3 l1
L1

l2
L2

∆li
L3

1
δt, (4.77)

where P12 is given by equation (4.15) for 1 and 2 strings and the index in ∆li shows which
type of string is affected by the junction energy exchange, the power 1/3 was chosen as a
result of numerical simulation [181].

Similarly we can write terms for (1←→ 3 ) and (2←→ 3) collisions. As a result, we write
the general form for the junction energy exchange for (k ←→ m) string collision:

Pkm(υkm)1/3vkm
lk
L3
k

lm
L3
m

∆liδt. (4.78)

Since the length of the string l and correlation length L are not the same, the relation
between energy density and correlation length should be modified. We will hold the Brownian
approximation for each string (2.12). We assume that while the length of string decreases,
the string is still Brownian, but not on the whole correlation length. Hence, modifications to
the energy density relations can be introduced in the form of a multiplier

ρi = µi
li
L3
i

. (4.79)

Taking the time derivative we obtain the relation

dρi
dt

= ρi

( 1
li

dli
dt
− 3 1

Li

dLi
dt

)
. (4.80)

If there are no junctions the network evolves as standard VOS model described in chapter
2, which is why we can assume that

1
li

dli
dt

= 1
Li

dLi
dt

+ Ji, (4.81)

where functions ρiJi represent the junction dynamics estimated above as (k ←→ m) collisions.
As a result, we end up with the following terms responsible for energy loss/exchange

dρi
dt

∣∣∣
loops

= c
vi
Li

(
li
Li

)2
ρi,

dρi
dt

∣∣∣
junctions

= −Pkm(vkm)vkmc
lk
Lk

lm
Lm

µi∆li
L2
kL

2
m

,

(4.82)

where henceforth we will use Pkm as Pkm(vkm) for convenience.
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Collecting all factors mentioned above, we can write the equations for correlation lengths
Li, real lengths li, rms velocities υi and junction dynamics ∆li

L̇c i = ȧ

a
v2
i Lc i + c

2vi
(
lc i
Lc i

)2
P

1/3
ii ,

l̇c i = ȧ

a
v2
i lc i + c

2vi
(
lc i
Lc i

)3
P

1/3
ii + c

2
∑
p

|εpkm|Pkmvkm
lc k
L3
c k

lcm
L3
cm

∆lc iL3
c i,

v̇j = (1− v2
j )
(
k(vj)
Lc j

− 2vj
ȧ

a

)
,

∆l̇c j = 1− µMihi(∆lj/Lj ,∆lk/Lk)
µiM

.

(4.83)

Fig. 4.16 Set of plots representing the numerical solution of equations 4.83. They represent
the main macroscopic characteristics of the superstring network in the matter-dominated era,
such as junction growth ∆lc (using the same notation as in figure 4.14), energy density ρ,
correlation length Lc and rms velocity υrms. All green lines are related to the heaviest type
of strings, red to the middle one and blue lines correspond to the lightest type of strings. It
is seen that the superstring network reaches scaling behaviour.

To study the superstring network dynamics we consider three types of strings whose
tensions are connected by relation (1.69) (when C0 = 0) with coupling constant gs = 0.8. For
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Fig. 4.17 Set of plots representing the numerical solution of equations 4.83. They represent
the main macroscopic characteristics of the superstring network in the radiation-dominated
era, such as junction growth ∆lc (using the same notation as in figure 4.14), energy density ρ,
correlation length Lc and rms velocity υrms. All green lines are related to the heaviest type
of strings, red to the middle one and blue lines correspond to the lightest type of strings. It
is seen that the superstring network reaches scaling behaviour.

these strings we calculate the corresponding probabilities of interactions (see section 4.1.1) and
average them over all possible angles and velocities of collisions with Gaussian distribution
(choosing the variance σ2

υ = 0.25). To consider the junction dynamics we find average values
of angles just after string collisions (see section 4.2.1). These angles provide initial values of
the correlation function described in the section 4.2.2. All these computations produce the
necessary functions for the system of differential equations (4.83). To make calculations faster
we use an approximation for the correlation function h and for the probability of interaction
P. Setting the chopping parameter as c = 0.23 for the matter-dominated era, we find a
scaling behaviour of the network, see figure 4.16. For comparison, scaling solutions for the
radiation-dominated era are shown in figure 4.17.
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4.4 Summary

In this section we revisited cosmic string collisions in detail. We started from a review of string
interactions and kinematic constraints for junctions production. In particular, we studied
the generalization of straight string collisions for the FLRW metric. As was anticipated the
approach developed in [85, 155, 156] is applicable to the FLRW metric (as it was studied
for loops [159]). Hence, we studied how the junction dynamics locally can be affected by
the expansion of the universe. In addition we investigated the situation when strings with
currents are colliding. In order to do so we estimated the solution for a straight string with a
chiral current. This allowed us to apply the analyses of [85] to strings with chiral currents.
We revealed the same problem for strings with currents as in the paper [173], i.e. the presence
of currents can lead to overdetermined evolution equations. However, this is not the case
when identical strings are colliding. This particular scenario we studied in detail and we
found how the current affects the allowed region for the junction production.

The ability of strings to create junctions should influence the evolution of a string network.
The second part of this chapter was devoted to the study of averaged properties of strings
collisions and evolution of a superstring network. We studied the dependence of string
configurations (angles between strings, see figure 4.10) on string tensions that should appear
on average just after strings collisions. To understand the reason why junctions should unzip,
i.e. change their dynamics, we connected the equation for the junction dynamics with the
correlation function along the string. As it was seen, the junction can start unzipping due to
string curvatures (for loops unzipping see [182]), wiggles that are encoded in the correlation
function. Using averaged probabilities of interactions, correlation functions and velocity
dependent configurations of angles, we introduced modifications that should be taken into
account for superstring network consideration. As a result, we provided a full the VOS model
for superstring networks that includes dynamics of junctions.





Chapter 5

Observational signals from cosmic
strings

5.1 Cosmic Microwave Background

Up till now we were developing the quantitative description of the network structure and
evolution of cosmic strings. These improvements are necessary to obtain more accurate
predictions of the possible observational signals from string networks. The more accurate
the observational signal becomes, the more clear it will be to establish scenarios of the early
universe are realistic. Until today, there is no observational evidence for the presence of cosmic
string networks 1. There are different ways to testify cosmic string existence by observational
signals, such as gravitational lensing [185], imprints on CMB maps [186, 187] (see [188] for a
detailed description) including the CMB anisotropy [13, 189–191] and gravitational waves
[192–194].

In this section we review the main observational capabilities that can indicate the
existence of cosmic strings. In particular we provide a description of the CMB and stochastic
gravitational background anisotropies as an outcome of cosmic string network presence.

Implementing the improvements on the cosmic string network description, given in section
3, we study possible alterations of the predictions of CMB anisotropies from cosmic strings. In
particular, introducing the appropriate adjustments to the CMBact code [143]2, we investigate
the influence of nontrivial internal structure of strings on CMB anisotropies.

5.1.1 Thermal History

According to the "hot big bang" scenario, the universe at the early stages of its evolution had
a sufficiently high temperature to be filled with a primordial plasma, ylem [195, 196]. This
period is characterized by the domination of relativistic particles (radiation-dominated era,

1Some excitement of possible cosmic string detection was raised in 2003 [183], which was later disproved by
an independent and more accurate observation [184]

2 The CMBact is an open access code written in Fortran.
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see section 1.2) that are in thermal and chemical equilibrium (a temperature higher than few
MeV provides thermal and chemical equilibrium for baryons, leptons and photons [197])3.

To describe the primordial plasma in thermal equilibrium, one can use the phase space
one-point distribution function in the following form

f(p) = 1
e(E(p)−µch)/TK ± 1

, (5.1)

where µch is the chemical potential, TK is the absolute temperature, E(p) =
√

p2 +m2,
while the ” + ” sign refers to Fermi-Dirac and the ”− ” sign to Bose-Einstein statistics.

As long as we consider particles in chemical equilibrium, the total sum of chemical
potentials in (5.1) is vanishing, µch = 0. Integrating the function (5.1) one can obtain useful
macroscopic quantities [198]

number density: n = g

(2π)3

∫
f(p)d3p,

energy density: ρ = g

(2π)3

∫
E(p)f(p)d3p,

pressure: P = g

(2π)3

∫ p2

3E(p)f(p)d3p,

(5.2)

where g is the number of internal degrees of freedom.
Substituting (5.1) with µch = 0 to (5.2) it is possible to evaluate these integrals for

non-relativistic (TK << m) and ultrarelativistic (TK >> m) limiting cases

non-relativistic ultrarelativistic

n = g

(
mTK
2π

)3/2
e−m/TK ,

boson: g ζ(3)
π2 T

3
K

fermion: g
(

3
4

)
ζ(3)
π2 T

3
K

,

ρ = gm

(
mTK
2π

)3/2
e−m/TK ,

boson: g π
2

30T
4
K

fermion: g
(

7
8

)
π2

30T
4
K

,

P = g TK

(
mTK
2π

)3/2
e−m/TK ,

boson: g
3
π2

30T
4
K

fermion: g
3

(
7
8

)
π2

30T
4
K

,

(5.3)

where ζ is the Riemann zeta function.
With the help of equations (5.3), one can check that the following relation holds

dP = ρ+ P

TK
dTK . (5.4)

Using the second law of thermodynamics TKdS = dU + PdV (where S is the entropy, V
is the volume and U = ρV ) together with the relation (5.4) one can show the conservation of

3For simplicity, the Boltzmann constant is set to unity. As a result, we directly compare the value of energy
with a temperature.
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the entropy

dS

dt
= d

dt

[
V
ρ+ P

TK

]
=

= V

TK


[
dρ

dt
+ 1
V

dV

dt
(ρ+ P )

]
︸ ︷︷ ︸

(1.8)=0

+
[
dP

dt
− ρ+ P

TK

dTK
dt

]
︸ ︷︷ ︸

(5.4)=0

 = 0.
(5.5)

From entropy conservation (5.5) and equations (5.3) it follows that the temperature of
particles in the expanding universe falls as

TK ∝ a−1. (5.6)

Hence, as the universe expands the temperature of the plasma decreases. To see which
particles give the largest contribution to the energy density a given time, we can notice that
in (5.3) the energy density of the non-relativistic species is exponentially small. As a result,
the biggest contribution to the total energy density comes from the relativistic particles,
radiation. In this way, the total energy density can be approximated as the sum over all
relativistic species

ρr =
∑
i

ρi = π2

30T
4
Kg∗(T ), (5.7)

where TK is the temperature of the photon gas and g∗ is the effective number of degrees of
freedom.

The effective number of degrees of freedom consists of boson and fermion components
which can have corresponding temperatures TKi4

g∗ =
∑
i

gi

(
TKi
TK

)4
+ 7

8
∑
i

gi

(
TKi
TK

)4
. (5.8)

When the temperature drops, according to (5.6), to a value smaller than the mass of a
particle species (m < TK), this type of particle becomes non-relativistic. Eventually, these
particles are removed from the sum (5.7) and do not contribute to the effective degree of
freedom. The larger the mass of a particle, the earlier this particle becomes non-relativistic.
If the equilibrium condition held at all times, the universe would be mostly filled by photons,
since massive particles are exponentially suppressed. To understand why it is not the case,
we need to look at the particle interaction rate

Γint = nσintυ, (5.9)

where σint is the cross section of particle interactions.
4A complete table of effective degrees of freedom depending on a temperature for different particles can be

found in [198]
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As long as the interaction rate Γint is bigger than the expansion rate H, particles stay in
thermal equilibrium. But when the interaction rate Γint becomes smaller than H, particles
decouple from thermal equilibrium. Decoupled particles freeze-out, which means that the
following equality holds n(TF )a3 = const., where TF is the freezing temperature of the
corresponding particle species. The value of n(TF ) strongly depends on whether the particle’s
freezing temperature TF is relativistic or non-relativistic.

Let’s consider the moment when photons decoupled from the matter, recombination of
the hydrogen atom. As it is known, the binding energy of the ground state in hydrogen atom
is Eb = 13.6eV . In order to calculate at which temperature decoupling took place, we can
use the Saha equation [199]

1−Xe

X2
e

= 2ζ(3)
π2 ηbγ

(2πTK
me

)3/2
eEb/TK , (5.10)

where the baryon-to-photon ratio is given as ηbγ = nb/nγ ∼ 5 · 10−10, the electron-baryon
ratio Xe = ne

nb
= 10−2 is chosen in a such way that 99% of electrons are in the binding state5.

From equation (5.10) one can find the temperature of hydrogen recombination, TRec =
0.27eV ≈ 3100K. Using equations (5.6) and (1.14) together with the current value of
temperature T0 = 2.725K, one can see that the recombination redshift is around zrec ≈ 1137.
This means that at the redshift zrec photons experienced last scattering and started to travel
freely in space. This photon radiation, emitted from the hot universe due to stretching of
the wavelength (1.14) is detected today in the microwave range, and is called as the cosmic
microwave background.

5.1.2 CMB anisotropies

As it was described in the previous section, decoupled photons after the recombination
moment travel through the universe and are observed as a CMB. The result of observations
reveal that the CMB radiation is highly isotropic (temperature for any direction in the sky
map is almost the same T0 ≈ 2.7K) with an almost perfect black body spectrum. Small
inhomogeneities, as it was predicted by [201–203], appear in the CMB map only on the level
10−5. Measurements of such small temperature fluctuations were accomplished by a range
of missions, such as COBE [204], WMAP [205] and Planck [206]. The study of the CMB
anisotropies provide a precise method to constraint cosmological scenarios [2].

Let’s review the basic phenomena that cause CMB anisotropies. To do so, we start from
the consideration of metric perturbations on a flat FLRW background. As it was shown, it
is possible to decompose perturbations for scalar, vector and tensor modes and treat them
separately [207]. The vector perturbations rapidly decay in the expanding universe6. Let’s
consider scalar perturbations encoded in the line element. In the Newtonian gauge we can

5For more detailed and accurate description see [200]
6A comprehensive description of perturbations evolution is given in [208]
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write the metric as

ds2 = a(τ)2
[
(1 + 2Ψ)dτ2 − (1− 2Φ)δikdxidxk

]
, (5.11)

where Ψ is a Newtonian gravitational potential and Φ represents scalar density perturbations.
In the case when the energy-momentum tensor is isotropic, the following relation takes place
Ψ = Φ.

Substituting the perturbed metric (5.11) with a perturbed energy-momentum tensor (1.4)

δTµν = (δP + δρ)UµUν + (P + ρ) (δUµUν + UµδUν)− δPδµν −Πµ
ν , (5.12)

where Πµ
ν is the anisotropic tensor (with traceless spatial part).

Substituting (5.11) and (5.12) into Einstein equations (1.3) one obtains the evolution
of small scalar fluctuations. In this way, one can obtain the equation for the overdensity
parameter δ = δρ

ρ and the equation for the peculiar velocity divergence θ in Fourier space
[209]

δ̇ = −(1 + ω)
(
θ − 3Φ̇

)
,

θ̇ = − ȧ
a

(1− 3ω)θ − ω̇

1 + ω
θ + ω

1 + ω
k2δ − k2σγ − k2Ψ,

(5.13)

where (ρ+ P )k2σγ = (kikj − 1
3δ
i
j)Π

j
i and ki are wave vectors of the corresponding Fourier

space. The equations (5.13) were obtained under the assumption that perturbations are
isentropic (adiabatic and reversible).

To study the temperature fluctuation ∆TK , whose direction on the CMB map is given by
a unit vector n, it is useful to make a spherical harmonics expansion

∆TK(n) =
∑
lm

almY
m
l (n), (5.14)

where Y m
l (n) are spherical harmonic functions with l running over positive integers (the

bigger is l the smaller the size of anisotropies) while m runs over integers from −l to l.
Let’s consider the simplest non-trivial average characteristic for the temperature fluctua-

tions, whose relation to the angular power spectrum Cl can be written as

⟨almal′m′⟩ = δll′δmm′Cl. (5.15)

As a result, using the relation (5.15), one can obtain the average product of separated
∆TK in the form

〈
∆TK(n)∆TK(n′)

〉
=
∑
l

Cl

(2l + 1
4π

)
Pl(n,n′), (5.16)

where Pl denotes Legendre polynomials.
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Since we observe the CMB anisotropies only from one location it is not possible to make
an average over different positions of view. Hence, the observed Cobs

l is actually an average
over the values m, which means that

Cobs
l = 1

2l + 1
∑
m

|alm|2. (5.17)

The difference between the observed (5.17) and theoretical (5.15) values, called cosmic
variance, determines the limit of accuracy with which it is possible to measure Cl [200]

〈
Cl − Cobs

l

Cl

〉2

= 2
2l + 1 .

(5.18)

To describe photon fluctuations one can use the kinetic equations for the distribution of
photons fγ . Since the photon energy is smaller than the mass of the electron around the
time of recombination, the collision term is described by the Thomson scattering. Hence, the
Boltzmann equation for the photon temperature fluctuations Θγ = ∆TK

TK
can be written as

[210]

d

dτ

(
e−τγ (Θγ + Ψ)

)
= −τ̇γe−τγ

(
Ψ− n · vb + 3

16π

∫
dn′Θγ(n′)

[
1 + (n · n′)

])
+

+ e−τγ

(
Φ̇ + Ψ̇

)
,

(5.19)

where the optical depth is τγ =
∫ τ
τR
aneσTdτ

′, τR is the (conformal) time of the recombination,
σT is the Thomson cross-section and vb is the peculiar velocity of electrons.

Numerical treatment of the equation (5.19) together with the perturbation equations
(5.13) for the tightly coupled system of baryons and photons reveals good agreement between
observational data and the theoretical description of the CMB anisotropies, see figure 5.1.

5.2 CMB anisotropies from cosmic strings

Among different methods for detecting observational signals from cosmic string networks,
CMB anisotropies offer one of the most sensitive and robust probes [13]. Current results
obtained using cosmic string network simulations [212, 213] and calibrated semi-analytic
models [191] yield very similar constraints for simple global cosmic strings, the current limit
on the string tension being at the level of Gµ . 10−7. However, as discussed above, it is the
latter approach that allows us to go beyond these vanilla strings and quantitatively study the
observational effects of additional properties on cosmic strings.

To study the CMB signal we pay particular attention to the special cases of wiggly strings
and superconducting strings. In the case of wiggly strings this generalises and extends the
work of [143], where string wiggles were taken into account through a constant free parameter
α. In our approach we can construct the most general model for wiggly strings, leading to a
full description of wiggles, including their evolution and their effect on the string equations of
motion. For superconducting strings, some of the relevant model parameters are less well
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Fig. 5.1 The observational result of temperature fluctuations by Planck mission compared
with the best fit ΛCDM model, where Dl = Cl(l(l + 1))/(2π) [211].

known (due to the lack of numerical simulations of these models) but we are also able to
provide a full description. In both cases, our results will enable a more detailed and robust
comparison to observations, which we leave for future work.

We now concentrate on how modifications of cosmic string properties can influence the
predictions for the CMB anisotropy. We follow the approach of [143, 214, 215]. Rather than
working with the full network of cosmic strings, we consider a number of straight string
segments in Minkowski space that decay according to the evolution of strings in an expanding
FLRW metric, and have velocities and lengths determined by the VOS model [143, 215].

5.2.1 General approach

To consider the CMB temperature anisotropies caused by cosmic strings, we start from the
Fourier transform of the energy-momentum tensor (3.18). We apply the Fourier transform
to a single straight string segment on which the contribution from string currents has been
averaged as above

Θµν = µ0

∫ ξ0τ/2

−ξ0τ/2

[
ÛϵẊµẊν − T̂ X

′µX ′ν

ϵ
−Q

(
ẊµX ′ν + ẊνX ′µ

) ]
eik·Xdσ, (5.20)

where the vector Xµ = xµ0 + σX ′µ + τẊµ represents the straight, stick-like solution for a
string moving with velocity υ (so that ẊµẊµ = 1 − υ2) and with worldsheet coordinates
σ and τ in the transverse temporal gauge. The comoving length of a string segment at
conformal time τ is ξ0τ , where ξ0 will be determined from the macroscopic evolution equations
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(3.62-3.63). Variables Û , T̂ and Q are constants for the straight string, as follows from the
equations of motion (3.22-3.24). The four-vector xµ0 = (1,x0) is the random location for a
single string segment, while X ′µ and Ẋµ are randomly oriented and satisfy the transverse
condition X ′

µẊ
µ = 0. We can choose these vectors7 as

Ẋµ =


1

υ(cos θ cosφ cosψ − sinφ sinψ)
υ(cos θ sinφ cosψ + cosφ sinψ)

−υ sin θ cosψ

 ,

X ′ µ =


0

sin θ cosφ
sin θ sinφ

cos θ

 .

(5.21)

Without loss of generality we can choose the wave vector along the third axis k = kk̂3

and integrating over σ we obtain the following expressions

Θ00 = µ0Û√
1− v2

sin(kX3ξ0τ/2)
kX3/2

cos(k · x0 + kX3vτ), (5.22)

Θij = Θ00

[
v2ẊiẊj − T̂ /Û(1− v2)X ′

iX
′
j − vQ/Û

(
ẊiX

′
j + ẊjX

′
i

) ]
, (5.23)

where the indices i, j run over the 3-dimensional spatial coordinates.
The scalar, vector and tensor components can be defined as

ΘS = (2Θ33 −Θ11 −Θ22) /2, (5.24)

ΘV = Θ13, (5.25)

ΘT = Θ12. (5.26)

Substituting (5.22) and (5.23) in (5.24)-(5.26), we obtain the scalar, vector and tensor
contributions for a straight string segment with energy-momentum tensor (3.18), (5.20)

2ΘS

Θ00
=
[
v2(3Ẋ3Ẋ3 − 1)− 6vQ/ÛX ′

3Ẋ3 − (1− v2)T̂ /Û(3X ′
3X

′
3 − 1)

]
, (5.27)

7Note that although we work in the transverse temporal gauge we have chosen the normalization X′2 = 1.
This may seem to be inconsistent as X′2 = ϵ2(1 − Ẋ2) and ϵ is evolving according to equation (3.22). However,
we are implicitly taking this effect into account by having the limits of the integral (5.20) be time-dependent
through the time evolution of ξ0. This evolves according to the macroscopic equation (3.62), which has been
derived by averaging equations (3.34) and (3.22).
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ΘV

Θ00
=
[
v2Ẋ1Ẋ3 − T̂ /Û(1− v2)X ′

1X
′
3 − vQ/Û

(
X ′

1Ẋ3 + Ẋ1X
′
3

) ]
, (5.28)

ΘT

Θ00
=
[
v2Ẋ1Ẋ2 − T̂ /Û(1− v2)X ′

1X
′
2 − vQ/Û

(
X ′

1Ẋ2 + Ẋ1X
′
2

) ]
. (5.29)

Following the prescription of reference [216], we can then calculate the unequal time
two-point correlators by averaging over locations, string orientations and velocity orientations
of the string segment

〈
ΘI(k, τ1)ΘJ(k, τ2)

〉
=

= 2µ2
0F(τ1, τ2, ξ0)

16π3

∫ 2π

0
dφ

∫ π

0
sin θdθ

∫ 2π

0
dψ

∫ 2π

0
dχΘI(k, τ1)ΘJ(k, τ2) .

(5.30)

Here, the indices I and J correspond to the scalar, vector, tensor and “00" components.
The function F(τ1, τ2, ξ0) describes the string decay rate. It is chosen to have the same form
as for ordinary (without currents) cosmic strings [143]

F(τ1, τ2, ξ0) = 1
(ξ0Max(τ1, τ2))3 , (5.31)

but here ξ0 is determined by the modified VOS equations (3.60-3.61). The phase χ = k · x0

arises from varying over string locations x0 (refer to equation (5.22)), which we integrate
over.

We can write the general form of the correlators as

〈
ΘI(k, τ1)ΘJ(k, τ2)

〉
= µ2

0F(τ1, τ2, ξ0)
k2(1− υ2) BI−J(τ1, τ2). (5.32)

If we are only interested in the approximation kτ < 1 (superhorizon scales), we can expand
BI−J keeping only terms that are up to quadratic in k. In this case the non-zero correlators
are the following

B00−00 ≈ Û2ξ2
0k

2τ1τ2, (5.33)

BS−S ≈ 1
5
B00−00

Û2

(
Û2υ4 + T̂ Ûυ2(1− υ2) + T̂ 2(1− υ2)2 + 3υ2Q2

)
, (5.34)

BV−V ≈ 1
3B

S−S , (5.35)

BT−T ≈ 1
3B

S−S . (5.36)

In the Appendix A we give exact expressions for the equal time two-point correlators
BI−J(τ) and provide semi-analytic expressions for the unequal time two-point correlators,
valid for all modes k (i.e. from sub-Hubble through to super-Hubble).
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Having computed the correlators (5.32), let us now assume that the cosmic string network
under consideration has reached a scaling regime. We can then assume that ξ0, υ together with
Û , T̂ and Q do not depend on τ and σ. To obtain an analytic estimate of the string-induced
CMB anisotropy, let us consider the string network evolving in the matter domination epoch
(n = 2). For this case we can use the following solution of the linearised Einstein-Boltzmann
equations [214, 217]

∆T
T

= −1
2

∫ τf

τi

dτḣijn
inj ,

ḣij = ḣSij + ḣVij + ḣTij ,

(5.37)

ḣSij = −ρ
∑
k

eik·x
∫ τ

0
dτ ′

(
1
3δij

(
τ ′

τ

)6
(ΘTr + 2ΘS)− kikj

(
τ ′

τ

)4
ΘS

)
, (5.38)

ḣVij =
∑
k

eik·x
(
V̇ikj + V̇jki

)
,

V̇i = ρ

∫ τ

0
dτ ′

(
τ ′

τ

)
ΘV
i ,

(5.39)

ḣTij = ρ

∫ τ

0
dτ ′k3τ ′4F (kτ ′, kτ)ΘT

ij ,

F (kτ ′, kτ) = G1(kτ ′)Ġ2(kτ)−G2(kτ ′)Ġ1(kτ),
(5.40)

where ρ = 16πG, G1(kτ) = cos(kτ)
(kτ)2 + cos(kτ)

(kτ)3 , G2(kτ) = cos(kτ)
(kτ)3 + sin(kτ)

(kτ)2 , ∆T
T are the CMB

temperature fluctuations, ni is a unit vector defining the direction of CMB photons, and ΘTr

is the trace of the Fourier transformed energy-momentum tensor.

We can now compute the angular power spectrum Cl of the CMB anisotropy using the
expressions [214]:

CSl = 1
2π

∫ ∞

0
k2dk

〈∫ τ0

0
dτ

(
1
3 ḣ1 + ḣ2

d2

d(k∆τ)2

)
jl(k∆τ)

〉2

, (5.41)

CVl = 2
π

∫ ∞

0
k2dkl(l + 1)

〈∫ τ0

0
dτḣV

d

d(k∆τ) (jl(k∆τ)/(k∆τ))
〉2
, (5.42)

CTl = 1
2π

∫ ∞

0
k2dk

(l + 2)!
(l − 2)!

〈∫ τ0

0

dτ

(k∆τ)2 ḣ
T jl(k∆τ)

〉2
, (5.43)

where ∆τ = τ0 − τ (with τ0 the value of conformal time today), jl(k∆τ) are spherical Bessel
functions, and ḣ1, ḣ2 are defined as

ḣ1(τ) = −ρ
∫
dτ ′

(
τ ′

τ

)6
(ΘTr(τ ′) + 2ΘS(τ ′)), (5.44)

ḣ2(τ) = −ρ
∫
dτ ′

(
τ ′

τ

)4
ΘS(τ ′). (5.45)
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We proceed by making a further approximation on the correlators (5.32). The dominant
contribution to the two-point correlator is when τ1 → τ2 (see for example [216]), which allows
us to approximate (5.32) as

〈
ΘI(k, τ1)ΘJ(k, τ2)

〉
= µ2

0F(τ1, τ2, ξ0)
k2(1− υ2) BI−J(τ1)δ(τ1 − τ2), (5.46)

where δ(τ1 − τ2) is the Dirac delta function and BI−J(τ1) = BI−J(τ1, τ1).

By using this form of the correlators (5.46) one can rewrite equations (5.41), (5.42)
and (5.43) as

CSl = κ2

2π

∫ ∞

0
k2dk

∫ τ0

0
dτ1

∫ τ0

0
dτ2

∫ τ1

0
dτ ′

1
f(τ ′

1, ξ0)
k2(1− v2)

τ ′8
1

τ4
1 τ

4
2
Fsc(τ ′

1), (5.47)

CVl = 2κ2

π

∫ ∞

0
k2dkl(l + 1)

∫ τ0

0
dτ1

∫ τ0

0
dτ2

j′
l(kτ1)
kτ1

j′
l(kτ2)
kτ2∫ τ1

0
dτ ′

1
τ ′8

1 f(τ ′
1, ξ0)

k2(1− v2) B
V−V (τ ′

1),
(5.48)

CTl = κ2

2π

∫ ∞

0
k2dk

(l + 2)!
(l − 2)!

∫ τ0

0
dτ1

∫ τ0

0
dτ2

jl(kτ1)
(kτ1)2

jl(kτ2)
(kτ2)2∫ τ1

0
dτ ′

1k
6τ ′8

1 F (τ ′
1, τ1)F (τ ′

2, τ2) f(τ ′
1, ξ0)

k2(1− v2)B
T−T (τ ′

1),
(5.49)

where f(τ ′
1, ξ0) = F(τ ′

1, τ
′
1, ξ0) and

Fsc = 1
9jl(kτ1)jl(kτ2) τ ′4

1
τ2

1 τ
2
2

(
BTr−Tr(τ ′

1) + 4BTr−S(τ ′
1) + 4BS−S(τ ′

1)
)

+

+1
3

(
j′′
l (kτ1)jl(kτ2)τ

′ 2

τ2
2

+ j′′
l (kτ2)jl(kτ1)τ

′ 2

τ2
1

)(
BTr−S(τ ′

1) + 2BS−S(τ ′
1)
)

+

+j′′
l (kτ1)j′′

l (kτ2)BS−S(τ ′
1),

(5.50)

with trace components: BTr−Tr(τ ′
1) =

[
1 + v2 − T̃ /Ũ(1− v2)

]2
B00−00(τ ′

1), (5.51)

BTr−S(τ ′
1) =

[
1 + v2 − T̃ /Ũ(1− v2)

]
B00−S(τ ′

1). (5.52)

In the final form of equations (5.47) and (5.50) we have expressed the contribution
from the “00" component in terms of the trace component “Tr" using the relations (5.51)
and (5.52), which can be derived from (5.22) and (5.23). It should be stressed that in
obtaining equations (5.47), (5.48) and (5.49) we have only used the approximation (5.46). We
have thus succeeded to derive full semi-analytic expressions for the scalar, vector and tensor
contributions to the angular powerspectrum from cosmic strings with arbitrary currents, valid
in matter domination and under the approximation (5.46).

In the superhorizon limit kτ < 1 considered above, the two-point correlators have the
simple form (5.33)-(5.36) and we can factor out from the integrals (5.47)-(5.49) the key



124 Observational signals from cosmic strings

quantities characterising the cosmic string network: υ, ξ0, Û , T̂ and Q. This allows us
to establish a direct connection between cosmic string network parameters and the string
contribution to CMB anisotropies, valid on superhorizon scales. For the vector (5.48) and
tensor (5.49) contributions it is easy to see that

CV,Tl ∼ (Gµ0)2 Û
2υ4 + T̂ Ûυ2(1− υ2) + T̂ 2(1− υ2)2 + 3υ2Q2

ξ0(1− v2) , (5.53)

which agrees with the result of [216] in the limit Q = 0, U = αµ0 and T = µ0/α.
The treatment of the scalar mode (5.47) is more subtle. We will estimate it to leading order,

using the following asymptotic form of the spherical Bessel function jl(x) ∼ xl, valid when
0 < x <<

√
l + 1. This approximation is justified when we consider the scalar contribution at

large multipole moments l. Since the angular power spectrum Cl for cosmic string networks
typically peaks at l > 500 we can take the leading term of (5.50) as j′′

l (kτ1)j′′
l (kτ2)BS−S(τ ′

1).
It follows that, in this approximation, the scalar contribution will be the same as the above
approximate expressions for the vector and tensor components

CS1<<l ∼ (Gµ0)2 Û
2υ4 + T̂ Ûυ2(1− υ2) + T̂ 2(1− υ2)2 + 3υ2Q2

ξ0(1− v2) . (5.54)

5.2.2 The CMB for a wiggly string network

In order to investigate in detail the effects of string wiggles on the predicted CMB anisotropies
from cosmic string networks, we implement the wiggly VOS model (3.71)-(3.73) into the
CMBact code [143]. The original code was developed so as to take into account the presence
of string wiggles in the computation of the string-induced CMB anisotropy. However, in the
original CMBact package, wiggles were modelled by a single (constant) phenomenological
parameter α = µ modifying the effective mass per unit length and string tension at the level
of the energy-momentum tensor (5.55). In other words, within the approximations of the
original CMBact code, the amount of wiggles was not a dynamical parameter and did not
influence the equations of motion, while from the wiggly VOS model we have just discussed it
is clear that these effects must, in general, be present. Here, we implement the full description
of wiggly strings in CMBact. Using the equation of state for wiggly strings (3.13) we first
rewrite the energy-momentum tensor (3.18) as

Tµν(y) = µ0√
−g

∫
d2σ

(
ϵµẋµẋν − x′µx′ν

ϵµ

)
δ(4)(y − x(σ)) , (5.55)

where µ is the amount of wiggles, which is now dynamical, satisfying equation (3.73) (compare
to the work [143], the parameter µ = 1/α). The size of string segments is set to be equal8

to the correlation length ξ0τ . We also change the VOS equations of motion in CMBact to
the full system (3.71)-(3.73) and implement the energy-momentum components (5.27)-(5.29).

8For an even more realistic model we could consider the strings segments to have a range of sizes and
speeds picked from appropriate distributions as in [191], but here we want to focus on the effects of string
wiggles only and compare to the results of the original CMBact code, which also takes all segments to have
the same size and speed.
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With these modifications, we achieve a full treatment of wiggly cosmic string networks in
CMBact.

η=10, c=0.23 D=

   0
   1.5
   2.5
   3
   4
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   11

α=2

Fig. 5.2 CMB anisotropy for wiggly cosmic string networks obtained by a modified version
of the CMBact code [143]. The panels show scalar, vector and tensor contributions (top to
bottom) of the BB, TT , TE and EE modes (left to right). (Note there is no BB contribution
from scalar modes.) These have been computed for different values of D with fixed η. The
CMBact result from [143] with α = 2 is shown by the black dashed line for comparison.

In section 3.5 we already studied the network evolution of wiggly strings, see figure 3.3,
and in figure 5.2 the corresponding CMB anisotropies computed in our modified version
of CMBact are shown. In both figures we show the corresponding results of the original
CMBact code [143] for comparison. Regarding figure 3.3, we note that the accuracy of
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CMBact is comparatively worse at low redshifts; this explains why the effects of the matter
to acceleration transition seemingly become visible around redshifts of a few, while the onset
of acceleration occurs below z = 1. This point is not crucial for our analysis, since our goal
is to make a comparative study of the effects of the additional degrees of freedom on the
strings. Moreover, these low redshifts have a relatively small effect on the overall CMB
signal. Nevertheless, this is an issue which should be addressed if this code is to be used for
quantitative comparisons with current or forthcoming CMB data.

Figure 5.2 shows how the full treatment of wiggly cosmic string networks affects the
prediction for the string-induced CMB anisotropy. Note that the CMB contribution is
generally smaller than for ordinary cosmic strings (i.e. without wiggles, µ = 1). This is
mainly due to a reduction in the rms string velocity υ (see figure 3.3) when the amount of
wiggles µ increases. In view of the observed changes to the usual CMB predictions for cosmic
strings, we argue that to achieve accurate results for wiggly cosmic strings, one should study
them in the framework of the complete wiggly model (3.71)-(3.73) and the modified version of
CMBact developed here. This generally leads to a weakening of the CMB-derived constraint
on the string tension µ0 (but note that there is also a region in parameter space – for large
D – where the correlation length can actually become smaller than for ordinary strings, see
figure 3.3).

Note that both the evolution and CMB results from our wiggly VOS model are somewhat
closer in comparison to results from Abelian-Higgs simulations (and similarly ordinary VOS
results are closer to Nambu-Goto simulations). It is then tempting to speculate that wiggles
play a dynamical role analogous to that of the averaged field fluctuations that appear in
Abelian-Higgs field theory simulations (as opposed to effective Nambu-Goto simulations).
This hypothesis may be investigated by direct comparisons of Abelian-Higgs and Goto-Nambu
simulations with suitably high resolutions and dynamic ranges.

Since we have computed the velocity υ and correlation length ξ0τ = √µετ in the scaling
regime, we can use equations (5.53) and (5.54) to estimate how the contribution to the CMB
anisotropy from cosmic strings depends on the amount of string wiggles. For wiggly cosmic
strings the angular power spectrum Cl has the following dependence (which coincides with
the result in [216])

Cl ∼ (Gµ0)2µ
4υ4 + µ2υ2(1− υ2) + (1− υ2)2

µ2ξ0(1− v2) , (5.56)

where scalar, vector and tensor components depend on string parameters in the same way.
We can now compare the dependence in equation (5.56) with our numerical results using

our modified CMBact code. By choosing the µ value for the matter domination era and
looking at the peak (l ≈ 700) of the sum of the scalar, vector and tensor contributions we plot
them in comparison to the analytic estimate from (5.53) and (5.54). This comparison is shown
in figure 5.3. For our approximate estimate it is seen that after a fast decrease of Cl’s with
growing amount of wiggles µ, the value of Cl reaches a plateau. A similar behaviour is seen
for vector, tensor and scalar components obtained from the full treatment using our modified
CMBact code, even though the agreement is somewhat weaker for the scalar contribution.
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These results reaffirm the approximations used to estimate the analytic dependence of Cl on
the string network characteristics.

Fig. 5.3 Comparison between the behaviour of the string-induced angular power spectrum Cl
for different amounts of wiggles in our analytic approximation (solid lines) and the numerical
computation using our modified CMBact code (circles). The dependence on µ has been
estimated analytically using equations (5.54), (5.53) together with the equations for the
scaling regime of the network (3.86). Using the value of µ in the matter domination era and
Cl’s for scalar (green), vector (blue) and tensor (red) components at l = 700 (where the sum
peaks), we have obtained the Cl − µ dependence from the CMBact code.

5.2.3 The CMB for a superconducting chiral string network

Similar analyses can be accomplished for the CMB anisotropies from a superconducting chiral
cosmic string network. In section 3.6 we already studied the evolution of such networks.
We saw that there are no general scaling solutions for all ranges of expansion rates of
the superconducting chiral string network. However, in all cases (even in the absence of
scaling solutions) we can still evolve the network with our modified VOS model and use
equations (5.27)-(5.29) with the energy-momentum tensor

Tµν(y) = µ0√
−g

∫ √
−γ(

(1 + Ψ)uµuν − (1−Ψ)vµvν − βΨ(uµvν + vµuν)
)
δ(4)(y − x(σ))d2σ

(5.57)

to modify the CMBact code for a superconducting chiral cosmic string network. In the
absence of scaling the charge Q for the cosmic string network evolution is controlled mainly by
the initial condition Q0. Note that, unlike the wiggly case, there are currently no numerical
simulations which can provide us with benchmarks for the value of this charge. Thus, by
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varying Q0 we obtain different evolutions for cosmic superconducting string networks (see
figure 3.8) and their corresponding contributions to the CMB anisotropy (see figure 5.4).

c=23∙10-2,         s =

       5.0∙10-2

       6.5∙10-2

       7.5∙10-2

       8.0∙10-2

       8.5∙10-2

 

Fig. 5.4 CMB anisotropy results for superconducting (chiral) cosmic sting networks obtained
by our modified version of CMBact [143]. The panels show the scalar, vector and tensor
contributions (top to bottom) to the BB, TT , TE and EE power spectra (left to right). The
calculations are done for different initial conditions of the charge Q0.

We can also check the analytic estimate for Cl in (5.54). In the case of superconducting
chiral strings the value of Cl can be represented as

Cl ∼ (Gµ0)2 υ
4(1 + 3β2Q2) + v2(3Q2(1− β2) + 4βQ− 1) + (1− βQ)2

ε(1− v2) , (5.58)
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where scalar, vector and tensor components depend on string parameters in the same way.

We use the solution of algebraic equations (3.105) for different values of Q (some solutions
are shown in 3.9) to estimate the Cl dependence on the charge Q (5.58). The result of these
calculations is presented in figure 5.5.

Fig. 5.5 The behaviour of Cl for different values of a string charge Q, obtained from the
analytical approximation.

Concerning the angular power spectra Cl, it should be noted that it is difficult to make
extensive comparisons in the case of superconducting strings, as there is no scaling behaviour
in the full range of expansion rates n and we do not know which Q values we should choose
from our numerical results in figure 5.4. However, it is clear that the analytic approach
and numerical computation are in qualitative agreement. In particular the angular power
spectrum Cl in both our numerical calculations using the modified CMBact code (figure
5.4) and the analytic estimate (figure 5.5) we observe that the string rms velocity υ tends
to decrease as we increase the charge Q. The comoving correlation length in units of the
conformal time ϵ increases for small values of the charge, but then reaches a maximum and
eventually decreases for higher values of the charge Q.

5.3 Other observational constraints on cosmic strings

In the previous section we gave a description of the cosmic string influence on CMB anisotropies.
In addition to the CMB study, there are many other tools that can allow to detect/restrict
existence of cosmic strings. Below we mention main approaches to search for the cosmic
string signal and corresponding limits that were imposed.
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5.3.1 Gravitational lensing and the Kaiser-Stebbins effect

If one consider the standard straight static string oriented along the axis Z in Minkowski
space, the energy-momentum tensor has the form [218]

Tµν = µ0δ(x)δ(y)diag(1, 0, 0, 1). (5.59)

Using the expression for the linearised Einstein equations

∂ρ∂ρhµν = −16πG
(
Tµν −

1
2ηµνT

σ
σ

)
, (5.60)

where the metric perturbation hµν = ηµν − gµν is |hµν | << 1, one can find that

h00 = h33 = 4(U − T )Gµ0 log(r/r0),
h11 = h22 = 4(U + T )Gµ0 log(r/r0).

(5.61)

For the standard string U = T = µ0 the following line element in the cylindrical coordinates
system corresponds to (5.61)

ds2 = dt2 − dz2 − (1− h(r))
(
dr2 + r2dθ2

)
, (5.62)

where h(r) = 8Gµ0 log(r/r0) (for details see [35]).
The following coordinate transformation

r′ 2 = (1− h(r))r2/(1− 8Gµ0),
θ′ = (1− 4Gµ0)θ

(5.63)

provides a new form of the line element (up to linear order in Gµ)

ds2 = dt2 − dz2 − dr′ 2 − r′ 2dθ′ 2, (5.64)

which is locally the same as usual Minkowski space.
The difference between the metric (5.64) and the Minkowski line element in the possible

range of values for the new angle θ′: 0 < θ′ < 2π(1− 4Gµ). The fact that θ′ doesn’t reach 2π
implies the presence of an angle deficit

δθ = 8πGµ. (5.65)

It should be noted that there is a generalization for the angle deficit (5.65) [219], which
states that for the metric

ds2 = eA(r)
(
dt2 − dz2

)
− dr2 − eB(r)dθ2 (5.66)

the angle deficit is

δ′
θ = 8πGµ+ π

2

∫ ∞

0

(
∂A(r)
∂r

)2
eB(r)/2dr. (5.67)
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As it is seen, the generalized angle deficit can be only bigger δ′
θ > δθ. Using the general

expression for the mass per unit length and tension (3.30), we can see from (5.61) that h00 and
h33 are not zero anymore. Their presence leads to the metric form (5.66) and an additional
contribution to the angle deficit from non-trivial string structure in the form (5.67). The
bigger the presence of current/wiggles, the bigger the angle deficit.

The effect of the angle deficit allows us to look for the presence of cosmic strings through
gravitational lensing. A cosmic string plays the role of a cylindrical lens, as shown in figure
5.6. It was shown that by using the reasonable assumption Gµ << 1, that it is possible to
find the angular separation between lensed images [220]

δϕ = LQS
LQS + LOS

δθ sin β, (5.68)

where LQS (LOS) is the length between the object Q (observer O) and the string S, while β
is the angle between plane of the "sight" and the cosmic string (for clarity see figure 5.6).

Object

Angle
deficit

Observer

Cosmic
string OSQ β δφ

Fig. 5.6 Due to angle deficit associated with the metric (5.64) the presence of a cosmic string
can be tested by its gravitational lensing. In this schematic picture, the object behind the
string can be seen by an observer as two separated images.

The gravitational lensing of astrophysical objects caused by cosmic strings didn’t reveal
any signs of strings so far [221] and established the limit on their tensions Gµ < 2.3 ·10−6 [222].
The lensing analysis was also extended to a CMB study. Specifically, the Kaiser-Stebbins
effect [223] states that the moving string should give rise to a temperature discontinuity in
the CMB map. If the string moves with velocity transverse to the sky map, the radiation
ahead the motion will be red-shifted, while the radiation behind will be blue-shifted. The
temperature anisotropy of the Kaiser-Stebbins effect is given by the following relation [223]

∆TK
TK

= Gµυγυ, (5.69)

where υ is the transverse velocity of the string (γυ is the corresponding Lorentz factor).
The study of the Kaiser-Stebbins effect together with lensing led to the constraint

Gµ < 7.36 · 10−7 on the string tension [187], while corresponding constraint on superstrings
with junctions were found to be around Gµ < 10−7 [224, 225].
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Concerning the Kaiser-Stebbins effect for strings with non-trivial structure, it should be
noted that while the effective tension (with current) should increase, thus enhancing the
signal, the string deceleration due to the current will counteract this effect. Thus, using our
results for scaling networks with wiggles and strings with a current from sections 3.5.1 and
3.6, we can give a simple estimation of the Kaiser-Stebbins effect variation due to non-trivial
structure. In figure 5.7 we compare the result for usual strings with wiggly and charged
strings9.

K

K

K∆∆

Fig. 5.7 Effect on the Kaiser-Stebbins anisotropy (5.69) of non-trivial structures on strings,
i.e. wiggly strings and strings with a current. ∆T̃K denotes the temperature variation of
non-trivial strings, while ∆TK corresponds to the standard one.

5.3.2 Gravitational radiation

One of the most promising signals which allows to scrutinize the presence of cosmic strings is
gravitational radiation. The emission of gravitational waves by cosmic strings was at first
pointed out in [226]. Later investigation showed that there is a characteristic emission of
gravitational waves caused by by kinks and cusps [227, 228] (for more details see [229, 230]
and for cosmic superstrings [231–233]).

If we consider a string network, we anticipate the presence of many gravitational bursts
due to kinks and cusps, which in turn produce anisotropies in a gravitational background
radiation. Looking ahead, especially in the light of direct detection of gravitational waves
[234] and future missions (for instance the LISA mission [235]), the detailed study of the
cosmic string gravitational background can raise the level of a sensitivity of a cosmic string
probe.

9It should be noted that since the Kaiser-Stebbins effect depends on transverse velocity υT , we use the
relation between the absolute mean square velocity and transverse mean square velocity υT = π

4 υ.
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Let’s follow the recent development [236–242] to review the basic steps of stochastic
gravitational background studies. We start from the consideration of the perturbed metric in
the Newtonian gauge (5.11), where we denote

Ψ = Ψ̃ + Π,
Φ = Ψ̃−Π,

(5.70)

with a parameter Π that represents the contribution from the anisotropy part in the energy-
momentum tensor.

For the metric (5.11) with (5.70), working to linear order, it is possible to show that the
density parameter of gravitational waves Ωgw can be written as [242, 243]

Ωgw(νo, eo) = πν3
o

3H2
o

∫ τ∗

0
dτa2

∫
dθGnR×[

1 + δn − Ψ̃o −Πo + 2
(
Ψ̃ + Π

)
+ e · vo + 2

∫ τo

τ
dτ ′ ∂Ψ̃

∂τ ′

] ∫
S2
d2σsr

2
s h̃

2,

(5.71)

where νo is frequency in the observer rest frame (hereinafter all indices ”o” refer to variables
in the observer’s rest frame), θG is a source parameter of gravitational waves (for details
see [243]), δn = n−n

n is the number density inhomogeneity (n is the background value of
the number density), R is the burst rate per system, the unit vector e defines the direction
of observation, the vector v defines the peculiar velocity of the cosmic fluid (vo for the
observer), h̃ is the Fourier transform of the total gravitational wave strain magnitude, the last
integration is taken over the spherical surface with solid angle d2σs and a radius rs centred
on the source.

The time τ∗ in (5.71) is connected with the rate of arrival of observable signals emitted at
the time scale τ ≥ τ∗ inside the proper volume element dV multiplied by the signal duration
∆t [242, 244]. Consequently, the time τ∗ should be defined from the integral equation

Λ = ∆t
∫
dθG

∫ τo

τ∗
fonRdV, (5.72)

where fo is the number of emitted signals that can be observed at the frequency νo (the
following values with ∗ are related to the time τ∗).

To study fluctuations from astrophysical sources we need to get rid of the Doppler shift
contribution caused by the peculiar motion of the observer. To do so, we should introduce
the quantity

δgw =
Ωgw

∣∣
v0=0 − Ωgw

Ωgw
, (5.73)

where the background density parameter of gravitational waves is Ωgw = Ωgw

∣∣
v0=0,δn=0.
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To use the standard statistical analysis of a sky map, similarly to the CMB case, one can
consider the multipole expansion in the form

Cl = 2π
∫ 1

−1
d(cos θo)

〈
δgw(eo)δgw(e′

0)
〉
Pl(cos θo), (5.74)

where θo is the angle between eo and e′
o.

To apply the above analysis for gravitational waves from cosmic strings, we need to find
the form of h̃ in the equation (5.71). As it was already mentioned, the main contribution to
h̃ is coming from cusps and kinks of cosmic strings. The form of the function h̃ was obtained
in the work [229]. Let’s review the treatment of gravitational radiation form cosmic loops.
The Fourier transformed energy-momentum tensor (5.20) can be rewritten as [229]

Θµν = −µ0
ℓo
I

(µ
+ I

ν)
− , (5.75)

where
Iµ± =

∫ ℓo

0
dσ+X

′µ
± e− 1

2kX± , (5.76)

with σ± = σ ± τ , Xµ ′
± = Xµ ′ ± Ẋµ and 0 < σ < ℓo.

For string loops it is possible to have the situation when Xµ
± coincide with each other.

This situation leads to the cusp formation. At the cusp point X ′µ = 0, i.e. the string has a
sharp form, while Ẋµ = 1 shows that this point moves with the speed of light. To study the
region near the cusp we should make a Taylor expansion around this point

Xµ
±(σ±) = ℓµoσ± + 1

2 ẍ
µ
±σ

2
± + 1

6
...
x (3)µ

± σ3
± + ... , (5.77)

where xµ± = Xµ
±(σc) is calculated at the cusp point σc.

Using the Taylor expansion (5.77) with the condition ẊµX ′
µ = 0, one can find out that

kX± = ωℓo µX
µ
± ≈ −1

6ω(ẍµ±)2σ3
± which helps to estimate the integral (5.78) [229, 245]

Iµ± = 2(12)2/3πi

3Γ(1/3)
ẍµ±
|ẍ±|4/3

1
ω2/3 , (5.78)

where we used the fact that kµ = ωℓµo

At the same time, small perturbations on the metric hµν caused by cosmic strings can be
linearly approximated as [229]

hµν ≈
κµν
r
≈ 2Gℓo|ν|Θµν

r
, (5.79)

where ω = 2πν.
As a result, substituting (5.78) and (5.75) into the expression for κµν one can obtain the

gravitational waveform from cusps on cosmic strings

κµνc (ν,n) = 8
Γ(1/3)2

(2
3

)2/3 Gµ0ℓ
2/3
o

ν1/3 Θ (ν − 2/ℓo) Θ (θc − arccos(nc,n)) , (5.80)
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where we used that |ẍµ±| ≈ 2π/ℓo and the angle for the cusp θc ≈
(

4√
3νℓo

)
, nc is a unit vector

that shows the direction of radiation of gravitational waves from the cusp.

A quite similar treatment can be applied to obtain the waveform from kinks on cosmic
strings. The final result gives the following relation

κµνk (ν,n) = 2
√

2
πΓ(1/3)

(2
3

)1/3 Gµ0ℓ
1/3
o

ν2/3 Θ (ν − 2/ℓo) Θ (θb − arccos(nk,n)) , (5.81)

where nk is a unit vector responsible for the gravitational radiation direction form the kink.

In order to use the equation (5.71) to treat gravitational waves from cosmic strings, we
need to introduce the main characteristics of a string network. In particular, considering
kinks and cusps on cosmic string loops, we can introduce the number density of loops ns with
characteristic size ℓo. Numerical simulations suggest a scaling behaviour for this parameters
as follows

ℓo = ϵot,

Fo = t4ns,
(5.82)

where Fo and ϵo are constants that can be determined from numerical simulations (for details
see [115, 246–249]).

In this way, it was shown that using the relation (5.71) with (5.73), it is possible to
estimate the gravitational radiation from cosmic loops as [242]

δgw = 2(Gµ0)2

3π2H2
oνoΩgw

∫ t∗

0

dt

t4
a5
∫ ϵo∗

0
(F − F)Θ(ϵot− 2a/νo)[

N2
k + 4ANk

(
νoϵot

a

)1/3
+A2Nc

(
νoϵot

a

)2/3
]
,

(5.83)

where Fo = t4n, Nk = Nc = RTp is the number of bursts per oscillation period Tp = ℓo
2 from

kinks and cusps and the constant A = 213/3π2

35/6Γ(1/3)2 .

At the same time the contribution from infinite strings with kinks should be taken into
account as well. Calculations of the contribution from infinite strings were carried out in
[250]. All in all, it is seen that for standard strings in a scaling regime (see for the case
of the VOS model [251]) the gravitational radiation has a solid description. A forecast for
the gravitational radiation allows us to make a comparison with observational data and put
constraints on cosmic strings. Such constraints were imposed by the work [252], where the
strongest limit is coming from the pulsar timing array (see [192] for details), see figure 5.8.

While the description of gravitational radiation from standard cosmic strings is accom-
plished, the same treatment for strings with non-trivial structure is not completely applicable.
First of all, it is seen that there are no cusps in the case when chiral currents are present
(see 3.3). As a result, the above treatment is not valid and should be substituted by the
study of pseudo cusps [245] (some progress for the chiral strings was achieved in the paper
[253]) and the corresponding contribution from the current should be added to the study of
gravitational radiation from kinks.
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Fig. 5.8 The gravitational radiation prediction for strings with different tensions and corre-
sponding constraints from the observational data [252].

For cosmic superstring networks we anticipate a contribution from strings with different
tensions and different scaling characteristics (see for example [254]). Additionally, such cosmic
string networks should have fewer loops, due to junction production, and as a result we can
anticipate fewer cusps from loops. At the same time, as it was shown in [255] there are cusps
on strings with junctions. Moreover for superstrings one should include possible gravitational
radiation from junctions [256] and from subsequent kinks [257]. This can have especially
significant contribution in the case of multiple reconnections [258, 259]. As a result, for the
non-vanilla strings the treatment for gravitational radiation should be studied in more detail.

5.4 Summary

In this chapter we briefly reviewed one of the main observational tools for precision cosmology
- anisotropies of the CMB. Since the presence of cosmic strings should leave a fingerprint
in the CMB maps and power spectrum, the proper study of this observable is a good test
to restrict/detect cosmic strings. We used the formalism developed in chapter 3 for cosmic
string networks with non-trivial structure evolution to estimate the CMB anisotropies caused
by such strings. In particular, we studied wiggly and chiral superconducting cosmic string
networks. We saw that the contribution to the CMB can decrease when the deviation from
standard strings increases. This important issue should be taken into account when trying to
impose restrictions on early universe models by checking the absence of a signal from cosmic
strings. The comparison was done with a modification of the CMBact code. We also obtained
analytic integrals for fast CMB calculation. They allow to apply Markov chain methods to
constrain the presence of non-trivial cosmic strings. Additionally we found simple estimations
of anisotropy magnitudes caused by cosmic strings with currents.
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Another estimation of the current influence on a CMB prediction from cosmic strings
was done in the framework of the Kaiser-Stebbins effect. We saw that the decrease of the
string network rms velocity doesn’t allow the Kaiser-Stebbins effect to increase the CMB
anisotropies significantly due to the presence of currents.

In the last part of this section we reviewed the main developments for the gravitational
radiation from cosmic strings. We pointed out the most important issues where strings with
non-trivial structure can affect this observational signal. Moreover, we reviewed the main
changes that should be implemented in order to study gravitational radiation from a cosmic
superstring network.





Chapter 6

Conclusions

Let’s summarize the result of the cosmic string exploration presented in this thesis. We started
from the study of domain wall networks evolution in expanding FLRW universes. We have
simulated the wall network evolution in expanding universes with different fixed expansion
rates, as well as sets of simulations which span the entire radiation-matter transition. In
addition to the study of the Kibble scaling regime we found the conformally stretched regime,
which is caused by the Hubble damping due to fast expansion rate of simulations (until
1 − λ = 10−7). Two regimes of simulations allowed us to improve the calibration of the
VOS model and confirm the validity of the utilized approach for the broad range of regimes.
Additionally we need to emphasize that the radiation-matter transition doesn’t have scaling
behaviour. As a result, it is interesting to conduct the detailed comparison of the VOS
model (for analytic description see [260]) and simulations as a supplementary test of the
semi-analytic approach.

It is worth recalling the main characteristics of the wall simulations that were studied.
By fitting the phenomenological parameters to the simulations, we found that the energy loss
term that should be responsible for the sphere-like objects production is typically subdominant
in comparison with the term which is responsible for the scalar radiation. We also revisited
the role of damping mechanisms in the cosmological evolution of topological defect networks.
In particular we have explicitly demonstrated that a sufficiently large Hubble damping (that
is a sufficiently fast expansion rate) eventually leads to a linear scaling regime where the
network is non-relativistic, but this is typically preceded by a stretching regime counterpart
which we characterized for the first time.

In the future it will be interesting to provide a similar analysis for cosmic strings. In this
case we anticipate that the contribution from the loop chopping parameter is going to be
more important, but significant differences remain between the results of field theory and
Goto-Nambu simulations. Although they may partially be explained by the different spatial
resolution and dynamical range of both types of simulations, it is not clear that numerical
differences provide a satisfactory explanation. A fully calibrated VOS model will allow a
direct comparison between both types of simulations, enabling a test of their consistency.

In chapter 3 we investigated cosmic strings with nontrivial structure. In particular, we
obtained general microscopic equations that describe the non-trivial string evolution in section

139
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3.2. For the specific case of strings with chiral currents, we found an exact solution for a
string defined by the general Lagrangian of section 3.3. Applying the averaging procedure
in section 3.4 we formulated the general macroscopic description for the string network
with non-trivial internal structure. In particular we obtained equations that describe time
evolution of the rms string velocity υ and characteristic length L of a string network. These
equations depend only on three parameters Û , T̂ and Q defining the string equation of
state. These parameters, together with the network quantities L and υ, appear directly in
the string energy-momentum tensor (3.18) which seeds the string-induced CMB anisotropy.
This provided a direct connection between modelling string evolution and computing CMB
anisotropies from cosmic string networks, which has allowed us to obtain simple analytic
estimates for the dependence of the string angular power spectrum Cl on macroscopic network
parameters (5.53)-(5.54) in chapter 5. For a more complete semi-analytic treatment of the
CMB anisotropy for strings with currents, we have adapted the methodology of [216] and
have provided coefficients for the relevant integrals in the Appendix A.

In sections 5.2.2 and 5.2.3 we considered two specific cases of strings with currents: wiggly
and superconducting cosmic strings respectively. In each case we computed the CMB signal
numerically using appropriately modified versions of CMBact.

For wiggly string networks (section 5.2.2) we studied the specific case when the parameter
κ in (3.16) only carries a time dependence, κ = κ(τ). Using the equation of state (3.65) for
wiggly strings we obtained a relation between wiggles and velocities that puts limitations on a
wiggly string network evolution. Also we explored the scaling solution and stability condition
of differential equations for a wiggly string network in section 3.5.1. We studied the network
dynamics using an effective action and introduced the averaged macroscopic equations into
CMBact, allowing us to compute CMB anisotropies from these strings in the section 5.2.2.
CMBact has already built in the option to study wiggly strings, but this was done through a
single constant parameter. Here, for the first time, we were able to take into account the
time evolution of wiggles and their influence on the macroscopic equations of motion for the
string network. This full treatment brought important changes in modelling wiggly cosmic
string networks. From figure 5.2 we see that wiggly strings can produce a lower signal in
CMB anisotropy than ordinary strings (when the other parameters are fixed), which had not
been appreciated before our work. We have also compared our analytic estimation (5.56) to
our numerical results from the CMBact code. The comparison shows that the main trend for
Cl (decreasing of Cl as µ increases, for multiple moments l >> 1) is captured correctly. We
argue that for reliable constraints on wiggly string networks through the CMB signal, the
evolution of string currents and its effect on string dynamics – as captured by our wiggly
model – should be taken into account.

We point out that comparing results from our analytic wiggly string network evolution
and the standard VOS model for ordinary cosmic strings, has a broad resemblance to the
differences that appear between Abelian-Higgs and Nambu-Goto numerical simulations for
strings. In particular, increasing the amount of wiggles µ leads to slower rms velocities and a
lower contribution to the string-induced CMB anisotropy decreases. This is similar to the
difference between Abelian-Higgs and Nambu-Goto string networks, where the Abelian-Higgs



141

strings tend to be slower and produce a lower CMB signal. This is, at present, a speculative
observation requiring further investigation to see if a more firm analogy may be established.

Another type of strings that were considered in the section 3.6 are superconducting cosmic
strings. We demonstrated that the condition of the microscopic charge conservation (3.92) and
the chiral condition (κ,∆→ 0) allow us to obtain the averaged equations of motion (3.100)-
(3.102) without specifying the Lagrangian dependence on string currents f(κi,∆i/γ). This
implies that the debate on the correct form of the Lagrangian for superconducting strings [140]
– while important from a fundamental physics point of view – does not have a crucial impact
on phenomenological VOS descriptions. Introducing the appropriate modifications to CMBact
in the section 5.2.3, we have found that the string-induced CMB anisotropies tend to decrease
with increasing the charge Q of superconducting stings. Since the charge Q does not have a
scaling behaviour in the full range of physically relevant expansion rates (3.103), but generally
decreases with evolution, the main effect on the CMB anisotropy comes from the initial
charge Q0 at the moment of string formation. We varied the initial charge to obtain a range
of network dynamics histories and computed the corresponding CMB signal predictions.
Numerical simulations are needed to further quantify the relevant model parameters.

The approach developed in section 5.2.1 can be useful in Markov chain Monte Carlo
analysis of cosmological models with cosmic strings [191]. It allows to obtain more accurate
constraints on string networks with non-trivial structure parameters directly from CMB
observations.

Chapter 4 presented studies of superstring interactions. In section 4.1 we briefly reviewed
the main approach towards the study of cosmic string interactions. It should be underlined
that this scheme provides a powerful and fundamentally grounded method for a proper
superstring treatment and should be taken into account in radiation processes [163]. In
section 4.1.2 we revisited the kinematic constraint for junction production and junction
dynamics in Minkowski space. This study was generalized for the case when strings posses
chiral currents. In particular, we explored the allowed region in angle-velocity space for
forming junctions in the case of colliding strings with chiral currents. For the general case
we were faced with a similar problem that appeared in [173]; the system of equations is
overdetermined. We suggested possible resolutions, but further research, especially numerical
simulations, are required to make this situation more clear. We want to mention an additional
relevant issue that maybe related to similar problem – the degrees of freedom of colliding
strings and a junction that can be fixed by some fundamental principles. How justified is
the tension condition (1.69) for the bound-state of a junction in a cosmological framework
since it was calculated only for unbroken supersymmetry? This question was already raised
in [261], but no answer is given yet.

In sections 4.2.1 and 4.2.2 we revised studies of average string configurations just after the
collision and average correlation functions. These results lead us to the development of the
VOS model with dynamical junctions in the section 4.3. Specifically we gave an explanation
of the reason why junctions should stop growing and how we can track their dynamics on a
macroscopic level.
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Finally, it is worth noting that our studies show that possible additional effects of cosmic
(super)strings have a non-trivial impact on observational signatures (only some were considered
for the CMB in chapter 5). The greatest observational opportunity to see these outcomes
seems to be the stochastic gravitational wave background generated by string networks. Our
results on string evolution and the methodology developed here will be useful for further
studies in this direction.



Appendix A

Analytic expressions for equal-time
correlators

As shown in [216] the integral (5.30) can be expanded in the following way

〈
ΘI(k, τ1)ΘJ(k, τ2)

〉
= f(τ1, τ2, ξ0)µ2

0
k2(1− υ2)

6∑
i=1

AIJi [Ii(x−, ρ)− Ii(x+, ρ)] , (A.1)

where I, J correspond to the “00", scalar, vector and tensor components of the energy-
momentum tensor and the form of the six integrals Ii are as given in [216].

The coefficients AIJi , together with the full expressions for the analytic equal time
correlatorsBIJ , are listed below (where, in this Appendix, we use the definitions ρ = k|τ1−τ2|υ,
x1,2 = kξ0τ1,2, x± = (x1 ± x2)/2):
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Û2v2 + T̂ Û(1− v2)− 2Q2)

)
AV−V
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3Û2v2 + ρ2

(
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