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Abstract

The Pomeron is studied in the context of bottom-up AdS/QCD phenomenological

models with explicitly broken conformal symmetry. It is realized as the graviton

Regge trajectory, which is obtained by extending phenomenologically the free higher

spin equation of motion in AdS. By considering a quadratic approximation for the

curve ∆(J), where ∆ is the dimension of the dual operator of spin J , around J = 2,

it is found that Soft Pomeron phenomenology can be reached. Considering further

possible corrections to this curve using an ansatz based in the α′ expansion of string

theory, it is shown that the idea of Donnachie and Landshoff of the Hard Pomeron

can be realized holographically. In this case it is shown quantitatively how the model

can explain the latest available joint data of Deep Inelastic Scattering, by finding the

optimal values for the free parameters of the model. Moreover, considering further

possible couplings between the higher spin fields and the spin 1 gauge field dual to the

hadronic current, it is shown that the previous fit can be improved. Finally, aiming

to look for the true holographic description of the Pomeron, a global fit for Deeply

Virtual Compton Scattering total and differential cross-sections is found, showing that

is possible to have a model that fits both datasets simultaneously.



1
Preliminaries

The construction of high energy particle colliders during the second half of the last

century unveiled many new features about subatomic physics, pushing the bound of

our knowledge about nature. In particular, two new different types of interaction

were found, the weak and the strong interactions, which were later unified together

with the electromagnetic one in a single theoretical framework, known nowadays as

the Standard Model. The Standard Model condenses, in a consistent way, all the

experimental evidence collected from these high energy colliders, in a Yang-Mills theory

with a relative simple gauge group SU(3)×SU(2)L×U(1). The recent discovery of the

Higgs boson [6], one of the last pieces to be found, reaffirms the validity of the Standard

Model in the energy scales in which we are currently able to perform experiments.

There are however, some “loose ends”, if one is allowed to say that. Being a QFT

its predictability has been basically ruled by our ability to make perturbative com-

putations through Feynman diagrams. But these perturbative computations require

a small parameter to work, usually a coupling constant. It happens, for example,

that in certain kinematical window of a typical high energy scattering process, one

can find such small parameter, but beyond this the perturbative machinery fails and

new approaches are needed. It is in this region where the Pomeron problem falls, an

unsolved problem still nowadays which lies in the heart of the link between String

Theory and QCD. The Pomeron has a long story which starts with the development

of Regge theory.

Back in the days people were attempting to explain the available high energy scattering

data available at the time by guessing the analytic structure of the S-matrix as a

function of the Lorentz’s invariants of the specific processes, like the Mandelstam

variables s, t and u of a 2 → 2 process. It was figured out, for instance, that the
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1- Preliminaries

presence of poles in these variables had the meaning of bound states or resonances,

and that branch points appears at threshold energies where a new set of virtual

particles could be interchanged. Tullio Regge took the initiative of analyzing the

analytic structure of the S-matrix in a new variable: the complex angular momentum,

and he found that poles in this case indicate the interchange of an infinite set of

particles. These infinite set of particles is what we call nowadays Regge trajectories,

and it happened that the first modern high energy experiments, which started with

the Stanford Linear Accelerator (SLAC) back in the 60’s, could be easily explained

using Regge’s proposal. More precisely, the total cross-section σt of these experiments

exhibited a power law dependence with the center of mass energy s, whose exponent

could be derived from Regge theory as the “intercept” of an already observed at the

time meson family of particles. Regge theory therefore provided a beautiful bridge

between spectra of particles and resonances and its related scattering process. At

this time the total cross-section seems to decay with the center of mass energy but

with the subsequent development of the accelerator capabilities higher energies were

reached and it became clear that this decay, specifically in elastic proton-proton

scatterings, was no longer true after certain energy and a raise in the total cross-

section was observed. It was clear at this point that another pole in the complex

angular momentum plane of the scattering amplitude would be needed to explain this

raising. This extra trajectory would have an intercept slightly bigger than 1 and, in

opposition to the earlier case, there were not any clear candidates of families of particles

or resonances compatible with this fact. Nevertheless it was basically assumed that the

components of this mysterious trajectory would eventually be found, a mystery that

has remained unsolved although we have learnt a lot about it, and still nowadays its

existence provides a simple way to explain most of the high energy total cross-section

data [7]. This trajectory was originally introduced by Gribov, who called it the pole

of the vacuum, and many results were later developed by one of his students, Issak

Pomeranchuk, and on his honor is known nowadays as the Pomeron. The intercept

was known to be around 1.08.

Later experiments leaded to the establishment of QCD as the theory of strong in-

teractions. Regge theory should be compatible with QCD, the dynamic of the last

giving raise to the expected analytical structure in the complex angular momentum

plane supported by the experiments. The most advanced computations starting from

QCD to explain such structure is nowadays known as BFKL pomeron [8–10]. In this

approach the Pomeron appears after the resummation of an infinite set of gluon ladder

diagrams. There are still however some problems. Firstly the computation lead to a

branch cut in the complex angular momentum plane instead of a discrete set of poles.

3
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This breaks the connection with the spectrum of the theory. In recent approaches by

introducing a momentum cut-off, a discrete set of poles instead was obtained such that

can been confronted with HERA data [11]. Secondly, there are some technical issues

in the computation. For example the next leading order NLO in the computation

of the BFKL kernel was shown to be larger than the leading order LO itself, which

obviously demand for the computation of the next to next to leading order NNLO,

a remarkable task. Thirdly, it may be the case that the true nature of the Pomeron

is non perturbative, meaning that some of its features may not be seen even if we

manage to compute and sum all Feynman diagrams.

The gauge-gravity duality is a new tool to unveil QCD strongly coupled physics [12].

In particular, the Pomeron is conjectured to be the graviton Regge trajectory of the

dual string theory [13]. This fact has been explored in diffractive processes dominated

by Pomeron exchange, like low-x deep inelastic scattering (DIS) [14–16], deeply virtual

Compton scattering [17], vector meson production [18] and double diffractive Higgs

production [19].

In low-x DIS, for instance, one observes a rise of the intercept j0 from 1.1 to ∼ 1.4

as Q grows, where Q is the momentum scale of the photon probe. The conventional

approach is to start from the perturbative BFKL hard pomeron [8–10], which still

exhibits conformal symmetry. Introducing a cut-off, one explains the observed rise

of the structures functions and even the running of the intercept, provided the cut

Q2 > 4 GeV2 is imposed in the kinematics [11]. However, dual models that also start

from a conformal limit and introduce a hard wall cut off in AdS space, give even better

fits to data, without imposing any restriction in the kinematics [16]. This is a strong

motivation in favor of treating pomeron physics using the gauge/gravity duality. The

purpose of this thesis is to realize the idea of the holographic Pomeron beyond the hard

wall approximation considering more realistic bottom-up approaches to holographic

QCD. The ultimate goal would be to build the Regge theory of Holographic QCD.

This thesis is organized as follows. In the remaining of this chapter S-matrix funda-

mentals and Regge theory are reviewed. Then the AdS/CFT duality is introduced and

we make a bird eye overview of the holographic QCD models existing. In particular

the Soft Wall model is reviewed with more detail, particularly in the parts relevant

for the present work. Then the Witten diagram expansion is reviewed. Later the

dynamics of a spin 1 field in the bulk is carefully revisited, making emphasis in the

logic to follow to derive the bulk-to-bulk and bulk-to-boundary propagators, showing

how normalizable and non-normalizable modes enter in concrete computations and

why.

4



1- Preliminaries

Chapter 2, which is based on [20], introduces the basic machinery and discussion about

how to generalize the higher spin equation of motion away from the conformal case.

As result it is shown that the Soft Pomeron phenomenology can be reached. Chapter

3, which is based on [21], address the problem of explaining Deep Inelastic Scattering

data, considering an extension of the kernel obtained in chapter 2. Chapter 4, which

is based on [22], explores the possibility of having different couplings tensor structures

between the spin 1 gauge field and the higher spin fields. Chapter 5 extends the

results of chapter 3, showing that it is possible to use a single model for the Pomeron

to explain both DIS and DVCS experimental data. Finally we conclude in chapter 6,

making a short resume of the results obtained and discussing about possible future

new lines of research.

1.1 High energy hadronic scattering and Regge the-

ory

In this section we will review some concepts about the S-matrix program and will

introduce Regge theory.

1.1.1 S-matrix properties

In quantum field theory the S-matrix is the unitary operator that connects asymptotic

particle states. The matrix element for an in state |m〉 and an out state 〈n| is

〈n |S|m〉 S = eiαU (∞) , (1.1)

where U is the evolution operator e−iĤt and eiα a phase factor 1.The S-matrix should

respect the following principles in order to be meaningful:

• The superposition principle of quantum mechanics.

• The requirements of special relativity.

• The conservation of probability. This implies unitarity S†S = 1.

• The short range of the forces.

1Perturbatively S =
∑∞
n=0

(−i)n
n!

∫
· · ·
∫
d4x1 . . . d

4xnT̂ (Hint (x1) . . . Hint (xn)), where Hint (x) is

the interacting part of the Hamiltonian. This is known as Dyson series.

5
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• Causality and existence of macroscopic time. This is usually replaced by the

asumption that transition amplitudes are the values on the real axis of some

analytic function, which mathematically is more precise and convenient.

The transition matrix T is defined such that

〈n |S|m〉 = δmn + i (2π)4 δ4 (pµm − pµn) 〈n |T |m〉 . (1.2)

The scattering amplitude is A = 〈n |T |m〉 . In scatterings of the type 1+2→ 3+4 the

scattering amplitude depends on the Mandelstam variables s, t and u. Notice that only

two of them are actually independent variables due to the relation s+ t+ u =
∑

im
2
i ,

which have the kinematic information of the process, see appendix A. In general, for

a 2 to n particle process the total cross section is

σt =
1

4|p1|
√
s

∑
n

(2π)4 δ4 (pµn − pµ12) |〈n |T | 12〉|2 . (1.3)

where p1 is the center-of-mass three momentum and p12 ≡ p1 + p2. For the transition

matrix T unitarity of S-matrix implies

〈l |T |m〉 −
〈
l
∣∣T †∣∣m〉 =

∑
n

i (2π)4 δ4 (pµn − pµm)
〈
l
∣∣T †∣∣n〉 〈n |T |m〉 . (1.4)

Setting m = l = |12〉 in the last expression and considering (1.3) one obtains

σ12
t =

1

2|p1|
√
s

Im 〈12 |T | 12〉 . (1.5)

Here 〈12 |T | 12〉 is the scattering amplitude for the process 1 + 2 → 1 + 2 in which

the direction of motion of the particles are unchanged, that is the forward scattering

amplitude θs = 0, and σ12
t the total cross section of a 2 vs 2 particle scattering. The

last relation is known as the optical theorem, and it will be used while computing the

structure function F2 of Deep Inelastic Scattering (DIS) process throughout the body

of this thesis. For a s-channel scattering with all masses equals mi = m the forward

direction correspond to t = 0, thus

σ12
t =

1

2|p1|
√
s

ImA (s, t = 0) . (1.6)

1.1.2 Analytic structure of the S-matrix

The underlying idea of the S-matrix program is to analytically extend the Mandelstam

variables to the complex plane. The physical amplitude will be then the value on the

6



1- Preliminaries

real axis of the correspondent analytic extension of the scattering amplitude. The

poles of this complex variable function represent bound states and the branch points

indicate thresholds energies. The sole fact of considering an analytic S-matrix has

strong implications on the dynamic of the theory such as the Froissart bound for the

total cross section and the Pomeranchuk theorem. For instance the Pomeranchuk

theorem states that in the high energy limit the total cross section of a particle and

the corresponding antiparticle on the same target are asymptotically the same. For

example the total cross section of the process σtot (π+p) will be asymptotically the same

as the total cross section of σtot (π−p), an observed experimental fact. The derivation

of the theorem is based on the analysis of the properties of the scattering amplitude

on the s and u channels and on the optical theorem [23]. For an axiomatic QFT,

Wightman axioms implies analyticity for some scattering amplitudes [24–26].

A hint about the existence of branch points on the real axis at the threshold energies

comes from analyzing the formula (1.3): the sum over l is a sum over all possible

intermediate states, as the energy grows, terms related to n particles virtual states

will appear when the energy is bigger than the threshold energy for creating such

states. This suggest a non analytic behavior of the total scattering cross section at the

threshold energies s = M2
1 + · · · + M2

n, as the inclusion of new terms will eventually

involve a jump or discontinuity. As a consequence of the optical theorem (1.5), this

behavior extends also to the imaginary part of the scattering amplitude. A rigorous

proof about the interpretation of branch cuts as normal threshold was given by R. J.

Eden in 1952 by analyzing Feynman diagrams for any renormalizable theory [27]. A

detailed discussion can be found in chapter 4 of [28]. On the other hand, if instead a

branch point there is a pole, then this non analyticity is due to the interchange of a

single particle or resonance state.

The figure 1.1.2 shows the analytic structure of the scattering amplitude on the s plane

for a 2→ 2 scattering of identical particlesmi = m. Although this is a simplistic case it

serves to expose the main ideas about how to extract, and the meaning of, singularities

in the scattering amplitude. Is is assumed also that there are not conservation laws

except energy that forbids the creation of new particles. On the positive part of the

real axis there is a pole at m2, and branch points at (km)2 with k = 2, 3, ... . The fact

that the singularity at the unphysical value s = m2 is a pole rather than a branch point

can be shown using perturbation theory, unitarity and causality (section 4.5 of [28]).

Branch cuts go from the branch point to infinity over the real axis by convention. For

the positive real axis branch points represent the energies of normal thresholds on the

s-channel.

7
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Figure 1.1: Analytic structure of the scattering amplitude A (s, t) for mi = m, branch

cuts are denoted by red lines, poles and branch points by red dots. The structure for

Re{s} < 0 comes from the analytic properties of the amplitude on the t-channel.

The analytic structure of A1+2→3+4 (s, t, u) and A1+3̄→2̄+4 (t, s, u) is the same because

of crossing symmetry, thus considering that t has the role of s on the second amplitude

one expects poles and branch points in the t plane in the same position where they

appear in the s plane. For example for the case of the scattering of identical particles

described by a real scalar field considering now a fixed value of u = u0 then the analytic

structure in the t plane can be mapped to the s plane: the pole at t = m2 on the t

plane is mapped to a pole at s = 4m2 − u0 −m2 = 3m2 − u0 in the s plane and the

branch points at t = (km)2 with k = 2, 3, . . . in the t plane maps to branch points

s = 4m2 − u0 − (km)2 in the s plane. All these points fall into the negative real axis

in the s plane.

1.1.3 Partial wave expansion

In many cases it is convenient to express the scattering amplitude as a function of

the scattering angle and of one of the Mandelstam variables, for instance s and ζ =

cos θs = u−t
u+t

in the s-channel and similarly for other channels. In this way the unitarity

condition for scattering amplitudes with a given angular momentum becomes diagonal.

The expansion of the amplitude in the harmonic polynomials in d dimension is known

8
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as the partial wave expansion

A (s, t (s, ζ)) = 16π
∞∑
l=0

Al (s) (2l + 1)Pl (ζ) s-channel, (1.7)

where in 4 dimension Pl (ζ) are the Legendre polynomials of the first kind of order l.

By inverting (1.7) the partial amplitudes can be obtained

Al (s) =
1

32π

∫ 1

−1

dζA (s, t (s, ζ))Pl (ζ) . (1.8)

The unitary condition imposes a constrain on the Al (s), which implies that in general

they can be parametrized by an elasticy parameter 0 ≤ ηs (s) ≤ 1

Al (s) =
ηs (s) eiδl(s) − 1

2iρ (s)
δl (s) , ρl (s) ε R, (1.9)

which in turn implies a bound from above for the partial amplitudes ImAl (s) ≤
|Al (s)| ≤ ρ−1 (s).

The above partial wave expansion does not encode properly the expected analytic

structure for the scattering amplitude: there should be poles and branch points for

certain values of t as discussed before but this is not explicit in the expansion (1.7),

since the polynomials Pl (ζ) never diverge as a function of t. In the complex ζ plane

for a fixed physical value of s the singularities of the t channel should appear for

values of Reζ > 1 and similarly the u-channel poles and branch points should appear

for Reζ < 1. It is possible to derive an alternative expression for the partial wave

amplitude in such that the expected analytic structure for the scattering amplitude

is more explicit, and which also provides a basis for the analytic continuation of the

partial wave expansion for complex values of l. The basic idea is to consider Legendre

polynomials of the second kind Ql (ζ), which have branch points at ζ = ±1. Moreover,

for the physical l = 0, 1, 2, . . . it is possible to choose the cuts of the amplitude to go

from −1 to 1 over the real axis. The discontinuity of Ql (ζ) across this cut is

Ql (ζ + iε)−Ql (ζ − iε) = Pl (ζ) ε→ 0+. (1.10)

This last formula can be used as a definition for Pl (ζ) and replacing it on (1.8) the

partial amplitudes now are computed by integration over a closed contour on the

ζ plane that encloses the cut going from −1 to 1 over the real axis and no other

singularity. Deforming this contour and using Cauchy’s theorem it is possible to show

that [23]

32π2iAl (s) =

∫ ∞
1

dζ ′Ds (s, t (s, ζ ′))Ql (ζ
′) +

∫ −∞
−1

dζ ′Du (s, u (s, ζ ′))Ql (ζ
′) (1.11)

9
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for l large enough, this is known as the Froissart-Gribov formula. Considering the

asymptotic form of the Ql (ζ) for large l from the previous formula it is possible to

deduce the Froissart bound for the total cross section

σtot (s) ≤ π

m2
ln2 s

s0

(1.12)

The Froissart bound is an important constraint that suggest that single Pomeron

exchange can not be what dominates scattering amplitudes at all energies, since it

leads to amplitudes that grow as power law in s.

1.1.4 Regge theory

For large values of s with t fixed, the so-called Regge limit, Feynman diagrams from

the t-channel dominate over the other channels. This comes from the fact that

the propagators depend on (p2 −M2)
−1

where M is the mass of the interchanged

particle, which at tree level has to be equal to s, t or u on the corresponding channel.

Forward scattering (θs → 0 ⇔ s → ∞, t fixed) peaks are then closely related with

the interchange of particles in the t-channel and directly connected to the quantum

numbers of those. An original idea from Mandelstam is to relate the asymptotic

behavior in the s-channel with the partial wave expansion in the t-channel

A (s, t) = 16π
∞∑
l=0

Al (t) (2l + 1)Pl (ζ) ζ =
u− s
u+ s

t-channel. (1.13)

This representation is not suited for the analysis in the Regge limit as in this limit

ζ → ∞ and Pl (ζ) ∼ ζ l ∼ sl thus the series diverges. It is convenient then to extend

analytically (1.13) from the values where it is well defined, t ≥∑imi and s, u < 0, up

to the values we need s ≥∑imi and t, u < 0. In order to do so one has to replace the

Al (t), which are defined for l integer and positive, with new functions a (l, t) which are

defined for any l and coincide with Al (t) for l = 0, 1, 2, . . . . The reader should notice

that this does not define a (l, t) uniquely, as one can add any function f (l, t) which

is zero for l = 0, 1, 2 . . . and the new a (l, t) still fits the previous definition. It is the

asymptotic behavior of the scattering amplitude, together with the Carlson theorem2

and the Froissart-Gribov formula (1.11), what makes the definition unique.

It is not possible to achieve this analytic extension in a relativistic theory with only

one function a (l, t), but with two a± (l, t)

a+ (l, t) |l=n=2k = a (n, t) a− (l, t) |l=n=2k+1 = a (n, t) k ε N. (1.14)

2In a few words it states that two different analytic functions which do not grow very fast at

infinity can not coincide at the integers.
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Figure 1.2: Illustration of the Sommerfeld-Watson transform for A+. The original

contour C is the red one while the deformed one C ′ is the blue. Big points over the

real axis represent the integer values over which the original sum runs, small points

denote possible poles in A+(l) existing for non integer values of l = j0, j1, . . . . The

position of these poles depends on t.

The amplitude is then A (s, t) = A+ (s, t) +A− (s, t), where

A± (s, t) = 16π
∞∑
l

a± (l, t) (2l + 1) (Pl (ζ)± Pl (−ζ)) l =

+ 0, 2, . . .

− 1, 3, . . .
.

(1.15)

In order to do an analytical extension the sum is written as an integral over the l

complex plane around a contour C as illustrated in the figure 1.1.4

A± (s, t) = 8πi

∫
C

dl (2l + 1) a± (l, t)
Pl (ζ) + Pl (−ζ)

sin (πl)
. (1.16)

This is called Sommerfeld-Watson transformation. The a (l, t) are analytic extensions

of the Al (t) on (1.13) for complex values of l. In the Regge limit it is more useful to

write the above transformation in a different way taking advantage of the asymptotic

form of the Legendre polynomials. In this limit (ζ →∞) they are well approximated

by

Pl (ζ) ' Γ
(
l + 1

2

)
√
πΓ (l + 1)

(2ζ)l ' Γ
(
l + 1

2

)
√
πk2l

t Γ (l + 1)
sl ζ ' s

2k2
t

. (1.17)

Using this one can write the asymptotic form of the Sommerfeld-Watson transform

after deforming the original contour which only included non negative integer poles

11
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up to a vertical line Re{l} = a,

A± (s, t) = 8πi

∫ a+i∞

a−i∞
dlA± (l, t)

sl ± (−s)l
sin (πl)

, (1.18)

A± (l, t) ≡ Γ
(
l + 1

2

)
√
πk2l

t Γ (l + 1)
(2l + 1) a± (l, t) . (1.19)

The form (1.18) is particular useful as it can be interpreted as some kind of inverse

Mellin transform 3. Indeed, for example for A+ taking the imaginary part of (1.18).

ImA+ (s, t) =

∫ l0+i∞

l0−i∞

dl

2πi
slA+ (l, t) , (1.20)

we realize that ImA(s, t) is the inverse Mellin transform of A(l, t), therefore inverting

this expression we can find

A+ (l, t) =

∫ ∞
0

dss−l−1ImA+ (s, t) . (1.21)

Now we proceed to find the asymptotic form of the amplitude in the Regge limit. The

contour C is deformed up to C ′, which is the vertical line Rel = −1
2

plus a closing path

which is a infinite semicircle that closes the contour by the right. The integral over

C ′ can be computed by summing the residues of the integrand on the singularities

enclosed by C ′. The integrand have two sets of singularities: the poles at integer

values of l which come from the 1/ sin(πl) factor, and the singularities of A± (l, t)

which, to keep the discussion simple, we will assume to be simple poles at ji(t). The

integral over the semicircle goes to zero as |l| → ∞ as long as the A± (l, t) does not

grow exponentially in l. In the Regge limit s → ∞ the integral over the vertical line

Rel = −1
2
, vanish as s−1/2, so the integral over C ′ vanishes. Then the sum over the

residues on integer values of l, which give the original amplitude, have to be minus

the sum over the residues on ji(t)

A± (s, t) ∼
∑
i

β±i (t) Γ
(
−j±i (t)

) (
1± eiπj±i (t)

)( s

s0

)j±i (t)

. (1.22)

The last expression is known as the Regge form of the scattering amplitude, the factors

ξ±j = 1± eiπj±i (t) are known as signature factors. In the appendix A of [23] it is shown

that for t values in the s-channel physical region, the amplitudes A± (s, t) are real for

real l as well as the position of the poles j±i (t) and the values of the residues β±i (t),

thus the phase of the high energy behavior of a Regge pole contribution is given by

the signature factors.

3Additional information can be found in section 12 of [29].
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There is a beautiful interpretation of the Regge form of the scattering amplitude in

terms of the interchange of particles in the t channel. The poles of (1.22) come from the

gamma function and are at j±i (t) = 0, 1, 2, . . . . At this points the signature factor ξ+
j

vanish if j±i (t) is odd so the positive signature amplitude has poles at those values of t

such that j+
i (t) = σ+ = 0, 2, 4, . . . and similarly for the negative signature amplitude.

This will allow to identify these poles after some work with the interchange of particles

of spin σ± and mass squared t. Indeed, it is possible to write the poles in the l-plane

as poles in the t-plane and writing the leading term of the amplitude close to the pole,

it is possible to cast it into the Breit-Wigner form for a resonance of mass m2
R = t

and width Γi =
Im j±i (mR)

j±i ′(mR)
. This is for Im j±i (mR) > 0, if Im j±i (mR) = 0 then the

singularity is associated with a bound state rather than a resonance. It can be said

then that poles in the A± (s, t) are associated with resonances or bound states being

exchange in the t-channel with mass m±R given by:

Re j+
i

(
m+2
R

)
= σ+ = 0, 2, 4, . . . (1.23)

Re j−i
(
m−2
R

)
= σ− = 1, 3, 5, . . . (1.24)

The aforementioned allow us to interpret the Regge form for the scattering amplitudes

as the amplitudes produce by the interchange of a family of particles, those that are

in the Regge trajectory, in the Regge limit. The interchange of an entire family of

particles lying on the same Regge trajectory is usually expressed as the interchange of

a single pseudo-particle called Reggeon, which represents the whole family interaction.

It is possible to go one step forward and consider now the exchange of several Reggeons,

this is known as Reggeon calculus and was originally developed by Gribov. Unfortu-

nately this technique has not produced meaningful quantitative results, but has shown

to be useful to the analysis of the analytic structure of the Regge amplitudes.

1.1.5 Deep Inelastic Scattering and low x

The high energy version of the Rutherford experiment is nowadays known as Deep

Inelastic Scattering (DIS). This is the process where an electron, or another lepton,

scatters off a proton with such high energy that the internal structure of the proton

becomes manifest. This process provided the first convincing evidence of the existence

of quarks, as well as to the idea that baryons were formed by three quarks and mesons

by a quark and anti-quark. It is considered that modern high energy physics have

born in the sixties with the advention of the Standford Linear Accelerator, where the

first DIS experiments were done.
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Figure 1.3: QCD picture of Deep Inelastic Scattering process.

The inleastic part in the name is because the scattering produces many other hadrons

as final state. In QCD, effectively, the leading interaction between the electron and the

proton comes from the emission of an off-shell photon with momentum q = k−k′ from

the electron, or the corresponding lepton, which then struck off a quark from inside

the proton which carries a certain fraction of the proton momentum, so the process

become effectively a virtual Compton scattering. In the Regge limit this process is

dominated by the subprocess in which the virtual photon decomposes into a quark-

antiquark pair, a color dipole, which then interacts with the quark struck off the proton

by the exchange of ladder-like diagrams of gluon propagators.

In the analysis of DIS is conventional to define the following variables4

Q2 = −q2 ν = p · q x =
Q2

2ν
y =

p · q
p · k . (1.25)

Then Q2 ≥ 0 and 0 ≤ x ≤ 1. In the parton model x is the fraction of the proton

momentum carried by the struck quark. The center-of-mass energy of the scattering

γ∗p is usually denoted by W , then W 2 is just the s Mandelstam variable for such

scattering. In terms of the above defined variables

W 2 = Q2

(
1

x
− 1

)
+m2, (1.26)

with m the mass of the proton. Following QCD rules the cross-section of the process

in the lowest order of perturbation theory can be written as a contraction of a leptonic

and hadronic tensors5

d2σ

dxdy
=

2πyα

Q4
LµνWµν , (1.27)

4Let’s point out that in the next chapters we will use instead Q2 ≡ q2, a change of sign due to

the fact that we will use, in opposition to the most used convention in particle physics, the metric

signature usually used in General Relativity (−,+,+,+) with x0 ≡ t.
5In this section we will consider only neutral-current processes.
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where α is the fine structure constant. For incoming leptons of charge e = ±1 and

helicity λ = ±1

Lµν = 2
(
kµk

′
ν + kνk

′
µ − (k · k′ −m2

l )− iεµναβkαk′β
)
. (1.28)

The hadronic tensor, which describe the interaction of the electroweak currents with

the target nucleon can be found to be

Wµν =
1

4π

∫
dxeiq·x〈P |

[
J†µ(x), Jν(0)

]
|P 〉. (1.29)

Using now gauge, Lorentz and time reversal invariance plus parity conservation and

considering unpolarized beams we can decompose the hadronic tensor as

Wµν =

(
−ηµν +

qµqν
q2

)
F1(x,Q2) +

p̂µp̂ν
p · q F2(x,Q2), p̂µ ≡ pµ−

p · q
q2

qµ. (1.30)

The F1 and F2 are known as structure functions, and contain all the non trival

information encoded in the hadronic tensor. The differential cross-section in terms

of these functions is then

d2σ

dxdy
=

4πα2

xyQ2

(
(1− y)F2 + xy2F1 −

m2

Q2
x2y2F2

)
(1.31)

Electromagnetic current conservation implies qµW
µν = qνW

µν = 0, which implies

that, at fixed W , F2 should go linearly to zero with Q2.

For both theoretical and phenomenological reasons it is convenient to think DIS as

a γ∗p scattering. Using the optical theorem the total cross-section of such process is

related to the imaginary part of its amplitude, and the last is given by the expectation

value of the time ordered product of the hadronic current e2Tµν , known as the Compton

tensor. Considering the scattering of a virtual photon has some subleties. For example

for computing such total cross-section one in principle needs to define what is the flux

factor of γ∗. The most used convention is that the flux is given by the energy that

a real photon would need to create the final state, and is the one we will use. Also

since the photon is not on its mass shell there are contributions coming from states

with longitudinal polarizations. Is not hard to show that [30] the relation between the

structure functions and the total cross-section of the virtual process with the above

convetion is the following

σT =
4πα

Q2
2xF1, (1.32)

σT + σL =
4πα

Q2
F2, (1.33)

15



1- Preliminaries

where σT and σL are the total cross-section of the virtual processes γ∗p→ X with the

virtual photon having transverse and longitudinal polarization respectively. We will

be using extensively the last formula in chapters 3, 4 and 5, using the gauge/string

duality to compute the correspondent total cross-sections and therefore computing F2

and comparing with real data.

1.1.6 Pomeron in QCD

As we have already mentioned, after the consolidation of QCD as the theory of strong

interactions many efforts were done aiming to find the analytical structure of the

scattering amplitude that Regge theory suggested in order to explain experimental

data. In this section we will overview the most prominent advaces in this sense, the

BFKL approach, the BK improvements and the color glass condensate.

BFKL

The BFKL pomeron [8–10], also known as the hard or perturbative pomeron, is an

effort to find the leading contributions from perturbative QCD in the low x regime. In

this approach, the Pomeron is obtained in the leading ln s approximation by consider-

ing color singlet ladder diagrams, which can be shown to be the leading contributing

diagrams. In this diagrams loop corrections are taken into account by replacing the

gluon’s propagators by effective ones, the effective gluons being exchange in this

sense are called “reggeized” gluons. These “reggeized” gluons couple to the ladder

rung through effective vertices. We will not describe the derivation of the effective

propagators and vertices here, instead we will fast forward to the BFKL equation. The

goal is to compute the amplitude for quark-quark elastic scattering via the exchange

of a color singlet. The incoming quarks have momentum p1, p2 and helicity λ1, λ2,

and the outgoing quarks have momentyum p1 − q , p2 + q and helicity λ′1, λ′2. The

BFKL equation at t = 0 is6

ωf = δ2 (k1 − k2) +K0 · f, (1.34)

where

K0 · f =
ᾱs
π

∫
d2k′

(k1 − k′)2

[
f − k1

2

k′2 + (k1 − k′)2f

]
. (1.35)

6In this section we will denote the complex angular momentum variable as ω, in opposite of J

which is used for the rest of the thesis. This is to stick to the same convention usually used in BFKL

approaches.
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The function f = f(ω,k1,k2, t = 0) is related to the amplitude through a Mellin

transform as follows∫ ∞
1

d
( s

k2

)( s

k2

)−ω−1 A(1)(s, t)

s
= 4iα2

sδλ′1λ1
δλ′2λ2

G0

∫
d2k1d

2k2

k2
2 (k1 − q)

f(ω,k1,k2, q),

(1.36)

where G0 = 2
N3 Tr (τaτbτc)

2 is called the color factor7. The equation (1.34) is an integro-

differential equation which can be solved using a spectral decomposition for the kernel

operator K0 in a suitable basis that diagonalizes it

K0 · φi(k) = λiφi(k). (1.37)

We will omit here the details of the computation, instead we will just write here the

result

f(ω,k1,k2,0) =
∞∑
n=0

∫ ∞
∞

dν
k2

1

k2
2

ein(θ1−θ2)

2π2k1k2

1

ω − ᾱsχn(ν)
, (1.38)

χn(ν) = 2

∫ 1

0

dz
z(n−1)/2 cos (ν ln z)− 1

1− z = 2

(
−γE − Re

[
ψ(
n+ 1

2
) + iν

])
, (1.39)

where γE ≈ 0.577 is the Euler’s constant and ψ is the digamma function. From

the equation (1.38) we can see that since the variable ν is continuous we do not get

isolated poles which can be associated with the intercept of the Pomeron. Instead we

get a branch cut in the complex angular momentum plane, which a branch point at

ω0 = 4ᾱs ln 2 as can be shown by doing the appropriated asymptotic analysis. So we

simply do not get the Regge picture directly from this 8.

Among the criticism that the BFKL approach receives is that, being a perturbative

computation, it will fail to capture any of the possible non-perturbative effects related

to the Pomeron. Also the previous computation was done under the assumption that

the coupling ᾱs does not run considerably within the energy scale of the process, which

is essentially not true for a variety of interesting process like DIS. Moreover, the next

to leading order (NLO) in the ln s contribution to the scattering amplitude turned out

to be larger than the leading order, requiring the NNLO computation to be done with

the hope that could counteract with the NLO to give a meaningful result.

BK

The Balitsky–Kovchegov equation (BK) corresponds, as BFKL, to a re-summation

of the leading terms in ln s. It is an integro-differential equation that, given the

7The τa are the gerators of SU(3) in the fundamental representation.
8Some variations can indeed lead to the picture of the set of poles in the ω plane, see for example

[11].
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initial condition which is the dipole-hadron scattering amplitude, gives the evolution

of scattering amplitude at any rapidity y. This initial condition however is essentially

a non-perturbative object and has to be modeled. In the limit of large number of

colors Nc it can be shown to be a sum of fan diagrams of BFKL ladders [31]. The

equation was derived by Balitsky [32] by using the OPE in QCD to derive a hierarchy

of coupled evolution equations9 which in the limit of large Nc becomes a single one.

Kovchegov derived a similar equation by considering instead the dipole mode in high

energy scattering [33].

We will describe now the motivation and the ingredients of the equation following [34].

The starting assumption is that at high enough energy scattering particles move across

its straight line classical path and quantum effects manifest only through a phase

adquired along this path. This eikonal phase factor for a fast quark or gluon scattering

off some target is just a Wilson line

Uη (x⊥) = P exp

(
ig

∫ ∞
−∞

dunµA
µ (un+ x⊥)

)
, (1.40)

where Aµ is the gluon field of the target, x⊥ is the transverse position of the particle

which does not change during the collision, nµ is a unit vector in the direction of the

velocity and η the rapidity of the particle. In Deep Inelastic Sattering, the virtual

photon decomposes into a quark-antiquark pair, a color dipole, which move along

straight lines very fast. Then the structure function of a hadron would be proportional

to a matrix element of the color dipole operator

Ûη (x⊥, y⊥) = 1− 1

Nc

tr
{
Uη (x⊥)U †η (y⊥)

}
. (1.41)

The BK equation is an evolution equation for the last operator with the rapidity η.

To the leading logarithmic approximation (LLA), where αs � 1 and αs lnx ∼ 1 the

equation reads

d

dη
Û (x, y) =

αsNc

2π2

∫
d2z

(x− y)2

(x− z)2(z − y)2

[
Û (x, z) + Û (y, z)− Û (x, y)−

Û (x, z) Û (z, y)
]

(1.42)

The linear part of this equation is equivalent to the BFKL equation and describes

parton emission. The non linear part, which comes from the last term in (1.42),

encodes parton annihilation, and for large enough values of x this term balances the

9This hierarchy of equations is known also as JIMWLK = Jalilian-Marian, Iancu, McLerran,

Weigert, Leonidov, Kovner.
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emission terms giving rise to saturation, with the characteristic scale Qs growing with

x−1.

Among the advantages of the BK approach with respect to BFKL is the fact that

BK solutions ensure unitarity locally in the transverse configuration space. From the

phenomenological point of view the solutions of the BK equation turned out to express

geometric scaling phenomena observed in lepton-proton and lepton-nucleus data, see

for instance [35].

To our knowledge there is little understanding up to the present day how the BK

equation may rise in the context of holographic QCD, so we think this could be a

good pursuit for future works, which perhaps could point how to solve the unitary

problems of the holographic Pomeron.

Color glass condensate

The color glass condensate is an effective field theory that describes the behavior of

the supposed to be relevant degrees of freedom in the Regge limit x→ 0 of high energy

scatterings. Intuitively, the scattering between a probe particle and the hadron occur

in such a high energy scale such that what the probe “sees” is a very dense set of

hadronic constituents, a sort of compact conglomerate of quarks and gluons. In this

framework, these degrees of freedom are the color sources ρ at large x and the gluon

fields Aµ at small x. At large energies, due to time dilatation, the color sources are

frozen in the time scale of the strong interactions and are assumed to be randomly

distributed from event to event. Then the gluon fields are the only dynamical fields

in this frozen background. The “glass” part comes from the fact of the stochastic

nature of the sources ρ and the time scales separation, characteristic of glassy system.

The “condensate” part comes from the fact that saturated gluon states have large

occupation numbers of order 1/αs.

Figure 1.4 shows qualitatively a QCD evolution phase diagram. As it is well known,

the evolution of the structure functions with Q2 is well explained by the DGLAP

equation. For the evolution in small x, the BFKL approach would be valid up to the

scale where saturation effects become important, which is depicted in the figure by a

straight line. It is in the region above this line where the color glass condensate theory

should be valid.

Color glass condensate and its derived models have been successfully used to explain

semi-quantitatively the phenomenology of high energy hadron-hadron and lepton-
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Figure 1.4: QCD evolution phase diagram, partons are represented by the small colored

circles. Taken from [1].

hadron scatterings. The approach becomes better at the highest energies where the

coupling is small and in consequence the occupation number is high. It is in this sense

that it is believe that experiments at LHC can provide a good test of this theory. The

connection between the color glass condensate and the traditional language of Regge

theory of Pomerons is so far under development, therefore little is known about a

possible interpretation of this idea in the context of the gauge/gravity duality.

We end this review of the Pomeron in the context of QCD by pointing out that an

initial condition for the solution of the evolution equations is usually an input that

has to be modeled, it can not be predicted. We will see later that in our Holographic

QCD approach there is not such freedom: the 5d modes that enter in the computation

of scattering amplitudes, which somehow are the equivalent of such initial conditions,

are fixed first by matching spectral data, in the same way people used Regge theory

in the S-matrix theory days.

1.2 AdS/CFT and Holographic QCD

The discovery of the AdS/CFT duality by J. Maldacena [12] gave a new different

perspective about how to tackle computations of correlation functions in QFTs at their
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strong coupling regime. The original results, and its many extensions, conjecture that

there exist a duality between a (super) gravity theory or string theory in a AdSd+1, and

some CFT living on the boundary of this space. The duality between SU(N) Yang-

Mills and string theories were suggested long ago by t’Hooft and Polyakov, among

others, by pointed out the resemblance of the perturbative expansion in Feynman

diagrams in the gauge theory with the genus expansion in string theory, particularly

in the large N limit. Early evidence towards these dualities included the map between

the conformal group in d dimensions and the isometries of AdSd+1 space and the

correspondency between the entropies of near extremal p-brane solutions and p + 1

dimensional SYM among others. While there is still a lack of a formal proof, the

subsequent discovery of integrability structures in the spectrum of both N = 4 SYM

and semi classical TYPE IIB strings in AdS5 × S5, the most studied and original

duality, highly boosted our understanding about how the duality work, confirming

always its validity. A large but pedagogical review of these results can be found in [36].

Among the non-supersymmetric examples we can find the conjectured duality between

the O(N) vector model and Vasiliev’s higher spin gauge theories, first proposed by

Klebanov and Polyakov [37] and first checked by Giombi and Yin [38] at the level of

three point functions.

The statement of the duality can be enounced in the form

ZQFT [J(x)]∂M = Zgravity[φ(X)]M, φ(X → ∂M) = J(x), (1.43)

whereM is a manifold which looks as AdS spacetime at its boundary ∂M, J(x) is the

source of some operator O and φ(X) its associated dual field. The main motivation

towards the study of these dualities, also known as gauge/gravity dualities, comes from

the fact that usually they relate two different quantum theories at different regimes,

mapping the strong/weak coupling behavior of one to the opposite regime in the other.

Specifically, for N = 4 and type IIB strings in AdS5 × S5, the relation between the

gauge theory coupling constant and its string theory counterpart is the following

L4

l4s
= gYMN = λ, (1.44)

where λ is the t’Hooft coupling and L is the AdS radius. From this we can see

that stringy corrections in the bulk will not be important as long as ls/L � 1 which

translate to λ large at the boundary. Thus computation of correlation functions in

gauge theories at large coupling values, where perturbation theory requires many or

infinite loop computations, can instead be mapped to a perturbative expansion in the

dual theory, which would be weakly coupled. In spite of being around many years,

21



1- Preliminaries

SU(N) Yang-Mills theories still are mostly studied through the perturbation theory

developed by Feynman and Schwinger, which works for those energy scales where

its coupling is small. But many interesting problems lie beyond this scope, like the

computation of mass spectrum of bound states, and in addition there may exist truly

non-perturbative features which will not appear even at all loop computations. In this

sense there exist a demand for new approaches and it is the hope of many that the

gauge/gravity duality could solve or shed some light where conventional perturbation

theory fails. The main obstacle however persist: the dual of SU(N), or QCD, is not

known yet, and there is not even a guarantee that it exist. Nevertheless the progress

made in the understanding of dualities which involve similar theories, usually with

some degree of supersymmetry, is encouraging. In the next subsection we will discuss

the state of the art approaches to build the dual of certain sectors of QCD, making

particular emphasis in the bottom-up approaches which are the one we choose to use

in the studies carried on in this thesis. After we will describe the Witten’s diagram

expansion, which is what turns the duality into a computational machinery.

1.2.1 Overview of the holographic QCD models

As previously commented, much has been learnt about the AdS/CFT duality for the

canonical case of N = 4 SYM and strings in AdS5 × S5, specially due to integrable

structures discovered in certain sectors of both theories. While this duality has passed

all kind of tests, the path to the dual of QCD, or alternatively large N Yang-Mills,

remains elusive. The so called top-down approaches aim to solve the problem by

proposing configurations where the Yang-Mill theory lives in the world volume of

some branes. From the theoretical perspective this is the most interesting approach.

The best known model obtained this way is the Sakai-Sugimoto model [39,40], which is

an improved version of the Witten model, manage to explain some features of QCD at

strong coupling like meson spectra, gluon condensate and the masses of some baryons.

An updated review with the model improvements of last years can be found in [41].

In an effort to evade many theoretical problems to reach such goal and with the aim of

not being strictly rigorous but to provide some guidance, many authors have adopted

the bottom-up approach to the problem. Bottom-up approaches do not attempt to

derive the bulk theory as an effective string field theory, rather it assumes the bulk

theory exist and attempts to tame its shape according with the features known from

QCD, both theoretical and experimental. Early attempts considered the introduction

of a “hard wall” in the bulk, considering still an AdS metric, restricting where the
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dual fields should live. This theory give a spectrum for the particles that goes linearly

with the resonance index: mn ∼ n, which does not matches the pattern of known

resonances masses, like for instance the mesons, which instead exhibit a behavior of

the type m2
n ∼ n. In a very interesting paper [42] Karch, Katz, Son and Stephanov

have addressed this problem in a string theory inspired way by proposing the inclusion

of a dilaton background field together with the metric, showing that choosing a suitable

asymptotic behavior for both the warp factor A(z) and the dilaton Φ(z), it can lead

to linear spectrum in both the resonance number and spin. It should be stress that in

this model neither the metric or the dilaton are considered to be dynamical fields, issue

somehow addressed, among others, in the Improved Holographic QCD model [43,44].

Since this is an important point which is widely used as guidance by many authors

while constructing bottom-up approaches we review it in the next subsection.

1.2.2 The Soft Wall model

As already commented one of the most interesting challenges that AdS/CFT faces is

about breaking conformal symmetry such that one obtains QCD in the boundary. It

is expected that the warp factor A(z) of the dual theory differ from AdS value − ln z

as long as we move away from the holographic UV at z = 0, giving a non trivial

renormalization group flow. From the string theory perspective it is also expected

that in the supergravity approximation background fields, like the dilaton Φ, have

non trivial profiles, in other words, they should be function of the warped spacetime

radial coordinate. But computing these profiles from first principles in string theory

is a formidable task. If QCD has a dual, it is natural then to ask what would be a

suitable choice of such backgrounds such that we get the known experimental spectrum

for hadronic resonances. We already saw that the simplest and crude way of breaking

conformal symmetry, the hard wall model, leads to the wrong spectrum mn ∼ n for

the mesons. As a solution for the problem, the authors of the nowadays known as

Soft Wall model [42], propose to consider instead a non trivial warp factor and dilaton

profile such that they effectively create a “soft” wall, rather than an abrupt spacetime

cut. More specifically, given the knowledge we have about the spectrum of mesons,

which basically can be resumed in the fact that masses squared go linearly with the

spin and the radial number n, what would be a suitable choice for A(z) and Φ(z)

such that the experimental spectrum is realized? It turns out that the answer is very

simple and impose non trivial asymptotic behavior for both A(z) and Φ(z) in the IR.
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By considering backgrounds of the type10

S =

∫
d5X
√
ge−ΦL, ds2 = e2A(z)

(
dz2 + ηµνdx

µdxν
)
, (1.45)

with L the lagrangian density of the dual fields they arrive to the conclusion that at

large z, or equivalently at the IR, the functions Φ(z) and A(z) should satisfy Φ−A ∼ z2

in order to guarantee a linear spectrum of the ρ mesons in the radial quantum number.

In addition, if one analyzes how to impose linear Regge trajectories in the spin by

considering now higher spin mesons then one finds that A(z) should not grow as z2 in

the IR. On the other hand conformal invariance in the UV impose Φ−A ∼ ln z. The

simplest solutions to these constrains is A(z) = − ln z and Φ(z) = z2, however it should

be expected a more complicated solution for a real dual effective field theory in the bulk

for QCD gauge invariant operators, since this proposal give a trivial renormalization

group flow, given that the metric is always AdS.

In the heart of the Soft Wall model, as we as in many of the papers that seek for

holographic dynamical solutions, like Improved Holographic QCD [43,44], lies the fact

that the following potential for a Schrodinger problem

U2(z) =
b2 − 1

4z2
+

9z2

4R4
, (1.46)

gives a linear spectrum

tn =
6

R2
n+

3(b+ 2)

2R2
, n = 0, 1, 2, ... (1.47)

φn (z) =

(
3

2

) b
4

√
3Γ(n+ 1)

RΓ
(
b
2

+ n+ 1
) ( z

R

) b+1
2
e−

3z2

4R2L
b
2
n

(
3z2

2R2

)
(1.48)

If we assume that our experimental data have a linear spectrum, clearly from the

distance between eigenvalues (masses) one would like to explain one can read R = 6/∆

with ∆ ≡ tn+1−tn. With this and with the value of the ground state one can then read

the constant b. Here we changed slightly the notation with respect to [42] following

closer [43, 44], which is the model that is used mostly in this thesis. In particular we

will see that the potential (1.46) is the one of the spin 2 glueballs for b = 4 and R = 1.

In the next subsection we will review the derivation of the results commented in this

section.

10Along this thesis we will use latin indices a, b, . . . to indicate 5d indices and greek indices µ, ν, . . .

for the boundary 4d indices.
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ρ mesons

As usual, the starting point is the assumption that there exists a local effective action

in the bulk that is dual to the QCD gauge invariant operators that create the mesons.

The proposed action to describe axial and vector fields is∫
d5X
√
ge−Φ(z)

(
−|DX|2 + 3|X|2 − 1

4g5

(
F 2
L + F 2

R

))
. (1.49)

The overall factor e−Φ(z) is consistent with the coupling of open strings. To get the

spectrum of the ρ mesons it is sufficient to consider only the quadratic part of the

action for the vector-like field V = AL + AR, from which this we get the respective

equation of motion and find the normalizable modes vn. As result the solutions only

exist for discrete values of the four momentum q2 = m2
n

∂z
(
e−B∂zvn

)
+m2

ne
−Bvn = 0, B(z) ≡ Φ(z)− A(z), (1.50)

by doing the definition vn = eB/2ψn this equation can be casted in a Schrodinger form

− ψ′′n + V (z)ψn = m2
nψn, V (z) =

1

4
(B′)

2 − 1

2
B′′. (1.51)

In particular for the choice B = Φ− A = z2 + ln z the potential is of the form (1.46)

described before, giving the desired linear spectrum with the radial quantum number

n.

Higher spin mesons

To describe higher spin mesons we need to introduce higher spin fields in the bulk.

These fields will be dual to the higher spin current operators that produce the higher

spin mesons when acting on the vacuum. In the UV, these fields are conserved currents

of defined twist 2, so the associated higher spin fields in the bulk would have equations

of motion fixed by gauge and coordinate invariance, this is the well known Fronsdal

equation of motion and action [45]11. At the IR the higher spin field should become

massive, consistent with the lost of current conservation, presumably through some

sort of Higgs mechanism. Let us consider only massless higher spin fields in the

bulk. The gauge field of spin S is represented by a totally symmetric tensor φa1,...,aS .

Masslessness demands its equation of motion to be invariant under the following gauge

transformation

δφa1,...,aS = ∇(a1ξa2...aS), (1.52)

11See [46] for a review of recent progress in higher spin gauge theories.
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where ∇ is the general covariant derivative, ξa2...aS is a gauge tensor, and the indices

are symmetrized. The quadratic part of the action has the form∫
d5X
√
ge−Φ

(
∇aφa1...aS∇aφa1...aS +M2(z)φa1...aSφ

a1...aS + . . .
)
, (1.53)

where the dots represents extra terms required for gauge invariance. The mass-like

M(z) coefficient would be zero in flat space. For pure AdS instead, this term is

constant and equal to S2 − S − 4.

AdS/CFT requires us to evaluate the action (1.53) on-shell. The action is by con-

struction gauge invariant, which means that we can evaluate it in any of the infinite

solutions, but connected through gauge transformations (1.52), of the classical equa-

tion of motion and we will get exactly the same result. In particular, we can choose a

suitable solution for our problem, by imposing additional restrictions to the solutions

found. These additional constrains, should be such that the full space of solutions

can be obtained by gauging the restricted solution found, otherwise they would be

invalid. The first condition to impose is to make any of the tensor components with

a z index to vanish, φza2...aS = 0, which is known as the axial gauge. Let us notice

that it is equivalent to find the equation of motion from the action and later impose

the axial gauge or to directly impose the axial gauge in the action and later derive the

equation of motion, so we will look what happens in the action instead. In this gauge

the part of the action that involves the transverse and traceless part of the field over

the boundary indices decouples. These terms come from those written in the action

(1.53) and not from the omitted ones. The axial gauge condition φza2...aS = 0 does not

fix the gauge completely: transformations with gauge functions of the form

ξµ1...µS(x, z) = e2(S−1)A(z)ξ̃µ1...µS(x) ξza2...aS = 0, (1.54)

with ξ̃µ1...µS(x) an arbitrary function of the boundary coordinates x, allow us to move

between different solutions within the axial gauge. By demanding now the partially

gauge fixed action obtained from (1.53) by setting φza2...aS = 0, to be invariant under

this residual gauge transformation (1.54) we find that this is implemented by defining

φ̃ ≡ e−2A(S−1)φ. The action for φ̃ obtained through this process is then∫
d5Xe5A−Φ

(
e4(S−1)Ae−2A(S+1)∂aφ̃µ1...µS∂aφ̃µ1...µS

)
. (1.55)

At this point is simple to derive the equation of motion for φ̃

∂z
(
e(2S−1)A−Φ∂z +m2

ne
(2S−1)A−Φ

)
φ̃n = 0. (1.56)
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Putting this equation in a Schrodinger form one can realize that, in order to have

dm2
n/dn independent of S one needs to keep all the z2 asymptotic in Φ and none in

A. For the choice A = − ln z and Φ = z2 we get a Schrodinger potential of the type

(1.46) whose mass spectrum is

m2
n,S = 4(n+ S), (1.57)

linear both in n and S.

For the purposes of this work we will need to propose what would be the equation of

motion for the bulk higher spin fields that are dual to higher spin gluon operator in

the boundary with twist 2. We will compute and re-sum all the tree level exchange

of such fields in the bulk to get the hadronic tensor, resembling the well known OPE

expansion of the hadronic current operators in QCD. From the bulk perspective the

construction is roughly the same we described in this section. We will start with the

gauge invariant equation of motion in AdS but we will see that in order to match

experimental data we will need to break explicitly the gauge invariance, as expected

since their dual operators are not conserved except in the UV, by adding some terms

suggested by string theory. The details of this process will be explained in chapter 3.

Breaking conformal invariance in the bulk means that eventually we will have more

degrees of freedom, unless we simply demand as well that the gauge fixing conditions

still to be valid for some reason. This and other questions about how to conceptually

put all things in a proper framework will remain for future works, instead we will

just try to check what are the essential key ingredients that a holographic formulation

for the Pomeron needs in order to explain all the scattering processes dominated by

Pomeron exchange.

1.2.3 Improved Holographic QCD

Among the plenty of bottom-up approaches existing currently in the literature we

will use along this thesis the one known as Improved Holographic QCD model [43,

44]. While the model is build from the bottom-up, many of its features have been

incorporated aiming to make contact with string theory, that is why sometimes it is

called instead an “hybrid” approach. This is a Einstein-dilaton gravity model, with a

potential for the dilaton in 5 dimensions. Asymptotic AdS geometry is imposed and

the Yang-Mills perturbative expansion is simulated by an appropriated choice for the

dilaton potential. In particular the model gives a good phenomenological description

of the spectrum of glueballs known from lattice QCD computations, a critical feature
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we need in our construction of the holographic Pomeron. The underlying guidance

for the choice of the right potentials that lead to a “good” spectrum is the Soft Wall

model described in the previous section. Beyond this the model has been used to

compute other QCD quantities at finite temperature like transport coefficients, bulk

viscosity, drag force and jet quenching parameters, providing a good phenomenological

description as well.

We will review the model in chapter 2, particularly the parts more relevant to our

construction of the holographic Pomeron, instead here we will just point out a few

important facts about it, mostly taken from [43].

• The β function of the gauge theory is related to the superpotential of the

Einstein-dilaton gravity system.

• Confinement is defined through the holographic computation of the rectangular

Wilson loop. All confining backgrounds in this sense are shown to have a

singularity in the metric at some value of the radial coordinate z.

• Superpotentials that lead to confining geometries as defined in the previous point

are classified.

• For regular dilaton potentials the ’t Hooft coupling λ always blows up at the IR

singularity.

• All confining potentials give mass spectrum for the glueballs 0++ and 2++ with

a mass gap.

• Of all possible confining asymptotic there is a unique choice that lead to linear

Regge trajectories for all glueballs in the radial quantum number.

We end here way our review of the state of the art of holographic QCD models. In

the next section we will review an important tool we will need in order to compute

scattering amplitudes, the Witten diagrams expansion.

1.2.4 Witten diagrams expansion

In this section we revisit the Witten diagram expansion deriving its rules. As stated

before, gauge/gravity dualities claim an equality between the partition function of a

gravity theory in M, and gauge theory in ∂M where M is an asymptotically AdS
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space. Moreover in the regime that we will be interested the partition function on the

gravity side can be computed semi-classically

Zgravity ∼ eiSo.s.[φ(X)], (1.58)

that is, the partition function will be dominated by the saddle point configuration
δS
δφ

= 0, where So.s.[φ(X)] is just the on-shell action. Witten’s expansion is just a

systematic way of computing exp(So.s.[φ(X)]). To fix ideas we will review perhaps

what is the simplest non trivial case, which is a scalar field in the bulk with a cubic

interaction term. Consider the action

S =

∫
M
dd+1X

√−g
(
(∂φ)2 +m2φ2 + λφ3

)
, (1.59)

whose equation of motion δS
δφ

= 0 is(
�−m2

)
φ = λφ2. (1.60)

Now we need to solve this equation using the Dirichlet boundary condition φ(X)|∂M =

J(x) and plugin its result into (1.59) to get the on-shell action and with this the desired

partition function which is a functional of J(x). To solve this problem we define first

a couple of objects. The first is the bulk-to-bulk propagator12 which is just the Green

function of the equation of motion operator with λ = 0. It satisfies(
�X −m2

)
G(X, X̄) =

1√−g δ
d+1(X, X̄), (1.61)

with
∫
dd+1Xδd+1(X, X̄) = 1. The second object is the bulk-to-boundary propagator,

and is defined such that the solution of the equation of motion with λ = 0 is obtained

as a convolution of this propagator with the value of the field at ∂M

φ(0)(X) =

∫
ddx̄K(X, x̄)J(x̄). (1.62)

The superscript (0) is to emphasize that this definition is for the free λ = 0 equation

of motion. We can find K(X, x̄) from G(X, X̄) as follows. Start with the divergence

theorem ∫
M
dd+1X̄

√−ḡ∇̄aTa(X̄) =

∫
∂M

ddx̄
√−γ̄naTa(x̄) (1.63)

and choose Ta(X) as

Ta(X̄) = φ(X̄)
(
∇̄a −m2

)
G(X, X̄)−G(X, X̄)

(
∇̄a −m2

)
φ(X̄) (1.64)

12To simplify the discussion we will consider an Euclidean signature for the metric in this section.

In a Lorentzian signature the bulk-to-boundary and bulk-to-bulk propagators will be modified by a

factor of −i.
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then it is easy to see by plugin the last equation into (1.63) that

φ(X) =

∫
∂M

ddx̄
√
γ̄na∇aG(X, X̄)φ(X̄). (1.65)

Recalling that the boundary ∂M is defined as the hyperplane z = 0 in the Poincaré

patch and φ(X̄)|∂M = J(x̄), from the last we can read:

K(X, x̄) = lim
z̄→0

√
γ̄na∇aG(X, x̄, z̄). (1.66)

A couple of comments are in order. Let us notice that in general taking the limit z̄ → 0

lead to infinities, thus we need to consider the addition of counter-terms in the action

such that this limit become instead finite. Notice also that in a general background,

with fields like the dilaton Φ(X) or the tachyon τ(X) turned on, the presence of terms

that multiply the entire action is common, and therefore the definition of the bulk-

to-boundary propagator may change accordingly. Fortunately we will see in section

1.2.5, at least for the cases considered in this thesis, these terms contribute mostly

to the divergent part of the integral and therefore its influence will disappears after

renormalizing. The solution is found as a perturbative expansion in powers of λ: let’s

assume that

φ(X) = φ(0) + φ(1)λ+ φ(2)λ2 + . . . . (1.67)

Plugin (1.67) into (1.60) and demanding the equality of the coefficients of both left

and right hand side polynomials in λ we get

(�−m2)φ(0) = 0 ⇒ φ(0)(X) =
∫
ddx1K(X, x1)J(x1),

(�−m2)φ(1) = (φ(0))2 ⇒ φ(1)(X) =
∫
dd+1Y1d

dx1d
dx2

√
−g(Y1)K(Y1, x1)J(x1)×

×G(X, Y1)K(Y1, x2)J(x2),

. . .

(1.68)

In this expansion when we solve for φ(1) we are just convoluting the inhomogeneity

(φ(0))2 with the Green function of the homogeneous equation of φ(1), which is just

G(X, X̄), and so on for each one of the φ(n). As one can easily realize to see the

amount of integrals in this perturbative expansion grows quickly so, as in the case of

Feynman diagrams, it is useful to write the expansion in a diagrammatic way
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The wavy lines indicate the insertion of a bulk-to-bulk propagator if its two endpoints

are in the bulk or a bulk-to-boundary propagator if one of its endpoints is at the

boundary. Notice that at this level there are integrals over the boundary variables

x1, x2, etc.. The diagrammatic rules for computing correlation functions come from

evaluating the on-shell action using this expansion. Let’s recall first that n-point

correlation functions are obtained by taking functional derivatives of the generating

functional and setting the sources to zero. Therefore the terms from the on-shell

action that will survive have to have the right amount of J(x), in this case n, and also

taking the functional derivative will remove the integrals over the boundary variables

x1, etc., leaving only the bulk-to-boundary propagators where there were boundary

insertions in the final expression. The entire process of the holographic computation

of correlation functions in position space can be resumed in the following set of rules:

• The circle represents the AdS boundary and its interior the AdS bulk

• Operator insertions in correlation functions correspond to points over the circle.

• Lines departing from the boundary correspond to bulk-to-boundary propagators.

• Lines connecting two bulk points correspond to bulk-to-bulk propagators.

• An interaction point at bulk position X requires the insertion of an integral∫
dX
√
g(X). In the presence of background fields the vertex is modified, for

example
∫
dX
√
g(X)e−2Φ, etc..

Similar to what happens with Feynman diagrams it is easier to use an equivalent set

of rules but in momentum space while computing scattering amplitudes. Basically one

has to add a z integral and the respective z dependence of each one of the parts of the

diagrams to the equivalent Feynman rules in momentum space. As usual, disconnected

diagrams do not contribute to the scattering amplitude, whereas connected ones give

the desired result. In addition, we will need to use normalizable modes for real external
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particles and non-normalizable ones for virtual external particles, as it will be derived

in section 1.2.5.

Finally a few words about what happens when there is no explicit small parameter

to make the perturbative expansion in the bulk, like the coupling λ of the previous

example. This is usually the case for background fields, like for example the metric

gab or the dilaton Φ. The strategy to follow to evaluate the on-shell action is the same

as in the case described above. The equation of motion for such field is splitted in the

usual way into its linear and non linear parts. The linear part, which is usually found

by considering small perturbations, is used to find the propagators. The non linear

part will give the interaction vertices. Type and amount of vertices depend of the

order considered in perturbation theory. Witten diagrams with such fields are then

computed using the same rules previously stated.

In the next section we will review the spin 1 gauge field in the bulk: its equation of

motion as well as both bulk-to-boundary and bulk-to-bulk propagators. Its different

modes will be used throughout the body of this work as the duals of the electro-

magnetic hadronic current operator Jµ(x) in the boundary. The matrix element

〈P |T (Jµ(p)Jν(0))|P 〉, know as the Compton tensor, is directly related to the DIS

F2 structure function as well as to the differential and total cross-sections of Deeply

Virtual Compton Scattering (DVCS) and vector meson production processes. One of

the main goals of this thesis is to use the gauge/string duality to evaluate such matrix

element in existing holographic models and check whether is possible to confront the

results with experimental data.

1.2.5 Spin 1 gauge field in the bulk

In this section we will review the dynamics of a spin 1 gauge field in the bulk and we

will find its propagators and other useful quantities which we will use in chapters 3,

4 and 5. The exposition attempts to be as pedagogical as possible so expert readers

can skip it.

The free action for the U(1) gauge field in the bulk dual to the current operator in the

boundary is

S[Aa(X)] = −1

4

∫
d5X
√−ge−Φ

(
F abFab + βRabcdF

abF cd
)
. (1.69)

Here we consider the general case with a β-type term turned on, which we will consider
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in chapter 4. The equation of motion can be easily derived from this

∇a

[
e−Φ

(
F ab + βRab

cdF
cd
)]

= 0 (1.70)

Now let us notice that neither the inclusion of the dilaton term or the fact that the

space is no longer AdS have spoiled gauge invariance. Indeed, (1.69) and (1.70) remain

invariant under the gauge transformation Ab → Ab + ∂bλ. This is crucial since gauge

invariance is related to current conservation in the boundary, so we want to preserve it.

In this work we work in the commonly used axial gauge: we choose the representative

A(X) of the class of gauge equivalent physical configurations the solution that satisfies

Az = 0. It is not hard to check that the equation of motion in the previous gauge

is still invariant under gauge transformation with a gauge parameter λ(x) that does

not depends on z, so the gauge is not completely fixed. Using this residual gauge

symmetry allow us to impose as well ∂µA
µ = 0. . One can check then that this is a

proper representative: all the possible equivalent physical configurations are accessible

through a gauge transformation from it, and also that the gauge is completely fixed.

As we already saw in the previous section, going beyond free theory in general will

produce some complicate terms in the right hand side of (1.70) depending on the

interaction terms considered. To apply the AdS/QCD recipe we still need nevertheless

to solve the equation with the right boundary condition at z = 0 and use it to evaluate

the on-shell action, which will become the generating functional of the dual theory.

In this case the solution is found iteratively and there are two key ingredients which

are the bulk-to-bulk and bulk-to-boundary propagators, which we proceed to discuss.

The bulk-to-bulk propagator is just the Green function of the equation of motion

(1.70) which is defined such that if

∇b
(
e−Φ∇[bAa] + βRabcd∇[cAd]

)
= Ja, (1.71)

then the solution is

Aa(X) =

∫
d5X̄

√
−g(X̄)Gab(X̄,X)J b(X̄), (1.72)

up to terms which are solution of the homogeneous equation. Notice that in order to

obtain solutions within the first gauge condition Az(X) = 0 we will need Gaz(X, X̄) =

Gza(X, X̄) = 0 from this definition. Also gauge invariance will demand Jb(X) to be

a conserved current, just like in common electrodynamics, and therefore we have the

freedom to shift Gab → Gab +∇Xa∇X̄bΛ(X, X̄) and still have a Green function, since

integrating the last term by part will produce a term proportional to the divergence of

Jb(X̄). We will use later this freedom to chose Λ such that the second gauge condition
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∇aA
a = 0 ⇔ ∂µA

µ = 0 is fulfilled. Applying the equation of motion to both sides of

(1.72) we deduce then that the Green function should satisfy:

[
�+ eΦ−A∂z

(
eA−Φ∂z

)
+ β∆β

]
Gab(X, X̄) = e2A(z̄)+Φ(z̄) gab√−g δ

5(X, X̄), (1.73)

∆β = −2e−2A
[(
−ȦÄ− Φ̇Ä+

...
A
)
∂z + Ä∂2

z + Ȧ2�
]

(1.74)

where � ≡ ∂µ∂
µ13. To solve this, we consider first the solution of the homogeneous

equation associated to (1.73). Let us first solve the following auxiliary problem[
−m2 + eΦ−A∂z

(
eA−Φ∂z

)
+ β∆̃β

]
f(z) = 0, (1.75)

where ∆̃β is the Fourier transform of ∆β. This is exactly the same thing we get

by plugin the ansatz Aµ(X) = εµf(z)eik·x with k2 = m2 in the free theory equation

(1.70) and then fixing the gauge. This equation can alternatively be written in the

self-adjoint form [
∂z (p(z)∂z) +

(
q(z) +m2w(z)

)]
f(z) = 0, (1.76)

p(z) = e−A(z)−Φ(z)
(
2βA′′(z)− e2A(z)

)
, w(z) = eA(z)−Φ(z), q(z) = 0.

We would impose regularity of the solution f ′(z) = 0 at z →∞ and also f(z) = 0 when

z = 0. These conditions, together with the equation (1.75), define a Sturm-Liouville

problem. For the type of functions A and Φ we consider in this thesis14, there are

only solutions for certain values of m. In other words the spectrum of allowed values

for m in (1.75) is discrete, mn with n = 0, 1, . . . 15 . The associated solutions will be

denoted by fn(z) and will be called normalizable modes. That fn’s are normalizable is

guaranteed by the fact they are solutions of the Sturm-Liouville problem (1.76). Using

the completeness relation of this problem
∑

n e
A(z̄)−Φ(z̄)fn(z)fn(z̄) = δ(z − z̄) we can

easily solve (1.73)

Gab(X, X̄) =

eΦ(z̄)−A(z̄)
∑

n

∫
d4k

(2π)4

fn(z)fn(z̄)eik·(x−x̄)

−k2+m2
n

(
ηµν − kµkν

k2

)
a ∧ b 6= z

0 a ∨ b = z.
.

(1.77)

Here we have used the gauge freedom to choose a solution that satisfies the gauge

conditions declared at the beginning. Bulk-to-boundary propagators can be derived

13Notice that in (1.73) there is some freedom to chose the right hand side functions evaluated on

X or in X̄: both choices give solutions.
14Recall that for the pure AdS case A = − ln z and Φ = 0 the spectrum is continuous.
15It can be checked that by computing the 2-point function of the dual operator with the prescribed

holographic recipe that the mn are the masses of the associated resonances.
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from bulk-to-bulk propagators by generalizing Green’s third identity. Let’s review first

the case where there is no dilaton. The bulk-to-boundary propagator is defined such

that the solution of the free equation of motion is obtained by convoluting it with the

boundary value of the field

Ac(X) =

∫
ddx̄K b

c (X, x̄)Ã
(0)
b (x̄). (1.78)

Here Ã
(0)
b (x̄) is the boundary value of the field, which is interpreted as the source of

the dual operator. Starting with the divergence theorem∫
M
dd+1X̄

√−ḡ∇̄aTa(X̄) =

∫
∂M

ddx̄
√−γ̄naTa(x̄), (1.79)

we will choose

Ta(X̄) = Ac(X̄)∇̄a

(
Gcb(X, X̄)

)
−Gcb(X, X̄)∇̄aA

c(X̄), (1.80)

where we should keep in mind that the second index b of Gcb is related to the point

X, so only one Christoffel symbol appears in the covariant derivative in (1.80). With

this choice, in the gauge considered in this work, the left hand side of (1.79) becomes

just Ac(X) and by looking at the right hand side of the same formula and recalling

the definition (1.78) we find

Kab(X, x̄) = lim
z̄→0

√−γ̄e−Ā∂z̄
(
eĀGab(X, X̄)

)
(1.81)

Now let’s consider the case where the dilaton is non trivial. In that case we need

to look for a field redefinition such that its equation of motion could be written on

the form (∆1 −m2(X))Ã(X) = 0 where ∆1 is the vector laplacian for some function

m2(X). It turns out that this is the case for Ã(X) = e−
Φ
2 A(X). Replacing Ac → Ãc

and Gcb → G̃cb in (1.80) and repeating the previously described steps we find a slightly

modified formula:

Kab(X, x̄) = lim
z̄→0

√−γ̄e−Ā− Φ̄
2 ∂z̄

(
eĀ−

Φ̄
2 Gab(X, X̄)

)
(1.82)

The important observation here is that this new formula has the same z dependence

as the case where there was no dilaton: only divergent terms might be affected. The

renormalized part will be

Πµν(X, x̄) =

∫
d4k

(2π)4
ψ(z)eik·(x−x̄)

(
ηµν −

kµkν
k2

)
, (1.83)

Πaz(X, x̄) = Πza(X, x̄) = 0,
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ψ(z, k) = C
∑
n

gnfn(z)

−k2 +m2
n

, (1.84)

where C is a constant that can be fixed by properly normalizing to match the two point

function of the associated operator. The gn constants are related to the n-th hadron

decay constant and the renormalization procedure fixes them [47]. The functions

ψ(z, k) are the non-normalizable modes. In this thesis we will not compute the non-

normalizable modes using (1.84), instead we will use the fact that they obey the same

differential equation as the normalizable modes but with a different boundary condition

ψ(z = 0) ∼ z0 = C16. With the last expression inserted in the Witten diagrams we

are able to compute correlation functions of the correspondent dual operators. We

will use the non-normalizable modes whenever we have off-shell photons. To compute

amplitudes with real particles as final states we will need to go further and apply the

LSZ reduction formula. This is the standard procedure to go from vacuum expectation

values of time ordered operators to scattering amplitudes in a QFT. For example for

an outgoing vector meson of polarization nµ1(λ) and four momentum k1, the sum over n

disappears, we replace k2 → k2
1 = m2

1 everywhere else, the factor eik·x is absorbed in an

overall Dirac delta which express momentum conservation, and the bulk-to-boundary

propagator becomes

Ka(X; k1, n1) =

Cn1µ(λ)fm1(z), a = µ

0, a = z
. (1.86)

From the last we see that using normalizable modes in Witten diagrams will lead

directly to the computation of scattering amplitudes. Using this we can compute the

Fab(X) on-shell, in the sense of evaluated in the bulk equation of motion solution,

referenced as F 1,3
ab (X) in chapters 3, 4 and 5, which will appear later in the computation

16 It is interesting to see how normalizable and non-normalizable modes relate for the well known

hard wall model case. Considering k � Λ, the different modes are,

ψ(z, k) = CkzK1(kz) non-normalizable mode,

fn(z) =

√
2ΛzJ1(ζ0,nΛz)

π
3
2 J1(ζ0,n)

normalizable mode,

where ζ0,n is the n-th zero of Jν . These two functions are related through the mathematical identity

kνKν(kx) =

∫ ∞
0

dm
mν+1Jν(mx)

k2 +m2
. (1.85)

For ν = 1 this formula is the same as (1.84) with the difference that here we have an integral since

the spectrum is continuous in the k � Λ approximation. Additional information can be found in [47].
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of many Witten diagrams

Fab(X; k, n) =

2ik[µnν]fk2(z) a = µ, b = ν

nµ∂zfk2(z) a = z, b = µ
(1.87)

where k and n are the respective momentum and polarization vectors of the particle

and the overall constant have been ignored. Notice that the last expression is valid for

both computation of correlation functions and scattering amplitudes, we just need to

replace fk2 by the non-normalizable or normalizable mode respectively.

With this we end the review of the Witten diagram construction, its meaning and

techniques. In the next section we will see what are the ingredients we need to consider

in the bulk to obtain a holographic description for the Pomeron.

1.3 The BPST Pomeron

A breakthrough in the application of holographic techniques to explain Pomeron

physics is the work of Brower, Polchinski, Strassler and Tan [13], sometimes known as

BPST Pomeron. As noticed in that work, there is a remarkable similarity between the

kernel of the Pomeron obtained through BFKL methods of a conformal field theory

and the kernel of flat space string theory Regge amplitude Fourier transformed to

position space for t = 0: both have a diffusive form, this is a power of s times a

diffusion kernel where the role of the time is τ = ln s, and the diffusion variable is

ln p⊥ in the conformal side while in the string theory side it is x⊥.

This suggest that the gauge/string duality may be a valuable tool to understand

Pomeron physics. In this work the authors also argued that the Pomeron of the gauge

theory should correspond to the graviton Regge trajectory in the string theory side,

providing a framework for unifying the different types of Pomeron. The different

Pomerons would emerge for different values of the ’t Hooft coupling.

In the next subsection the main ideas of this work will be reviewed.

1.3.1 A systematic derivation: main ideas

In the section of the same name in [13] the amplitude for a 2→ 2 scattering of general

string states in the Regge limit is derived first in flat space and later guessed in a
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warped spacetime. The amplitude have some improvements due to the renormaliza-

tion group of the 2d sigma model in which the Polyakov action becomes when the

background is no longer flat. The derivation is done in the closed bosonic string, and

is somehow formal in curved space, since the vertex operators are approximated by

their Gaussian versions. Straight to the point, the main ideas that lead to this final

result are the following:

• The four tachyon amplitude on the sphere leads to the well know Virasoro-

Shapiro amplitude, which in the large s limit exhibit a Regge form, in other

words, it is the same as the one given by a Reggeon interchange. Since the 4

tachyon amplitude has more information than required to explain Regge physics,

one can go back and check what is the minimum amount of information that

has to be kept in the amplitude integrand such that Regge behavior is obtained

after integration. The answer is very simple: in the large s limit the amplitude

is dominated by the integration region near w = t/ (s+ t)→ 0 in the worldsheet

complex plane w.

• Since what is required to obtain a Regge amplitude is the behavior near w → 0,

in terms of vertex operators this means that the amplitude is dominated by the

OPE of the vertex operator at w, w̄ and the one inserted at the complex plane

origin. The form of the OPE can be easily worked out in flat space, and an

interesting point is that not only the leading order of the OPE is required but

also the next to leading one, otherwise, the Regge form of the amplitude is not

obtained.

• From the knowledge that Regge physics is encoded in the w → 0 region of

the worldsheet and the details about it, one can go and generalize the 4 tachyon

result to any set of scattering string states that have a large momentum difference

between them. This is done by writing the amplitude in a general way with the

worldsheet evolution operator wL0−2w̄L̃0−2 inserted between the two sets of vertex

operators and later inserting a complete set of string states between and keeping

only the leading terms in the Regge limit, now defined as w → 0. The result of

this is that the relevant states are those in the graviton Regge trajectory: states

of the form (αn−1α̃
m
−1) |0〉 with n,m = 1, 2, ....

• From the above it can be defined two interesting objects in string theory: the

Pomeron vertex operator and the Pomeron propagator. In terms of them the

amplitude has a remarkable simple expression and seems to be the most efficient

way to do high energy scattering in string theory.
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• The result can be formally extended to strings propagating in a curved back-

ground. Pomeron kernel acquire now corrections in α′ as usually happens with

operators in string theory in curved space.

In the next subsections these points will be reviewed.

1.3.2 Regge behavior of string states scattering amplitudes

Flat space: standard derivation

The analysis of the well known formula for the scattering of 4 tachyons at tree level

in string theory (on the sphere) is the starting point for the later general statement

about Regge behavior of high energy scattering of any kind of string states, including

branes. Inserting the four vertex operators in the Riemann sphere, which is just the

complex plane plus a point at infinity, fixing the position of 3 of them thanks to the

Möbius symmetry at 0, 1 and ∞, and evaluating the expectation values in what it is

in flat space a two dimensional free CFT one gets17:

A (s, t) =
〈
eip1·X(w,w̄)eip2·X(0)eip3·X(1)eip4·X(∞)

〉
(1.88)

=

∫
C
d2w |w|−4−α

′
2
t |1− w|−4−α

′
2
s ,

where the Mandelstam variables are defined as s = − (p1 + p3)2 and t = − (p1 + p2)2.

Here the normalization constant in the front which includes a momentum conservation

delta function has been omitted for the sake of clarity. The integrand has a saddle

point at ws = t/ (s+ t), which is explicitly computed in the appendix B.1. For s large

ws → 0 and the integrand can be conveniently manipulated to get the desired behavior

|1− w|−4−α
′

2
s =

(
1−

(
4 + α′

2
s
)

(1− w)

2

)(
1−

(
4 + α′

2
s
)

(1− w̄)

2

)
= e

(
2+α′

4
s
)

(w+w̄)
,

up to subleading terms of order w2. The amplitude (1.88) become

A (s, t) =

∫
C
d2we

(
2+α′

4
s
)

(w+w̄) |w|−4−α
′

2
t . (1.89)

17Vertex operators are assumed normal ordered and with the ghost factors already set as constants

if one works in the BRST quantization version.
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This integral is explicitly computed in appendix B.2, giving

A (s, t) = 2π
Γ
(
1− α′

4
t
)

Γ
(
2 + α′

4
t
) (α′

4
seiπ/2

)2+α′
2
t

, (1.90)

which shows that the approximations made were the right ones to keep Regge physics.

Flat space: OPE derivation

Once it is realized that Regge physics is encoded in the region near w → 0, due to

the result of the previous computation, then it can be expected that this result can be

obtained as well from the OPE, since in this region the vertex operators of particles

1 and 2 are very close. In flat space the OPE of these vertex operator is relatively

easy to compute since the worldsheet CFT is free, thus it can be obtained by doing

basically a bunch of Wick contractions

eip1·X(w,w̄)eip2·X(0) = |w|−4−α
′

2
t eik·X(0)+p1·(w∂+w̄∂̄)X(0) + . . . , (1.91)

where p2
i = 4/α′, k = p1 + p2 and t = −k2. The details of this computation are done

in the appendix B.3, the only important point to remark here is that in order to get

the desired integrand one have to keep the next to leading order in the OPE, which

is the part containing the w and w̄ in the argument of the last exponential in (1.91).

Indeed, now evaluating the expectation value of the remaining three operators〈
eik·X(0)+p1·(w∂+w̄∂̄)X(0)eip3·X(1)eip4·X(∞)

〉
= e

(
2+α′s

4

)
(w+w̄)

, (1.92)

which, together with the factor |w|−4−α
′

2
t gives exactly the integrand of (1.89), now

derived using the OPE. The details are in the appendix B.4.

This suggest a step forward in the isolation of the Pomeron physics by interchanging

the integral in the amplitude and the OPE to get an operator for the action of the

Pomeron in vertex operators expectation values∫
d2weip1·X(w,w̄)eip2·X(0) ∼

∫
d2w |w|−4−α

′
2
t eik·X(0)+p1·(w∂+w̄∂̄)X(0) =

=
eik·X(0)

Γ
(
2 + α′

4
t
) ∫ ∞

0

dx

∫ ∞
−∞

dσ1dσ2x
1+α′

4
te−xww̄+p1·(w∂+w̄∂̄)X(0)

This integral is essentially the same already computed (1.89) thus the details are

omitted this time. The result is

2π
Γ
(
−1− α′

4
t
)

Γ
(
2 + α′

4
t
) eik·X(0)

(
p1 · ∂X (0) p1 · ∂̄X (0) eiπ

)1+α′
4
t
. (1.93)
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The insertion of this matrix element into the expectation value gives immediately the

Regge behavior of the amplitude. This is the Pomeron vertex operator.

curved space: generalization

The goal now is to repeat previous steps in a space with a metric

ds2 = e2A(z)ηabdX
adXb + g⊥pqdY

pdY q. (1.94)

In general string solutions in such background, which are the ones presumably relevant

for QCD, are not known but still some progress can be made. In the Gaussian limit

string wave functions eip·xψ(y) give the associated vertex operators eip·Xψ(Y ), with X

and Y denoting worldsheet fields. The computation proceed in the same line as for

the flat space derivation. To get terms of order up to (ln s)/
√
λ ∼ | lnw|/

√
λ in the

OPE expansion of the vertex operators it is required to go beyond the Gaussian ap-

proximation, which is implemented by retaining terms of order 1/
√
λ in the worldsheet

dimension operator L0. Effectively this is a renormalization group improvement from

the 2d worldsheet CFT. As final result an approximated expression for the amplitude

of string states in curved spacetime is obtained, which essentially suggest to promote

the Mandelstam variable t to an operator ∆2

A (s, t) ∼
∫
d6y
√
G⊥ψ3 (y)ψ4 (y) e2A(y)Π (α′∆2) (ᾱ′s)

2+α′
2

∆2 e2A(y′)ψ1 (y)ψ2 (y) ,

(1.95)

where

Π (α′t) = 2π
Γ
(
−1− α′t

4

)
Γ
(
2 + α′t

4

) e−iπ−iπ α′t4 . (1.96)

We end the review of BPST [13] by adding a few more comments. Firstly a sim-

ilar analysis is done in the light-cone gauge for the worldsheet fields by computing

semi-classically the Euclidean Polyakov path integral of the interacting string states,

obtaining essentially the same result. Secondly it is customary to define the scattering

amplitude as the convolution of external state wave functions with some kernel, the so

called kernel of the Pomeron, a distribution which is the Green function of some

diffusion-like (in the radial coordinate) operator. Its form is determined by the

background used and it contains effectively the information about the exchange of

an infinite set of string states: the graviton Regge trajectory. Thirdly the authors

extend their analysis considering the effect of confinement while still considering UV-

conformal theories. As a toy model they analyze how the Pomeron appears in the

hard wall model and they arrive to the conclusion that for large positive t bound
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states appear whereas for large negative t these disappears under a branch cut. While

the hard wall model may capture key universal features of the Pomeron for large values

of |t|, the kernel behavior near t = 0, which is the most interesting part for DIS for

instance, is heavily model dependent. One of the goal of this thesis is the study of

the holographic kernel of the Pomeron specifically in this region. We will use as QCD

holographic model the Improved Holographic QCD model [43,44], a bottom up model

that effectively captures some strong coupling regime features of QCD and is inspired

by string theory .
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This chapter is based in [20]. We study the graviton Regge trajectory in Holographic

QCD as a model for high energy scattering processes dominated by soft pomeron

exchange. This is done by considering spin J fields from the closed string sector that

are dual to glueball states of even spin and parity. In particular, we construct a model

that governs the analytic continuation of the spin J field equation to the region of

real J < 2, which includes the scattering domain of negative Maldelstam variable t.

The model leads to approximately linear Regge trajectories and is compatible with the

measured values of 1.08 for the intercept and of 0.25 GeV−2 for the slope of the soft

pomeron. The intercept of the secondary pomeron trajectory is in the same region of

the subleading trajectories, made of mesons, proposed by Donnachie and Landshoff,

and should therefore be taken into account.

2.1 Introduction

The Pomeron plays a crucial role in QCD Regge kinematics, for processes dominated

by exchange of the vacuum quantum numbers. This includes elastic scattering of soft

states at high energies and low momentum transfer. The corresponding amplitude

exhibits a universal behavior explained within Regge theory [7],

A(s, t) ≈ β(t) sα(t) , α(t) = 1.08 + 0.25 t , (2.1)

in GeV units and for some function β(t) that depends on the scattered states. A precise

computation of the values of the intercept (α0 = 1.08) and slope (α′ = 0.25 GeV−2) is

beyond our current understanding of QCD, since long-range strong interaction effects
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2- Soft Pomeron in Holographic QCD

are important.

In the present chapter we build a soft-pomeron phenomenology in Holographic QCD.

More concretely, we show the Regge theory for spin J exchanges in the dual geometry

leads to the behavior (2.1) for the amplitude between soft probes.

2.2 Holographic QCD model

We will consider the Holographic QCD model proposed in the works [43,44] based on

gravity plus a dilaton field. We shall be working in the string frame because the Regge

trajectory we are interested in is made of fundamental closed string states. As usual,

the scalar field Φ = Φ(z) and the dual geometry has metric

ds2 = gabdx
adxb = e2A(z)

(
dz2 + ηαβdx

αdxβ
)
, (2.2)

where ηαβ is the Minkowski boundary metric. In the string frame the corresponding

action is

S =
1

2κ2

∫
d5x
√−g e−2Φ

[
R + 4 (∂Φ)2 + V

]
, (2.3)

with

V = e−
4
3

Φ

[
64

27
W 2 − 4

3

(
dW

dΦ

)2
]
. (2.4)

The field Φ is the dilaton without the zero mode that is absorbed in the gravitational

coupling κ. The field equations arising from (2.3) take the form

Rab + 2∇a∇bΦ−
1

4

dV

dΦ
gab =0 ,

2∇2Φ− 4(∇Φ)2 + V +
3

4

dV

dΦ
=0 . (2.5)

The superpotential W (Φ) is fixed phenomenologically by demanding that the model

reproduces basic QCD data, such as beta function, heavy quark/anti-quark linear

potential and glueball spectrum. In this work we take the Background I of [43, 44]

where

W =
9

4L

(
1 +

2

3
b0λ

) 2
3
[
1 +

(2b2
0 + 3b1) log(1 + λ2)

18a

] 4a
3

, (2.6)

λ = eΦ and the length scale L fixes the units.

The ’t Hooft coupling of the dual Yang-Mills theory λ̄ is fixed by λ up to a multiplica-

tive constant, i.e. λ̄ = c0λ. For the model considered in this work the constants in
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Figure 2.1: Running coupling αs vs. energy scale. The red point is αs(1.2 GeV) = 0.34.

(2.6) are given by

b0 = 4.2 ,
b1

b2
0

=
51

121
, a =

3

16
. (2.7)

The model has an additional integration constant that can be related to ΛQCD, via the

identification of the energy scale and warp factor, logE = A(z) − 2
3
Φ(z). As shown

in [43,44], the UV behavior of the superpotential (2.6) leads to a beta-function

β =
dλ

d logE
= −b0λ

2 − b1λ
3 + . . . . (2.8)

This is consistent with the two-loop perturbative beta function in large-N Yang-Mills

β̄ = −b̄0λ̄
2 − b̄1λ̄

3 , b̄0 =
2

3

11

(4π)2
,

b̄1

b̄2
0

=
51

121
. (2.9)

if we take c0 = b0/b̄0. This fixes the second parameter in (2.7). The others parameters

are fixed by the IR constraints coming from confinement, asymptotic linear glueball

spectrum and lattice QCD.

Given that all of the parameters are already fixed at this point, one may ask how the

field theory coupling runs with energy. Setting Nc = 3 the QCD running coupling can

be identified with αs = λ̄/(12π). Figure 2.1 shows how αs runs with the energy scale

in the model, giving 0.34 for the value for E = 1.2 GeV, which is very close to the

experimental value 0.35.

We can recover the conformal limit by considering the parameters b0 = b1 = 0. Then

we can set Φ = 0, the superpotential becomes the cosmological constant −12/L2, and

the metric becomes that of AdS space, i.e. A(z) = ln(L/z).

45



2- Soft Pomeron in Holographic QCD

2.3 Pomeron in Holographic QCD

2.3.1 Graviton

Since we are interested in the graviton Regge trajectory let us start by considering

perturbations to the background in the string frame. We shall write the metric and

dilaton, respectively, as

gab + hab , Φ + ϕ . (2.10)

It is then a mechanical computation to obtain from (2.5) the linearised equations of

motion for the perturbations hab and ϕ,

∇2hab − 2∇(a∇chb)c +∇a∇bh+ 2Racbdh
cd

+4∇c∇(aΦhb)c + 2∇cΦ
(
2∇(ahb)c −∇chab

)
−4∇a∇b ϕ+

1

2
gabV

′′(Φ)ϕ = 0 , (2.11)

∇2ϕ+
1

2
V ′(Φ)ϕ+

3

8
V ′′(Φ)ϕ

−4∇ϕ · ∇Φ− 1

2
∇aΦ

(
2∇bhab −∇ah

)
−hab∇a∇bΦ + 2hab∇aΦ∇bΦ = 0 , (2.12)

where the covariant derivatives and Riemann tensor refer to the background and h =

h aa . Field perturbations will be classified according to the SO(1, 3) global symmetry

of the background. Thus we shall decompose the metric perturbations hab as

hαβ = hTTαβ + ∂(αh
T
β) +

(
4∂α∂β − ηαβ∂

2
)
h̄+ ηαβh ,

hzz , hzα = vTα + ∂αs . (2.13)

As usual transverse and traceless (TT) tensor fluctuations, transverse (T) vector

fluctuations and scalar fluctuations decouple. Moreover, since we are interested only

in the TT metric fluctuations, we do not need to worry about mixing of perturbations.

It is then simple to see that (2.11) gives for the TT metric fluctuations(
∇2 − 2e−2A(z)Φ̇∇z + 2Ȧ2e−2A(z)

)
hTTαβ = 0 . (2.14)

The term with the dilaton arises from the usual coupling −2∂cΦ∇chab for metric fluc-

tuations in the string frame; the other term comes from the coupling to the Riemann

tensor Racbdh
cd, with Rαµβν = Ȧ2e2A (ηανηµβ − ηαβηµν) and Rαzβz = −Äe2Aηαβ. In the

case of pure AdS space, A(z) = ln(L/z), so (2.14) simplifies to(
∇2 −m2

)
hTTαβ = 0 , (2.15)
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Figure 2.2: Expected form of the ∆ = ∆(J) curve (in blue).

with (Lm)2 = −2, as expected for the AdS graviton.

2.3.2 Dual spin J field

We shall consider the exchange of twist 2 operators of Lorentz spin J formed from the

gluon field 1

OJ ∼ tr
[
Fβα1Dα2 · · ·DαJ−1

F β
αJ

]
, (2.16)

where D is the QCD covariant derivative. The dimension of the operator OJ can be

written as ∆ = 2 + J + γJ , where γJ is the anomalous dimension. In free theory the

operator has critical dimension ∆ = 2 + J . Knowledge of the curve ∆ = ∆(J) is

important when summing over spin J exchanges, since this sum is done by analytic

continuation in the J-plane, and then by considering the region of real J < 2. Figure

2.2 summarizes a few important facts about the curve ∆ = ∆(J). Let us define the

variable ν by ∆ = 2 + iν, and consider the inverse function J = J(ν). The figure

shows the perturbative BFKL result for J(ν), which is an even function of ν and has

poles at iν = 1. Beyond perturbation theory, the curve must pass through the energy-

momentum tensor protected point at J = 2 and ∆ = 4. We shall use a quadratic

approximation to this curve that passes through this protected point,

J(ν) ≈ J0 −Dν2 , 4D = 2− J0 . (2.17)

1In the singlet sector there is also the twist 2 quark operator OJ ∼ ψ̄Γα1Dα2 · · ·DαJ
ψ, however

we are considering processes dominated by exchange of the gluon field because it gives the dominant

trajectory.
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The use of a quadratic form for the function J(ν) is known as the diffusion limit and

it is used both in BFKL physics and in dual models that consider the AdS graviton

Regge trajectory (see for instance [17]).

Consider now the spin J field dual to the twist 2 operators (2.16). For pure AdS this

field obeys the equation(
∇2 −m2

)
ha1···aJ = 0 , (Lm)2 = ∆(∆− 4)− J , (2.18)

where L is the AdS length scale. Note that this field is symmetric, traceless and

transverse (∇bhba2···aJ = 0).

To consider the spin J field in a general background of the form (2.2), we need again

to do a decomposition in SO(1, 3) irreps. The propagating degrees are described by

components hα1···αJ , since the other components hz···zαi···αJ (i ≥ 2) are fixed by the

transversality condition. Thus we need to define the equation of motion for hα1···αJ . Of

course we do not know its form for the dual of QCD, but follow a phenomenological

approach. We shall require that such equation is compatible with the spin 2 case

(2.14), since in that case it must reduce to that of the graviton, whose dual operator

has protected dimension. Moreover, we require the coupling to the dilaton to be that of

closed strings in the graviton Regge trajectory arising from the term −2∂cΦ∇cha1···aJ .

Finally, we require the equation to reduce to (2.18) in the conformal limit (constant

dilaton). This leads to the following proposal(
∇2−2 e−2AΦ̇∇z−

∆(∆− 4)

L2
+JȦ2e−2A

)
hα1...αJ = 0 , (2.19)

where here L is a length scale parameter. It is trivial to verify that setting J = 2 (and

∆ = 4) this equation reduces to the the graviton equation (2.14). Similarly, setting

A(z) = ln(L/z) and Φ = 0 we recover the spin J AdS equation (2.18). The dilaton

term arises from considering tree level closed strings, which is justified since we work

at large N . We expect that there will be more terms in this equation arising from

other curvature couplings and derivatives of the dilaton field. Assuming the equation

is analytic in J , these terms should be proportional to J − 2, so that they are absent

for J = 2. Notice that there can be such terms still at the level of two derivatives,

that is terms proportional to

e−2A
(
Ȧ2 − Ä

)
, e−2AΦ̇2 , e−2AΦ̈ , (2.20)

which also vanish in the conformal limit. Terms with higher derivatives will appear in a

α′/L2 expansion. As already stated, we shall follow a phenomenological approach and

48



2- Soft Pomeron in Holographic QCD

use the simple form (2.19) to describe the fluctuations of the spin J field in holographic

QCD.

We will be interested in the continuation of (2.19) to the unphysical region of J < 2.

It is here that we will use the diffusion limit (2.17), writing in (2.19)

∆(∆− 4)

L2
≈ 2

l2s
(J − 2) , (2.21)

with ls a length scale set by the QCD string. Notice that we are fixing ls to a constant

determined by IR physics, but in fact it should depend on energy scale, since the

curve ∆ = ∆(J) in Figure 2.2 should vary with energy scale, keeping its general

shape. However, for the soft-pomeron this should not matter 2. We leave ls as a

phenomenological parameter to be fixed by data.

In the Regge limit we are actually interested in the + · · ·+ component of (2.19). To

find the solution write

h+···+(z, x) = eiq·xe
2J−3

2
A(z)+Φ(z)ψ(z) , (2.22)

where q · x = ηαβq
αxβ and we set q− = 0 in the Regge limit. Then, a computation

shows that (2.19) reduces to the Schrödinger problem(
− d

2

dz2
+ U(z)

)
ψ(z) = t ψ(z) , (2.23)

U(z) =
15

4
Ȧ2 − 5ȦΦ̇ + Φ̇2 +

∆(∆− 4)

L2
e2A(z) , (2.24)

with t = −q2. The energy spectrum for each J quantises t = tn(J), therefore yielding

the glueball masses.

2.3.3 t-channel spin J exchange

Next consider the elastic scattering of QCD hadronic states of masses m1 and m2. We

write the incoming momenta k1, k2 and the outgoing momenta k3, k4 in light-cone

coordinates (+,−,⊥) as

k1 =

(√
s,
m2

1√
s
, 0

)
, k3 = −

(√
s,
m2

1 + q2
⊥√

s
, q⊥

)
, (2.25)

k2 =

(
m2

2√
s
,
√
s, 0

)
, k4 = −

(
m2

2 + q2
⊥√

s
,
√
s,−q⊥

)
,

2For instance, the approximation (2.21) misses the dimensions of the operators with J > 2 in the

free theory limit.
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where we considered the Regge limit s� t = −q2
⊥.

Each hadron is described by a normalizable mode Υi(z, x) = eiki·xiυi(z) where υ3 = υ∗1
and υ4 = υ∗2. The hadrons we consider are made of open strings. Then the coupling

of each hadronic field to the spin J closed string fields has the form

κJ

∫
d5x
√−g e−Φha1···aJΥ∇a1 · · · ∇aJΥ . (2.26)

Notice that in principle different types of hadrons will have a different coupling κJ .

The transverse condition on the spin J field guarantees that this coupling is unique

up to derivatives of the dilaton field, which are subleading in the Regge limit.

The amplitude for m1m2 → m1m2 scattering through exchange of a spin J field in the

t-channel may now be computed in the dual theory. In the Regge limit we have

AJ(ki) = −κJκ′J
∫
d5Xd5X ′

√−g
√
−g′e−Φ−Φ′(

Υ1∂
J
−Υ3

)
Π−···−,+···+(X,X ′)

(
Υ′2∂

′
+
JΥ′4

)
, (2.27)

where X = (z, x) and X ′ = (z′, x′) are bulk points and fields with a prime are evaluated

at X ′, e.g. Φ′ ≡ Φ(z′). We use this notation throughout. We expect the spin J field

propagator to obey an equation of the type

(DΠ)a1···aJ ,b1···bJ (X,X ′) =

ie2Φga1(b1 · · · g|aJ | bJ )δ5(X,X ′)− traces , (2.28)

for some differential operator D. We are interested in the + · · ·+,− · · ·− component

of this equation, for which the differential operator D can be read from (2.19).

Some algebra shows the amplitude (2.27) simplifies to

AJ(s, t) = iV
κJκ

′
J

(−2)J
s

∫
dzdz′e3A+3A′−Φ−Φ′

|υ1|2|υ′2|2
(
se−A−A

′
)J−1

GJ(z, z′, t) , (2.29)

where V is the boundary volume. The function

GJ(z, z′, t) =

∫
d2l⊥e

−iq⊥·l⊥GJ(z, z′, l⊥) , (2.30)

is the Fourier transform of

GJ(z, z′, l⊥) = i(−2)Je(1−J)(A+A′)

1

2

∫
dw+dw−Π+···+,−···−(z, z′, w) , (2.31)
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Figure 2.3: Effective potential for different values of spin J . The first 2++ glueball

states are also shown.

where w = x − x′ = (w+, w−, l⊥) and l⊥ = x⊥ − x′⊥. From the + · · ·+,− · · ·−
component of (2.28), as defined by (2.19), it follows that GJ(z, z′, l⊥) is an Euclidean

scalar propagator in the three-dimensional transverse space of the dual scattering

process (dx+ = dx− = 0 in (2.2)), i.e.[
�3 − 2e−2A(z)Φ̇∂z − e−2A(z)

(
2Ȧ2 + Ä− 2ȦΦ̇

)
−∆(∆− 4)

L

]
GJ(z, z′, l⊥) = −e2Φδ3(x, x′) , (2.32)

where here x = (z, x⊥) and x′ = (z′, x′⊥). Writing

GJ(z, z′, t) = eΦ(z)−A(z)
2 ψ(z) , (2.33)

the homogeneous solution to (2.32) is exactly given by the Schrodinger problem of

(2.23) and (2.24). Moreover, using
∑

n ψn(z)ψ∗n(z′) = δ(z − z′), we conclude that the

propagator GJ(z, z′, t) can be written in the spectral representation

GJ(z, z′, t) = eΦ−A
2

+Φ′−A
′

2

∑
n

ψn(z)ψ∗n(z′)

tn(J)− t . (2.34)

Note the eigenvalues tn and functions ψn depend on J .

2.3.4 Regge theory

We will sum all even spin J exchanges with J ≥ 2 using a Sommerfeld-Watson

transform
1

2

∑
J≥2

(
sJ + (−s)J

)
→ −π

2

∫
dJ

2πi

sJ + (−s)J
sin(πJ)

, (2.35)
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which requires the analytic continuation of the amplitude AJ(s, t) to the complex

J-plane. Then, the amplitude for the exchange off all even spin J fields becomes

A(s, t) = iV

∫
dzdz′e3(A+A′)|υ1|2|υ′2|2

∑
n

χn , (2.36)

where χn = χn(z, z′, s, t) is given by

χn = −π
2

∫
dJ

2πi

sJ + (−s)J
sin(πJ)

κJκ
′
J

2J
e−(J− 1

2
)(A+A′)ψn(z)ψ∗n(z′)

tn(J)− t .

We assume the J-plane integral can be deformed from the poles at even values of J ,

to the poles J = jn(t) defined by tn(J) = t. In the scattering domain of negative t

these poles are along the real axis for J < 2. Thus we can write

χn = sjn(t)
[
− π

2

(
cot

πjn
2

+ i

)
κjnκ

′
jn

2jn
e−(jn− 1

2
)(A+A′)djn

dt
ψn(z)ψ∗n(z′)

]
,

where jn = jn(t) and we remark that the wave functions ψn are computed at J = jn(t).

It is clear that for large s the amplitude (2.36) will be dominated by the Regge pole

with highest jn(t), in accord with the Regge behavior (2.1).

We now specify to the model considered in this chapter, which is determined by the

effective Schrödinger potential (2.24). Since we are interested in the region J < 2, we

can use the model introduced in (2.21) for the curve ∆ = ∆(J). Figure 2.3 shows the

potential for several value of J . The energy levels for J = 2 are shown and compute

the mass of the spin 2 glueball masses. As J decreases the energy levels will eventually

cross the zero energy value. This will be the value of the intercept for the n-th Reggeon.

Figure 2.4 shows the curves jn(t), which clearly show that n = 1 is the leading Regge

pole. The curves are approximately straight so we can also define a Regge slope. Note

that the model considered in this chapter allows us to investigate the region of real

J < 2 and find the Regge poles. This differs from previous approaches based on Regge

trajectories (see for instance [48]).

2.4 Results

Finally we can test to which degree we are reproducing QCD physics. We consider

first the leading Regge pole. We vary ls, introduced in (2.21), to fix the Pomeron

intercept to the value given in [7], as an optimal fit for total cross sections. For

the value ls = 0.178 GeV−1, and independently of our choice of ΛQCD, we obtained

α0 = 1.08. The value of the slope is then fixed by the choice of ΛQCD. We obtained
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Figure 2.4: The first Regge trajectories that result from solving the Schrödinger

problem for discrete values of J . Here t is in GeV2.

α′Λ2
QCD = 0.018. If we fix ΛQCD = 0.292 GeV as in [43,44], such that the first glueball

mass m0++ = 1.475 GeV, one obtains α′ = 0.21 GeV−2. If, on the other hand, we

require the measured value of α′ = 0.25 GeV−2 [49], we obtain ΛQCD = 0.265. This

is consistent with having the 2++ glueball of the Pomeron trajectory with a mass of

1.9 GeV, which is a known possibility [23, 50].

Let us remark that we could fix ls to reproduce the intercept obtained in lattice

simulations of SU(3) pure Yang-Mills [3]. In this case, for ls = 0.192 GeV−1 one has

α0 = 0.93. Then, setting Λ = 0.292, which is fixed to reproduce m0++ = 1.475 GeV

of the same lattice simulations, we obtained a slope α′ = 0.25 GeV−2. This is exactly

the slope obtained by the lattice simulations [3].

For the second pole we obtained an intercept of 0.433, which is consistent with the

value used in [7]. We ran fits to p p̄ total cross section data [51] and found that the

second pole is necessary and needs to be in a narrow range of ≈ 0.35 − 0.55. We

determined this range by fitting an expression of the form

σ = g0(α′s)α0 + g1(α′s)α1 , (2.37)

using g0 and g1 as parameters, and varying α1. We fit this to p p̄ scattering data with√
s > 10 GeV. The above range is fixed by the requirement that χ2

d.o.f. be of order 1

or less. Our results can be seen in figure 2.5. As can be seen there, using just the

leading Pomeron exchange fails to fit the data satisfactorily. The second pole in [7]

corresponds to several degenerate meson trajectories, while here it represents a next-

to-leading glueball trajectory. Thus, our work points to the possibility that in this

range there is a glueball trajectory as well. In fact, at least some of the f2 states are
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2- Soft Pomeron in Holographic QCD

Figure 2.5: A fit to p p̄ total cross section data using the exchange of the first two

Regge poles in our model. The green line represents the leading Pomeron exchange,

and fails to fit the data at moderate values of
√
s.

known to correspond to glueballs (see [52] and references therein for recent results).

2.5 Conclusion

Soft pomeron physics is still beyond the current analytic understanding of QCD. The

best one can do at weak coupling is to start from the BFKL approach and then

introduce the running of the coupling, therefore breaking conformal symmetry. As

a consequence, the branch cut of the BFKL pomeron becomes a set of poles in the

J-plane [11]. This approach can be used to fit DIS data for hard scattering, keeping a

very large number of poles. However, it is not applicable to the case of soft probes. In

general we expect to have a description of soft pomeron exchange as a Regge pole, in

agreement with the phenomenological approach pioneered by Donnachie and Landshoff

[7]. Such description was proposed in [13], based on scattering of closed strings in a

dual confining background. In particular, that work anticipated that for confining

theories with a negative β function, the pomeron described as the graviton Regge

trajectory becomes a Regge pole. Our work confirms this expectation by extending the

holographic QCD model of [43,44] to scattering processes dominated by soft pomeron

exchange, bringing a new insight to soft pomeron physics.

Let us finish with a caveat and two open questions. It has been claimed that a soft

Pomeron pole is not enough to describe the new LHC data [53]. This is somewhat

expected, since it is known that at very high energies such a Regge pole would violate
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the Froissart-Martin bound, and other effects need to be included, for example multi-

Pomeron exchange. However, this does not invalidate the great experimental successes

of soft Pomeron exchange up to LHC energies, as well as the necessity to understand

the subleading trajectories.

The first question is related to the spectrum of the spin J field, at integer values.

It would be very nice to reconstruct the spin J equation in this domain, such that

it reproduces perturbative QCD results. The second question concerns the relation

between hard and soft pomerons. Several studies in gauge/gravity duality reproduce a

plethora of low-x processes using the graviton Regge trajectory as the dual trajectory

of the QCD Pomeron [14–18]. In these cases one observes a running of the intercept

with the size of the probes. It would be very interesting if we could embed these

results within the present model, therefore unifying both pomerons. This task will be

addressed in the next chapter where, in oposition with what we made in this chapter,

we will identify the leading trajectory with the Hard Pomeron and the first subleading

one with the Soft Pomeron, and we will see that at least two daughter trajectories

more are needed in order to explain the latest Deep Inelastic Scattering data.
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Unity of the Pomeron from gauge/gravity duality

This chapter is based in [21]. We develop a formalism where the hard and soft pomeron

contributions to high energy scattering arise as leading Regge poles of a single kernel in

holographic QCD. The kernel is obtained using effective field theory inspired by Regge

theory of a 5-d string theory. It describes the exchange of higher spin fields in the

graviton Regge trajectory that are dual to glueball states of twist two. For a specific

holographic QCD model we describe Deep Inelastic Scattering in the Regge limit of low

Bjorken x, finding good agreement with experimental data from HERA. The observed

rise of the effective pomeron intercept, as the size of the probe decreases, is reproduced

by considering the first four pomeron trajectories. In the case of soft probes, relevant

to total cross sections, the leading hard pomeron trajectory is suppressed, such that

in this kinematical region we reproduce an intercept of 1.09 compatible with the QCD

soft pomeron data. In the spectral region of positive Maldelstam variable t the first

two pomeron trajectories are consistent with current expectations for the glueball

spectrum from lattice simulations.

3.1 Introduction

Deep inelastic scattering (DIS) is another process where Regge theory is important.

In this case we consider the imaginary part of the amplitude for γ∗p → γ∗p, at zero

momentum transfer (t = 0), which gives the total cross section for the scattering

of an off-shell photon with a proton. Single Reggeon exchange then predicts a total

cross section determined by the intercept, σ ∼ sj(0)−1. However this story is bit more

evolved. Recall the kinematical quantities defined in section 1.1.5 virtuality of the

photon Q2 and the Bjorken x in the γ∗p system, which in the Regge limit is related
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Figure 3.1: Values of x and Q2(GeV2) for the data points analysed in this chapter [2].

Regge kinematics restricts this domain to x < 0.01, above the horizontal line.

to s by s = Q2/x, with x� 1. When HERA data for DIS scattering came out, it was

somehow surprising to observe that the rise of the cross section with 1/x was actually

faster than that predicted by the soft pomeron. The main difference is that, instead

of using two soft probes for the scattering process, the off-shell photon virtuality can

be well above the QCD confining scale. What is actually observed is a growth of the

intercept with Q2 from about 1.1 to 1.4. More concretely, if we write the total cross

section as

σ
(
x,Q2

)
= f

(
Q2
)
x−ε(Q

2) , (3.1)

then the exponent ε grows with Q2. Figure 3.1 shows the latest data points from

HERA experiment, restricted to the region of low x where Regge kinematics holds. In

figure 3.2 we see the observed behaviour of the exponent ε(Q2).

The behaviour of the exponent ε(Q2) for low Q2 is consistent with the observed

intercept of the soft pomeron for soft probes, but for hard probes (larger Q2) this is no

longer the case, suggesting the existence of another trajectory with a bigger intercept,

the so called hard pomeron. The nature of both pomerons, and in particular their

relation, remains an unsolved problem in QCD. Are the soft and hard pomerons the
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Figure 3.2: The effective exponent ε(Q2) in DIS. Black dots are obtained by

extrapolating the log of the cross section at fixed Q2(GeV2) with a straight line in

log x. The corresponding error bars are at 3σ. The red curve is our prediction for the

effective exponent using the model proposed in this work.

same or distinct trajectories? Our main motivation in this work is to use holography

to shed light into this problem.

A very interesting proposal to resolve the above puzzle was again put forward by

Donnachie and Landshoff [5,53–56]. They proposed that the hard and soft pomerons

are distinct trajectories, with the hard pomeron intercept around 1.4. The soft

pomeron would be dominant in the soft region, since it is already well established

to explain all soft processes, and the hard pomeron with a bigger intercept would

dominate in the hard processes. More concretely, the idea is to write the cross section

as

σ
(
x,Q2

)
=
∑
n

fn
(
Q2
)
x−εn , (3.2)

where the sum runs over distinct trajectories. Then the effect of summing over several

trajectories, which compete with each other as one varies the virtuality Q2, has the

desired effect of producing a varying effective exponent ε(Q2), as shown in figure 3.2.

We shall follow this perspective and see that it follows naturally using the gauge/string
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Figure 3.3: The first four pomeron trajectories found in this chapter. The blue labels

are the intercepts of each one. Shown are also the square of the masses of the higher

spin glueballs from lattice QCD data [3,4], which clearly seem to belong to the hard and

soft pomeron trajectories. In green we plotted the masses of vector mesons, which also

contribute to DIS, but are expected to have a lower intercept than the first pomeron

trajectories considered in this chapter. Horizontal axis is in GeV2.

duality as a tool to study QCD strongly coupled phenomena.

In this chapter we shall explore the above Regge theory ideas for DIS in the new

framework of the gauge/string duality. We shall test our predictions using the specific

holographic QCD model. Our main findings are summarized in figures 3.2 and 3.3.

We show that low x DIS data, and in particular the running of the effective exponent

ε(Q2), can be reproduced considering only the first four pomeron trajectories arising

from the graviton trajectory in holographic QCD. The glueball trajectories shown in

figure 3.3 are fixed by DIS scattering data, but they are also consistent with results of

higher spin glueballs from lattice simulations [3, 4].

This chapter is organized as follows. In section 3.2, we redo the computation by
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3- Unity of the Pomeron from gauge/gravity duality

Donnachie and Landshoff that tries to reproduce DIS data with a hard and a soft

pomeron, determining the functions fn(Q2) in (3.2) from data analysis. Quite remark-

ably if we translate these functions into the proper gauge/string duality language,

they are nothing but wave functions describing the normalizable modes of the graviton

Regge trajectory. Section 3.3 presents the necessary formulae to study DIS using the

gauge/string duality. The discussion is standard and already scattered in existing

literature. In section 3.4 we focus on the pomeron trajectory, and in particular in

constructing the analytic continuation of the spin J equation that describes string

fields in the graviton Regge trajectory. This discussion extends that already presented

in the previous chapter. In section 3.5 we do the data analysis, fitting low x DIS data

in the very large kinematical range of 0.1 < Q2 < 400 GeV2. Our best fit has a χ2 per

degree of freedom of 1.7, without removing presumed outliers existing in data. This

leads us to the pomeron Regge trajectories shown in figure 3.3.

3.2 What is DIS data telling us about holographic

QCD?

The physics of the pomeron in the gauge/string duality was uncovered in [13] where

pomeron exchange was identified with the exchange of string states in the graviton

Regge trajectory. The amplitude for a 2 → 2 scattering process in the Regge limit is

then of the general form:

A(s, t) =

∫
dzdz̄ φ1(z)φ3(z)KP (s, t, z, z̄)φ2(z̄)φ4(z̄) , (3.3)

where the functions φk(z) represent the external scattering waves functions for a given

process and KP (s, t, z, z̄) is the so-called kernel of the pomeron which represents the

tree level interchange of the aforementioned string states. Leaving aside technicalities

which will be discussed in section 3.3, the pomeron kernel has the following dual

representation

KP (s, t, z, z̄) =
∑
n

fn s
jn(t)−1ψn

(
jn(t), z

)
ψ∗n
(
jn(t), z̄

)
, (3.4)

where the sum runs over the graviton Regge trajectories jn(t) that arise from quantising

string states in the ”AdS” box. The quantum number n plays a important role in this

work, since the contribution of the first few pomeron trajectories will be vital to

reproduce the DIS cross section. The prefactor fn depends on jn(t), it factorizes in
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3- Unity of the Pomeron from gauge/gravity duality

z and z′, and it has a functional form that depends on the specific QCD holographic

dual. We shall see that in general it has the form

fn = g
(
jn(t)

)
e(1−jn(t))A(z)eB(z) e(1−jn(t))A(z̄)eB(z̄) , (3.5)

where A is the usual conformal function in the 5D dual metric and the function B will

be determined by the background fields, for instance by the dilaton field Φ. For the

specific holographic model used in this chapter we will have B = Φ− A/2.

The function ψn(z) in (3.4) is the n-th excited wave function of a Schrödinger problem.

We shall see that this fact follows from the spectral representation of the propagator of

spin J string fields in the graviton Regge trajectory that are exchanged in the dual 5D

geometry, analytically continued to J = jn(t). This is a highly non-trivial statement

that can be checked by looking at an amplitude of the form (3.3) and fitting it to data.

Once the external state functions φk and the specific functional form (3.5) are fixed,

we can use data to confirm, or disprove, this fact. More concretely, if we consider

a process dominated in the Regge limit by pomeron exchange and choose a specific

holographic QCD model, we can test this model since the data should know about the

underlying Schrödinger problem formulated in the dual theory.

We consider DIS, for which the p + γ∗ → X total cross section can be computed,

through the optical theorem, from the imaginary part of the amplitude (3.3) for p +

γ∗ → p + γ∗ at zero momentum transfer. In this case two of the external state

functions, say φ1,3(z), represent the off-shell photon which couples to the quark bilinear

electromagnetic current operator, which is itself dual to a bulk U(1) gauge field. The

insertion of a current operator in a correlation function is then described by a non-

normalizable mode of this bulk gauge field. The other two functions, φ2,4(z̄), describe

the target proton in terms of a bulk normalizable mode. We recall that, in QCD

language, the functions φk(z) are known as dipole wave functions of the external

states.

We wish to find out if the available experimental data is compatible with the holo-

graphic recipe, leaving aside technicalities which will be discusses in section 3.3. As

it is well known, the imaginary part of the amplitude (3.3) at t = 0 is related to

the structure function F2(Q2, x). Here Q is the offshellness of the spacelike probe

photon, whose dependence enters through the external state wave functions φ1,3(z).

The Maldelstam variable s is related to x by the usual expression s = Q2/x, so we are

in the low x regime. As a first approximation, the integration over the variable z in the

amplitude (3.3) can be done by considering a Dirac delta function centred at z ∼ 1/Q.

This is a good approximation only for large Q, i.e. near the AdS boundary at z → 0,
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but it will be enough for the purpose of this section. In any case it is a quick way to

gain some insight about the shape of the kernel and the compatibility of our proposal

with the experimental data. The z̄ integral can simply be done because the expression

factorizes and the external wave functions φ2,4(z̄) are normalizable, therefore affecting

the contribution of each Regge pole by an overall multiplicative constant. After these

steps the expression for F2, as we will see in the next section, drastically simplifies to

F2(Q2, x) = x
∑
n

cn

(
Q2

x

)jn
e(−jn+ 1

2
)A(1/Q)eΦ(1/Q)ψn(1/Q) , (3.6)

where the cn do not depent neither on x nor on Q, and we denoted by jn the intercept

values of each Reggeon jn(t = 0). Here we are keeping the right warp factor and dilaton

dependence, but if one takes the conformal limit, A(z) = − log(z) and Φ = const, the

qualitative result would be the same. Thus we predict a structure function of the form

F2(Q2, x) =
∑
n

fn(Q2)x1−jn , (3.7)

where fn(Q2) is the product of known functions and a Schrödinger wave function

with quantum number n (the n-th excited state). More concretely, a generic confining

potential would produce wavefunctions where its number of nodes can be used to label

them: the ground state would have one node, the first excited state would have two

nodes and so on.

Let us now focus on the QCD side of the problem. Using Regge theory arguments

Donnachie and Landshoff [54] proposed that the structure function has precisely the

form (3.7). We can do the same reasoning as them. In order to know more about the

functions fn(Q2) the simplest thing to do is to first consider some fixed values of the

jn that are physically reasonable, like j0 = 1.43 and j1 = 1.08. These are reasonable

values for the intercepts of the hard and soft pomeron, that are now unified in a

single framework, since they appear as distinct Regge trajectories of the dual graviton

trajectory in a confining background. Next, for a fixed value of Q2 we find the best

coefficients f0 and f1 that match the data with the formula f0 x
1−j0 + f1 x

1−j1 , then

we can see how these coefficients evolve with Q2. This was already done for a different

set of data in [54], which served as a starting point for the authors’ proposal for the

f0,1(Q2) functional dependence. Of course the shape of the functions depends on the

choice of the intercepts but it is well motivated, given the vast experimental evidence

to fix the soft pomeron intercept around j1 = 1.08. Regarding j0 we should be open to

different values, but the expectation is that it will be responsible for the faster growth

observer in DIS at higher values of Q2. The left panel of figure 3.4 shows the result of
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Figure 3.4: Hard (red) and soft (blue) pomerons guess from data. Left panel presents

the plots of f0,1(Q) similar to [5]. The right panel shows the associated wavefunctions

ψ0,1(z), after considering the prefactor suggested by the gauge/gravity duality. The

values j0 = 1.26, j1 = 1.08 have been used, close to what we find later in the paper.

Clearly the shape of the wave functions is that of a ground state and of a first excited

state of some Schrödinger operator.

this procedure for the values j0 = 1.26 and j1 = 1.08, close to what we will show to

be the intercepts that give the best fit in our model. The point we want to emphasize

is that apparently not much is learned from the shape of these functions.

However, if we divide the functions f0,1(Q2) by the appropriate functions, as given by

(3.6), the putative wave functions ψ0,1(z = 1/Q) of the Schrödinger problem emerge.

This remarkable fact is shown in the right panel of figure 3.4, which clearly meets our

expectations. We should remark that if we use instead j1 = 1.43, as first suggested by

Donnachie and Landshoff, we do not observe the oscillatory behavior expected for ψ1,

suggesting perhaps that this value is unphysical. In fact it is known that recent data

suggests a smaller j0 [53]. Indeed, as soon as we get below certain threshold value for j1

the oscillatory behaviour becomes evident with the first node of ψ1 localized very close

to the boundary. Moreover, the form of the wavefunctions in our kernel will be very

similar to the dashed lines in the figure. We take this as a strong evidence that the DIS

data has encoded the dynamics suggested by holographic QCD. In the next sections

we will proceed to phenomenologically construct the effective Schrödinger potential

that leads to the wavefunctions ψn(z) that fit best the data.
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The discussion of this section was oversimplified, but it brings out the main idea. In

practice, the integral over z in the dual representation of the amplitude (3.3) is not

localized, since we also consider lower values of Q2. Also, to get a reasonable fit to the

data we need to include the first four pomeron Regge trajectories. This is fine because

those trajectories will be dominant with respect to the 1/s corrections to the leading

hard pomeron trajectory. Eventually one would also need to include the exchange

of meson Regge trajectories, but that is for now left out of our work, since those

trajectories are presumably still suppressed with respect to the first four Pomerons.

3.3 Low x DIS in holographic QCD

In this section we present the essential ingredients of the effective field theory descrip-

tion for low x DIS in holographic QCD. First we briefly describe the kinematics of

DIS and its connection to the forward Compton scattering amplitude via the optical

theorem. Then we present the holographic description of that amplitude, in the

Regge limit, via the exchange of higher spin fields. We finish the section deriving a

formula similar to (3.7) which encodes the Regge pole contribution to the DIS structure

functions.

3.3.1 Kinematics

The structure function F2(x,Q2) is related to the total cross-section of the inelastic

γ∗p→ X process. As already explained in chapter 1, we have

σT + σL =
4π2α

Q2
F2(x,Q2) , (3.8)

where α is the fine structure constant and σT and σL are the total cross-sections

for the process γ∗p → X with γ∗ having transverse and longitudinal polarizations

respectively. Through the optical theorem, these total cross-sections can be related

to the imaginary part of the amplitude of the correspondent elastic forward Compton

scattering γ∗p→ γ∗p process, thus

F2(x,Q2) =
Q2

4π2α

1

s
ImA(s, t = 0) , (3.9)

where A ≡ AT +AL, s and t are the usual Mandelstam variables (in the low x regime,

s = Q2/x). We will compute this amplitude using the AdS/QCD prescription as
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described below. In light-cone coordinates (+,−,⊥), for the external off-shell photon

with virtuality Q2 we take

k1 =

(√
s,−Q

2

√
s
, 0

)
, −k3 =

(√
s,
q2
⊥ −Q2

√
s

, q⊥

)
, (3.10)

while for the target hadron of mass M we take

k2 =

(
M2

√
s
,
√
s, 0

)
, −k4 =

(
M2 + q2

⊥√
s

,
√
s,−q⊥

)
. (3.11)

The Regge limit corresponds to s � t = −q2
⊥ and the case t = 0 corresponds to

forward Compton scattering. Recall that q = k1 = −k3 and P = k2 = −k4. The

possible polarization vectors for the incoming and outgoing vector fields are

nµ(λ) =

(0, 0, ελ) , λ = 1, 2 ,

(
√
s/Q,Q/

√
s, 0) , λ = 3 ,

(3.12)

where ελ is just the usual transverse polarization vector.

3.3.2 Regge theory in holographic QCD

In DIS there are two interesting limits that are usually considered. The first is the

Bjorken limit, where Q2 →∞ with x fixed. In this limit perturbative QCD provides a

good description of the experimental data in terms of partonic distribution functions.

The second interesting case is the limit of s → ∞, the so-called Regge limit of DIS,

for which Q2 is fixed and x ≈ −Q2/s is very small. In this limit the hadron becomes

a dense gluon medium so that the picture of the hadron made of weakly interacting

partons is no longer valid. As explained in section 3.2, in this chapter we investigate

DIS in the Regge limit (low x) from the perspective of the pomeron in holographic

QCD, which encodes the dynamics of the dense gluon medium. We develop a five

dimensional model for the graviton Regge trajectory for a family of backgrounds dual

to QCD-like theories in the large-N limit. Our formalism leads to the existence of a

set of leading Regge poles describing DIS in the Regge limit, the first two interpreted

as the hard and soft pomerons.

Let us now consider the computation of the forward Compton scattering amplitude

in holographic QCD. We are interested in elastic scattering between a virtual photon

and a scalar particle with incoming momenta k1 and k2, respectively. As explained, we

will extract the DIS structure functions from the forward Compton amplitude. First

we define with generality the holographic model that may be used. We need to define
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the external states in DIS and the interaction between them that is dominated by a

t-channel exchange of higher spin fields (those in the graviton Regge trajectory). Later

on, to compare with the data, we will use a specific holographic QCD model [43, 44],

but for now we will write general formulae that can be used in other models.

The string dual of QCD will have a dilaton field and a five-dimensional metric that

are, respectively, dual to the Lagrangian and the energy-momentum tensor. We use

the same background dynamic as in chapter 2. The warp factor A(z) is defined with

respect to the string frame metric.

In DIS the external photon is a source for the conserved U(1) current ψ̄γµψ, where

the quark field ψ is associated to the open string sector. The five dimensional dual

of this current is a massless U(1) gauge field A. We shall assume that this field is

made out of open strings and that is minimally coupled to the metric, so its effective

action is the one described in section 1.2.5 with β = 01. In the next chapter a detailed

consideration of the case β 6= 0 will be done, we omit it here since the discussion is

considerably technical and different.

For the target we consider a scalar field Υ that represents an unpolarised proton. This

hadronic state is described by a normalizable mode of the form

Υ(x, z) = eiP ·xυ(z) . (3.13)

The specific details will not be important. We will simply assume that we can make

the integration over the point where this field interacts with the higher spin fields.

The effect of such an overall factor can be absorbed in the coupling constant.

The next step in our construction is to introduce the higher spin fields hb1...bJ that will

mediate the interaction terms between the external fields of the scattering process. As

already pointed out, these fields are dual to the spin J twist two operators made of

the gluon field that are in the leading Regge trajectory. There are also other twist two

operators made out of the quark bilinear. However, as we shall see, the corresponding

Regge trajectories are subleading with respect to the first pomeron trajectories here

considered. Noting that the higher spin field is in the closed string sector, and that

the external fields are in the open sector, we shall consider the minimal coupling

κJ

∫
d5X
√−g e−Φ

(
Fb1aDb2 . . . DbJ−1

F a
bJ

)
hb1...bJ , (3.14)

1Only in the body of this chapter the photon polarization vector is denoted by ξ to keep the

discussion in line with [21].

66



3- Unity of the Pomeron from gauge/gravity duality

Figure 3.5: Tree level Witten diagram representing spin J exchange in a 12 → 34

scattering.

for the gauge field Aa and

κ̄J

∫
d5X
√−g e−Φ (ΥDb1 . . . DbJΥ) hb1...bJ , (3.15)

for the scalar field Υ. The higher spin field hb1...bJ is totally symmetric, traceless and

satisfies the transversality condition ∇b1hb1...bJ = 0. The latter fact implies we do

not need to worry in which external fields the derivatives in (3.14) and (3.15) act.

However, there can be other couplings to the derivatives of the dilaton field and also

to the curvature tensor. Here we consider only this leading term in a strong coupling

expansion (that is, the first term in the derivative expansion of the effective action).

Below we simply assume that the higher spin field has a propagator, without specifying

its form. In the next section we focus on the dynamics of this field in detail.

In the Regge limit, the amplitude describing the spin J exchange between the incoming

gauge field A
(1)
a ∼ eik1·x and scalar field Υ(2) ∼ eik2·x can be written as

AJ (k1, k2, k3, k4) = (iκJ) (iκ̄J)

∫
d5X

∫
d5X̄

√
−g(z) e−Φ(z)

√
−g(z̄) e−Φ(z̄)

×
(
F− a

(1)(X)∂J−2
− F a

−
(3)(X)

)
Π−···−,+···+(X, X̄)

(
Υ(2)(X̄)∂̄J+Υ(4)(X̄)

)
. (3.16)

The correspondent Witten diagram is shown in figure 3.5. The fields A
(3)
a ∼ eik3·x and

Υ(4) ∼ eik4·x represent the outgoing gauge and scalar fields. The tensor Πa1...aJ ,b1...bJ (X, X̄)

represents the propagator of the spin J field. After some algebra the amplitude takes

the form

AJ (k1, k2, k3, k4) = iV

(
4

s

)
κJ κ̄J

2J

∫
dz

∫
dz̄
√
g3(z)e−Φ(z)

√
g3(z̄)e−Φ(z̄)

×F− a (k1, z)F
a
− (k3, z) Υ (k2, z̄) Υ (k4, z̄) [S(z, z̄)]J

[
eA(z)eA(z̄)GJ(z, z̄, t)

]
, (3.17)
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where V = (2π)4δ4(
∑
ki) and g3(z) is the determinant of the 3-d transverse metric

given by ds2
3 = e2A(z)

[
dz2 + dx2

⊥
]
. This is the metric on the transverse space of the

dual scattering process. The local energy squared for the dual scattering process is

given by S(z, z̄) = s e−A(z)e−A(z̄). The function GJ(z, z̄, t) =
∫
d2l⊥e

−iq⊥·l⊥GJ(z, z̄, l⊥)

is the Fourier transform of the integrated propagator for a field of even spin J ,

GJ(z, z̄, l⊥) = i 2J
[
eA(z)eA(z̄)

]1−J ∫ dw+dw−

2
Π+···+,−···−(w+, w−, `⊥, z, z̄) , (3.18)

and the light-cone coordinates w± are defined by the relation x−x̄ = (w+, w−, l⊥) with

l⊥ = x⊥− x̄⊥. For the case of forward Compton scattering we have that k1 = −k3 = q,

k2 = −k4 = P and t = 0. Summing over the contribution of the fields with spin

J = 2, 4, . . . and taking the imaginary part, we find using 3.9

F2

(
x,Q2

)
= 8πQ2

∫
dzdz̄ P13

(
Q2, z

)
P24

(
P 2, z̄

)
Im
[
χ(s, t = 0, z, z̄)

]
, (3.19)

where we have defined

P13

(
Q2, z

)
=
√
g3(z)e−Φ(z)e−2A(z)

[
f 2 +

1

Q2
(∂zf) 2

]
, (3.20)

P24

(
P 2, z̄

)
=
√
g3(z̄)e−Φ(z̄) Υ2

(
P 2, z̄

)
,

and χ(s, t, z, z̄) is the eikonal phase defined by

χ(s, t, z, z̄) = −
( π

4s

)∫ d J

2πi

[S(z, z̄)]J + [−S(z, z̄)]J

sin(πJ)

κJ κ̄J
2J

eA(z)+A(z̄)GJ(z, z̄, t) .

(3.21)

In (3.21) we used a Sommerfeld-Watson transform to convert the sum in J = 2, 4, . . .

into an integral in the complex J-plane.

3.3.3 Regge poles

In the next section we will describe the dynamics of a higher spin field ha1...aJ . In

particular, we shall see how the propagator GJ(z, z′, t) admits a spectral representation

associated to a Schrödinger problem that describes massive spin J glueballs. Assuming

that such Schrödinger potential admits an infinite set of bound states for fixed J , we

will show that

GJ(z, z̄, t) = eB(z)+B(z̄)
∑
n

ψn(J, z)ψ∗n(J, z̄)

tn(J)− t . (3.22)

The function B(z) depends on the particular holographic QCD model and will be

obtained below for backgrounds of the form (2.2). The eigenfunctions and eigenvalues
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of the Schrödinger equation are ψn(J, z) and tn(J), respectively. Plugging this result

in (3.21) and deforming the contour integral, so that we pick up the contribution from

the Regge poles jn(t), we find that 2

χ(s, t, z, z̄) = −
( π

4s

)
eA(z)+A(z̄)+B(z)+B(z̄) (3.23)

×
∑
n

κjn(t)κ̄jn(t)

2jn(t)

[
cot
(π

2
jn(t)

)
+ i
]

[S(z, z̄)]jn(t)j′n(t)ψn
(
jn(t), z

)
ψ∗n
(
jn(t), z̄

)
.

In DIS this result implies that the structure functions F1(x,Q2) and F2(x,Q2) take

the Regge form

F2

(
x,Q2

)
=
∑
n

gn x
1−jn(0)Q2jn(0)P̄13

n
(
Q2
)
, (3.24)

where we have defined the functions

P̄13
n
(
Q2
)

=

∫
dz P13

(
Q2, z

)
e(1−jn(0))A(z)eB(z)ψn

(
jn(0), z

)
, (3.25)

and the couplings

gn = −2π2κjn(0)κ̄jn(0)

2jn(0)
j′n(0)

∫
dz P24

(
P 2, z

)
e(1−jn(0))A(z)eB(z)ψ∗n

(
jn(0), z

)
. (3.26)

Notice that in (3.24) we have already used the relation s = Q2/x, valid in the Regge

limit of DIS. The couplings gn include our ignorance of the hadron dual wave function,

which appears in the integrand of (3.26), as well as the local couplings in the dual

picture between the external fields and the spin J field. The formula (3.24) has the

expected form (3.7) advocated by Donnachie and Landshoff.

3.4 Pomeron in holographic QCD

In the large s scattering regime the lowest twist two operators dominate in the OPE

of the currents appearing in the computation of the hadronic tensor. Therefore we

consider here the interchange of the gluonic OJ twist 2 operators of the form

OJ ∼ tr
[
Fβα1Dα2 . . . DαJ−1

F β
αJ

]
, (3.27)

where D is the QCD covariant derivative. In the singlet sector there are also twist 2

quark operators of the form ψ̄γα1Dα2 · · ·DαJψ, but these are subleading because the

corresponding Regge trajectory has lower intercept. From a string theory perspective

2This procedure is standard in Regge Theory (see e.g. [23]).
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the equations of motion for the higher spin fields dual to OJ should come by requiring

their correspondent vertex operator to have conformal weights (1, 1) in the background

dual to the QCD vacuum. We shall follow an effective field theory approach, proposing

a general form of the equation in a strong coupling expansion, and then use the

experimental data to fix the unknown coefficients. The proposed equation will obey

two basic requirements, namely to be compatible with the graviton’s equation for the

case J = 2 and to reduce to the well known case in the conformal limit (pure AdS

space with constant dilaton), as already explained in the previous chapter.

Let us consider first the conformal case (A(z) = log(L/z) and constant dilaton). In

AdS space the spin J field obeys the equation(
∇2 −M2

)
ha1···aJ = 0 , (LM)2 = ∆(∆− 4)− J , (3.28)

where L is the AdS length scale and ∆ is the dimension of OJ . Note that this field

is symmetric, traceless (hbba3···aJ = 0) and transverse (∇bhba2···aJ = 0). This equation

is invariant under the gauge transformation δha1...aJ = ∇a1Λa2...aJ with ∇2Λa2...aJ = 0,

but we will modify this in such a way that this gauge symmetry will be broken,

as expected for a dual of a QFT with no infinite set of conserved currents. This

is trivially achieved by changing the value of M in (3.28) away from the unitarity

bound ∆ = J + 2. The transversality condition allows us to consider as independent

components only the components hα1...αJ , along the boundary direction. These can be

further decomposed into irreducible representations of the Lorentz group SO(1, 3), so

that the traceless and divergenceless sector hTTα1...αJ
decouple from the rest and describe

the OJ in the dual theory. Finally note that we can analyse the asymptotic form of

the spin J equation of motion (3.28) near the boundary, with the result

hα1...αJ ∼ z4−∆−JJ + ...+ z∆−J〈OJ〉+ ... (3.29)

where J denotes the source for OJ . Since under the rescaling z → λz the AdS

field hα1...αJ has dimension J , we conclude that the operator OJ and its source have,

respectively, dimension ∆ and 4−∆, as expected. In the case that concerns us, since

QCD is nearly conformal in the UV, we can do a similar analysis near the boundary.

Next let us consider the case J = 2, where we have some control. This is the case

of the energy-momentum tensor dual to the graviton. To describe the TT metric

fluctuations we need to assume what is the dynamics of this field. The simplest option

is to consider an action for the metric and dilaton field of the form

S = M3N2
c

∫
d5X
√−g e−2Φ

[
R + 4 (∂Φ)2 + V (Φ)

]
, (3.30)
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where we work in the string frame. Our goal is to write a two derivative equation

for the spin J fields using effective field theory arguments in an expansion in the

derivatives of the background fields. The arguments are in the line of the ones already

discussed in section 2.3.2, the new ingredients in the proposed equation of motion

for the spin J field are the addition of already discussed possible terms related to

α′ corrections in string theory. After decomposing this field in SO(1, 3) irreps, the

TT part hTTα1···αJ decouples from the other components and describes the propagating

degrees of freedom. The proposed equation has the form(
∇2 − 2 e−2AΦ̇∇z −

∆(∆− 4)

L2
+ JȦ2e−2A+ (3.31)

(J − 2)e−2A
(
a Φ̈ + b

(
Ä− Ȧ2

)
+ c Φ̇2

))
hTTα1...αJ

= 0 ,

where a, b and c are constants. Several comments are in order: (i) For J = 2 this

equation reduce sto the graviton equation (2.14); (ii) In the AdS case all terms in the

second line vanish and the equation reduces to (3.28) for the TT components; (iii) The

second term comes from the tree level coupling of a closed string, as appropriate for

the graviton Regge trajectory in a large N approximation; (iv) This action contains

all possible terms of dimension inverse squared length compatible with constraints (i)

and (ii) above. Notice that the term Φ̇Ȧ is absent because it reduces to other two

derivative terms of A and Φ by the equations of motion. Also, note that the terms

with two z derivatives are accompanied by a metric factor gzz = e−2A from covariance

of the 5-d theory. The exception is the first term, which itself includes the 5-d metric

∇2 = gab∇a∇b, and the third that is a mass term related to the dimension of the dual

operator, which requires a length scale L.

It is important to realize that (3.31) is not supposed to work for any J . Instead, we are

building the analytic continuation of such an equation, which we want to use around

J = 2. We expect this to be the case for large coupling, which is the case for the

dense gluon medium observed in the low x regime. In practice, we will look at the

first pomeron poles that appear between 0.6 . J . 1.5 (for t = 0, as required in the

computation of the total cross section).

Finally let us consider the third term in (3.31). This mass term is determined by the

analytic continuation of the dimension of the exchanged operators ∆ = ∆(J). We will

write the following formula

∆(∆− 4)

L2
=

2

l2s
(J − 2)

(
1 +

d√
λ

)
+

1

λ4/3
(J2 − 4) , (3.32)

where λ = eΦ is the ’t Hooft coupling, d is a constant and ls is a length scale set
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by the QCD string, which will be one of our phenomenological parameters. The first

term follows directly from the diffusion limit (2.17), relating the scales L and ls via D.

We are considering a strong coupling expansion, so it is natural that the dimension of

the operators gets corrected in an expansion in 1/
√
λ. This is the reason for adding

the second term in (3.32), following exactly what happens in N = 4 SYM [57, 58].

This term can be added to correct the IR physics, but it is still subleading in the UV,

when compared with the last term. The effect of this correction is to make the scale

ls dependent of the energy scale, while keeping the general shape of curve ∆ = ∆(J)

in figure 2.2. The last term in (3.32) was added simply to reproduce the correct

free theory result that is necessary to be obeyed near the boundary in the UV. More

concretely, in order to obtain a scaling of the form (3.29), with the free dimension

∆ = J + 2, we need this last term. This follows by considering the asymptotic value

of the background fields and then analysing our spin J equation near the boundary

to obtain hTT+···+ ∼ z2. This behaviour is important since it implies Bjorken scaling

at the UV. We can regard (3.32) as an interpolating function between the IR and

UV that matches the expected form of the dimension of the spin J operator in both

regions. This is the same type of approach followed in phenomenological holographic

QCD models.

To sum up, we shall consider the effective Reggeon equation (3.31), with (3.32), to

describe the exchange of all the spin J fields in the graviton Regge trajectory. This

equation contains 5 parameters that will be fixed by the data, namely the constants

a, b, c, d and ls.

We finish the analysis of the spin J equation with a remark. In the same lines of [42]

we can try to write a quadratic effective action for the spin J symmetric, traceless and

transverse field, such that its SO(1, 3) irrep TT part obeys the proposed free equation.

Such an action would have the form

I =
1

2

∫
d5X
√−g e−2Φ

[
∇bha1...aJ∇bha1...aJ −M2(z)ha1...aJh

a1...aJ + . . .
]
, (3.33)

where the dots represent terms quadratic in ha1...aJ that are higher in the derivatives

of either ha1...aJ or the background fields. Since in the QCD vacuum only scalars under

the SO(1, 3) irrep decomposition are allowed to adquire a vev, the mass term in (3.33)

includes all such possibilities. We are also treating the dilaton field in a special way,

by allowing a very specific coupling in the overall action. In particular, other scalar
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fields could also have a non-trivial coupling to the kinetic term 3. It is simple to see

that our proposal (3.31), with (3.32), corresponds to setting

M2(z) = −J e−2AȦ2 +m2(z) , (3.34)

with

m2(z) = (J − 2)

[
2

l2s

(
1 +

d√
λ

)
+
J + 2

λ4/3
+ e−2A

(
a Φ̈ + b

(
Ä− Ȧ2

)
+ c Φ̇2

)]
. (3.35)

3.4.1 Effective Schrödinger problem

The amplitude (3.16) computes the leading term of the Witten diagram describing the

exchange of the spin J field in the Regge limit, whose propagator obeys the equation

(DΠ)a1···aJ ,b1···bJ (X,X ′) = ie2Φga1(b1 · · · g|aJ | bJ )δ5(X,X ′)− traces , (3.36)

for some second order differential operator D whose action on the TT part of the spin J

field is defined by (3.31). For Regge kinematics, however, we are only interested in the

component Π+···+,−···− of the propagator, in the limit where the exchanged momentum

has q+ = O(1/
√
s) ∼ 0, as can be seen from the kinematics of the external photons

(3.10). Thus, we can take ∂+h
TT
+···+ = 0, which implies that the + · · ·+ component of

(3.31) decouples from the other components, taking the following form 4{[
∂z + 2Ȧ− 2Φ̇

] [
∂z − Ȧ

]
+∇2

⊥ −m2(z)e2A
}
e(1−J)AhTT+···+ = 0 . (3.37)

This equation can be re-casted as a 1-d quantum mechanics problem, that is, setting

hTT+···+ = eiq·xe(J−1)AeB(z)ψ(z) , (3.38)

with q+ = 0, and choosing B(z) = Φ−A/2 to cancel the term linear in the derivative

∂z, equation (3.37) takes the Schrödinger form[
∂2
z + t− V (z)

]
ψ(z) = 0 , (3.39)

3Since we write a 5-d action, one could also have fields with a vev proportional to the 5-d metric

ηab. An example is the background Riemann tensor that can couple to the spin J field (for instance,

the metric fluctuations do). However, for traceless fields only mass terms of the type written in (3.33)

will survive.
4For example, the bulk Laplacian projected in the boundary indices gives ∇2hα1...αJ

=(
eJA(z)∇2

0e
−JA(z) − JA′ (z)2 e−2A(z)

)
hα1...αJ

+ O(1/
√
s), where ∇2

0 is the bulk scalar Laplacian.

More details on appendix C.
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where t = −q2
⊥ and the potential V is given by

V (z) =
3

2

(
Ä− 2

3
Φ̈

)
+

9

4

(
Ȧ− 2

3
Φ̇

)2

+m2(z)e2A . (3.40)

The energy spectrum for each integer J quantises t = tn(J), therefore yielding the

glueball masses (although we only expect the proposed equation to be a good approx-

imation for analytically continued values of J around J = 2, and certainly not in the

asymptotic regime of large J). As expected, for J = 2 this potential reduces to the

one obtained from linearized Einstein equations, since m2(z) = 0 for J = 2.

Finally we can consider the integrated propagator GJ(z, z′, l⊥) defined in (3.18). This

is the scalar propagator obtained from integrating the component Π+···+,−···− of the

full propagator along the light-rays. From the differential equation (3.37) if follows

that[
∆3 − e−2A(z)

(
2Φ̇∂z + 2Ȧ2 + Ä− 2ȦΦ̇

)
−m2(z)

]
GJ(z, z′, l⊥) = −e2Φδ3(x, x′) ,

(3.41)

where here x = (z, x⊥) and x̄ = (z̄, x̄⊥) are points in the scattering transverse space

with metric ds2
3 = e2A(z)

[
dz2 + dx2

⊥
]
, and ∆3 is the corresponding Laplacian. It is now

clear that writing

GJ(z, z̄, t) = eB(z)ψ(z) , (3.42)

the homogeneous solution to (3.41) is exactly given by the Schrödinger problem of

(3.39). Moreover, using the spectral representation
∑

n ψn(z)ψ∗n(z̄) = δ(z − z̄), we

conclude that

GJ(z, z̄, t) = eB(z)+B(z̄)
∑
n

ψn(z)ψ∗n(z̄)

tn(J)− t . (3.43)

This result was used in subsection 3.3.3 to derive the contribution of Regge poles to

the DIS structure functions. Notice that both the eigenvalues tn and the functions ψn

depend on J .

3.5 Fit of DIS data in IHQCD

In this section we will test the previous phenomenological model for DIS against the

combined H1-ZEUS data points for x < 0.01 from [2], as shown in figure 3.1. We will

look for the optimal values of the free parameters in the structure function F2(x,Q2)

given in (3.24). This function depends on the couplings gn to each Reggeon, given by

(3.26), and on the parameters ls, a, b, c and d in (3.35) that characterize the analytic
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continuation of the graviton Regge trajectory. At the end of the day we will fix the

shape of the first glueball Regge trajectories, which then can be compared with the

known higher spin glueball data obtained from lattice computations. Not only we are

able to fit DIS data, we shall see that our results are also compatible with the most

recent results we have found so far for the higher spin glueball spectrum [3, 4]. This

is expected, although a very non-trivial test, since the spectral and scattering data

ought to be connected consistently.

Although we kept in the previous sections our discussion of pomeron physics general,

we need to use a specific holographic QCD model to test our ideas. As the previous

chapter 2, we shall consider the Improved Holographic QCD (IHQCD) model proposed

in [44]. The QCD vacuum is described by a dilaton gravity theory with an action of

the form (3.30). The potential V (Φ) is then judicially chosen such that the theory

reproduces the QCD beta function in the UV and confines in the IR. In our fit we will

consider data points with Q2 as large as 400 MeV. For this reason we need to start

close to the AdS boundary at zmin ≡ e−A0 = 0.0067 with λ0 = 0.0337462. These initial

values of A(z) and λ(z) are consistent with the choice of ΛQCD = 0.292GeV which

gives the value of the lowest mass of the spin 2 glueball proposed originally in [44].

For the maximum value of the holographic variable we chose zmax = 6. Eventually we

have changed zmax to a bigger value, the results showing no sensitivity. 5

Next we need to compute the non-normalizable modes associated to the current

operator sourced by the off-shell photon, as explained in section 1.2.5. This is done

by solving the equation for the U(1) gauge field in the bulk for each of the Q2

available in the data. The dependence of the structure function F2(x,Q2) on the

external probe arises from the shape of the function P13
(2)(Q2, z) defined in (3.20),

since this function is then integrated along z in (3.25). In figure 3.6 we plot the

function P13
(2)(Q2, z)Q2e−2A for several values of Q2.

At this point we can confirm that the approximation of the external photon wave func-

tions to the integral (3.25) by a Dirac delta function, as assumed in section 3.2, only

works for large values of Q2. Writing the integrand in (3.25) as P13
(2)(Q2, z)Q2e−2A×

function(z), it is simple to see that the first function behaves as a delta function

for large Q, while the function(z) is smooth enough such that the integral gets

no contribution from the boundary at z = 0. This is the reason why we kept our

discussion of section 3.2 at a more qualitative level, since in the reconstruction of the

5For the interested reader we released our spectral code under a MIT License, which you can find

at github https://github.com/rcarcasses/schrodinger. A discussion about one of the methods

used, the Numerov’s method, can be found in appendix D.
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Figure 3.6: The function previously approximated to a delta function in section 3.2.

The quality of the approximation clearly decreases as Q2 becomes smaller.

wave functions in figure 3.4 we did the replacement z ∼ 1/Q. Clearly such replacement

is a gross approximation for many of the values of Q we are considering. 6 An honest

computation would involve solving numerically an integral equation for the ψ0,1 given

the experimental f0,1(Q), with a kernel of the form shown in figure 3.6. Nevertheless

we would expect that this correction will not introduce any new extreme point for

the wavefunction but to deform it in a non trivial way in the region where the delta

function approximation is bad, giving still the right number of nodes for each ψ, which

is really the point we wanted to emphasize in section 3.2.

Let us remark that, in contrast with the external off-shell photon with varying virtu-

ality Q2, the target proton wave function does not require a detailed description of the

holographic dual Υ(P 2, z). The dependence on that normalizable mode was carried

by P24(P 2, z) and absorbed in the coupling constants gn, as shown in (3.26).

Following our program we define an error function depending of the phenomenological

parameters αi. This defines a optimization problem where we wish to find the values

6 In fact it is puzzling how such approximation, which leads to a closed formula for F2 using a

hard wall model [16], works very well with results comparable to those presented in this chapter.

76



3- Unity of the Pomeron from gauge/gravity duality

of αi that minimize the quantity

χ2 ≡
N∑
k=1

(
F2(Q2

k, xk;αi)− F exp
2 (Q2

k, xk)

σk

)2

, (3.44)

which is just a weighted least square fit where the weight is the inverse of the error in

the measurement, such that quantities with bigger error affect less the result. A widely

accepted criteria for the quality of a fit is that the quantity χ2
d.o.f. ≡ χ2/(N − Npar),

where Npar is the number of parameters to be fitted, is close to one.

3.5.1 The fit

We proceed to find the optimal values for the phenomenological parameters. As

explained in the introduction and shown in figure 3.1 we consider data points with

x < 0.01 to be in the limit of Regge kinematics. Let us remind ourselves that in

our derivation we have dropped terms of order 1/s. Such terms are sub-leading with

respect to the first trajectories as long as their intercept does not differ from the

leading one at most by unit. This validates our choice of retaining the first daughter

trajectories.

We have found that with only two trajectories it is possible to provide a good fit

for the DIS data, but unfortunately the second intercept does not correspond to the

soft pomeron. As explained before, it is desirable that the second intercept matches

that of the soft pomeron given the experimental evidence from total cross sections of

soft probes. We have also found that fixing the intercept of the second trajectory to

1.08 ∼ 1.09, and performing the fit with only two Pomerons, does not provide a good

fit.

Thus the most reasonable thing to do is to fix the soft pomeron intercept and include a

third or a fourth trajectory in our fit, similar to [54], but in our case these trajectories

are associated to glueballs instead of mesons. The reason we stopped at the fourth

trajectory is that it is enough to obtain a good quality fit. We found that these

trajectories still have an intercept above the mesons one , i.e. jn > 0.55, so they are

important and should be taken into account7. Figure 3.7 shows our best fit from which

we obtained χ2
d.o.f. = 1.7. The corresponding parameters are listed in the table 3.1

and more details can be found in the appendix E.

7This is subtle: if the meson trajectories bend in the same way as the glueball ones then their

intercepts will raise. We plan to analyze mesons’ contribution in a future work.
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Figure 3.7: Plot of the experimental F2 data versus the prediction of our model. We

cover a very large kinematical window with x < 0.01 and 0.1 < Q2 < 400 in GeV2, in

a total of 249 points. The χ2
d.o.f. of this fit is 1.7.

In figure 3.8 we show, for each pomeron, the wave function and corresponding potential

in the associated Schrödinger problem. As anticipated the wavefunctions resemble

those of section 3.2 with some sort of deformation, specially for large z, due to the use

of the right functions for the external off-shell photon. Recall that, as we vary the spin

J in the Reggeon equation (3.39), the intercept of the n-th trajectory is given by the

value of J for which the energy of the n-th excited state crosses zero. Thus the wave

function shown in each figure is the zero energy state for the potential shown in the

same figure. We see that as J decreases the potential spreads to the IR region. This

fact is at the heart of the decrease of the effective intercept with a decreasing virtuality

78



3- Unity of the Pomeron from gauge/gravity duality

Pomeron equation coefficients coupling Intercept

a = −4.35 g0 = 0.175 j0 = 1.17

b = 1.41 g1 = 0.121 j1 = 1.09

c = 0.626 g2 = 0.297 j2 = 0.969

d = −0.117 g3 = −1.63 j3 = 0.900

ls = 0.153 – –

Table 3.1: The nine parameters for our best fit. As an output we also show the

intercept of the first four pomeron trajectories (in fact we forced the second trajectory

to have the soft pomeron value, so only the other values are a prediction of the model).

Q2 shown in figure 3.2 in the introduction. In other words, as the process becomes

more localized in the IR the wave function of the hard-pomeron is very suppressed,

leading to more important contributions from the other daughter trajectories. The

potential also shows a very sharp minimum near the UV, that localizes the hard

pomeron wave function near the boundary. However, we do not fully understand the

two minima behaviour exhibited by the potential. For instance, it could be that this

is just an artifact of the specific interpolation between the IR and UV physics in

the holographic QCD background considered here. Nevertheless, we believe the most

important fact here is that the wave functions are smooth and are more spread across

the IR in the case of the daughter trajectories.

3.5.2 Regge trajectories

The power of Regge theory relies on the fact that spectrum and scattering physics are

related in a very natural way. In the conventional approach one organizes the spectrum

in Regge trajectories J = j(M2), for integer J . Then one considers processes where

particles in a given trajectory jn(t) are exchanged. Regge theory predicts that the

contribution of the trajectory jn(t) to the cross section behaves as sjn(t), where the

function jn(t) is analytically continued to negative t.

Here we are following a similar strategy. First we construct a phenomenological model

and then fix the unknown coefficients by confronting the model to scattering data. In

fact, since we consider a total cross section for an inelastic process, the scattering data

we used is directly related to the value of each Regge trajectory at t = 0. We can then

look how each Regge trajectory behaves for positive and negative t. The plot of the

first four pomeron Regge trajectories considered in this work was presented in figure

79



3- Unity of the Pomeron from gauge/gravity duality

0 2 4 6 8

−
5

0
5

1
0

1
5

Hard Pomeron  j0 = 1.17

z

U

0 2 4 6 8

−
5

0
5

1
0

1
5

Soft Pomeron  j1 = 1.09

z

U

0 2 4 6 8

−
5

0
5

1
0

1
5

3rd trajectory  j2 = 0.97

z

U

0 2 4 6 8

−
5

0
5

1
0

1
5

4th trajectory  j3 = 0.9

z

U

Figure 3.8: Wavefunctions and corresponding potential for optimal phenomenological

values for the hard and soft pomerons, and also for the other daughter trajectories

considered in the fit. The normalized wavefunctions have been scaled by 5 in this

figure.

3.3 in the introduction. It is rewarding to see that the first two trajectories, that is

the hard and soft pomeron, pass reasonably well through the known lattice QCD data

for the masses of the higher spin glueballs. One should keep in mind, though, that we

are using a phenomenological holographic QCD model, and also that this lattice data

refers to pure glue with SU(3) gauge group.

An interesting feature of our leading Regge trajectories is that they coincide in shape

with what was recently proposed to be the universal behaviour for weakly coupled

theories with massive higher spin fields [59], where the authors argue that j(t) ∼ t+ ...

for large positive t and that j(t) = const for large negative t. Another interesting fact
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of figure 3.3 is that the trajectories are very close to each other in the scattering region

of t < 0. We comment on possible implications to elastic differential cross sections of

soft probes in the conclusions.

3.6 Conclusions

In this chapter we have shown how holographic QCD can be effectively used to

address an essentially non-perturbative problem in QCD, that of the pomeron Regge

trajectories. The construction is general, but to test it against experimental data we

have considered the Improved Holographic QCD background proposed in [43, 44, 60].

More specifically we have been able to explain satisfactory DIS data in the x < 0.01

region, covering a large region for the photon virtuality Q2. Moreover, the same Regge

trajectories that describe DIS data are compatible with the lattice data for the higher

spin glueball spectrum.

There is a natural parameter one could have chosen to tune, which is ΛQCD. In

IHQCD this is equivalent to choose some A0 and λ0 at a given value of z = z0. This

parameter was left fixed to the same value the authors of [43,44] suggest, since in the

original papers it was fixed such that the mass of the scalar glueball coincides with

that of lattice QCD. In our case changing it would lead simply to a rescaling of all

dimensionful quantities in the model, like for instance the unknown coefficients we

were fitting, and it has the effect of shrinking/expanding the t axis of figure 3.3. Since

we are also confronting our model with spectral data, we decided not to change that

number. At most we could match exactly the mass of the lightest spin two glueball,

but our hard pomeron trajectory already passes very close to that point as can be see

from figure 3.3, so we decided not to use such extra freedom.

Our works points towards the solution of a long standing problem in QCD, namely

the nature of the hard and soft pomeron. In our framework both arise as distinct

Regge trajectories made of glueballs. In the dual picture they originate from the

graviton trajectory, which degenerates in many trajectories once it is quantized in the

asymptotically AdS space (which can be thought as a gravitational box). The way

these trajectories appear in DIS data, by means of a wave function of a Schrödinger

problem, clearly calls for a reconstruction of the holographic dual of QCD. Somehow

this is what we have done for the graviton Regge trajectory associated with higher spin

glueballs. We considered a holographic QCD model that describes the QCD vacuum,

and then used effective field theory arguments to reconstruct the analytic continuation
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3- Unity of the Pomeron from gauge/gravity duality

of the spin J equation of motion that best fits the data.

An important point that pops up from the analysis of figure 3.3 is that eventually

meson trajectories will also contribute to the scattering (either in DIS, as we vary the

virtuality Q2, or in differential cross sections for elastic processes, as we vary t). This

was well noticed in the work of Donnachie and Landshoff and we expect that including

the dynamics of the higher spin fields dual to the mesons might improve the quality

of our fit.

Requiring several trajectories to explain the DIS data is also compatible with the

picture of having a branch cut structure in the J-plane that turns into a set of poles

due to the breaking of conformal invariance. In fact, DIS data was also successfully

reproduced using a hardwall model with a conformal pomeron [16]. Moreover, the

perturbative approach that uses the BFKL pomeron also breaks conformal invariance

and then considers several daughter trajectories [11]. However, in that case one needs

to consider a very large number of trajectories, leading to a very large number of free

parameters in the model and even so, this approach leaves out the low Q2 region of

the data. We believe holographic QCD is better suited to address pomeron physics,

because the whole construction is better suited to study strongly coupled phenomena.

In the next chapter we will consider other possible couplings between the spin J

fields and the spin 1 gauge field considered here as the dual of the hadronic current

operator ψ̄γµ ψ. We will see that there exist more possibilities in which the bulk

coupling constants are dimensionful and that its consideration lead to considerable

improvements in the fit of DIS.

82



4
Non-minimal coupling contribution to DIS at low x

in Holographic QCD

We consider the effect of including a non-minimal coupling between a U(1) vector gauge

field and the graviton Regge trajectory in holographic QCD models. This coupling

describes the QCD interaction between the quark bilinear electromagnetic current and

the Pomeron. We test this new coupling against DIS data at low Bjorken x and obtain

an excellent fit with a chi squared of 1.1 over a very large kinematical range in the

photon virtuality Q2 < 400 GeV2 and for x < 10−2. The scale of the new dimension

full coupling, which arises from integrating higher spin fields, is of order 6 GeV. This

value matches precisely the expectations from effective field theory, which indicate

that such corrections are controlled by the mass gap between the spin two and spin

four glueballs that are described holographically by the graviton and spin four field in

the graviton Regge trajectory, respectively.

4.1 Introduction

As we have already saw, the observation that the Pomeron is dual to the graviton Regge

trajectory [13] opened an entirely new approach to the analysis of QCD processes

dominated by Pomeron exchange. In this chapter we focus on low x DIS again,

extending the results of the previous chapter. Here we shall extend the analysis

of chapter 3 by allowing for a non-minimal coupling between this gauge field and

the higher spin fields in the graviton Regge trajectory. We shall fit the same set of

data as in chapter 3, more concretely we fit 249 data points, covering the very large

kinematical range of x < 10−2 and Q2 < 400 GeV2, where x is the Bjorken x and Q2
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4- Non-minimal coupling contribution to DIS at low x in Holographic QCD

the photon virtuality. As a result, we manage to improve the quality of our fit from a

chi squared per degree of freedom of 1.7 in chapter 3 to an excellent value of 1.1.

The existence of such non-minimal coupling between the bulk U(1) gauge field and

the graviton Regge trajectory is expected. Starting from the UV high energy limit,

the OPE expansion of the two currents, Jµ(x)Jν(y), contains two OPE coefficients for

each spin J symmetric traceless operator associated with the glueballs on the pomeron

trajectory, OJ ∼ tr(Fµα1Dα2 · · ·DαJ−1
F µ
αJ

). Holographically, and for pure AdS space,

this amounts to precisely the same counting when coupling a vector gauge field to the

graviton, or to the higher spin fields in the gravity Regge trajectory. Thus we shall

consider such non-minimal coupling. In fact, since QCD is not a conformal theory,

there is actually more freedom in the choice of such couplings in holographic QCD

which, as we shall see, are very much model dependent. For concreteness we shall

consider one such coupling, which arises in an effective field theory expansion in the

dual QCD string tension. After obtaining the new expression for the DIS structure

function F2(x,Q2) in generic AdS/QCD models, we focus on the specific holographic

QCD model of [43, 44, 60]. This allows us to put numbers in our expressions that are

then tested against available low x DIS data.

4.2 Holographic computation of F2 structure func-

tion

We shall compute the DIS F2 structure function using the framework of AdS/QCD,

following the same logic and kinematic definitions of chapter 3, using the same holo-

graphic dual. First we present general formulae and then specify to a particular

model. We are interested in the Regge limit where the amplitude is dominated by the

exchange of the graviton Regge trajectory, which includes fields of even spin J . The

corresponding Witten diagram for such exchange is shown in figure 4.1. The upper

part of the diagram is related to the incoming and outgoing virtual photons, whereas

the bottom part to the proton target. We will work with the string frame metric as

usual.
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Figure 4.1: Tree level Witten diagram representing spin J exchange in a 12 → 34

scattering. Here we consider a non-minimal coupling in the upper vertex in opposition

to the computation of chapter 3.

4.2.1 Non-minimal coupling

To compute the Witten diagram of figure 4.1, we need to consider the interaction

between the external scattering states and the spin J fields in the graviton Regge

trajectory. Thus, the higher spin field comes from the closed string sector while the

external fields come from the open sector.

First we consider the coupling between the U(1) gauge field and the graviton. In

Einstein-Maxwell theory, and for AdS or flat space, it is well known that there are

only two possible cubic couplings between these fields, namely

F acF b
chab , F acF bd∇c∇dhab , (4.1)

where hab is the metric fluctuation. The present case, however, is less restrictive

because we have an additional scalar field and also because space-time is not maximally

symmetric. To understand this better, let us linearize the action (1.69) around the

background metric, that is, we write gab = ḡab + hab. Setting h = haa = 0 we have the

cubic couplings

δS = −1

2

∫
d5X
√−ḡ e−Φ

(
F abF c

bhac (4.2)

+
β

2
hapR̄

p
bcdF

abF cd − βF acF bd∇̄a∇̄bhcd

)
.

To study the graviton Regge trajectory in the background (2.2) we need to decompose

the metric in SO(1, 3) irreducible representations. We will be only interested in the
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graviton TT components hαβ, satisfying ∂αhαβ = 0 and hαα = 0, and we set hzα =

0 = hzz. Using that Rαµβν = Ȧ2e2A(ηανηµβ − ηαβηµν) and Rαzβz = −Äe2Aηαβ in the

background (2.2), and computing the covariant derivatives, we obtain

δS = −1

2

∫
d5X
√−ḡ e−Φ

[
FαµF β

µ

(
1− βe−2AȦ∂z

)
− βFαµF βν∂µ∂ν − 2βFαzF βν

(
∂z − 2Ȧ

)
∂ν (4.3)

+ FαzF β
z

(
1− βe−2A

(
∂2
z − 3Ȧ∂z + 2Ȧ2

)) ]
hαβ .

Notice that in the AdS case (A = − log z) these couplings reduce to the two allowed

couplings in (4.1). However, in the present case there are more possibilities. For

example, other contractions with the Riemann tensor will give different functions

multiplying the same tensor structures in the couplings. We may also use derivatives

of the scalar field to contract with the field strength. For simplicity, the approach we

follow in this work will be to focus on the coupling given by the action (1.69). Our

aim is to test whether this type of corrections are important in describing DIS using

holographic QCD.

Next we wish to generalize the previous coupling to case of the cubic interaction

between the gauge field and a symmetric, transverse and traceless spin J field, ha1...aJ .

The pomeron trajectory includes such higher spin fields of even J . Again there are

several possibilities, but we shall focus on the simplest extension of the two couplings

to the graviton considered above. The first term is the minimal coupling term, which

can be generalized to

κJ

∫
d5X
√−ḡ e−ΦF a1b∇̄a2 . . . ∇̄aJ−1F aJ

b ha1...aJ . (4.4)

The transverse condition of ha1...aJ guarantees that this term is unique up to dilaton

derivatives. For the non-minimal coupling we will write

βJ

∫
d5X
√−ḡe−Φ

(
F ca1∇̄a2 . . . ∇̄aJ−1F aJd∇̄c∇̄d

+
1

2
F a1b∇̄a2 . . . ∇̄aJ−1F cdRaJ

bcd

)
ha1...aJ . (4.5)

We remark that in both expressions (4.4) and (4.5) the way we distribute the covariant

derivatives acting on the field strength is important. After integrating by parts such a

covariant derivative, we are left with an extra term in the derivative of the background

dilaton field. However, these terms will have a component of the higher spin field along

the z direction, which can be dropped in the case of the pomeron.

Next we need to decompose the spin J fields in SO(1, 3) irreducible representations.

In the Regge limit we are only interested in the TT components of these fields, that
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is in hα1...αJ with ∂νhνα2...αJ = 0 and hννα3...αJ
= 0. From now on we will assume these

two conditions. Thus for the minimal coupling (4.4) we obtain simply

κJ

∫
d5X
√−ḡ e−Φ

(
Fα1µ∂α2 . . . ∂αJ−1FαJ

µ

+Fα1z∂α2 . . . ∂αJ−1FαJ
z

)
hα1...αJ . (4.6)

For the non-minimal coupling (4.5) we obtain after a cumbersome computation

βJ

∫
d5X
√−ḡe−Φ

[
F zα1∂α2 · · · ∂αJ−1FαJ

zDJ‖+

F µα1∂α2 · · · ∂αJ−1FαJν
(
e2ADJ⊥ηµν + ∂µ∂ν

)
+ (4.7)

2F µα1∂α2 · · · ∂αJ−1FαJz
(
∂z − JȦ

)
∂µ

]
hα1···αJ ,

where

DJ⊥ = e−2AȦ
(
∂z − (J − 2) Ȧ

)
,

DJ‖ = e−2A
(
∂2
z − (2J − 1) Ȧ∂z − (J − 2) Ä+ J (J − 1) Ȧ2

)
. (4.8)

For J = 2 this coupling reduces to the graviton non-minimal coupling given in (4.3).

For the scalar field Υ we will consider a minimal coupling with spin J closed string

fields

κ̄J

∫
d5X
√−g e−Φ (Υ∇a1 . . .∇aJΥ) ha1...aJ . (4.9)

Again, this coupling is unique up to derivatives of the dilaton field that are subleading

in the Regge limit. Focusing on the TT part of the spin J field, we are left with the

single coupling

κ̄J

∫
d5X
√−g e−Φ (Υ∂α1 . . . ∂αJΥ) hα1...αJ . (4.10)

4.2.2 Witten diagram in Regge limit

The scattering amplitude will have a contribution from the minimal and the non-

minimal coupling. The contribution of the minimal coupling to the structure function

F2 is presented and described in the previous chapter. Here we shall compute the

contribution of the non-minimal coupling (4.7) to the exchange of a spin J field,

corresponding to the Witten diagram in figure 4.1. Using the Regge kinematics and
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taking as external states F ab
i (X) for i = 1, 3 and Υj(X̄) for j = 2, 4, we obtain for

forward scattering the expression

βJ κ̄J

3∑
λ=1

∫
d5Xd5X̄

√−g√−ḡ e−Φe−Φ̄Υ2

(
∂̄−
)J

Υ4

×
[
F +z

1

(
∂+
)J−2

F +
3 zDJ‖ + F +µ

1

(
∂+
)J−2

F +
3 µDJ⊥

]
Π+···+,−···−(X, X̄) , (4.11)

where bars denote quantities evaluated at X̄. Notice that the couplings involving

derivatives along the boundary in (4.7) vanish for forward scattering. Using (1.87)

and (??) for the external states and performing the sum over polarisations we find

− βJ κ̄JsJ
∫
d5Xd5X̄

√−g√−ḡ e−Φ−Φ̄−2(J+1)A−2JĀ

× υ2
m(z̄)

(
f 2
Q(z)DJ⊥ +

ḟ 2
Q(z)

Q2
DJ‖

)
Π+···+,−···− . (4.12)

We remark that the terms with DJ⊥ and with DJ‖ are, respectively, the leading contri-

bution arising from the transverse and longitudinal polarizations, therefore justifying

our notation.

Performing the change of variable w = x − x̄, setting l⊥ = x⊥ − x̄⊥, t = −q2
⊥ and

defining the transverse propagator at zero momentum transfer by∫
dw+dw−d2l⊥

2
Π+···+,−···− (w, z, z̄) = − i

2J
e(J−1)(A+Ā)GJ(z, z̄, t = 0), (4.13)

we finally obtain

i
βJ κ̄Js

J

2J
V

∫
dzdz̄e−Φ−Φ̄−2J(A+Ā)+3A+5Āυ2

m(z̄) (4.14)

×
(
f 2
Q(z)DJ⊥ +

ḟ 2
Q(z)

Q2
DJ‖

)[
e(J−1)(A+Ā)GJ(z, z̄, 0)

]
,

where the space-time volume V comes from the delta function momentum conservation

that we imposed from the beginnig on the external particles. Now we proceed as in

the previous chapter and write a spectral representation for the transverse propagator

GJ(z, z̄, t) = eB+B̄
∑
n

ψn(J, z)ψ∗n(J, z̄)

tn(J)− t , (4.15)

where ψn(J, z) are the normalizable modes associated to the spin J fields. The function

B(z) depends on the particular holographic QCD model. We will fix it later in order

to perform fits to data.
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4.2.3 Regge Theory

In order to get the total amplitude we need to sum over even spin J fields with J ≥ 2.

Then we can apply a Sommerfeld-Watson transform

1

2

∑
J≥2

(
sJ + (−s)J

)
= −π

2

∫
dJ

2πi

sJ + (−s)J
sinπJ

, (4.16)

which requires analytic continuation of the amplitude for spin J exchange to the

complex J-plane. We assume that the J-plane integral can be deformed from the poles

at even J, to the poles J = jn(t) defined by tn(J) = t. The scattering domain of

negative t contains these poles along the real axis for J < 2. The scattering amplitude

for t = 0 is then

A(s, 0) =
∑
n

hns
jn

∫
dz e−ΦeA(−2jn+3)× (4.17)(

f 2
QDjn(0)
⊥ +

ḟ 2
Q

Q2
Djn(0)
‖

)[
eA(jn(0)−1)eBψn

(
jn(0), z

)]
,

with hn defined as

hn = −π
2

βjn(0)κ̄jn(0)

2jn(0)

(
i+ cot

πjn(0)

2

)
j′n(0) (4.18)

×
∫
dz̄ eĀ(4−jn(0))e−Φ̄eB̄υ2

m(z̄)ψ∗n
(
jn(0), z̄

)
. (4.19)

Finally, the action of the differential operators on the functions of z allows us to rewrite

the forward scattering amplitude as

A(s, 0) =
∑
n

hns
jn

∫
dz e−(j−2)A+B−Φ

(
f 2
QD̃jn(0)
⊥ +

ḟ 2
Q

Q2
D̃jn(0)
‖

)
ψn
(
jn(0), z

)
, (4.20)

with

D̃⊥ = e−2A
(
Ȧ∂z + Ȧ2 + ȦḂ

)
, (4.21)

D̃‖ = e−2A
(
∂2
z −

(
Ȧ− 2Ḃ

)
∂z + B̈ + Ä+ Ḃ2 − ȦḂ

)
.

4.2.4 F2 structure function

The DIS structure function can be written in Regge theory in the following form

F2(x,Q2) =
∑
n

(
fMC
n (Q2) + fNMC

n (Q2)
)
x1−jn , (4.22)
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where we separated the contributions from the minimal and non-minimal couplings

between the graviton trajectory and the U(1) current that arise from the holographic

computation. In chapter 3, for B = Φ− A/2, we showed that

fMC
n (Q2) = gnQ

2jn

∫
dz e−(jn− 3

2)A

(
f 2
Q +

ḟ 2
Q

Q2

)
ψn . (4.23)

Using the definitions (3.8) and (3.9), we may take the imaginary part of the forward

scattering (4.20), to obtain the contribution from the non-minimal coupling

fNMC
n (Q2) = g̃nQ

2jn

∫
dz e−(jn− 3

2)A

(
f 2
QD̃⊥ +

ḟ 2
Q

Q2
D̃‖
)
ψn , (4.24)

where g̃n = Im(hn)/(4π2α). Both constants gn and g̃n are used as fitting parameters

in our setup, thus the details of holographic wave function for the proton are not

important in the fit. Notice that the gn and g̃n do not have the same dimensions,

indeed comparing both couplings we see that [g̃n/gn] = L2. Formula (4.24) is one of

the main results of this chapter.

4.2.5 Improved Holographic QCD

To test the above ideas against experimental data we need to consider a concrete QCD

holographic model. As in chapter 3, we shall consider the improved holographic QCD

model introduced in [43,44,60]. This fixes the background fields A(z) and Φ(z), which

give an approximate dual description of the QCD vacuum.

Next we need to consider the equation of motion for the spin J fields that are dual

to the twist two operators, whose exchange gives the dominate contribution in DIS at

low x. This equation is then analytically continue in J , in order to do the Sommerfeld-

Watson transform in Regge theory. Again, this procedure was described in detail in

the previous chapter, so we will not repeat it here.

The constants ls, a, b, c and d are used as fitting parameters and will be adjusted

such that the best match with F2(x,Q2) data is achieved. In particular, from the low

energy effective string theory perspective, ls is related to the string tension; d is related

to the anomalous dimension curve of the twist 2 operators, or it can also be thought

as encoding the information of how the masses of the closed strings excitations are

corrected in a slightly curved background; the constants a, b and c encode the first

order derivative expansion of a presumed string field theory lagrangian.

90



4- Non-minimal coupling contribution to DIS at low x in Holographic QCD

x

F
2

10
−6

10
−5

10
−4

10
−3

10
−2

0.5

1.0

1.5

0.1

0.15
0.2

0.25

0.35
0.4

0.5

0.65

0.85

1.2

1.5

2

2.7

3.5
4.5

6.5
8.5

10

12
15

18

22

27

35

45

60

70

90

120

150

200

250
300

400

Figure 4.2: Structure function F2(Q2, x). Experimental points vs prediction of this

work with a χ2
d.o.f = 1.1. Each line corresponds to a given Q2 (GeV2) as indicated.

4.3 Data analysis

With the previously described setup we proceed to find the best values for the potential

parameters ls, a, b, c and d, as well as for the coupling values β, gn and g̃n that better fit

the data. We look, as usual, for the best set of parameter values such that the sum of

the weighted difference squared between experimental data and model predicted values

is minimum, using as weight the inverse of the experimental uncertainty. Since this is a

highly non trivial numerical optimization problem in which we do not known explicitly

the gradient of the function to be optimized, we use the Nelder-Mead algorithm,

using R language, and try with different starting points in the parameter space. We
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Figure 4.3: Regge trajectories compared with the square of glueball masses from lattice

simulations [3, 4], t units are GeV22. Shown are also the values we obtained for

the intercept of each trajectory. Configurations that give the soft pomeron intercept

j1 = 1.09 were favoured in the fitting process.

have found that the inclusion of the non-minimal coupling contribution considerable

decreases the convergence ratio of the minimizing routine compared with the case

where only the minimal coupling case is used, consistent with the fact that the new

function to optimize has a much rougher landscape. Our best fit results for F2(x,Q2)

are presented in figure 4.2. In this fit we considered values of x in the range x < 10−2,

and of the photon virtuality Q2 < 400 GeV2. This gives a total number of 249 data

points. The χ2
d.o.f for this fit is 1.13. As in the previous chapter, aiming to make

a consistent model for the Soft Pomeron, we have forced the intercept of the second

trajectory to be around j1 = 1.09. This is achieved penalizing those set of parameters

which give a different second intercept by adding a term of the type 104(j1 − 1.09)2

to the function to be optimized. The correspondent Regge trajectories can be seen in

figure 4.3.
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The values of the parameters that give the best fit are summarized in table 4.1. We

would like to understand the scale defined by the non-minimal coupling. The best fit

fixes the value of this coupling in the equation of motion (1.70) for the U(1) gauge field

to be β = 0.026 GeV−2. This numerical value correspond to an energy of 6 GeV and

therefore the energy scale associated with this correction is in the range of 1−10 GeV.

We may also look at the ratio between the constants gn and g̃n, given by,

g̃n
gn

=
βjn(0)

κjn(0)

, (4.25)

which has dimensions length2. This follows from taking the imaginary part of (4.19)

and from the fact that gn has a similar expression, as defined in chapter 3. Looking at

table 4.1 it is simple to see that the ratio g̃n/gn, for each n, is also in the energy range

of 1− 10 GeV. The scale of the non-minimal coupling should be associated with the

mass gap between the spin 2 and spin 4 glueballs, that arise from the spectrum of the

bulk graviton and spin 4 field, respectively. Indeed this is precisely the size of the gap

observed in the glueball spectrum in figure 4.3.

Table 4.1: Values of the parameters for the best fit found. All parameters are

dimensionless except for [ls] = L, [β] = L2 and [g̃i] = L2. Numerical values are

expressed in GeV units.

parameter value couplings value couplings value ×10

l−1
s 6.93 g0 -0.154 g̃0 0.707

a -4.68 g1 -0.424 g̃1 -0.378

b 4.85 g2 2.12 g̃2 -2.48

c 0.665 g3 -0.721 g̃3 3.63

d -0.328

β -0.026

4.4 Conclusion

In this chapter we considered the contribution of a non-minimal coupling between the

U(1) gauge field and the higher spin fields in the graviton Regge trajectory to the

holographic computation of the DIS structure function F2(x,Q2). These non-minimal

couplings are expected to be present and to play an important role in theories with

higher spin fields. Such terms are controlled by the gap between the graviton and the

next higher spin field [61]. Our results are consisten with this expectation since the
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Figure 4.4: Hard Pomeron wave function for the best fit found and for its intercept

value J = j0. The dotted and dashed line represent the action of the operator D̃⊥
and D̃‖ on the Hard Pomeron wave function ψ0(z) respectively. In this plot all the

functions have been scaled by a factor of 10.

scale we obtained for the non-minimal coupling has the correct order of magnitude

that reproduces the mass difference between the spin 2 and spin 4 glueballs.

With the inclusion of the new coupling the quality of our fit to low x DIS data has

improved considerably. In the previous chapter, that considered only the minimal

coupling, a χ2
d.o.f of 1.7 was obtained. With the new coupling we improved this result

to a χ2
d.o.f of 1.1. We believe this is an important improvement that validates the

holographic approach to low x physics. We are reproducing data over a very large

kinematical range in the two variables x and Q2, fitting a total of 249 points.

One can draw some intuition on how the inclusion of the non-minimal coupling im-

proves the fit to physical data by looking at the Reggeon wave functions. These

functions are shown for the hard and soft pomerons, for the corresponding values of
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Figure 4.5: Same as figure 4.4 but for the Soft Pomeron and for its intercept value

J = j1.

the intercept, in figures 4.4 and 4.5, respectively. These waves functions are the ground

state and first excited state of the associated Schrödinger problem. For the minimal

coupling they control the dependence of the structure function in the photon virtuality

Q2 as can be seen from (4.23). For the non-minimal coupling they also control the

Q2 dependence but now the action of the differential operators D̃⊥ and D̃‖ in (4.24)

changes such dependence to a more oscillating behaviour, as can be seen from figures

4.4 and 4.5. What is not a priori trivial is that this freedom can be used to better fit

the data, yielding for the scale of non-minimal coupling precisely the expected order of

magnitude (due to the oscillations it could be that this order of magnitude was much

smaller, which would seem to contradict the expected value of the gap for higher spin

glueballs).

It seems we are getting closer to a very satisfactory holographic description of low

x data. There are two immediate questions that we believe deserve some further
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attention. As a working example we have been considering the improved holographic

QCD model of [43,44,60]. We take this model as our QCD vacuum, and then introduce

higher spins fields for which we do Regge theory. Clearly we should study to which

extent other models can also be used to reproduce the data here analysed. Our

expectation is that holography is very appropriate to study processes dominated by

Pomeron exchange, so that other models that are close enough to QCD should give

similar results. Another interesting point is to extend this analysis to other processes

than DIS. Previous studies of deeply virtual Compton scattering (DVSC) and vector

meson production could now be revisited, including the non-minimal coupling here

considered, to attain better fits. For example, in the case of DVSC the cross section

depends on three kinematical quantities, namely x, Q2 and momentum transfer.

Extending the contribution of the non-minimal coupling terms to non-vanishing t

gives a very non-trivial dependence that deserves to be looked at.

Next chapter will be devoted to the study of DVCS process, considering as a first step

just the minimal coupling as in chapter 3.
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Deeply Virtual Compton Scattering and the

holographic Pomeron

We have seen in the previous chapters that it is possible to have a holographic

description of the Pomeron’s physics with a few free parameters which can be fixed such

that we maximize our model proposed likelihood function against the experimental

values. From the breakthrough of BPST work [13] to nowadays, there have been many

works [14–19,21,62–81] in which much evidence has been gathered about how to bring

the mainstream theoretical ideas of AdS/CFT down and test them agaist real exper-

imental data where Pomeron exchange is supposed to dominate. There is however, a

lack of consistence between these works since each one of them basically create models

for the Pomeron tailored to specific processes or kinematic regimes. A true candidate

for holographic description of the Pomeron, should be able to successfully explain

all the known processes physics dominated by Pomeron exchange in their respective

kinematic regimes. Ideally its shape should be narrowed by contrasting its predictions

against all the experimental data available among different processes. In this chapter

we present our current progress towards the solution of this problem by considering

another process, Deeply Virtual Compton Scattering (DVCS) , showing that it is

possible to fit both batch of datas available for the process, the total and differential

cross-section ones, with a single holographic model for the Pomeron. Our ultimate goal

would be to include all the known processes, like for instance Deep Inelastic Scattering

and Vector Mesons Production, which are supposed to be dominated by Pomeron’s

exchange into a single model in the future. In the present chapter we present our

current progress towards this goal up to the time of the writing of this thesis. The

results here presented are not yet published.
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5.1 Deeply Virtual Compton Scattering and the

gauge/gravity duality

The Compton scattering where the incoming photon has a high virtuality is known as

Deeply Virtual Compton Scattering, or DVCS. It is an exclusive process that has been

extensively studied by the H1 and ZEUS collaborations at DESY, and also at JLAB.

Generalized parton distribution functions (GDP) [82, 83], which encode information

about the correlations between the transverse and longitudinal momentum of quarks

and gluons inside the nucleon [82], are accessible through DVCS.

Gauge/gravity duality has been already used in the construction of models which ex-

plain DVCS data, this include conformal and hard wall Pomerons [17] and holographic

dipole-dipole scattering [84]. DIS and DVCS are tightly related through the hadronic

tensor, which enters in the computations of the different observables of both processes,

so to a great extend the analysis in the present chapter follows closely the one made in

chapter 3. We will show that a suitable choice of the parameters that define the kernel

of the Pomeron constructed in chapter 3, together with a few parameters more which

encode the holographic wave function of the proton and the coupling dependence with

the spin, allows to explain all the data simultaneously.

5.2 Holographic computation of the amplitudes

In this section we use the model for the holographic Pomeron introduced in chapter

3 to compute σ and dσ/dt for the DVCS process. We will also rewrite the amplitude

for the process γ∗p→ γ∗p already computed in chapter 3 in a new way more suited to

the DVCS computation.

For DVCS, the reported data is on the form of the cross-sections of the process γ∗p→
γp, which is basically the same process that appears in DIS with the difference that

the final photon is on-shell. The associated Witten diagram is show in figure 5.1. To

put the final photon on-shell we consider first the amplitude of γ∗p → γ∗p and take

Q3 ≡ k2
3 → 0.

We will use the same kinematical definitions as in chapters 3 and 4 so we omit them

here. We will consider the minimal coupling between the spin 1 gauge field and the
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Figure 5.1: Tree level Witten diagram associated with the computation of the

amplitude Aλ1λ3
J of the DVCS process γ∗p → γp. The bottom lines represent the

proton modeled by a scalar Υ.

higher spin field ha1...aJ

kJ

∫
d5X
√−ge−ΦFb1aDb2 . . . DbJ−1

F a
bJ
hb1...bJ , (5.1)

and the coupling of the scalar field to be

k̄J

∫
d5X̄
√−ḡe−Φ̄ῩD̄b1 . . . D̄bJ Ῡh̄b1...bJ . (5.2)

The computation of these cross-sections is very close to the computation we already

made in chapter 3, so we will not repeat it here and instead will write the final result

Aγ∗γ(s, t) =
∑
n

I (jn(t)) Ī (jn(t)) , (5.3)

where

Iγ
∗γ(J) ≡ sJ

∫
dze−(J− 3

2
)AfQψn(J), Ī(J) ≡ h(J)

dJ

dt

∫
dz̄e(−J+ 7

2
)Āῡ2ῡ4ψ̄n(J),

(5.4)

h(J) ≡ H(J)

(
i+ cot

(
πJ

2

))
H(J) ≡ 2−J−1πκJ κ̄J . (5.5)

The last amplitude is the one where both photons have transverse polarizations, other

combinations are subleading in s. To obtain this expression we have used the fact that

limQ3→0 fQ3(z) = 1.

To make predictions with this model we will need a recipe to compute the integral

over z̄ that captures the physics. The proton, as other baryons, in the context of the
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gauge/gravity duality is expected to be dual to a configuration of three open strings

attached to a D-brane [85, 86]. In opposite to the mesons case, phenomenological

holographic QCD approaches for explaining baryons spectrum are scarce, probably

due to the technicalities of the three string vertex. In this work we have modeled

the proton as a scalar field in the bulk. To be a good holographic description for the

proton this field would have, for instance, a spectrum that matches the proton mass

as well as all the other composite particles lying on the same trajectory. As we do

not have any concrete proposals in the context of the Improved Holographic QCD

model we follow a phenomenological approach and we will evaluate the integral in

Ī(J) doing a delta function approximation. This will be a gross approximation, yet

it should catch to a good extend how the integral in Ī(J) depends on J . The idea

is that the combination e3A−Φυ2υ4 is a function with a single extreme, which goes to

zero in both integral limits, and evaluates to 1 since it is the integrand of the norm of

the υ function. Thus the integrand in Ī(J) is the overlap of this function with the

remaining parts. Concretely, we will replace e3A−Φυ2υ4 by δ(z − z∗). The position of

the maximum z∗ has to be related, by dimensional analysis, to the inverse of the mass

of the proton and we will leave it as a fitting parameter.

We will also need to know the H(J) function defined in (5.5), at least a good approx-

imation of it within the range of interest for the J values, which is 0.6 . J . 1.3. In

the next section we will motivate the ansatz for H(J) that will be used in the fitting

procedure.

5.3 Ansatz for H(J)

Let us write the amplitude for the process γ∗p → γ∗p, which was already found in

chapter 3, using now the new definitions, the result is

F2(x,Q2) =
Q2

4π2αs
ImAγ∗γ∗(s, t = 0) =

∑
n

Iγ
∗γ∗(jn(0)), ImĪ(jn(0)). (5.6)

where

Iγ
∗γ∗(J) ≡ Q2J

4π2α
x1−J

∫
dze−(J− 3

2
)A

(
f 2
Q +

(∂zfQ)2

Q2

)
ψn(J). (5.7)

If we compare this with the expression (3.24) for F2(x,Q2) and recalling the definition

(3.26), then we see that the gn which gives the best fit of DIS data are related to the

values of Ī(J)|J=jn(t)

gn = gn(t = 0), gn(t) = H(J)

∫
dz̄e(−J+ 7

2
)Āῡ24ψ̄n(J)

dJ

dt
|J=jn(t). (5.8)
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Figure 5.2: Reconstruction of the H(J) function using the best parameters

found in chapter 3 and z∗ = 0.565. The solid line represents the function

exp (a0 + a1(J − 1) + a2(J − 1)2) with a0 = 3.70, a1 = −30.3 and a2 = 89.1.

By considering the above described approximation e3A−Φυ2υ4 ∼ δ(z−z∗) and inverting

the relation we can find a relation between H(J) and the gn

H(jn(t)) =
gn(t)

e(−jn(t)+ 1
2

)A∗ψ∗n(jn(t))djn(t)
dt

(5.9)

Now we can use the values of gn, jn and ψn found in chapter 3 with the previous

formula to reconstruct H(J) with the hope to learn at least some qualitative aspect

of this function. We start by choosing a z∗ value around 1, to be consistent with the

inverse proton mass scale, and change this value noticing in a logarithmic plot that

the logH can be well approximated in the range of interest by a quadratic curve in

J , say logH(J) = a0 + a1(J − 1) + a2(J − 1)2 with ai some unknown coefficients. We

choose therefore z∗ to the value such that we get the best match with such quadratic
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curve, which we found to be z∗ = 0.565. The result is shown in figure 5.3, the black

dots represent the actual reconstructed values of H(J) for each n.

This curve has as salient aspects a steep decay with J and non zero or extrema presents.

Now we would like to known whether if this is a realistic physical picture or not. We

can try to guess the shape of this function by considering the shape of the κ(J) and

κ̄(J) functions with J , at least in the sharp region for values of J of interest. In the

dual picture, these couplings are related to the coefficient of a spin J operator in the

OPE of two spin 1 operators. In the UV fixed point it should be possible to compute

this exactly since the theory would be free SU(N) and therefore the computation

only involves Wick contractions. Then as we move from the fixed point perturbative

corrections should appear. We will not carry on such computation here but instead we

will argue that a similar theory in the UV fixed point and for which the computation

has been done [87], the O(N) vector model, gives an H(J) with precisely the same

qualitative behavior. Indeed, if we take the results of [87] for the three-point bulk

vertex coupling of type A minimal higher-spin theory in AdSd+1 of massless higher

spin field of spin s1 = 1, s2 = 1 and s3 = J , compute the H(J) function defined

before and plot it in the range of interest then we see that precisely this is a very

steep decreasing function of J with no extrema or zeros in general, consistent with our

reconstructed results. Moreover if we replace the gamma functions appearing there by

its approximate version using the Stirling formula and expand quadratically around

J = 1, we get precisely an H(J) consistent with our ansatz. Of course this similarity

has to be taken with caution since we are comparing different theories, but our point is

that overall function shapes matches, and beyond the fixed point, corrections may be

well captured in suitable redefinitions of the coefficients ai in our ansatz. Whether this

capture some physics or not can be only said by confronting our predictions against

experimental data, which is what we do in the next section.

5.4 Results

In this section we will find the best fit for the free parameters in our model such

that our model matches the best the experimental data. We will have two process

observables: the total and differential cross-section data for DVCS from combined H1-

ZEUS points reported in [88,89]. We define the global χ2
g as the sum of the χ2 of each

one of the process observables considered:

χ2
g = χ2

σt + χ2
dσ(t)
dt

. (5.10)
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For a given observable O ∈ {σt, dσ(t)
dt
}, the respective χ2 function is defined as usual

χ2
O ≡

∑
n

(
Opred
n −On

δOn

)2

(5.11)

with Opred the predicted theoretical value and δO the experimental uncertainty and

the sum goes over the available experimental points.

In term of the amplitudes defined in the previous section the differential cross section

for DVCS is

dσ

dt
=

1

16πs2

1

2

2∑
λ1,λ3=1

∣∣Aλ1,λ3 (s, t)
∣∣2 =

1

16π2s2
|Aγ∗γ(s, t)|2, (5.12)

where we average over the incoming photon polarization. The total cross-section is

just the integral of the above

σt =

∫ 0

−1

dt
dσ(t)

dt
. (5.13)

The range −1 ≤ t ≤ 0 comes from the data.

We use our R developed package HQCDP to run the optimization problem for the χ2
g

function defined in (5.10) respect to the 9 parameters to be fitted. We compute our

kernel wave functions with N = 400 Chebyshev points and to compute the total

cross-section we split the interval −1 ≤ t ≤ 0 in parts of length 0.05, compute the

predicted differential cross-section for each one of these values and then we construct

an interpolation function using splines to get the predicted dσ(t)/dt in the given

interval with high precision. Our code includes a cache system using REDIS in memory

database which store the most expensive computations so they can be easily reused.

We also optimized our code for parallel computing by serializing the computation of

many integrals, using multiple cores if available. The present results were found using

a node in a High Performance Computing (HPC) cluster with 16 cores.

With the previously described setup we found a fit with a global χ2
d.o.f, ∼ 1.5. To

get an idea of what is the performance of this global fit in the individual datasets we

compute χ2
d.o.f. separately, first for the total and then for the differential cross-section

experimental data, and got 1.8 and 1.3 respectively, showing that the description per

process is good as well. The best values found are shown in table 5.1. In figures

5.4 and 5.3 the theoretical predictions and the experimental values for the total and

differential cross-sections of DVCS are shown.
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Figure 5.3: Predicted vs. experimental values of the differential cross-section dσ(t)
dt

for DVCS. Different gray levels correspond to different combinations of Q2 and W as

described in the legends. Here Q2 and t are in GeV2, W in GeV and dσ
dt

is in nb
GeV2 .
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Figure 5.4: Predicted vs. experimental values of the total cross-section σt of DVCS.

Small numbers attached to lines and points of the same grey level indicate the

respective value of Q2 in GeV.

Kernel parameters Extra parameters Intercepts

a = −4.55 h0 = 4.74 j0 = 1.24

b = 0.980 h1 = −35.9 j1 = 1.13

c = 0.809 h2 = 142 j2 = 1.08

d = −0.160 z∗ = 0.296 j3 = 1.05

ls = 0.153 – –

Table 5.1: The 9 parameters for our best fit and the intercept of the first four pomeron

trajectories. All parameters are dimensionless except z∗ and ls which are in GeV−1.
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5.5 Conclusions

In this chapter we show that is possible to have a quantitative explanation of the

H1-ZEUS latest data of total and differential cross-sections of DVCS using the same

kernel for the holographic Pomeron for both experimental datasets. With this, we give

our first steps towards a single model for the holographic Pomeron across different

process known to be dominated by Pomeron’s exchange. We should remark however,

that we are presenting here preliminary results which can potentially be improved.

If we predict DIS data with the model found in this chapter we get a large χ2
d.o.f .

This is somehow expected since looking at table 5.1 we see that the intercepts differ

considerably from those in table 3.1, and we know that F2 depends sensitively on

those. Nevertheless, comparing the kernel parameters found here with those which

gives the best fit in chapter 3, we see that their relative difference is not large: 4.6%,

30.5%, 29.2% and 36.8% for a, b, c and d while ls coincide. This supports the idea

that using a different ansatz for H(J) or actually performing the z̄ integral may lead

to a successful joint fit of DVCS and DIS data.

Since our kernel is built on top of bottom-up holographic QCD models, this may serve

as well as a check point for such models. For such task, we are releasing together with

this work an R package that can take as input different solutions of dilaton-gravity

equations, say a list of values of z and the correspondent values of A(z) and Φ(z). It

may be well the case that the kernel representing the twist 2 fermion operators may be

needed, as suggested by Donnachie and Landshoff [5]. We will have further discussion

about this in the final conclusions.
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6
Conclusions

In this thesis we have explored the idea of realizing the Pomeron in the context of

bottom up approaches to holographic QCD. In chapter 2 we show how to deform the

known spin J field equations in AdS, considering the diffusion limit, and how this can

lead to explain the Soft Pomeron trajectory.

In chapter 3 we go one step further and, following the suggestion of Donnachie and

Landshoff, show that it is possible to explain the raise in the effective exponent of the

F2(x,Q) structure function with Q by considering the exchange of multiple Pomeron

trajectories which are part of a single kernel. This is a concrete realization of the idea

suggested by AdS/CFT that both Soft and Hard Pomeron are part of the same object.

We saw how the f0,1(Q2) encode the wave function of the kernel of the holographic

Pomeron and how these wave functions can be reconstructed, obtaining for them

shapes which look like solutions of a quantum mechanic problem. At this point we

realized that the terms considered in chapter 2 in the strong coupling expansion of

∆J(λ) were not enough so further terms, proportional to J − 2, are needed in the

kernel construction. From the perspective of the gauge/string duality this means that

α′ corrections are important. We considered such α′ corrections by adding all the

possible terms of the dynamical fields allowed by dimensional analysis and we let the

coefficients to be fixed by the fitting against experimental data procedure. Moreover

we saw that after the fitting procedure the Regge trajectories obtained are in great

agreement with the known lattice QCD data for the masses of the higher spin glueballs,

and also that its asymptotic behaviors are the one expected for a realistic QFT.

In chapter 4 we consider a different type of coupling between the higher spin fields

belonging to the graviton’s trajectory and the spin 1 gauge field in the bulk that

represent the hadronic current in the dual theory. In AdS there are only two possible
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couplings, but once we break conformal invariance more richer structures are allowed,

making a systematic analysis more complex. We consider a specific type of vertex and

show that considering such coupling can lead to an improvement in the fit of Deep

Inelastic Scattering data.

Finally in chapter 5 we explore the possibility of having a realistic realization of the

holographic Pomeron, beyond tailored models per specific processes. With this in mind

we show that is possible to make a global fit of total σt and differential cross-sections

dσ(t)/dt experimental data from Deeply Virtual Compton Scattering processes.

As output of all this research, together with the papers produced, we release all our

code available at:

https://github.com/rcarcasses/HQCD-P

This has the form of an R language package. We have chosen R since it provides an

easy interface with C and C + +, so bottleneck computation can actually speed up, it

produces paper ready quality graphs, is free, is a beautiful functional language, has a

highly active community and it contains many optimization routines by default. From

our perspective R is greatly suited for the tasks we carried on in this thesis since it

just glue together many well established FORTRAN and C routines in a transparent way,

allowing at the same time a simple and efficient manipulation of their output. With the

release of this code we put our research to the reach of anyone, in the public domain.

There are many reasons we believe this is the right thing to do. Firstly our result can

be easily per reviewed by other experts, which can potentially spot errors or mistakes

and therefore can contribute to its improvement. Secondly, we may potentially have

contributions from other specialist which can also enrich the library. Thirdly, we are

living in an age where testability of scientific results have become a problem, and we

believe is a good practice to publish the code used in research that involves numerical

computations, contributing this way to an easy spread of knowledge. We hope to

continue to develop this package in the future for it to become a reference in the

subject, allowing future users to predict with ease what would be for instance the

predicted behavior of F2(x,Q2) at some x and Q given as input certain holographic

model, say a list with z and A(z) values produced in Mathematica for instance, or a

certain shape for the potential that define the kernel, or to consider many kernels, etc.

We would like to discuss now the perspectives of this work. The result found in the

global fit of DVCS data is encouraging and suggest as natural next step to put together

with these processes the Vector Meson Production and DIS ones. The last is currently
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under development and seems plausible since there exist already phenomenological

global fits with VMP and DVCS data using, for example, the fact that the data

exhibit geometrical scaling, see for example the recent paper [90].

As we have already pointed out in the conclusions of chapter 3, it seems natural

to include also in the computation of the scattering amplitude not only the kernel

associated with the glue sector of the gauge theory, which is known to give the leading

contribution, but also the holographic kernel associated with the exchange of fermion

twist 2 operators. The last are subleading in 1/N , but beyond the leading order

eventually they have to be considered and its trajectories may overlap with the 3 and

4 pomerons in the region near |t| ∼ 0 as the graph 3.3 suggest. It could well be the

case that the observed behavior of F2 data with Q and x comes from the combined

effect of the first two trajectories from the gluon sector and the first two from the

fermion sector, as suggested by the work of Donnachie and Landshoff [5, 55]. In their

work they consider the exchange of the mesons ρ and a families which are supposed to

be created by these fermion twist 2 operators. According with a linear extrapolation

for these trajectories their intercepts are in the range 0.5 ∼ 0.9, precisely where our

third and four pomerons are. If one expect a slight bending of these trajectories as

to become flatter near |t| ∼ 0, just like what happens for the pomeron’s trajectories,

then these intercept values should be even higher.

To proceed in this line we need to follow a similar logic as in chapter 2: starting with

the dual field of the operator ψ̄γµψ, which is a spin 1 gauge field in the bulk, we

then should try to analytically extend its equation of motion such that its extension

satisfies the same principles described in section 2.3.2, consider α′ corrections and find

the associated kernel by resumming the tree level exchange of all the fields described

by such equation of motion. To get a consistent picture from the Regge theory

perspective, the normalizable modes of the dual field to the operator ψ̄γµψ should

give the mass spectrum of the ρ mesons in the radial quantum number n. Then our

analytic continuation should lead to the right spectrum dependence with the spin

quantum number J as well as to a kernel, which combined with the gluon sector one,

allows to explain scattering data. We are currently developing this line and hope to

get some insights soon.

Finally we would like to revisit the elastic pp → pp (proton-proton) process, whose

differential cross-section data we would like to include in our global fit in the near future

as well. One of the reasons we would like to include this process is because there is

plenty of data which we can use to refine holographic models. This process seems to

be dominated by Pomeron’s exchange [53], but it also seems to require multipomeron
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exchanges to explain the data if one assume a linear trajectory for the Soft and Hard

Pomerons. This is interesting because we know that single Pomeron exchange should

violate the Froissart bound, but we do not know at which scale this occurs, so this

process may be pointing out the value for s0 in formula (1.12). But, on the other

hand in our proposal the argument of Donnachie and Landshoff is not valid since

our trajectories are not linear, so we can potentially explaining the observed data

without considering further Pomeron exchanges. Nevertheless from the holographic

perspective we still have to develop a more realistic model that describe the proton’s

wave functions in the radial coordinate. Baryons are expected to be described by the

dynamic of the vertex of three open strings, a picture that comes intuitively from

considering the three valence quarks inside the baryon interacting through color flux

tubes. More precisely in the context of AdS/CFT , baryons appear when three strings,

each with a free end, have their other end terminating on the same place in a D-brane.

This is the top-down picture. But for concreteness in our computations we will need

to develop a bottom-up approach considering a pair of bulk spinors to describe the

boundary Dirac spinor, following for instance [91]. Then we will need to review as

well how these spinors can couple to the higher spin fields from graviton’s trajectory,

particularly which are the relevant vertices in the Regge limit, and which components

survive. This is an exciting subject we hope we can address as well. This thesis ends

here.
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A
Mandelstam variables

Mandelstam variables are particularly useful in the analysis of 2 vs 2 scattering.

Consider the s-channel scattering 1 + 2→ 3 + 4 as shown in the figure A.1.

Figure A.1: 2 vs 2 scattering process.

The Mandelstam variables, which are Lorentz invariant by construction, are

s = (P1 + P2)2 , (A.1)

t = (P1 − P3)2 , (A.2)

s = (P1 − P4)2 , (A.3)

where four momentum conservation implies s + t + u =
∑

im
2
i , thus only two are

independent, usually s and t are taken. The scattering amplitude can be written

then as A (s, t, u) = A (s, t), for example. By reversing the sign of some of the four

momenta the amplitudes in the t and u channel are obtained: the figure A.1 represent

the scattering 1+2→ 3+4 but changing the sign of P3 and P2 one gets the scattering

1 + 3̄ → 2̄ + 4, which is the t-channel scattering amplitude where the bar denotes an

antiparticle, and similarly for the u-channel. This crossing symmetry property implies

A1+2→3+4 (s, t, u) = A1+3̄→2̄+4 (t, s, u) = A1+4̄→2̄+3 (u, t, s) . (A.4)
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In the center of mass frame

P1 = (E1, ~p1) P2 = (E2,−~p1) , (A.5)

P3 = (E3, ~p3) P4 = (E4,−~p3) . (A.6)

Notice that these Pi are not the ones in the figure A.1 but the transformations of those

in the center of mass frame. Momentum conservation demands P1 + P2 = P3 + P4

which implies s = (P1 + P2)2 = (E1 + E2)2 = (E3 + E4)2. In this frame

E1 =
1

2
√
s

(
s+m2

1 −m2
2

)
E2 =

1

2
√
s

(
s+m2

2 −m2
1

)
, (A.7)

E3 =
1

2
√
s

(
s+m2

3 −m2
4

)
E4 =

1

2
√
s

(
s+m2

4 −m2
3

)
, (A.8)

~p2
1 =

1

4s

[
s− (m1 +m2)2] [s− (m1 −m2)2] , (A.9)

~p2
3 =

1

4s

[
s− (m3 +m4)2] [s− (m3 −m4)2] , (A.10)

thus the three Mandelstam variables are

s = (E1 + E2)2

t = m2
1 +m2

3 − 2 (E1E3 − |~p1| |~p3| cos θs)

u = m2
1 +m2

4 − 2 (E1E4 + |~p1| |~p3| cos θs)

where θs is the scattering angle in the center of mass frame. The physical region for

the s-channel is

s ≥ (m1 +m2)2 − 1 ≤ cos θs ≤ 1. (A.11)

For equal masses mi = m

s = 4
(
p2 +m2

)
,

t = −2p2 (1− cos θs) ,

u = −2p2 (1 + cos θs) ,

where p = |~p1| = |~p3|. The physical regions for the different channels are

s ≥ 4m2 t ≤ 0 u ≤ 0 s-channel, (A.12)

t ≥ 4m2 s ≤ 0 u ≤ 0 t-channel (A.13)

u ≥ 4m2 s ≤ 0 t ≤ 0 u-channel. (A.14)

It is possible to do a pictorial representation of the physical region for each channel

by considering fact that the sum of the distances from a point on a plane to the sides

of a triangle does not depend on the position of the point. In particular choosing an

equilateral triangle and identifying s, t and u with the distance of a point to each one

of the sides of the triangle, then each point of the plane satisfy s + t + u = 4m2, and

the physical regions will be those shadowed in the figure A.2.
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Figure A.2: A geometrical representation of the physical regions for each channel.
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B
Some remarks about the BPST Pomeron

In this section a few explicit computations relative to the BPST Pomeron are presented

in detail.

B.1 Saddle point of the integrand

This is almost a trivial computation. The extreme points of a function can be

computed by deriving it and equaling to zero, the same applies for complex variables,

one have just to be careful enough and keep in mind that in this notation w and w̄

are independent variables

d

dw

(
w−4−α

′
2
t (1− w)−4−α

′
2
s f (w̄)

)
= w−4−α

′
2
t (1− w)−4−α

′
2
s×,

×
((
−4− α′

2
t

)
1

w
+

(
−4− α′

2
s

) −1

1− w

)
= 0.

This is equivalent to (
−4− α′

2
t

)
1

w
=

(
−4− α′

2
s

)
1

1− w, (B.1)

which for s, t→∞ becomes

t− tw = sw → w =
t

s+ t
. (B.2)

B.2 Regge limit amplitude integral

In this section the integral (1.89) is compute as detailed as possible given its impor-

tance. As noticed by the authors the integral converges only for −4 > α′t > −8,
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and the expression for the amplitude for other values of t is obtained by analytic

continuation of these results, this is, the same expression but now with a bigger domain

of possible values of t.

Noticing that

|w|−4−α
′

2
t =

1

Γ
(
2 + α′

4
t
) ∫ ∞

0

dxx1+α′
4
te−xww̄, (B.3)

which is just the well know Feynman trick, the integral becomes

1

Γ
(
2 + α′

4
t
) ∫

C
d2w

∫ ∞
0

dxe
−xww̄+

(
2+α′

4
s
)

(w+w̄)
x1+α′

4
t, (B.4)

where the integral in w covers the entire complex plane, and it’s gaussian. Now

the integration order is change and the
∫
d2w is computed explicitly, recalling that

w = σ1 + iσ2 and dw2 = 2dσ1dσ2 one gets1

∫
C
d2we

−xww̄+
(

2+α′
4
s
)

(w+w̄)
=

∫ ∞
−∞

∫ ∞
−∞

2dσ1dσ2e
−x(σ2

1+σ2
2)+α′

2
sσ1 ,

= 2e
α′2
16x

s2
∫ ∞
−∞

dσ1e
−
(√

xσ1− α′
4
√
x
s
)

+α′
2
sσ1

∫ ∞
−∞

dσ2e
−xσ2

2 ,

= 2π
1

x
e
α′2
16x

s2 ,

putting back this into the amplitude

A (s, t) =
2π

Γ
(
2 + α′

4
t
) ∫ ∞

0

dxe
α′2
16x

s2x
α′
4
t. (B.5)

The remaining integral already have the form of a gamma function but with the wrong

sign in the exponential. Changing variables to y = 1/x and inserting the identity in

the exponential argument −
(
eiπ/2

)2
= 1 the integral in the last expression becomes∫ ∞

0

dyy−2−α
′

4
te
−y
(
α′
4
seiπ/2

)2

. (B.6)

Doing finally y → y
(
α′

4
seiπ/2

)2
we get the desired gamma function integral form giving(

α′

4
seiπ/2

)2+α′
2
t
Γ
(
1− α′

4
t
)

for this integral. The final result for the amplitude is then

A (s, t) = 2π
Γ
(
1− α′

4
t
)

Γ
(
2 + α′

4
t
) (α′

4
seiπ/2

)2+α′
2
t

. (B.7)

1This is very well explained in several books, like for example in the first book of Polchinski.
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B.3 OPE in flat space

Here the operator product expansion OPE of the two tachyon vertex operators is

computed at basic level. In this section the normal order notation is reestablished

for the sake of clarity. In flat space the OPE reduces to compute the normal order

operator associated with the two operators involved and then Taylor expanding in the

distance. This is because, as already mentioned, the worldsheet QFT is a free CFT

and basically the computation is reduced to compute efficiently Wick contractions.

Starting with the general formula (2.2.10) of Polchinski book [92]

: F :: G := exp

(
−α

′

2

∫
dz2

1dz
2
2 ln |z12|2

δ

δXµ
F (z1, z̄1)

δ

δXGµ (z2, z̄2)

)
: FG :, (B.8)

then taking z1 = w, z2 = 0, F = eip1·X(w,w̄) and G = eip2·X(0) and expanding the

exponential in the previous formula in Taylor series

: eip1·X(w,w̄) :: eip2·X(0) : =
∞∑
k=0

(−α′)k
k!

(∫
dw2dz2

2 ln |w| δ

δXµ
F (w, w̄)

δ

δXGµ (z2, z̄2)

)(k)

: eip1·X(a,ā)eip2·X(b,b̄) : |z2=0. (B.9)

The (k) notation in the exponent is to remark that this is a functional power expansion,

this is, the value is obtained by applying it k times to the expression at the right. The

subindices F and G is to denote that the functional derivatives act only on the variables

that belongs to the operators F and G respectively. Noticing that∫
dw2dz2

2 ln |w| δ

δXµ
F (w, w̄)

δ

δXGµ (z2, z̄2)
: eip1·X(a,ā)eip2·X(b,b̄) : |z2=0

=:

∫
dw2dz2

2 ln |w| δe
ip1·X(a,ā)

δXµ (w, w̄)

δeip2·X(b,b̄)

δXµ (z2, z̄2)
: |z2=0

=:

∫
dw2dz2

2 ln |w| p1 · p2e
ip1·X(a,ā)eip2·X(b,b̄)δ2 (a, w) δ2 (b, z2) : |z2=0

= − ln |w| p1 · p2 : eip1·X(w,w̄)eip2·X(0) :,

where δ2 (x, y) is the 2d Dirac delta function, then acting k times with the integral

operator gives a factor of (− ln |w| p1 · p2)k, thus (B.9) reduces to

: eip1·X(w,w̄) :: eip2·X(0) : =
∞∑
k=0

(α′ ln |w| p1 · p2)k

k!
: eip1·X(w,w̄)eip2·X(0) :

= exp (α′ ln |w| p1 · p2) : eip1·X(w,w̄)eip2·X(0) :

= |w|α′p1·p2 : eip1·X(w,w̄)eip2·X(0) :,

which is the formula (2.2.13) of [92].
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B.4 Expectation value on the sphere

Similar to a common QFT, one can define a generating functional Z [J ] in string theory

such that one can compute all kind of correlation functions by just taking functional

derivatives of it, or alternatively, choose wisely the source functions J .

At tree level the relevant Riemann surface for closed strings in flat space is a sphere,

which is basically the complex plane plus a point at infinity. In this case is relatively

simple to compute Z [J ] since the worldsheet theory is non interacting. Here we just

the result appearing in Polchinski’s book, formula (6.2.1)

Z [J ] =
〈
ei
∫
dσJ(σ)·X(σ)

〉
= Ce−

1
2

∫
dσdσ′J(σ)·J(σ′)G(σ,σ′), (B.10)

where G (σ, σ′) = α′ ln |z12| is the 2d Green’s function of the Laplace operator. After

doing the OPE with the first two operators in the 4 tachyon amplitude one is left with

the expectation value of the following 3 operators〈
eik·X(0)+p1·(w∂+w̄∂̄)X(0)eip3·X(1)eip4·X(∞)

〉
. (B.11)

It is very easy to realize that the for of the sources that reproduce the above 3 point

function is

J (σ) =
(
k + p1

(
w∂ + w̄∂̄

))
δ2 (σ − σ0) + p3δ

2 (σ − σ1) + p4δ
2 (σ − σ∞) . (B.12)

Notice that the derivatives ∂ and ∂̄ acts on σ0. Putting back this result in (B.10) one

finds that 〈
eik·X(0)+p1·(w∂+w̄∂̄)X(0)eip3·X(1)eip4·X(∞)

〉
= e

(
2+α′s

4

)
(w+w̄)

, (B.13)

where 2 + α′s
4

= 1
2
p1 · p3 and the momentum delta function was omitted and the

expression is normalized the same way as the amplitude. The only term that require a

little attention is the first one but presents no difficulties. This proves that the integral

Regge behavior can be obtained using the OPE.
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C
Projection of tensor laplacian in Minkowski indices

It is illustrative to decompose the d+1 tensor laplacian into its boundary indices (non

z ones)

DaD
aφa1...aJ |ai=µi a = (µ, z) = 0, .., d. (C.1)

For a general totally symmetric traceless rank J tensor one can proceed to write all

the covariant derivatives and try to find the general pattern but we will do it in a

different way as described below:

• Pass the tensor field φa1...aJ to the tangent space φA1...AJ = ea1
A1
...eaJAJφa1...aJ using

the frame formulation.

• Define a generating functional |ΦJ〉B = φBA1...AJα
A1 ...αAJ |0〉 where αA, ᾱA are

creation and annihilation operators. This way we get rid of indices.

• Define a projection operator PB1...BJ that extract the tensor components B1...BJ

from the generating functional. This way we can go back a forth from the space

of Fock states to the space of symmetric tensors.

• Define a covariant derivative operator acting in the Fock state |ΦJ〉B such that

the projection of the state obtained by acting with this operator gives the

covariant derivative of the encoded tensor field.

• The laplacian then is just twice the action of this operator. Extract the subset

of interested components in the frame, which are in one to one correspondence

with the target space ones.

• Translate back the result to the target space indices.

In this approach, one ends with a lot of definitions but with a minimum of computa-

tions to be explicitly done.
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C.1 Computation

As stated before, the first step is to move to the tangent space

φA1...AJ = ea1
A1
...eaJAJφa1...aJ , (C.2)

where eAµ = eA(z)δAµ the vielbein in our AAdS space1 which satisfy the frame postulate

DAe
µ
B = 0. The relation between the laplacians in target/tangent space is just

DaD
aφa1...aJ = eA1

a1
...eAJaJ DAD

AφA1...AJ = eJA(z)δA1
a1
...δAJaJ DAD

AφA1...AJ , (C.3)

where DA ≡ eµADµ. In our case eAa is diagonal, extracting the µ components of

DaD
aφa1...aJ is equivalent to extract the µ̂ components of DAD

AφA1...AJ with µ̂ = µ.

To move forward it is convenient to use Metsaev formalism [93] to get rid of indices

at this point. In fact, some modification is needed since we need to define properly

the representation of the covariant derivative acting on the generating functional of

a tensor with all but one contracted indices. Let’s encode the indices A1...AJ of

the totally symmetric tensor φBA1...AJ in a Fock space vector generating functional

|ΦJ〉B = φBA1...AJα
A1 ...αAJ |0〉 where αA, ᾱA are creation and annihilation operators

ᾱA|0〉 = 0,
[
ᾱA, αB

]
= ηAB,

[
αA, αB

]
=
[
ᾱA, ᾱB

]
= 0. (C.4)

In this formalism, extracting the components B1...BJ of a some tensor represented by

|H〉 is equal to project the Fock vector into the base of states created by αA1 ...αAJ |0〉.
The projector operator will be

PB1...BJ ≡
1

J !
〈0|ᾱB1 ...ᾱBJ . (C.5)

Lorentz covariant derivative acting on |ΦJ〉B is found by requiring that its projection

matches DCφBA1...AJ

φBA1...AJ
αA1 ...αAJ−−−−−−→ |ΦJ〉B

DC

y yD̂C

DCφBA1...AJ ←−−−−−
PA1...AJ

D̂C |ΦJ〉B

. (C.6)

It can be easily proved that

D̂C = D̃C |ΦJ〉B + ω A
C B|ΦJ〉A, (C.7)

1Abusing of notation we have set A as a tangent space index and A (z) is the warp factor of the

metric.
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D̃C = ∂̂C + ωCABα
[AᾱB], ∂̂C ≡ eµC∂µ, ωABC ≡ eµCω

AB
µ , (C.8)

where ωABµ is the spin connection. Notice that D̃C is the operator in Metsaev paper

and for a totally symmetric tensor, no B index, the result matches. Notice also that

the extension for tensors |ΦJ〉B1...Bn with an arbitrary number of extra indices is trivial:

just to add new connection terms per index as in an ordinary covariant derivative. The

whole point of all these definitions is that extracting the desired components is reduced

to compute Wick contractions, which in principle should be easier to handle.

Before proceeding further let’s first derive the formula for the scalar laplacian, since

it will be useful later. Since it has no indices all Wick contractions give zero

DµD
µφ = DAD

Aφ = PD̂A

(
D̂A|Φ0〉

)
= (C.9)

〈0|
(
∂̂C + ωCABα

[AᾱB]
)(

∂̂C +
1

2
ωCABα[AᾱB]

)
φ+ ω C

C D

(
∂̂D +

1

2
ωDABα

[AᾱB]

)
φ|0〉

= ∂̂C ∂̂
Cφ+ ω C

C D∂̂
Dφ = eaC∂ae

C
b ∂

bφ+ eaCe
D
b ω

C
a D∂

bφ (C.10)

= ∂2φ+ eaC
((
∂ae

C
b

)
+ eDb ω

C
a D

)
∂bφ

= ∂2φ+ eaCe
C
c Γcab∂

bφ = ∂2φ+ Γaab∂
bφ,

which is indeed the scalar laplacian. For a warped flat space ds = eA(z)ηabdx
adxb:

D̃C = ∂̂C − ζ (z)
(
αzᾱC − αzᾱC

)
, ζ (z) = ∂ze

−A(z). (C.11)

We will be interested in the B1...BJ = µ̂1...µ̂J 6= z components of the DAD
AφA1...AJ

tensor, so we need to compute

1

J !
〈0|ᾱµ̂1 ...ᾱµ̂J D̂A

(
D̂AφA1...AJα

A1 ...αAJ |0〉
)
, (C.12)

which after expanding and defining |JAi〉 ≡ αA1 ...αAJ |0〉 gives

〈JBi |∂̂C ∂̂C −
1

2

(
∂̂Cζ (z) + 2∂̂C

)
α[zᾱC] +

1

4
ζ (z)2 α[zᾱC]α[zᾱC]

+ ω C
C D

(
∂̂D − 1

2
ζ (z)α[zᾱD]

)
|JAi〉φA1...AJ .

Let us quickly recognize that terms with no α’s just give the scalar laplacian (C.10),

so

∇2
0φµ̂1...µ̂J + 〈JBi |−2

(
∂̂Cζ (z) + 2∂̂C

)
α[zᾱC] + 4ζ (z)2 α[zᾱC]α[zᾱC] (C.13)

− 2ω C
C Dζ (z)α[zᾱD]|JAi〉φA1...AJ .
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C- Projection of tensor laplacian in Minkowski indices

It remains to compute the Wick contractions

1

J !
φA1...AJ 〈J µ̂i |2α[zᾱC]|JAi〉 = ηµ̂1Cφµ̂2...µ̂Jz + (µ̂i → µ̂i+1), (C.14)

1

J !
φA1...AJ 〈J µ̂i |4α[zᾱC]α[zᾱC]|JAi〉 = −Jφµ̂1...µ̂J + J !η(µ̂1µ̂2φµ̂3...µ̂J )zz.

Here +... means terms obtained by circular cycling permuting the µ̂ indices: µ̂i → µ̂i+1

with µ̂J+1 = µ̂1.

As one can guess the equation contain terms of the types φµ̂...µ̂, φzµ̂...µ̂ and φzzµ̂...µ̂.

Projected into this indices, the tensor is no longer traceless neither transverse. We

can now proceed to decompose φµ̂...µ̂ into irreducible representations of the boundary

symmetries, φµ̂1...µ̂J = φTTµ̂1...µ̂J
+ ∂(µ1φ

1
µ̂2...µ̂J ) + ..., in this process one can demand

after evaluating the laplacian that the coefficients for each spin to be zero, giving the

equation of motion for each one of them. Since φTTµ̂1...µ̂J
can not mix with another

field of the same spin, because there are not, then one conclude that the action of the

laplacian in it is equal to the action on φµ̂1...µ̂J , thus, the equation of motion for this

field is (
∇2

0 − Jζ (z)2)φTTµ̂1...µ̂J
=
(
∇2

0 − Jζ (z)2) ea1
µ̂1
...eaJµ̂Jφ

TT
a1...aJ

(C.15)

This is the equation of motion in the tangent space, in target space will be

eµ̂1
µ1
...eµ̂JµJ

(
∇2

0 − Jζ (z)2) ea1
µ̂1
...eaJµ̂Jφ

TT
a1...aJ

, (C.16)

which is just (
eJA(z)∇2

0e
−JA(z) − JA′ (z)2 e−2A(z)

)
φTTµ1...µJ

. (C.17)

This is the same formula (2.20) written in [13] only for the +++ component considering

a specific frame where the momentum components +,− are zero. In that case there

is no projection in the TT part, but one get the same formula if in (C.13) set µ̂i = +

and demand that ∂+φ+...+z = 0 or considering φzµ̂2...µ̂J = 0.
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D
Numerov’s method

This is a numeric method to solve second order ordinary differential equations where

the first derivative term is missing, the equation is in its “Schrodinger form”. Briefly,

given the equation (
d2

dx2
+ f (x)

)
y (x) = 0, (D.1)

a solution can be build using the following recurrent relation:

yn+1 =

(
2− 5

6h2fn
)
yn −

(
1 + h2

12
fn−1

)
yn−1

1 + h2

12
fn+1

, (D.2)

where fn = f (xn), yn = y (xn) and xn+1 − xn = h. In a one-dimensional Schrodinger

problem, up to a constant, f (x) = E − V (x) where E is the energy eigenvalue. The

method can be extended also to the non homogeneous and non linear case.

In order to solve the 2 point boundary value problem (BVP) y (−∞) = y (∞) =

01, which represent bound states from the quantum perspective, a good idea is to

determine first for which values of E the potential may have bound states. This can

be easily guessed by plotting the potential function against x: bounds states may exist

in those zones where there are wells and the range of E goes from the value of the

potential at the bottom of the well up to the well’s height. This considerably restrict

the range of possible eigenvalues for bound states and also suggest the range of values

for x, {xmin, xmax} to be used in the numeric computation such that the eigenvalues

found does not depend sensitively of this range.

A natural approach to solve the bound states problem would be to split the interval

in N = xmax−xmin
h

pieces and, for a given E under the interval of possible values one

1The boundary of the space under consideration can vary, still the analysis is valid. For example

while solving the radial part of the Schrodinger equation in the Hydrogen atom the boundary

conditions are y (0) = y (∞) = 0, as x = r represents the radial coordinate.
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D- Numerov’s method

have figured out for it, start from the left putting y0 = 0 and y1 = 0.001 for example

and propagate this solution to the right using (D.2), and then check if at the right

boundary yN = 0, or close to it, if is not zero then change E a bit and check again.

In most of the cases this does not work and the reason is the following: assuming the

right boundary is inside the forbidden region (E < V (xmax)), there are two possible

solutions in its vicinity, one that grows to infinity and other that goes exponentially

to zero, then starting from the left and propagating the solution to the right does not

guarantee that the numerical computation will choose the decaying solution at the

right. This is very subtle and instead and improved approach is frequently used: a

solution is propagated from the left using y0 = 0 and some value of y1 and another

solution is propagated from the right using yN = 0 and yN−1 small, then they are

required to match at a given point xc, as well as its derivatives. In this way one can

be sure that the correct solutions has been chosen at the boundaries, what is left is

to change E until a good match between the left and right solutions is found at xc.

Calling l (x) and r (x) the solutions that starts at the left and right respectively, the

connecting condition reads

diff (xc) ≡ l (xc) r
′ (xc)− l′ (xc) r (xc) = 0. (D.3)

It turns out that good values for xc are those where f (x) = 0, these are the classical

returning points of the potential. The problem is reduced then to find those values of

E such that diff (x) = 0.

A beautiful thing about using (D.3) as the eigenvalue condition is that the values of

y1 and yN−1 are irrelevant for the problem. Indeed, changing y1 for another value will

have the effect of scaling l (x), as all its points are proportional to y1 according to the

way we obtain them (D.2). Now the value of E such that the connecting condition

(D.3) is satisfied is insensitive to a scaling of l (x), as the zeros of a scaled diff (xc)

function are the same of an unscaled one, thus insensitive to the value of y1. The same

applies for the right solution.

While this is good for determining the eigenvalues it can lead to confusing results

for the eigenfunctions. We can end satisfying the connecting condition for some l (x)

and r (x) that actually do not match at x = xc. But the solution of this is very

easy: just have to rescale one of them such that l (xc) = r (xc), this is equivalent to

changing y1 or yN−1, thus giving the right values for the first derivatives of y (x) at the

boundaries. This method is cheaper than computing those values from the beginning

using some kind of asymptotic expansions. The figure D.1 shows a specific case of the

aforementioned situation and its solution.
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Figure D.1: Harmonic oscillator fifth level plot. At the left the configuration obtained

when the connecting condition is satisfied. At the right the correct eigenfunction after

scaling the left part to mach the right solution at x = xc and normalizing. For this

example V (x) = x2, y1 = −0.1, yN−1 = 0.04, h = 0.008, xmin = −5, xmax = 5, the

eigenvalue obtained is E5 = 9.00003, the exact value is 9.
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E
Numeric convergence

For the specific model we consider in chapter 3, configurations for the potential with

a very large dip close to z = 0 appear for the 3rd and 4th trajectories, as can be

seen in figure 3.8, requiring a careful analysis of the precision of the computation. As

commented in the paper, we have used mainly a Chebyshev algorithm for solving the

Schrödinger problem in which functions in the interval [zmin, zmax] are discretized in

N points. We have done first our minimization procedure starting with N = 250, and

then gradually increased it to N = 400, 800 and 1000. At each one of these values

of N , using as a starting point the best values obtained from the previous N , we run

our minimization routine always obtaining a χ2 ∼ 1.7. In figure E.1 it is shown the

evolution of the best fit parameters with N , in the paper we reported values for the

N = 1000 case.
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Figure E.1: Evolution of best fit parameters with the number of interpolation points

N .
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[17] Miguel S. Costa and Marko Djurić. Deeply virtual Compton scattering from

gauge/gravity duality. Physical Review D, 86(1):016009, July 2012.
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