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Resumo

A nocdo de matroide constitui uma generalizacdo amplamente estudada do conceito de
independéncia linear de vectores. A presente monografia lida com uma classe estritamente
mais ampla de complexos simpliciais cujos elementos admitem uma representacao através de
uma matriz com entradas no semi-anel booleano, dai serem designados booleanamente
representaveis. Comegamos por introduzir os conceitos de representagdo de um complexo
simplicial através de uma matriz (booleana) e através de um reticulado; mostramos que, mediante
certas condigcOes estes conceitos sdo equivalentes; e apresentamos formas canoénicas de ambos
os tipos de representacao.

De seguida introduzimos duas possibilidades para quantificar distancias entre complexos
simpliciais booleanamente representaveis que se baseiam na existéncia de um tipo particular
de matrizes booleanas (ditas 1-completas). Estas nogbes de distancia motivaram as questoes
principais discutidas neste trabalho: obter uma caracterizagdo dos complexos simpliciais que
admitem representacdes booleanas 1-completas alternativas com conjuntos de linhas disjuntos;

obter majorantes para a distancia entre matréides uniformes.

Palavras-Chave: Complexo Simplicial, Complexo Simplicial Booleanamente Representavel,

Matréide






Abstract

The notion of matroid constitutes a widely studied abstract generalization of the concept of
linear independence of vectors. This monograph deals with a strictly wider class of simplicial
complexes whose elements admit a representation through a matrix with entries in the boolean
semiring, so they are said boolean representable. We start by introducing the concepts of
(boolean) matrix representation and lattice representation of a simplicial complex; we show that,
under certain assumptions, they are equivalent; and we present canonical forms of both
representations.

We introduce then two possibilities for measuring distances between boolean representable
simplicial complexes relying on the existence of a particular type of boolean matrices (said
1-complete). These notions of distance motivated the main questions discussed in the present
work: getting a characterization of simplicial complexes admitting alternative 1-complete boolean
representations with disjoint sets of lines; and getting upper bounds to the distance between

uniform matroids.

Keywords: Simplicial Complex, Boolean Representable Simplicial Complex, Matroid
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Chapter 1

Introduction

The present monograph deals with an emerging class of simplicial complexes (said boolean
representable) first introduced in [1], [2] and [3] and largely discussed in [6]. A simplicial complex
is a pair H = (V, H) where V is a finite nonempty set and H C 2V is a family containing all the
singletons and satisfying the following property: if X € H and Y C X then Y € H (we say that
H is closed under taking subsets). The dimension of a simplicial complex H# = (V, H) is defined
as dimH := max {|X| | X € H} — 1. Some results of this monograph focus on a narrower class
of simplicial complexes. We say that a simplicial complex H = (V, H) is paving if H contains
every subset X € 2V such that |X| < dim#. We are interested in simplicial complexes up to
isomorphism.

A simplicial complex H# = (V, H) is a matroid if it satisfies an aditional axiom, known as

exchange property:
Forall X, Y € Hwith |Y|=|X|+ 1,there existsy € Y\ X suchthat X U {y} € H

Note that, given a matrix over a field, the family of all linearly independent sets of column vectors
is closed under taking subsets and satisfies the exchange property. So the matroid concept,
introduced in [7], constitutes an abstract generalization of the notion of linear independence
of vectors and is widely studied. However, not all matroids arise from a matrix over a field
[5]. Instead, we may consider matrices over the boolean semiring B and a new concept of
independence of columns of such matrices allowing the family of all independent sets of columns
to be closed under taking subsets. We say that a simplicial complex is boolean representable if
it arises from a matrix over B. This new notion of independence constitutes a successful attempt
to get a matricial representation for all matroids, because every matroid is boolean representable.
In fact, this is a strictly wider class of simplicial complexes.
In order to reach this new notion of independence we shall consider matrices up to congruence,

meaning that the order of rows and columns in the matrix is not taken into account. Now, given a
matrix M over B with columns indexed by a set V', we say that a subset X C V is independent with

respect to M if M admits a square submatrix with columns indexed by X that, up to congruence,

1



2 CHAPTER 1. INTRODUCTION

is lower unitriangular, i.e. of the form

1 00 0
710 0
7 7 1 0
77 o1

The family of independent subsets of V' with respect to M (said H,,) is in fact closed under
taking subsets and therefore the pair ), = (V, Hys) is a simplicial complex; the matrix M is
said a boolean representation of every simplicial complex isomorphic to H,;. The simplicial
complexes (up to isomorphism) arising this way from a matrix over B consitute the class of boolean
representable ones.

Another notion of representation of a simplicial complex involves lattices (we only deal with
finite ones throughout this work). Given a finite lattice L and a subset A C L, we say that L is
V-generated by A if L = {vX | X C A} and express this fact by the notation (L, A). Then we may
consider the family H ;, 4 of all subsets X C A admitting an enumeration X = z; ...z, such that
(xyV...Vay) < (w1 V...Vay) forevery index i € {1,...,k —1}. The family H; 4 is closed
under taking subsets and so H . ) := (A, H(1 4)) is a simplicial complex; the v-generated lattice
(L, A) is said a lattice representation of every simplicial complex isomorphic to Hz, 4).

An important feature of the class of boolean representable simplicial complexes is the
equivalence between these two concepts of representation. More precisely, it is possible
to construct an explicit bijective correspondence between the set of boolean matrices (up to
congruence) and the set of Vv-generated lattices (up to lattice isomorphism). Moreover,
the simplicial complex represented by a matrix or a lattice is preserved under these inverse maps.

Another interesting aspect about this class is the fact that the lattice of flats (a known lattice
representation of every matroid) is still a lattice representation of every boolean representable
simplicial complex. Given a simplicial complex H = (V, H), a flat of H is a subset X € 2V satisfying

the following property:
GivenY €2¥XNHandpe V\X,thenY U{p} € H

For example, in the case of field representable matroids, the set of column vectors belonging to a
given vector subspace is always a flat. This additionally allows the definition of a boolean matrix
Mat H with rows indexed by the set of all flats of # and columns indexed by V. The entry of Mat H
corresponding to the flat X € 2 and the point v € V is equal to 0 if and only if v € X. The matrix
constructed in this way constitutes a boolean representation for every boolean representable
simplicial complex. Moreover, every boolean representation of H is in fact a submatrix of Mat .
We focus then on the particular class of paving simplicial complexes, presenting a
characterization of matroids that lie in this class: a paving simplicial complex H = (V, H) of
dimension n € N is a matroid if and only if, for every subset X C V with |X| =n+ 1, one of

the following conditions holds: X is a simplex of H; or X C F' for some flat F' of #. We use this



condition to handle two examples of paving simplicial complexes of dimension 2 that are, in fact,

matroids.
We shall present some useful notation:

e Given n,m € N, the uniform matroid ,, ,, is, up to isomorphism, the simplicial complex whose

points are 1,...,n and the simplexes are all subsets of {1,...,n} with at most m elements.

e Given a boolean matrix X with rows and columns indexed by sets R and V, respectively, we
may write M as an array in the usual way M = (m,.,,)
define the set Z") .= {v € V | m,, = 0}; and say that Z"" is a line of M if 1 <

Use L(M) to denote the set of lines of M.

Now, for every element r € R,
ZﬁM)] <Vl

reR,veV"

We narrow now our class of interest even further to consider the class BPavy of paving
boolean representable simplicial complexes with dimension 2. All such simplicial complexes admit
as a boolean representation a matrix containg all possible rows with exactly one entry equal to
0 (said 1-complete) and these particular boolean matrices will allow us, following a suggestion
of John Rhodes (University of California at Berkeley), to introduce two notions of distance into
BPavy/ 2 (the set of isomorphism classes of simplicial complexes lying in BPavsy). From this
point on, we may use the simplicial complex A to refer to its isomorphism class because the
following definitions do not depend on the representative. We start by defining a graph D,, whose
vertex set consists of all elements of BPavy/ = with some fixed number n € N of points. A pair of
non-isomorphic simplicial complexes H and H’ constitute an edge of D,, if and only if they admit
1-complete boolean representations being one of them obtained from the other by adding exactly
one extra line. Then, we define a graph D whose vertex set is BPavy/ 2. A pair of non-isomorphic
simplicial complexes H = (V, H) and H' = (V’, H') constitute an edge of D if and only if one of

the following conditions holds:

e |V|=1|V’'| =nand HH' is an edge of D,,, for some n € N

e |V'| =|V|+ 1 and there exist 1-complete boolean representations M (of #) and M’ (of H')

such that

M

\1 1 10/

Using now the geodesic distance on the graphs D and D,,, we are able to define metrics d

=
[

(in BPave/ =) and d,, (in the set of isomorphism classes in BPavy/ = whose elements have
precisely n points, for some fixed n € N). Observe that the previous definitions also allow the
computation of distances involving the simplicial complex represented by the 1-complete boolean
matrix having no lines: the uniform matroid ¢/, ,,. So, when dealing with distances, we assume
that Uy, € BPavy.

Note that the metric presented above intends to establish a distance between simplicial

complexes but the objects directly involved in the explicit computation of the distance are
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1-complete boolean matrices. For this reason, it becomes important to find conditions determining
when are two distinct 1-complete boolean matrices representing the same simplicial complex. The
original results of this monograph relate with two major questions:

1. Determine which simplicial complexes lying in BPavy, admit alternative 1-complete boolean

representations M, N with disjoint sets of lines (i.e. such that £y, N Ly = @)

2. Given n € N, get upper bounds for the distance between the uniform matroids i ,, and Us ,,

Given a boolean matrix M with columns indexed by a set V, we may define a graph ¥ (M)
with vertex set V and whose edges are precisely the subsets of V' with 2 elements that are
contained in some line of M. Interestingly, inside the class BPav,, the set of simplexes of the
simplicial complex H; = (V, Hyr) can be easily recovered from the set £, and from the graph
¢ (M) in the following way:

Hy = P<o(V)U{X € P3(V) | | X NL|=2forsomeline L € L}
= P<3(V)\ ({3-anticliques ofg(M)}u | P3(L)>
LeLy

We start by using this graph as a tool to reach an answer to a particular case of question 1: the
case where all the lines of one of the matrices M or N have exactly 2 elements (said a short
representation) so coinciding exactly with the set of edges of the respective graph & (M) or 4(N).
We conclude that there exist infinitely many such simplicial complexes (up to isomorphism) and
a possible characterization of them is given by the graph associated to the short representation
(say I'). Up to isomorphism, T" is precisely of one of the following types:

e I is the cyclic graph on 5 vertices
e I' is obtained from a complete bipartite graph by removing a matching

e ' is obtained from a complete bipartite graph by adding a trivial connected component

We proceed then to the analysis of question 1 in the remaining cases, i.e. considering that
none of the representations M or N is short. From the fact that the simplicial complexes lie in
the class BPavy, we may deduce an useful property: the sets of edges of ¥(M) and ¥ (N) are
disjoint. So the graphs ¢¥(M) and ¥(N) can naturally give rise to an edge-colored graph with
two colors whose edges are the elements of the set {edges of ¢(M)} U {edges of ¥(N)} colored
according to the partition set they lie in. The concept of restriction of a simplicial complex is also
useful to reduce a part of this problem to the previous case. We show that the number of vertices
of such a simplicial complex lies between 5 and 9 and, establishing a forbidden configuration in
the previously defined edge-colored graph, we conclude that, up to isomorphism, there are only
seven simplicial complexes satisfying this desired context.

Regarding question 2, we use the concept of minimum degree (the minimum number of rows
in a boolean representation) and Mantel's theorem (that presents the maximum number of edges
in a triangle-free graph) to establish natural upper bounds for the distance d,,(Ua,»,Us ). We then
improve these estimates using the characterization obtained in question 1, getting a quadratic

upper bound with respect to n in both cases. Finally, we show that a natural linear upper bound is



possible to attain when considering the distance d(Us ., Us ,,) instead.

This monograph presents the referred topics organized in 5 aditional chapters. Chapter 2
settles general definitions and notation on the main concepts: simplicial complexes, matrices,
lattices, graphs and the boolean semiring. Chapter 3 introduces the notions of representation
of a simplicial complex, their equivalence and the canonical representations. On Chapter 4 we
focus on results about paving simplicial complexes and handle two classical examples of paving
matroids. Chapter 5 presents the main original results about alternative boolean representations
in BPavy. On Chapter 6 we present Mantel's theorem and some original computations in order to

get a more accurate upper bound to the distance between uniform matroids U , and Us ,,.
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Chapter 2

General Definitions and Results

2.1 Basic Notation
Notation 2.1.1. Use N = {1,2,...} and Ny := NU {0}.

Notation 2.1.2. Given a nonempty set V and n €N, define [n]:={meN|m <n},
P,(V):={X €2V ||X|=n} and P<,(V):={X €2V | |X| <n}. Moreover, use viv;...v, to

denote V if V = {v1,v9,...,v,} is a finite set.

2.2 General Concepts

2.2.1 Simplicial Complexes

Definition 2.2.1. A simplicial complex is a pair H = (V, H) where V is a finite nonempty set and
H C 2V is a nonempty family of subsets of V' such that P, (V) C H and H is closed under taking

subsets, i.e.
fXeHandY C X,thenY € H.

Elements of V' are called points, elements of H are called simplexes and maximal elements of
H with respect to set inclusion are called facets. Use fct H to denote the set of facets of . The
dimension of a simplex X € H is dim X := | X| — 1 and the dimension of the simplicial complex H
is dimH := max {dim X | X € H}.

Definition 2.2.2. A simplicial complex # = (V, H) is called:
e Simpleif P,(V) C H

e Paving if Pyinan(V) C H

o Uniformif H = P<qimn+1(V)

e Pure if all the facets have the same dimension

7
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Definition 2.2.3. Simplicial complexes H = (V, H) and H' = (V', H') are isomorphic, and we
write H = H/', if there exists a bijection ¢ : V' — V' such that, for every set X € 2V, X € H if and

only if o(X) € H' (such a map ¢ is called a simplicial complex isomorphism).
Definition 2.2.4. A simplicial complex # = (V, H) is a matroid if it satisfies the exchange property:

(EP) For all X,Y € H such that |Y| =|X|+ 1, there exists an element y € Y\ X such that
XU{yteH

Definition 2.2.5. Given a simplicial complex # = (V, H) and a nonempty subset V' C V, the

restriction of H to V' is the simplicial complex #|,, := (V/, Hn2"").

Remark 2.2.6. Given a simplicial complex H = (V,H) and a subset V' CV, we have
dim H|,,, < dim®H. O

Proposition 2.2.7. The restriction H|,,, of a paving simplicial complex H = (V, H) to a subset

V' C V is also paving.

Proof. Let H = (V, H) be a paving simplicial complex and consider a set X € Pyim %/, (V')
Then X € 2" and X € Pyin (V) (because V/ C V and dim H|y,, < dimH, by Remark [2.2.6);
so X € HN2V' (because Pim# (V) C H, i.e. H is paving). So we may conclude that

Pim ), (V') € HN2Y" and H|,, is paving. O

2.2.2 Lattices

Definition 2.2.8. A (finite) partial ordered set (poset) is a pair (P, <) where P is a (finite) set and
< represents a partial order on P. We use P to denote (P, <) if the partial order is clear from
the context. Given elements p,q € P, we say that ¢ covers p if p < ¢ and, for every z € P, the

following condition holds:
lfp<xz<g,thenz=porxz=q.

A nonempty subset C' C P is a chain if C is totally ordered with respect to <. The height of a

chain C'is |C| — 1. The height of the poset P, ht P is the maximum height of a chain on P.

Definition 2.2.9. A directed graphis a pairT' = (V, D) where V isasetand D C VxV. The Hasse
diagram of a poset (P, <) is the directed graph ' = (P, D) such that, for all p,q € P, (p,q) € D if
and only if ¢ covers p. We adopt the usual diagram representation, whenever possible: for every

(p,q) € D, qis located above p and there exists a line joining the elements p and q.
Definition 2.2.10. A poset (L, <) is a lattice if, for all a,b € L, there exist elements:
e aVyb:=min{z € L |z > a,b}, called the join of a and b in L

e aApb:=max{z € L|z<a,b}, called the meet of a and bin L
(L, <) is a complete |attice if, for every subset S C L, there exist elements:

o vV S:=min{z € L|x>sforall s € S}, called the joinof S'in L

e ApS:=max{z € L|z<sforall s e S}, called the meet of S'in L

UseaVb,aNb VS, AStodenote aVy b,a A b, VS, NS if the lattice is clear from the context.



2.2. GENERAL CONCEPTS 9

Definition 2.2.11. Given a lattice (L, <), we may define the dual lattice as (L, >).

Remark 2.2.12. Given a lattice L, n €N, a finite nonempty subset S € P,(L) and an
enumeration S = s1s2...s,, the following equalities hold: VS =s;V(s2V(...Vs,)) and
AS =51 A(s2 A (... A Sp)).

Proof. Given n € N and a finite nonempty subset S = s1s2...s, € P,(L), we say that S satisfies
the join property if VS =s;V (saV (...Vs,)). Proceed by induction on n to show that every
subset S € P, (L) satisfies the join property, for every n € N, the case n = 1 being trivial. Suppose
now that n > 2 and that every subset S € P, _; (L) satisfies the join property. Consider a subset
T € P,(L) and an element ¢; € T and observe that, for every a € L, a > V(T \ {t1}) if and only if

a > tforeveryte T\ {t1}. Therefore
VI =min{x € L|x>tforeveryt € T} =min{z € L |z >, V(T \{t:1})} =t1 V (VT \{t1}))
Now, the result follows by applying the induction hypothesis to the set T'\ {¢;} € P,—1(L). By

duality, the second assertion holds. O

Remark 2.2.13. A finite nonempty lattice admits maximum and minimum elements. Therefore

every finite lattice is complete.

Proof. Let L be a finite lattice. If L = & then L is trivially complete. Assume now that L is
nonempty. Then, by Remark[2.2.12] there exist elements VS and AS for every nonempty subset
S C L. In particular, there exist elements VL = max L = A@ and AL =minL = V@ and so L is

complete. 0
Note 2.2.14. Throughout this monograph, we assume that lattices are finite and nonempty.
Definition 2.2.15. Given a latice L and a subset S C L:

e Sis a Vv-subsemilattice of Lif minL € SandaV;be Sforalla,bec S

e Sis a A-subsemilattice of L if maxL € SandaApbe Sforalla,be S

e S is a sublattice of L if S is a vV-subsemilattice and a A-subsemilattice of L
Remark 2.2.16. Every V-subsemilattice (or A-subsemilattice or sublattice) is a lattice.

Proof. Let L be a lattice and S C L. If S is a sublattice of L, it is clear from definition that S is a
lattice withaVsb=aVrbandaAsb=aArbforalla,beS.

Suppose that S'is a V-subsemilattice. ThenaVgb=aVibandaAgb=Vg{x € S|z < a,b}
for all a,be S. Note that aAgb is well-defined because minL € S and therefore

Vs@ = min S = min L. By duality, the result also holds if S is a A-subsemilattice. O

Definition 2.2.17. A lattice L is \V-generated by a nonempty subset A C Lif L = {Vv; X | X C A};
Lis A-generated by Aif L ={A, X | X C A}.

Notation 2.2.18. Given a finite nonempty set V, a lattice Land amap f: V — L, we write (L, f)
if L is v-generated by f(V'). If V C L and f|,, is the identity map, we use (L, V') to denote (L, f).



10 CHAPTER 2. GENERAL DEFINITIONS AND RESULTS

Note 2.2.19. Throughout this monograph, we will only use the notation (L, A) as the lattice L is

V-generated by the subset A C L.

Definition 2.2.20. Vv-generated lattices (L, A) and (L', A’) are isomorphic if there exists a bijection

p: L — L'suchthat 9(A) = A" and, for all a,b € L, a < bif and only if p(a) < ¢(b).

Lemma 2.2.21. Given a lattice (L, A) such that minL ¢ A and elements ai,...,ax € A, the
following conditions are equivalent:

1. minL < a; < V(ajas) < ... < V(ajasz...ax)

2. There exists achainly < {1 < ... </t in L such thata; < ¢; and a; £ ¢;_, for every i € [k]

Proof. Suppose that condition 1 holds and define elements I[y:=minl and

l; =V(arasz...q;) for every i € [k]. We claim that a; < [; and a; £ ;_; for every i € [k]. Fix some

index i € [k]. Clearly a; < V(ajas...a;) =1;. Suppose that a; <1l;_1 = V(aias...a;—1). Then
V(aiasz...a;) = V(araz . ..a;—1), a contradiction. So the claim and condition 2 hold.

Suppose now that condition 2 holds and that there exists i € [k —1] such that
V(arag...a;) = V(aras...a;41).  Then a1 < V(ajas...a;). But aq,a9,...,a; <I; and so

ai+1 < V(aias...a;) <l;, acontradiction. So condition 1 holds. O

Definition 2.2.22. Given a lattice (L, <), we say thata map ¢ : L — L is a closure operator on L
if the following properties hold, for all a,b € L:

e a<p(a)

o If a <bthen p(a) < ¢(b)

2.2.3 Matrices over Semirings

Definition 2.2.23. A semiring (S, +, -) consists of a set S together with binary operations +, - on
S satisfying the following axioms:

e (S,+) is a commutative monoid
e (S,+) is a monoid
ea-(b+c)=(a-b)+(a-c)and(a+b)-c=a-c+b-¢ foralla,b,ce S

ea-0=0and0-a=0,foreveryacS
Use S to denote (5, +, -) if the operations are implicit. (S, +,-) is a commutative semiring if (.S, -)

is a commutative monoid.
Context 2.2.24. Throughout this Subsection, let S be a semiring.

Notation 2.2.25. Given finite nonempty sets R and C, use Mg c(S) to denote the set of all
matrices with rows indexed by elements of R; columns indexed by elements of C; and entries in
S. Given a matrix M € Mg c(S), write M = (myc),c . .cc Where m,.. € S is the entry of M lying

in the row indexed by r € R and in the column indexed by ¢ € C, for all r € R and c € C. Given
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subsets R’ C R and ¢’ C C, define the submatrix M[R',C'] := (myc),cpr e (WE May use the
notation M[—,C’| or M[R',—]if R" = R or C' = C, respectively). Given k., ¢ € N, use My, ((S) to
denote M[k]’[f] (S)

Note 2.2.26. There are clear bijections between R and [|R|]; and between C and [|C|]. So,
throughout this monograph, we assume that Mg ¢ (S) = Mg),c|(S) and we use both notations

in[2.2.25to represent the same matrix, as convenient.

Definition 2.2.27. Given .,/ € N, we say that matrices M = (m;), M' = (mj;) € My ((S) are
congruent, and write M = M’, if there exist permutations o € S, and 7€ S, such that

mfw = mo’(i),‘f‘(j) for a” Z S [k'] andj € [e]

Definition 2.2.28. Given k € N, we say that a square matrix M = (m;;) € My ,(S) is lower

unitriangular if m;; = 1 and m,; = 0 for all 4, j € [k] with j > 1.

2.2.4 Graphs

Definition 2.2.29. A (finite) graph is a pair I' = (V, E) where V is a (finite) set and E C P,(V).
Elements of V' are called vertices and elements of E are called edges. Distinct vertices u,v € V

are adjacent if uv € E.

Definition 2.2.30. Graphs I" = (V, E) and I'" = (V', E') are isomorphic if there exists a bijection
¢ : V — V' such that, for every X € F, we have X € F if and only if o(X) € E’ (such a map ¢ is

called a graph isomorphism).
Definition 2.2.31. Given n,m € N, define (up to graph isomorphism):
e The complete graph with n vertices as K,, = (V, E) such that |V| =n and E = P,(V).

e The complete bipartite graph with (n, m) vertices as K, ,, = (V, E) such that |V| =n +m and
E ={ab|a € A,be B}, where V = AUB is some partition of V such that |[A| = n and |B| = m.

e The cyclic graph with n vertices as C,, := (V, E) such that |V| = n and V admits an enumeration
V =w;y...v, suchthat E = vjv, U{vv;11 | i € [n — 1]}

Definition 2.2.32. The complement of a graph I" = (V, E) is the graph I'® := (V, P,(V) \ E).

Definition 2.2.33. A matching with respect to some graph I' = (V, E) is a subset E' C E of

pairwise disjoint edges.

Definition 2.2.34. Given a graph I" = (V, E), define, for all vertices v € V and subsets V' C V:
e The set of neighbours of v as N1 (v) :={x € V \ {v} | vz € E}

e The degree of v as degp(v) := Np (V)]

e The subgraph induced by V' asT'[V'] := (V/,EN2Y")

Definition 2.2.35. Given agraphT' = (V, E) and a subset X C V:
e XisacliqueofI'if P,(X)CE
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e X isan anticlique of T'if P,(X)NE =@

Given m € N with m < n, an m-clique (or m-anticlique) is a clique (or anticlique) X € P, (V).

Moreover,

e Aclique X is a superclique of T if X = (Np(u) U{u}) N (Nr(v) U{v}) for all distinct vertices
u,v € X

e An anticlique X is a superanticlique of T if V' \ X = Nr(u) UNr(v) for all distinct vertices

u,v € X

Definition 2.2.36. Given a finite graph I = (V, E) and n € Ny, a vector (vg,v1,...,v,) € V"t lis
a (closed) path in T between vertices vy and v,, if (vg = v, and) v;_yv; € E for every i € [n]. A
closed path (vg,v1,...,v,) is a cycle if the vertices vy, ..., v, are distinct. Moreover, the length
of a given path (vg,v1,...,v,) € V**lis n and we write len(vo, vy, . ..,v,) = n. Aditionaly, given
distinct vertices v,v' € V, let P, ,»(I") denote the set of all paths in I between vertices v and v’.

We say that a graph T" = (V, E) is connected if P, ,» # @ for all vertices v,v" € V.

Remark 2.2.37. The definition of edge does not depend on the order of its elements. Therefore,
given a graph I = (V, E), for all distinct vertices v, v1,...,v, € V, (vo,v1,...,vn—-1,v,) is @ path

in T if and only if (v,, vy—1,...,v1,v0) is @ path in T

Remark 2.2.38. Given a graph I' = (V, E) and vertices v,v’,v"” € V, if P, v, Py # @ then
Powr # D.

Lemma 2.2.39. A finite graph T is bipartite if and only if there are no cycles of odd length inT". [

Proof. Write T' = (V, E). Suppose that there exists a cycle of odd length in T with vertex set
x1...x2, € V and that I' is a bipartite graph with partition sets A, B C V withz; € A. Thenz, € B
because x,122 € E. By a clear inductive generalization of this argument, z; € A for every odd
index i € [k]; and z; € B for every even index j € [k]. In particular, ) € A: a contradiction
because z1z € E.

Conversely, suppose that there are no cycles of odd length in . We may assume that T
is a connected graph, otherwise we apply the same argument to each connected component.
Consider now a vertex z € V, define the subset A C V' containing all vertices v € V' such that
there exists a path of even length between x and v (including the vertex x) and also the set
B:=V\ A. We claim that A and B are anticliques of I" (we prove that A is an anticlique, the
remaining case being analogous). To prove the claim, consider distinct vertices a,a’ € A and
paths P = (z = po,p1,---,Pm—1,Pm =a) and @ = (x = qo,q1,---,qn-1,q, = a’) Of even length
and suppose that aa’ € E. Then (z,p1,...,Pm-1,a,a",qn_1,-..,q1,2) is a closed path of (odd)
length Kk =m +n+ 1. Therefore we may consider a closed path R = (rg,71,...,7%) in I' of
minimum odd length. We claim that R is a cycle. To prove the claim, suppose that R is
not a cycle and consider indices i, j € {0,1,...,k} with ¢ < j such that r, = r; and all the vertices
{rs,7i41,... 71} are distinct. Now, observe that one of the closed paths (r;,7i41,...,7;) and

(rj,rj+1,--.,7% =ro,71,...,7;) has odd length, contradicting the minimality of the length of R. [
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Definition 2.2.40. Given a graph I' = (V, FE) and k € N, an edge-coloring of T" with k colors

isamapc: E — [k].

Notation 2.2.41. Given a graph I = (V, E) and an edge-coloring ¢ : E — [k] of T, use the pair
g:= (T',c) to denote the edge-colored graph. Given a subset V' C V, use the notation
g V'] :=(T'[V'], ¢|grov'). Forall colors i € [k] and vertices v € V, use the following notation:

o T .= (Ve (i)

o NO(v) := Npo (v)

o deg”(v) := degp (v)

Definition 2.2.42. Given k € N, we say that edge-coloured graphs g = (T, ¢) and g’ = (I, ¢/) with
k colours are isomorphic if there exists a graph isomorphism ¢ : V' — V' between the graphs T

and I” and a permutation o € S}, such that (¢! (i)) = ¢! (o(i)) for every colour i € [k]. Such a

map o is called an edge-coloured graph isomorphism. If g = ¢’ then ¢ is an automorphism.

2.2.5 The Boolean Semiring

Definition 2.2.43. Define the binary relation in Ny given by

Rp :={(0,0)} U{(m,n) | m,n € N}

Remark 2.2.44. Ry is an equivalence relation. Moreover, for all a, b, ¢, d € Ny, if (a,b), (¢,d) € Rp,
then (a + ¢, b+ d), (ac, bd) € Rp. SO Ry is a congruence relation and therefore Ny /R is a semiring.
O

Definition 2.2.45. The boolean semiring is B := Ny /Rp.

Notation 2.2.46. Throughout this monograph, we use 0 and 1 to denote the respective congruence

classes in B.

Definition 2.2.47. A matrix with entries in the semiring B is called a boolean matrix.
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Chapter 3

Boolean Representable Simplicial
Complexes (BRSC)

3.1 Representations

Definition 3.1.1.
e Given a V-generated lattice (L, f:Y — L), we say that a subset X CY is independent
with respect to (L, f) if there exists an enumeration X =axj25...2, such that

f(@) <V(f(@)f(z2)) <... <V(f(x)f(22). . f(zn))-

e Given a V-generated lattice (L,A), we say that a subset X C A is independent with
respect to (L,A) if there exists an enumeraton X =uzyx9...2, such that
ry < V(r122) < ... < V(1122...2,). Define the set H(; 4) of all independent subsets with

respect to L; and the pair H 4y := (A, Hz 4))-

Remark 3.1.2. Given a v-generated lattice (L, A), P,(A) € H(z, 4)-

Proof. Given distinct elements z,y € A, then clearly z < V(zy). If 2 < V(zy), then 2y € H( 4.
Else, if z = v(zy) theny < z; but z,y are distinct, so y < = = V(xy) and we also have xy € Hj, 4).

Hence we may conclude that P»(A) C H(p a). O

Proposition 3.1.3. H;, 4) is a (simple) simplicial complex, for every v -generated lattice (L, A).

Proof. A # @ by assumption and P»(A) C H;, 4y by Remark Now, consider sets
X €e€Hpa and Y CX. There exists an enumeration X = zizy...7, such that
x1 < V(r122) < ... < V(T122...2,). AlSO, there exist iy, ..., ix € [n] with i1 <iy < ... <4 such

thatY = 2, 4, ... 2y, But g, < V(zg,24,) < ... <V(zyTi, ... .75 ) and therefore Y € Hp, ). O

Definition 3.1.4. A lattice (L, A) is a lattice representation of a simplicial complex # if H and

H (L) are isomorphic.

15
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Note 3.1.5. We use Definition as a notion for lattice representation of a simplicial complex
to simplify notation, so we deal with simple simplicial complexes whenever we consider H ;, 4) for
some V-generated lattice (L, A). A more general notion may be deduced from the first concept of

independence presented in Definition [3.1.1

Definition 3.1.6. Given a matrix M € Mp v (B), we say that a subset X C V' is independent with
respect to M if there exists a subset Y C R such that the matrix M[Y, X] is congruent to a lower
unitriangular matrix. Define the set H), of all independent subsets with respect to M; and the pair
Har = (V, Hup).

Proposition 3.1.7. Given a boolean matrix M that does not contain a column with all entries

equal to 0, H s is a simplicial complex.

Proof. Write M = (myy),cp ,cy- By definition, V # . For every v eV, there exists r € R
such that m,, = 1 because M does not contain a column with all entries equal to 0. Hence

P, (V) C Hpr. Now, consider sets X € Hyy and Y C X. Up to congruence, there exists a subset

R’ C Rsuchthat M’ := M[R’, X]is lower unitriangular. Write k := |R’| = | X| such that M’ € M, ;(B)
and let J C [k] denote the indices of columns also indexed by Y. Then M’[J, J] is lower unitriangular

and therefore Y € Hy,. O

Definition 3.1.8. A matrix M € Mg v (B) is a boolean representation of a simplicial complex H
if % and #H,, are isomorphic. Let BR (#) denote the class of all boolean representations of . If

BR (#) is nonempty, we say that H is boolean representable.

Note 3.1.9. Throughout this monograph, given a simplicial complex H = (V, H) and a boolean
matrix M € BR(H), we assume (up to simplicial complex isomorphism) that V' is the set indexing

the columns of M and consequently H = H ;.

3.2 Equivalence of Representations
Most of the results presented in this Section can be found in [6, Chapters 3 and 5].

Definition 3.2.1. Define the set Mat of all boolean matrices that do not contain a column with all
entries equal to 0; and the class Lat of all pairs (L, A) where L is a finite lattice V-generated by
ACL.

Definition 3.2.2. Given a boolean matrix M € Mg v (B), define sets:
o ZM :={veV|m,, =0}foreveryr € Rjand Z¥ := {ZM | r € R}

o YM :=n{ZM | m,, =0} foreveryv e V;and Y := {yM |v eV}

Lemma 3.2.3. Consider a boolean matrix M = (m,.,) an element r € R and a subset

reRveV?’
S CR. Then m., =3} .qms (Sum in the boolean semiring B) for every v € V' if and only if

Z" = ﬂsES ZS'
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Proof. The following statements are equivalent (sequential equivalences are clear):

1. My = cgMsy fOreveryv € V
2. m,, = 0if and only if my, = 0 for every s € S, foreveryv € V
3. ve Z.ifandonlyifv € Z, for every s € S, foreveryv € V
4. 7, = Nyes Zs O
Definition 3.2.4. A boolean matrix M = (m,,)rcrvev € Mat is closed if it satisfies the following
conditions:

C1. The rows of M are distinct

C2. The columns of M are distinct

C3. There exists r € R such that m,., =0 foreveryv e V

C4. Forall s,t € R, there exists r € Rsuchthat Z, = Z, N Z;
Let Mat, denote the set of all closed boolean matrices.

Lemma 3.2.5. Consider a simplicial complex H = (V, H), a finite nonempty set R, a matrix
M = (myv),cpoev € BR(H) and a matrix N obtained from M by adding a row (ms, + me.)
for some s,t € R. Then N € BR (H).

veV

Proof. Let a denote the vector (mg, +my),c, and assume that o ¢ {row vectors of M}

(otherwise the result holds trivially). Let A denote the set indexing the rows of N, let ap € A
denote the index of the row vector a, assume that A = RU {ao} and write N = (14),4c 4 yev -
Now, clearly H = H,; C Hy. Conversely, let X € Hy. Up to congruence, there exists A’ C A
such that N’ := N[A’, X] is lower unitriangular. Assume that a( € A’ (otherwise the result holds
trivially) and let a be the i row vector of N’. Let 2o € X be the index of the i" column of N’
andY C X be the set indexing the last |V| — i columns of N'. Therefore 1 = ngyz, = Msay + Mix,
and so one of the entries m.,,, ms, is equal to 1; and, for every y € Y, 0 = ng,y = Mgy + myy,
S0 msy = my, = 0. Assume without loss of generality that m,,, = 1. We claim that the matrix NV,
obtained from N’ by replacing the row vector o by the row vector 3 := (mys, ), (in the same ith
position) is a lower unitriangular submatrix of M. To prove the claim, observe that N’ is lower
unitriangular; the i entry of 3 is m,, = 1; for every j € {i + 1,...,|V|}, the ;" entry of 3 is my,
for some y € Y, so ms, = 0. Hence the claim holds. Moreover, the set indexing the rows of N is
(A"\ {ao}) U{s} C R and therefore N, is a submatrix of M. So X € Hj; and we may conclude
that Hy C Hj, and equality holds. O

Proposition 3.2.6. Given a boolean representable simplicial complex H, there exists a matrix in
BR (H) satisfying conditions C1, C3 and CA4.

Proof. Define the map C': Mat — Mat such that, for every M = (m,,),.cp v € Mr,v(B),
C(M) is the matrix (up to congruence) obtained from M by adding the row vectors in the set

{(msy +mu0),ev | 5.t € R} \ {row vectors of M}. Now, write 7 = (V, H) and consider a matrix



18 CHAPTER 3. BOOLEAN REPRESENTABLE SIMPLICIAL COMPLEXES (BRSC)

N € BR(H). Define the matrix N; obtained from N by adding a row with all entries equal
to 0; and the matrix N, obtained from N; by removing repeated row vectors. We claim that
Hy, = Hy, = Hy. ltisclearthat Hy C Hy, and Hy, C Hy,. Conversely, consideraset X € Hy;,.
Then N; admits a lower unitriangular submatrix @ with columns indexed by X. But then @ does
not contain repeated rows or a row with all entries equal to 0. Hence @ is also a submatrix of
N and N, and therefore X € Hy, Hy,. We may then conclude that Hy, C Hy, Hy, and so the
claim holds. Hence N, € BR(#) is a matrix satisfying conditions C1 and C3. Moreover, by Lemma
C(N3) € BR (H) and, inductively C*(N2) € BR () for every k € N. Moreover, there exists
t € N'such that C*(N,) = C*+1(N,) because the number of distinct rows on a matrix with columns
indexed by V is clearly limited by 2/VI. So, C*(N,) € BR (#) is a matrix satisfying condition C4.

Note that the map C preserves conditions C1 and C3 so the desired result holds. O

Note 3.2.7. Throughout this monograph, to simplify arguments, we assume that, given a simplicial
complex H and a boolean representation M € BR(#), all the rows of M are pairwise distinct.

There is no loss of generality by Proposition|(3.2.6

Definition 3.2.8. Maps ¢ : Mat. — Lat (or ¢ : Lat — Mat.) are representation-preserving if
Hars Hory (OF Hir,ay, Hy(r,4)) are pairs of isomorphic simplicial complexes, respectively, for
all M € Mat. and (L, A) € Lat.

Notation 3.2.9.
1. Use Mat./ = to denote the set of all congruence classes of closed boolean matrices that do not
contain a column with all entries equal to 0. Given M € Mat,, let [M]~ denote its congruence

class.

2. Use Lat/ = to denote the set of all isomorphism classes of finite V-generated lattices. Given

(L, A) € Lat, let [(L, A)]~ denote its congruence class.

Context 3.2.10. We aim at defining inverse representation-preserving maps between the sets
Mat./ = and Lat/ =. So, up until Proposition|3.2.22} let R and V' be finite nonempty sets, consider

a boolean matrix M = (my),.cr e € Mat and a V-generated lattice (L, A) € Lat.

Definition 3.2.11. Define the /lattice associated to the matrix M, ¥ (M), as the smallest

A-subsemilattice of 2V (with respect to set inclusion) containing ZM.

Remark 3.2.12. £ (M) = {(N,cs ZM | S C R}. In particular, if M satisfies conditions C3 and C4,
then (M) = {ZM | r € R}.

Proof. (M) is a A-subsemilattice of 2V. Therefore N@ =V € £ (M). Also, ZM C ¥ (M). So
zMnzM e £ (M) for all 7' € R and therefore
S C R. Conversely, {N,cs
L(M) C{N,es ZM | S C R} by minimality.

Now, clearly {ZM |r e R} C{(N,esZM | S C R}. If M satisfies condition C4 (or a clear
inductive generalization) then {\,.s Z | @ # S C R} C {Z, | r € R}. If M additionally satisfies

s ZM € £(M) for every nonempty subset

zZM | S C R} is clearly a A-subsemilattice of 2V and therefore
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condition C3, i.e. there exists r € R such that m,., =0 for every v € V, then Z. =V and so

V =n@ C {Z, | r € R}. Hence the last assertion holds. O
Lemma 3.2.13. v € M foreveryv e V.

Proof. Letv € V. If m,, =0 for some r € R then v € Z*. So we may conclude that v € Z for

every r € R such that m,., = 0, hence v € Y. O
Proposition 3.2.14. .#(M) is vV-generated by YM.

Proof. Consider a set X € .#(M) and define )" := {Y | 2 € X }. We claim that X = V.Y,
i.e. the following properties hold:

1. YM C X foreveryz € X
2. Forevery Ac 2V, if YM C Aforeveryr € X, then X C A

Let z € X and y € Y. By Remark [3.2.12, there exists S C R such that X =, .4 Z;. So

sES
y € Z, forevery r € R such that m,, = 0. In particular, y € Z, for every s € S and therefore y € X.
So we may conclude that Y, C X and property 1 holds.

Now, let A € 2 and suppose that Y, C A for every x € X. But then, by Lemma(3.2.13} we

may conclude that X C A and property 2 holds. O

Definition 3.2.15. Define the matrix associated to the lattice (L, A), # (L, A) € My, 4(B), given

by 4 (L,A) = (myq) 4 such that my;, = 0 ifand only if I > a.

leL,ac

Lemma 3.2.16. Write N := .# (L, A). The following properties hold, for all elements x,y € L and
subsets J C L:

1. x is an upper bound for the set ZY
2. x=vzZYy

3. x <yifandonlyif ZV C Zév

4. Njes ZyN =7

Proof. Write N = (ny,,)

For every a € ZY, n,, = 0 and so x > a. Hence property 1 holds.

leL.aca @nd consider elements =,y € L and a subset J C L.

Observe that L is V-generated by A, so there exists a subset A’ C A such that z = VA’. For
every b€ A, x > band so n,, =0, i.e. b€ ZY. Hence we may conculde that A’ C ZY and so
x = VA" <VvZYN. Moreover, by property 1, = > VZY. Therefore, property 2 holds.

Suppose that z < y. Then y is an upper bound for the set Z2 by property 1. So n,, =0

for every b € ZVN

x

i.e. Z) C Z). Conversely, suppose that Z) C Z). Then we get, applying
property 2: z = VZY < VvZ} =y. Hence, property 3 holds.

Let a € A. Note that j > a for every j € J if and only if AJ > aq, i.e. n;, =0 for every
j € J if and only if nys, =0, i.e. a€(N;c,Z; if and only if a € Z;. So we may conclude
that (., Z; = Z; and property 4 holds. O

Proposition 3.2.17. .# (L, A) is a closed matrix.



20 CHAPTER 3. BOOLEAN REPRESENTABLE SIMPLICIAL COMPLEXES (BRSC)

Proof. Write .# (L, A) =: N = (na);cy, 4c4- We must prove that N verifies conditions C1-C4. By
Lemma [3.2.16| (3), rows of N indexed by z,y € L are equal, i.e. Z, =Z,, if and only if z =y,
so C1 holds. Let a,b € A and suppose that the columns indexed by a and b are equal. Then, in
particular, 0 = ny, = ng, and so a > b; and 0 = ny, = nyp, and so b > a. Then a = b and we may
conclude that C2 holds. C3 holds by considering the row indexed by max L. Now, let z,y € L.
Thenz Ay € L and, by Lemma[3.2.16|(4), Z) n Z)' = Z%,. So, C4 holds. O

Proposition 3.2.18. The map
L — ZL(#(L,A))

T Z{[(L’A)

is a vV-generated lattice isomorphism between (L, A) and (£ (.# (L, A)) , Y- (E-4).

Proof. Write ./ (L, A) =: N = (n4)c1, 4c 4 @nd let ¢ denote the above map.

By Lemma (3), for all z,y € L, then a < y if and only if p(z) = ZN C ZN = ¢(y). In
particular, we may also conclude that ¢ is injective.

Recall that Z(N) is a A-subsemilattice of 24 (because N € My, 4(B)) and let X € Z(N). By
Remark([3.2.12] there exists a subset L' C L such that X =, ., ZY. Then p(AL') = Z},, = X
by Lemma[3.2.16](4) and ¢ is surjective.

Now, for every a € A, definetheset L, :={x € L | n,q =0}. Then L, ={x € L | z > a} and

xzeL’

so a = AL,. Then the following equalities hold by using Lemma(3.2.16]|(4)
=ZN, =) 2) =
rEL,

We may then conclude that YV = {Z) | a € A} = ¢(A). So ¢ is a V-generated lattice isomorphism.
O

Lemma 3.2.19. Givenv € V andr € R, YM C ZM ifand only ifv € ZM.

Proof. Suppose first that Y C ZM. Then v € ZM by Lemma|3.2.13| Conversely, suppose that
vezM. Thenm,, =0andso YM =n{ZM | m, =0} C ZM. O

Proposition 3.2.20. /f M satisfies conditions C1, C3 and C4, then .# (£ (M),Y™) and M are

congruent matrices.

Proof. By C1, all the sets ZM (r € R) are distinct. By an inductive generalization of C4 we get the

following condition:
For every nonempty subset S C R, there exists r € R such that (), ZM = ZM.

By C3, there exists r € R such that A @ = max Z (M) = Z,.

Then, for every v € V, there exists r € R such that Y, (M) = ZM and so the set Y indexing
the columns of N contains precisely |V| elements. Also, by Remark[3.2.12] the set indexing the
rows of N is £(M) = {ZM | r € R} and contains precisely |R| elements. Hence we may write
M(LM),IM) = N = (ngpep)

reRweV’
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Now, the following properties hold, by definition, for all » € Rand v € V:

® NzMym = 0 if and only if YUM - Zy
e m,, =0ifandonly ifv € ZM

Therefore, by Lemma(3.2.19}, nzmyn = 0ifand only if m,., = Oforallr € Randv € V. Hence

M and N are congruent matrices. O

Proposition 3.2.21. I/f M satisfies condition C2, then the map

vV - yM

v YUM

is a simplicial complex isomorphism between Hy and H( oy, ym)y -

Proof. Let H; and H; denote the set of simplexes of H; and H ¢ (ar),ym), respectively; and let
o denote the above map. Note that ¢ is clearly surjective.

Consider z,y € V and suppose that Y = Y. Then, by Lemma[3.2.13] we have z € Y,/
andy € YV, i.e. for every r € R, m,, = 0if and only if m,,, = 0. So the column vectors (Mre)rer
and (myy), . are equal and therefore = = y. So ¢ is injective.

Consider now a set X ¢ 2V.

Suppose firstthat X € H;. We must show that ¢(X) € H,. As X € H;, then, up to congruence,
there exists a subset S C R such that N := M|[S, X] is lower unitriangular. Define k := |S| = | X],
assume that the rows and columns of N are sequentially indexed by 1, ..., k, write N = (nij)ide[k]
and use the notation Z and Y;" for all i,j € [k]. Therefore the following properties hold,

forevery j € [k —1]:

e je Y (by Lemma(3.2.13)

o YMC Z)Mforeverype{l,...,j — 1} (because ni; = --- = ng_1); = 0)
o j ¢z} (because n;; = 1)

o j¢ v (YN YN, . YM) (because Z}' is an upper bound for the set Y}/, V}Y,... v, and

i ¢z
So we may conclude that the following strict inclusions hold:

yMcvyMyM c...cv M. M)

Therefore p(X) = {YM |z € X} € Ha.
Conversely, suppose that o(X) € Hy. We must prove that X € Hy. Now, o(X) = {VM |z € X}

and, as ¢(X) € H,, then there exists an enumeration X = z; ...z, such that
VM <v (M) < o<v (LY
For every index i € [k], consider a subset R; C R such that

vy vy = 2
reR;



22 CHAPTER 3. BOOLEAN REPRESENTABLE SIMPLICIAL COMPLEXES (BRSC)

(there exists such a set R; because Vv (Y, ...Y) is an element of the lattice £ (M)). Now, for

every index i € [k], define the set

and observe that

ﬁZS:ﬂZT

SES; reR;
Moreover, it is clear that S, € Sp,_1 C ... C S;.

For every index i € [k], we claim that x; € Z, for every s € S;. To prove the claim, observe

that z; € Y (by Lemma[3.2.13); and so
M MY __
zi eV (Y. v —SQiZS
and the claim holds.
Now, for every index i € [k — 1], we claim that there exists an element r; € S; \ S;11 such that
zi+1 ¢ Zr,. To prove the claim, suppose that z; 1, € Z; for every s € S;. Then, by Lemma|[3.2.19]
Y M C Z, forevery s € S;. Therefore

YMoC ) Zo=v (.. v
SES;

a contradiction because
VMM v (YA

1 Tit+1

So the claim holds.
Finally we claim that there exists an element o € R\ S;. To prove the claim, suppose that
S1 = R. Then

M __ M _ M
2= (]2 =Y,
reR s€ST

So, for every r € R, Y, C ZM and therefore, by Lemma[3.2.19] z; € Z} (i.e. m,,, = 0). This is
a contradiction because M € Mat does not contain a column with all entries equal to 0. Hence
the claim holds.

Now, define the submatrix N of M with rows and columns sequentially indexed by

Th—1,Tk—2,-..,71,70 @nd xg, Tp_1,...,x2, x1, respectively. Write N = (n;;) (k] We claim that

1,J €
N is lower unitriangular.

By the previous arguments, for every index i € [k], n;; = 1 (because xy_;+1 ¢ Z,,_.); and for
every index j > i, n;; = 0 (because ry_; € S_; C Sk—j41 and xp_;+1 € Zs for every s € Sk_jy1).

Hence the claim holds, N is lower unitriangular and therefore X € H;. O

Proposition 3.2.22. The identity map on the set A, id 4, is a simplicial complex isomorphism

between Hr, 4y and H (., a)-

Proof. Write H 1, a4y = (A, H(z,a)) and H 41,4y = (A, H 41, 4)) and consider a set X € 24,

Suppose first that X € H(; 4). There exists an enumeration X = zj25...2;, such that
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x1 < V(r122) < ... < V(X129...2%). Define a; :=V(z12z9...2;) for every i € [k]. Observe that
z; £ a;—1 for every i € {2,...,k}. So consider the submatrix N of .# (L, A) with sequential
indexing of rows and columns givenby a1, ax_o,...,a;, min L and xx, xx_1, . . ., x1, respectively.
Then N is lower unitriangular and so X € H 4z, 4)-

Suppose now that X € H 4. 4). Up to congruence, there exists a subset J C L such
that N := .#(L, A)[J, X] is lower unitriangular. Define & :=|J| = |X|, assume that the rows
and columns of N are sequentially indexed by ry,...,r, and ¢y, ..., ck, respectively and write
N=(ni5): e

For every i € [k —1], ¢; £ V(cit1¢it2 ... c) because r; is an upper bound for the set
Cit1Cit2 - - - ¢ (because n;y1) = ... = ny = 0) and ¢; £ r; (because n;; = 1). Then the following
strict inclusions hold:

e < V(ck—10k) < ... < V(cica...ck)
Therefore X € H(;, 4). Hence id 4 is a simplicial complex isomorphism. O

Corollary 3.2.23.

Mat./ = — Lat/ 2 Lat/ >~ — Mat./
My = [Z(M)]~ (L, A)ls = [A(L,A)lx
are inverse representation-preserving maps. O

Context 3.2.24. The next two results intend to present an alternative notion of independence with

respect to a boolean matrix in Mat...

Lemma 3.2.25. Given a boolean matrix M € Mat. with columns indexed by a set V,

a subset X C V and an enumeration X = x1z5 ...z, the following conditions are equivalent:
M M~y M M~ M M

1Y CVv(Y Y ) o (Y YL YT

2. There exists a chain Xo C X; C ... C Xy in £ (M) such that x; € X; \ X,_; foreveryi € [k]

Proof. By Lemma|2.2.21] the following conditions are equivalent:
a. minZ(M) c YM cviYMYM)c...cvyMyM. v
b. There exists a chain Wy c W7 C ... C Wy in Z(M) such that Y,, C W, but Y,  W,_,, for
every i € [k]

Now, conditions 1 and a are clearly equivalent because min . (M) ¢ Y (i.e. M does not
contain a column with all entries equal to 0 because M € Mat).

Moreover, using Lemma [3.2.19|and Remark [3.2.12] we may conclude that, for all v € V' and
X € Z(M), YM C X if and only if v € X. Therefore conditions 2 and b are equivalent by taking
X; =W, foreveryie {0,1,...,k}. O

Proposition 3.2.26. Given a boolean matrix M € Mat,. with columns indexed by a set V,
a subset X C V is independent with respect to M if and only if there exists an enumeration
X =xzx9...x, and a chain Xo C X; C ... C Xy, in £ (M) such that z; € X;\ X,_, for every
i € [k].
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Proof. By Lemma(3.2.25| it is enough to show that a subset X C V is independent with respect to
M if and only if {Y,M | z € X} is independent with respect to (£(M), Y ); and this equivalence
holds by Proposition[3.2.21] O

Context 3.2.27. The last goal of this Section is to introduce a closure operator associated to the

lattice £ (M) for a given boolean matrix M.
Lemma 3.2.28. Given a boolean matrix M with columns indexed by a set V', the map

v 5 v

X » n{ZeZM)|XCZ}
is a closure operator on (2", C).

Proof. Let ¢ denote the map above, write L, := .2 (M) and consider subsets X,Y € 2V such
that X C Y. Note that X C ¢(X) clearly. Moreover, recall that L is a N-subsemilattice of 2" and
therefore o(X), (YY) € Lg. So, ¢(p(X)) = ¢(X); and p(X) C ¢(Y) (because X CY C p(Y)).

O

Definition 3.2.29. Given a boolean matrix M with columns indexed by a set V, the closure

operator associated to the lattice .Z (M) is the map

Clg(M) A 1

For every set X € 2V, Clg(a)(X) is said the closure of X with respect to the lattice .Z(M).

3.3 Lattice of Flats and the Canonical Boolean Representation

Most of the results presented in this Section can be found in [6, Chapter 5].

Context 3.3.1. Fix a simplicial complex # to simplify the statements throughout this Section.
We aim at defining the lattice of flats of H, F1H and the boolean matrix Mat H. Moreover, we
intend to show that these are representations of # (as defined in Section 3.1) and that they are

related (as established in Section 3.2).

Definition 3.3.2. A subset F' C V is a flat of H if it satisfies the following property:
Forall X c2"nHandpe V\F: XU{p}cH

Use F1# to denote the set of all flats of #.

Definition 3.3.3. Define the matrix Mat H € Mp14,v(B) given by MatH = (mpy) Feri H vev

such that mg, = 0ifand only ifv € F.
Lemma 3.3.4. Hy..n C H.

Proof. We claim that Hyat4 N Pr(V) C H for every k € N. To prove the claim, proceed by

induction on k, the case k = 0 being trivial. Suppose now that Hyiat 3 N Pr—1(V) C H for some
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k > 1 and consider a set X € Huat N Pi(V). Up to congruence, there exists a subset J C F1H
such that N := Mat #[J, X] is lower unitriangular. Let F; € F1H{ and v; € V denote the index of
the first row and column of N, respectively. Define X’ := X \ {v1} and note that X’ € Hyrat
because the matrix obtained from N by removing the first row and the first column is lower
unitriangular. Then, by the induction hypothesis, X’ € H. Moreover, X’ C F, (because mp,, =0
for every v € X') and v, ¢ F, (because mp,,, =1). So X = X' U{v1} € H because F; € F1H.

Hence the claim holds and so Hy.t 4 C H. O

Lemma 3.3.5. Given M € BR(H) and a set R indexing the rows of M, ZM € FIH for

everyr € R.

Proof. Write M = (myy)rervev. Let g € R and consider X € 9% N H and peV\ZM. Up
to congruence, there exists a subset R’ C R such that M’ := M[R', X] is lower unitriangular
because X € H = Hy;. Now, m,,, = 1 (because p ¢ Z>') and m,,, = 0 for every z € X (because
X C z}M). Therefore, up to congruence, the matrix M[R' U {ro}, X U {p}] is lower unitriangular
and so X U {p} € Hy = H. Hence Z}! € FI17. O

Proposition 3.3.6. If 1 is boolean representable, then every matrix in BR (H) is congruent to a
submatrix of Mat H and Mat H € BR (H).

Proof. Let M € BR (). Consider a set R indexing the rows of M and write M = (m,,)reRrvev-
Also, write Mat H =: N = (npy) reri #,0ev- BY Lemma ZM ¢ F1H forevery r € R. Moreover,
forallr€ Rand v € V, m,, =0 if and only if v € ZM if and only if nzm, =0. So M and the
submatrix Mat #[{Z | r € R}, V] are congruent. So the first assertion holds.

By Lemma [3.3.4] Hnaen € H. Consider now a simplex X € H. Up to congruence, there
exists a subset R’ C R such that M[R’, X] is lower unitriangular because X € H = H,,;. But then

Mat H[{ZM | r € R’} , X] is congruent to a lower unitriangular matrix. So X € Hya; %. Therefore

we may conclude that H C Hyp.. ¢ and equality holds. Therefore Mat H € BR (H). O
Remark 3.3.7. ZM*** = F for every F € F1H. O
Lemma 3.3.8.

1. VeFIH

2. FNF' eFlH forall F,F' e F1H

In particular, Mat ‘H satisfies conditions C3 and C4.

Proof. Condition 1 holds trivially.

Consider now a set X € 27" nH and an element pe V\ (FNF'). Note that
VN(FNF)=(V\F)u((V\F). Wemay then consider F;, € {F, F'} suchthatp € V' \ Fy. Then
X € 2o n H and therefore X U {p} € H. Hence condition 2 holds.

The last assertion reformulates conditions 1 and 2 using Remark[3.3.7] O

Lemma 3.3.9. If P,(V) C H, then P<;,_1(V) C F1H for every k € N. In particular, & = min F1H.
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Proof. Suppose that P, (V) C H forsome k € Nand consideraset F € P,_1(V). Let X € 2F'n H
andp e V\ F. Then X U {p} € P<;,(V) C Handso F € FIH. O

Proposition 3.3.10. F1# is a lattice. In particular, F1H = ¥ (Mat H) is \V-generated by YMat*.

Proof. By property 1 and an inductive generalization of property 2 of Lemma FlH is a
A-subsemilattice of 2V, hence a lattice by Remark [2.2.16] moreover, Mat H satisfies condition
C4. Then by Remark(3.2.12] Z(Mat H) = {Z}**" | F € FIH} and so .Z(Mat ) = F1#. Then
F1H is V-generated by YMat* by Proposition|3.2.14 O

Remark 3.3.11. If # is simple, then YMa** — P, (V) and Mat H satisfies condition C2.

Proof. Write Mat H = (mp,)rern,0ev @nd consider an element v € V. As P (V) C F1H, there
exists a flat F' € F1H such that ZMat* = {4}, Then mp, = 0 and therefore YMat# C ZMat# — f4)}

and equality holds by Lemma|3.2.13] So YyMat# = {{v} |v e V} = P (V).
The second assertion follows clearly from P; (V) C F1H. O

Proposition 3.3.12. If H is simple and boolean representable, then (F1H,YMat™) js a lattice

representation of H.

Proof. By Proposition [3.3.10, F1H = . (Mat#). So, by Proposition [3.2.21} H (g3, ymac») and
Haat 7 are isomorphic simplicial complexes. And by Proposition[3.3.6] Hasx = H. O

Proposition 3.3.13. /f H is boolean representable then, for every subset X CV, X € H if and
only if there exists an enumeration X = x1x5...x, and a chain Fy C Fy C ... C Fy in F1H such

thatx; € F; \ F;,_; foreveryi € [k].

Proof. By Proposition X e Hifandonly if X € Hyae . SO, consider a subset X C V and
suppose first that X € Hy.t . Then, up to congruence, there exists a subset G C F1#H such that
the submatrix N := Mat H[G, X] is lower unitriangular. Suppose that the rows and columns of N
are sequentially indexed by G1,...,Gy and z4,...,z; and define, for every index i € [k], the set
G} :=GiN...NG;. Now, V € FIH and, for every i € [k], G, € F1'H (by Lemma[3.3.8). Moreover,
z1 € V\ G} and, foreveryi e {2,...,k}, we have z; € G_; \ G} by definition of the matrix Mat .

We get the desired result by taking the enumeration X = z; ...z, and the chain
GicGyC...GyCV

Conversely, suppose now that there exists an enumeration X = xzy25...2; and a chain
FyCF, C...CFy in FIH such that z; € F;\ F;_, for every i € [k]. Then the submatrix
Mat H[Fy—1Fx—2 ... Fo,xxxk—1 . .. z1] is lower unitriangular (if we fix the order of rows and columns)

and therefore X € Hutat %- O

Remark 3.3.14. If H is simple, then Proposition|3.3.13|follows directly from Proposition(3.2.26] O

Corollary 3.3.15. /fH is boolean representable, then htF1H = dim H + 1.
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Proof. We may define a map ¢ assigning to each chain Xqo C X; C...C X in FIH a set
T172...7), € 2V suchthat z; € X; \ X;_;. Observe that, for every k € N, ¢ maps a chain of length
k to a set with k& elements. Now, by Proposition[3.3.13] im ¢ = H and the result holds. O

Context 3.3.16. At this point, it is possible to define the closure operator associated to the lattice

F1H = .2 (Mat H) and present some useful results involving this concept.
Definition 3.3.17. The closure operator associated to the lattice F1# is the map

Cl: 2V — 2oV
X = C(X):=n{FecFIH|XCF}

For every set X € 2V, use the notation X := CI(X).
Proposition 3.3.18. Given a simplex X c fctH, X = V.

Proof. Suppose that there exists a flat F € FI#H \ {V} suchthat X C F. Then V' \ F' # @ and we
may consider an element p € V' \ F. Butthen X € H n2F and so X U {p} € H, contradicting the

maximality of X with respect to set inclusion. O
Definition 3.3.19. Define a map

5: 2V o5 9V

X = 6X)=XU{peV\X|IU{p}¢Hforsomelec HnN2X}

Proposition 3.3.20. For every subset X ¢ 2V
X =Jmx)
neN

Proof. Write D :=|J,,c 6" (X). Proceed by induction on n € N to prove that 6"(X) C X, the
case n = 0 being clear. We must show first the case n = 1, i.e., §(X) C X. Suppose that there
exists an element p € 6(X) \ X C 6(X)\ X. Then there exists a set I € H N 2% C H N 2¥ such
that 7 U {p} ¢ H. This is a contradiction because X is a flat. So §(X) C X. Consider now n > 2
and suppose that 6" ~!(X) C X. We must show that 6*(X) C X. But

X) (by the induction hypothesis)

cCX=X (by the case n = 1)

So we may conclude that §"(X) C X for every n € N and therefore D C X.

Conversely, we must show that D € F1H{. Consider a subset I € 2” N H and an element
p € V\ D and suppose that TU {p} ¢ H. Observe that X C §(X) C6*(X)C---. So, as I is
a finite set, there exists m € N such that I C §™(X). But then T € HN2°" (), p ¢ §™(X) and
Tu{p} ¢ H. Hence p € §(6™(X)) = 6™ (X) C D, a contradiction. So I U {p} € H and we may
conclude that D € FIH. So X = D and the result holds. O
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Lemma 3.3.21. If H{ is a matroid, then, given a subset X c 2V, define the set Hx C H N 2%

consisting only of the sets with maximum number of elements. Then
S(X)=XU{peV\X|IU{p} ¢ H foreveryI € Hx}

Proof. It is clear that XU{peV\X|ITU{p} ¢ HforeveryI € Hx} C(X) because
Hx C HnN2X. Conversely, consider an elementp € §(X) \ X. Thenthere existsaset I ¢ H N 2%
such that TU {p} ¢ H. If I C I' for some I’ € H N 2% such that I’ U {p} € H then T U {p} € H.
Using this argument we may assume that I is maximal in H N 2% with respect to set inclusion.
Consider now a set J € Hx and suppose that J U {p} € H. Now, |J| > |I| (because J € Hx)
and therefore |.J U {p}| > |I|. So we may consider a simplex .J, € 2/Y{} such that |.Jy| = |I| + 1
and apply the exchange property. There exists then an element j € Jy \ I such that T U {;j} € H.
But 7 U {p} ¢ H and therefore we may assume that j € J C X. But then I U {j} € 2¥ n H and
Iu{j,p} ¢ H, contradicting the maximality of I with respect to set inclusion. Hence we may
conclude that JU {p} ¢ Handthat §(X) C X U{peV\X |IU{p} ¢ HforeveryI € Hx}. O

Proposition 3.3.22. If# is a matroid, then, for every X € 2V, X = §(X).

Proof. By Proposition it is clear that 6(X) C X. It remains to show that §(X) € FI1H.
Consider a subset I € 2°(X) N H and an element p € V \ §(X) and suppose that T U {p} ¢ H. If
I c I' forsome I’ € HN2°X) such that I' U {p} € H then I U {p} € H. Using this argument we
may assume that I is maximal in H N 2°(X) with respect to set inclusion.

Now, we claim that I € Hj(x) (using the notation of Lemma . To prove the claim,
suppose that I ¢ Hs(xy and consider J € Hs(x). Then [J| > |I| and we may consider a subset
Jo C J such that |Jy| = |I| + 1. By the exchange property, there exists an element j € Jy \ I such
that 7 U {5} € H. Butthen T U {5} € 22) n H and T U {j,p} ¢ H, contradicting the maximality of
I with respect to set inclusion. Hence the claim holds.

Observe now that, as p € V'\ 6(X), then, applying Lemma[3.3.21] there exists a set K € Hx
such that K U {p} € H.

If |I| > |K|, then there exists a simplex I, C I such that |Iy| = |[K|+ 1 and therefore, by the
exchange property, there exists an element i € I \ K such that K U {i} € H. But, as K € Hy,
then the maximum number of elements of a simplex contained in X is |K|. Hence we may
conclude that i ¢ X. Butie Iy, CI C4§(X) and so ¢ € §(X)\ X. Therefore, applying Lemma
[3.3.21]to the element i and to the set K € Hx, we get K U {i} ¢ H, a contradiction.

On the other hand, if |I| < |K|, then |I| < |K U {i}|. So, there exists a simplex Ky C K U {i}
such that |Ky|=|I|+1. Then, by the exchange property, there exists an element
ke Ko\ICK\I such that TU{k} € H. But then TU{k} € 2°)NH and TU {k,p} ¢ H,
contradicting the maximality of I with respect to set inclusion.

Hence we may conclude that 7 U {p} € H and so §(X) € F1 . Hence the result holds. [

Proposition 3.3.23. FIH = {X | X € H}
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Proof. It is clear that {X | X € H} C FIH. Conversely, consider a flat F € F1#, a subset

I € 2 n H maximal with respect to set inclusion, and an arbitrary flat £; containing 7. We claim
that ' C Fj. To prove that claim, suppose that there exists an elementp € F\ F; C V' \ F;. Then
TU{p} € H because Fy is aflat. Butthen I U {p} € 2" N H, contradicting the maximality of 7. So

the claim holds and therefore F = 1. O

Proposition 3.3.24. If# is boolean representable, given a subset X C V, then X € H if and only

if there exists an enumeration X = x1 ...z such thatx; ¢ T1 ... 2,_1 foreveryi € {2,...,k}.

Proof. By Proposition(3.3.13} it is enough to show that the following conditions are equivalent, for
every enumeration X = x ... xy:

a. There exists a chain Fy C F; C ... C F, in F1H such that z; € F; \ F;_; for every i € [k]

b. x; ¢ T1 ... z,_1 foreveryi e {2,...,k}

Suppose that condition a holds. Then, for every index i € {2,...,k}, z1,...,2;—1 € F;_1 and

therefore z7-. - z;—1 C F;_1; S0 z; ¢ T1...x;—1. Conversely, if condition b holds, then condition a

also holds by taking F; := @ and F; := ©7...x; for every i € [k]. O

3.4 Definitions and Results on BRSC

Most of the results presented in this Section can be found in [6, Chapter 5].

Definition 3.4.1. A boolean matrix is said to be 7-complete if it contains all possible rows with
exactly one entry equal to 0. Given a simplicial complex 7, use BR1.complete(#) t0 denote the set

of 1-complete boolean representations of #.

Definition 3.4.2. Given finite nonempty sets R,V and a boolean matrix M € Mgz v (B), the set of
linesof M is Ly == {ZM | r € R,2 < |ZM| < |V| — 1} (recall the notation introduced in Definition

3.2.2). The graph associated to the matrix Mis 4 (M) = (V, E) given by E := U, .. Pa(L).

Definition 3.4.3. A boolean matrix M is short if |L| = 2 for every line L € £,,. Given a simplicial

complex H, use BRghort(H) to denote the set of short boolean representations of #.

Note 3.4.4. Some results of this monograph depend on the set of lines of a given boolean matrix

being a partial euclidean geometry, so we may define this concept.

Definition 3.4.5. Given a finite nonempty set V and a family £ C 2V, we say that £ is a partial
euclidean geometry (PEG) if the following conditions hold:

o |L| >2,forevery L e L

o [LNL'|<1,foralldistinct L, L' € L

Proposition 3.4.6. Given a simplicial complex H, the following conditions are equivalent:
1. H is boolean representable

2. Forevery simplex X € H \ {&}, there exists an element x € X such thatx ¢ X \ {z}
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Proof. Write H = (V, H). Suppose that H is boolean representable and consider a simplex
X € H\ {@}. Then, by Proposition there exists an enumeration X = z; ...z,_1 such
that =), ¢ T1 ... 2% and so condition 2 holds.

Conversely, suppose that condition 2 holds, consider k € [dimH + 1] and a simplex
X € HN P,(V). Write X, := X and consider an element x; € X, such that z;, ¢ X, \ {z1}.
Now, recursively, for every i € [k — 1], define X;_; :== Xy—;+1 \ {zx—;+1} and consider an element
Tp_i € Xp_;suchthatzy,_; ¢ X, ; \ {zx_;}. Foreveryic {0,1,...,k} there exist such elements
xp—; by condition 2, because X;_, C X € H and therefore X,_;, € H\ {&}. Then
C X, CXyC...CXy. Hence @ C X; C X5 C ... C Xi. Moreover, for all indices p, q € [k],
with ¢ > p, z, € X,, so z, € X, and therefore z,, € X,; but z,, ¢ X,,_. Hence, we may consider
the submatrix M of Mat H such that the rows and columns of M are sequentially indexed by
7,X1,Xo,...,Xx_1 and z1,z9,...,11, respectively. By the previous argument, M is lower
unitriangular and therefore X € Hy.s and we may conclude that H C Hy.s . Moreover, by
Lemma Hyat 1 € H and equality holds. So MatH € BR (#H) and therefore condition 1
holds. O

Lemma 3.4.7. Every matroid is pure.

Proof. Consider a simplicial complex H = (V, H) satisfying the exchange property. Note that
fct H # @ because H is nonempty and finite so there exist maximal elements in H with respect
to set inclusion. Suppose now that there exist distinct sets X, Y € fct H with k& := | X| < |Y| and
consider Y’ € P.,1(Y). Observe that P, 1(Y) C2Y C H because Y € H and H is a simplicial
complex. So Y’ € H. There exists an elementy; € Y’ \ X suchthat X; := X U {y,} € H because
Y'|=k+1=]|X|+1and # is a matroid. But then X C X; € H, contradicting X being maximal

with respect to set inclusion. O

Proposition 3.4.8. Every matroid is boolean representable.

Proof. Consider a matroid H# = (V,H), a simplex X € H\ {@}, a point z € X and write
X, := X\ {z}. By Proposition [3.4.6| it is enough to show that = ¢ X,. Consider now a subset
I€ HNn2%:, ThenI U {z} C X € H and therefore I U {2z} € H. Moreover, by Proposition|(3.3.22,

X,=X,U{peV\X,|IU{p}¢ H forsome I € Hn2*}
So we may conclude that = ¢ X, and the result holds. O

Remark 3.4.9. There exist boolean representable simplicial complexes that are not matroids. An

example is provided in Section 3.5.

Proposition 3.4.10. The restriction of a boolean representable simplicial complex H = (V, H)
fo a subset V' CV is also boolean representable. In particular, if M € BR(H) then
M[-,V'] € BR(H|y)-

Proof. Write M’ := M[—, V'], consider a set R indexing the rows of M and M’ and recall that
H|,, = (V/,HN2Y"). Observe that H = H,, because M € BR (#H). Then we aim at proving
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that Hy = Hyy N2V . Clearly Hy € Hy N2V, Conversely, consider a set X € Hy n2Y'.
Up to congruence, there exists a subset S C R such that M[S, X] is lower unitriangular. But
MI[S,X] = M'[S, X] because X €2"'. Therefore X € H); and we may conclude that

Hy N2V C Hyy and equality holds. O

Remark 3.4.11. Consider a boolean representable simplicial complex # = (V, H), a matrix
M € BR (H) and a subset V' C V. Then, for every line L’ € Ly v there exists a line L € Ly,
suchthat L' C L.

Proof. Consider a line L’ € Ly _ /. Clearly, there exists F' € Ly U{V} such that L' C F.
Observe that |[L'| < [V'| — 1 because L' € Ly . Therefore, |F| < |L'| + (V]| = |V'|) < |V] - 1.
So F e Ly. O

3.5 Examples

Example 3.5.1. Consider sets V :=[4] and H := P<o(V)U{123,124}. Then # := (V,H)
is a simplicial complex; dimH =2; H is simple and paving; fctH = {34,123,124} and
FI1H = P<1(V) U {12,V}. Moreover, H is boolean representable but not a matroid.

Proof. Start by observing that V is a finite nonempty set and H is a nonempty subset of 2" such
that P,(V) C H and closed under taking subsets. Then % is a simplicial complex. Recall that
dim X := |X| — 1 for every simplex X € H; and dimH := max {dim X | X € H}. So dimH = 2.
The maximal elements of H with respect to set inclusion are fct H = {34,123, 124}. Observe that
P,(V) C H. So, H is clearly simple; moreover, H is also paving because dim H = 2.

Recall that, by Proposition FI# ={X | X € H}. Moreover, V € FIH (by Lemma
[3.3.8); P<1(V)) C FI# because P»(V) C H (by Lemma[3.3.9); and X =V for every X € fet H
(by Proposition [3.3.18). Hence it suffices to compute the closure of the elements of the set
H\ {P<1(V)UfctH} = {12,13,14,23,24}. We claim first that 12 € F17%{. To prove the claim,
consider a subset I € 22N H = {@,1,2,12} and an element p € V' \ 12 = 34. We must show
that 7U {p} € H. Observe that, if |I| <1 then I U{p} € P<2(V) C H. Assume then that I =12
and p € 34 and observe that 123,124 € H so the claim holds. Therefore 12 € F1’H and so 12 = 12.
Now, we claim that T3 = V. To prove the claim, use Proposition[3.3.20} observe that 134 ¢ H and
so 4 € §(13) C 13; hence 34 C T3. So, by the properties of the closure operator, 34 C 13 = T3.
But 34 =V (because 34 € fctH) and therefore 13 = V. Similarly, we may conclude that
14 = 23 = 24 = V and therefore F1H = P (V) U {12,V'}.

Consider the matrix
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We claim that M € BR(#). Observe that, if we fix the order of rows and columns, the submatrices
Mlrirsra, 312], M[rirsre,412] and Mrerq,43] are lower unitriangular and so 123,124, 34 € Hy,.
Moreover, 134,234 ¢ H), because all the rows of the submatrices M[—, 134] and M[—, 234] have
at most one entry equal to 0. Moreover, recall that the set H,, is closed under takins subsets.
Therefore Hyy = P<o(V) U {123,124} = H and so M € BR(#H).

We are also able to construct the matrix Mat # and, according to Proposition M is

congruent to a submatrix of Mat .

1 2 3 4

g (1 1 1 1

1 0 1 1 1

2 1 01 1

MatH := 3 1 1 0 1
4 1110

1210 0 1 1

V0o 0 0 O

M is in fact a submatrix of Mat A if we consider vy = 12, ro = 3 and r3 = 2.
Finally, we must prove that 7 does not satisfy the exchange property so it is not a matroid.
For, observe that 34,123 € H but 134,234 ¢ H. O

Example 3.5.2. Consider the lattice L determined by the Hasse diagram
t

and define the subset A := {a; | i € [4]}. Then Lis v-generated by A and #; 4y = H (considering
the simplicial complex # from Example[3.5.9).

Proof. L is V-generated by A because = = Vaias, t = Vaiaz and b = vV &. Moreover, as mentioned
in Remark3.1.2} according to the adopted definition, the simplicial complex H . 4 is simple, i.e.
Py(V') € H(p, a). Moreover, ht L = 3. Now, for every index i € {3, 4}

(\/111) < (\/alag) < (\/alagai)

M~ > Y——

ai x t
and therefore aiaza; € Hiy, 4). On the other hand, for every index i € {1,2}, a;azas ¢ Hp, a)
because Va;as = Va;ay = Vagay =t and therefore the length of every chain contained in a;azaq
is at most 2.
Use H = (V, H) to denote the simplicial complex of the exampleand notethat H = Hp a)

(through the bijection ¢ : V' — A such that ¢ — a; for every i € [4]). Therefore, (L, A) is a lattice
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representation of #. In particular, observe that F17 is v-generated by V' and therefore (L, A) and

(F1H,V) are isomorphic lattices (through the same bijection). O

Definition 3.5.3. Given n,m e N with n>m, let U, ,=(V,H) denote the uniform

simplicial complex (up to isomorphism) such that |V| = n and H = P<,,, (V).
Note 3.5.4. Throughout this monograph, given n, m € N such that n > m, we assume that the set
of points of the simplicial complex U, ,, is [n].

Remark 3.5.5. Given n,m € N such that n > m, the simplicial complex U, ,, is a matroid. O
Lemma 3.5.6. Givenn,m € N such thatn > m, F1U,, ,, = P<pm—1([n]) U {[n]}.

Proof. By Lemma [3.3.9) P<,,_1([n]) C F1H and therefore, for every X € P<,,_1([n]), X = X.

Moreover, every subset X € P,,(V) is a facet of this simplicial complex and therefore, by Proposition
3.3.18, X = [n]. So, applying Proposition [3.3.23} we get

Flly = {X | X € P<in(In]) } = P<m—a([n]) U {[n]} =

Example 3.5.7. Consider the lattice L determined by the Hasse diagram

t

as
Gy
a2

ai

and define the subset A := {a; | i € [4]}. Then L is V-generated by A and H; ay = Uy 4.

Proof. L is V-generated by A because t = Vazay and b = vV @. Moreover, ht L = 4. Now, observe
that

(Va1) < (Vaiaz) < (Vajasas) < (Vajasasay)
~—_—— e —— ——

al a as
and therefore A € H(;, 4y. S0, H(1 4y = P<3(A) because the set H(;, 4) is closed under taking

subsets. So H (1, 4) = Us 4. O

Example 3.5.8. Consider the V-generated lattice (L, A) from Example Then

b 1 1 1 1

aa |l 0 1 1 1

aa|l 0 0 1 1
M(L,A) =

a3 0 0 0O 1

a4 0 1 1 0

t 0 0 0 O
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and (ZL(# (L, A)), y# L) = (L, A).

Proof. Write .# (L, A) =: M := (1a),cp, 4ca- 10 determine the lattice (M) and the set of
generators Y we must compute the sets ZM := {a € A | my, =0} and YM :=n{ZM | my, = 0},

foralll € L and a € A. So, the lattice £ (M) is determined by the following Hasse diagram:

a1a2a3a4 = Zt[VI

_ M _ v M
ajaoasz = Za3 = Ya3

—_7M _ yvM
y y aray = Z,, =Y,
aja = Zmz = Ya2
_7M _ v M
a1 = Za1 = Ya1

o=2zM

The lattices (L, A) and (£ (M), Y*) are isomorphic through the bijection A — Y* such that

a— YM, O



Chapter 4

Paving Boolean Representable

Simplicial Complexes

4.1 Definitions and Results on paving BRSC

Most of the results presented in this Section can be found in [6, Chapter 6].

Notation 4.1.1. Given n, m € N with m > n, use Pav,, (or Pav(™) to denote the class of all paving
simplicial complexes of dimension n (with m vertices); and use BPav,, (or BPav(™) to denote the

class of all boolean representable paving simplicial complexes of dimension n (with m vertices).

Proposition 4.1.2. Given n € N, a simplicial complex H = (V, H) € Pav,, and distinct flats
F,F' e FIH\{V}, wehave |[FNF'| <n-—1.

Proof. Define Fy:= FNF’, suppose that |Fy]>mn and consider distinct elements
z1,...,on € Fy. Observe that P,(V) C H (because H is paving) and so, by Lemma [3.3.9,
P<,_1(V) CFI'H. We may then define flats F; := z; ...z, for every index [n — 1]. Moreover,
we may assume that Fy # F (because F, F' are distinct flats) and consider an element f € F \ Fp.
Hence the submatrix of Mat H with rows sequentially indexed by flats Fy, F},_1, F_2,..., Fo, F1, O
and columns sequentially indexed by elements f, z,,, x,,_1, ..., 22, z1 iS lower unitriangular. Hence
z1 ...z, U f € 2F N Hyaen and therefore, by Lemma z1...znf € 28 N H. But then, for

every elementp e V\ F, z; ...z, fp € H, a contradiction because dim H = n. O

Remark 4.1.3. Given a simplicial complex % = (V, H) € BPav,, a matrix M € BR () and distinct
lines L, L' € L, we have [LNL'| < 1. O

4.1.1 Dimension 2

Remark 4.1.4. Given a 1-complete boolean matrix M with columns indexed by a set V, we have
P<5(V) C Hyy. Inparticular, if Loy = @ then Hayy = Us .

35
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Proof. Let R be the set indexing the rows of M and write M = (m,,)rervev. Consider a subset
X € Py(V) and write X = zy. There exist distinct r, s € R such that ZM = {2z} and ZM = {y}
because M is 1-complete; and therefore mg, = m,, =1 and m,, = m,, =0. Hence, up to
congruence, the submatrix M[rs,zy] is lower unitriangular. Therefore, P»(V) C Hy; and so
Py(V) C Hyy.

Suppose now that £, = @ and there exists a subset X € P;(V) N Hy,,. Then there exists
a subset R’ C R such that M[R’, X] is congruent to a lower unitriangular matrix. But then
there exists an element r € R such that 2 < |Z,{”] < |V] -1, a contradiction, because L), = @.
Therefore, if L3y = @ then Hyr = P<o(V') and so Hay = Us . O

Proposition 4.1.5. The following properties hold:

1. Given a simplicial complex H € BPavy and a matrix M € BR (H), then L, is a nonempty PEG.

2. If M is a 1-complete boolean matrix such that Ly, is a nonempty PEG, then H,; € BPavs.

Proof. Consider a simplicial complex # € BPavy, and a matrix M € BR(#). Let R be the set
indexing the rows of M and write M = (m,y)rervev- Then, by Remark Ly # @. Recall
that ZM < F1H for every r € R by Lemma Then, by Proposition |ZMnZM| <1 for
all distinct , s € R and so L), is a PEG. Hence property 1 holds.

Consider now a 1-complete boolean matrix M such that £, is a nonempty PEG. By Remark
4.1.4] it remains to show that P;(V) N Hy # @ and that P,(V) N Hy = @. Consider then a
line L € L, distinct elements p,q € L, an element x € V' \ L and an element r» € R such that
L = zM. There exist distinct elements s1, s, € R such that Z = {p} and Z}! = {¢} because M
is
1-complete. Then m,; =1, myp = myq = 0; Mmg,p =1, Mmsyq =0; and m,,, = 1. Hence the
submatrix M|rsesi, xzpq] is lower unitriangular (if we fix the order of rows and columns) and
therefore zpg € Ps(V) N Hyy.

On the other hand, suppose that there exist a set X € P,(V) N Hy,. Then there exist a subset
R’ C Rsuchthat M[R/, X]is congruent to a lower unitriangular matrix. But then there exist distinct
elements r, s € R such that ZM, ZM € £, and |22 n ZM| > 2, a contradiction, because £, is

a PEG. Hence property 2 holds. O

Proposition 4.1.6. Given a simplicial complex H = (V,H) € BPavo and a matrix
M € BR(H):

H=Hy=Ps(V)U |J {(XeR(V)|IXnL|l=2}
LeLly

= P3(V)\ <{3-antic/iques of9(M)} U U P;;(L))
LeLlns
Proof. Consider a set R indexing the rows of M, write M = (m,)rervev, define
H':= Hn P;(V) and sets

U= |J (XeR(V)|IXNnL| =2}
LeLy
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Uy := P3(V)\ <{3-anticliques ofg(M)}u [ Pg(L)>

LeLly
We claim that H' = U; = U,. To prove the claim consider first a set Y € H’. Up to congruence,
there exists a subset R’ C R such that the submatrix M’ := M[R', Y] is lower unitriangular because
Y € H = H),. Suppose that the rows and columns of M’ are sequentially indexed by r1, r2, r3 and
Y1, Y2, y3, respectively. Then m,,,, = 1 and m,,,, = my,,, = 0 and therefore 2 < |Z}| < |V| - 1.
So ZM € Ly and | ZM NY| = 2. Hence we may conclude that H' C U.

Considernow asetY € Uy, aline Ly € £y, suchthat |Y N Lg| = 2 and an element r € R such
that Lo = ZM. Then Y N Ly is an edge of ¥(M) and so Y ¢ {3-anticliques of ¢(M)}. Moreover,
by Proposition for every line L € Ly, \ {Lo}, |LN Lo| <1 and therefore [LNY| < 2. So
Y ¢ Urer,, P3(L). Therefore Y € U, and we may conclude that Uy C Us.

Finally, consider a set Y € U,. There exists a line J € Ly, such that |Y N J| > 2 because Y
is not a 3-anticlique of ¥(M); and [Y N L| < 2 for every line L € £y because X ¢ Uy, P3(L).
Then |Y N J| = 2. Consider now an element ry € R such that J = Z,, and define y, as the single
element in the set Y\ (Y N J). Up to congruence, there exists a subset R” C R such that the
submatrix M" := M[R",Y N J] is lower unitriangular, because Y NJ € P,(V) C H = H),. But
Mroy, = 1 (becauseyo ¢ J = Z,,) and m,,,,, = 0 forevery y € Y N J (because J = Z,,,). Therefore
M[R" U{ro},Y] is congruent to a lower unitriangular matrix and so Y € Hy; = H. Hence, we
may conclude that U; C H' and therefore the claim holds.

Moreover, P<2(V)) C H because H € BPav, and so the result holds. O

Proposition 4.1.7. Given a simplicial complex H € BPav,, there exists a 1-complete matrix in
BR (H).

Proof. As P,(V') C H then, by Lemma(3.3.9) P<;(V) C F1H. Then, by definition, Mat # contains
all possible rows with exactly one entry equal to 0, i.e. Mat # is a 1-complete matrix. Moreover,
by Proposition 3.3.6], Mat # € BR(H). O

Proposition 4.1.8. Given a simplicial complex H = (V, H) € BPav, and a matrix M € BR(H),
FIH = P<1(V)U{V} U L U {superanticliques of 4 (M)}

Proof. Let E denote the set of edges of the graph ¥(M). Now, by Lemmas and
V € F1'H and also P<1 (V) C FI'H (because P<3(V) C H). Moreover, by Lemma[3.3.5, £, C F1H.
Consider now a superanticlique X C V of the graph ¢ (M), a subset I € 2X N H and a point
peV\X. Observe first that I € H = Hy; so |I| <3; moreover, I is an anticlique of ¢¥(M)
so, by Proposition |I| # 3; hence |I| <2. We claim that TU{p} € H. If |I| <1 then
I'U{p} € P<»(V) C H and the claim holds. If |I| = 2, then Ny (1) = V' \ X because I € P»(X)
and X is a superanticlique of the graph ¥(M). Therefore zp € E for some element z € I.
But then there exists a line L € £,; such that LN (I U {p}) =2 and so, by Proposition 4.1.6]
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I'U{p} € Hyy = H and the claim also holds in this case. Hence we may conclude that
P<1(V)U{V}U Ly U {superanticliques of ¢4 (M)} C F1H

Consider now a flat F € FIH \ (P<1(V)U{V} U L)) and distinct elements z,y € F. We claim
first that zy ¢ E. To prove the claim, suppose that zy € E. Then there exists a line L € £,; such
that zy C L and so |L N F| > 2. This contradicts Proposition[4.1.2|because L, F' € F1 and so the
first claim holds. We may then conclude that F' is an anticlique of the graph ¢ (M) and therefore
Ny (@) UNg oy (y) €V \ F. We claim that the equality Ny () (2) U Ny (y) = V '\ F holds.
To prove the claim, consider an element z € V' \ F and suppose that zyz is an anticlique. Then, by
Proposition[4.1.6] zy= ¢ H. This is a contradiction, because zy € P,(V) C H, 2y C F,z € V\ F
and F'is a flat. So the second claim holds. Therefore F is a superanticlique of the graph ¢ (M)

and we may conclude that
FIH C P<1(V)U{V} U Ly U {superanticliques of ¢ (M)}
so the desired equality holds. O

Proposition 4.1.9. Given a simplicial complex H € Pavq, H is a matroid if and only if 4 (Mat H)

is complete.

Proof. Write H = (V, H) and let E denote the set of edges of the graph ¥ (Mat #). Suppose
that A is a matroid, consider distinct points =,y € V' and suppose that zy ¢ E. Then zy € L for
every line L € Lyrar - i.€. zy € F forevery F' € F1H \ (P<1(V) U {V}). Butthen zg = V and so,
by Proposition zyv ¢ H for every element v € V' \ {xy}. Hence zy € H is a facet. This
is a contradiction because H is pure, by Lemma So zy € E and we may conclude that
¢ (Mat H) is a complete graph.

Conversely, suppose that ¢(Mat ) is a complete graph, consider simplexes X,Y € H such
that |Y| = |X|+ 1 and assume that X U {y} ¢ H for every element y € Y\ X. Then |X| =2
because H € Pave. So X € E and therefore there exists a flat ' € FI1H \ (P<1(V)U{V}) such
that X C F. Butthen Y C X by Proposition[3.3.20] and therefore Y C F, a contradiction because
Y is a facet and so, by Proposition(3.3.18) Y = V.. O

4.2 Paving Matroids

Definition 4.2.1. Given n € Ny and a simplicial complex #, let F1,H := Upcp 3 (v P (F)-

Proposition 4.2.2. Every simplicial complex H = (V,H)¢€ Pav, such that
P,+1(V) CFl,11(H) U H is boolean representable.

Proof. Consider a simplicial complex H = (V, H) € Pav,, satisfying P,+1(V) C Fl,,.1H U H.

Consider also a simplex X € H\ {@} and fix an element = € X. We claim that 2 ¢ X \ {z}.
Suppose first that | X| <n. Then X\ {z} € P<,,_1(V). So, by Lemma X\ {z} € F1H.
Therefore X \ {2} = X \ {z} and the claim holds clearly. We may then assume that | X| =n + 1.
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Suppose now that (X \ {z}) U {v} € H for every v € V \ X. Consider a subset Y € 2X\{z} n {1
and an elementp e V\ (X \ {z}). lf p=axthenY U {p} C X € H and therefore Y U {p} € H. If
peV\X,thenY U {p} C (X \{z})U{p} € H and therefore Y U {p} € H. We may then conclude
that X \ {z} € F1'H and so the claim also holds in this case. We may now assume that there exists
an element vy € V'\ X such that (X \ {z}) U{vo} € Po11(V)\ H. Define Y := (X \ {z}) U {vo}.
So, Y € Fl,,1H and therefore there exists F' € F1H \ {V} suchthatY € P, 1 (F). If z € F, then
X € 2F N H and therefore, X U {¢} € H for every g € V' \ F (because F is a flat), a contradiction
because | X|=n+1 and dimH =n. Hence x ¢ F. But X\ {z} CY CF, so X\ {z} CF.
Hence = ¢ X \ {«} and the claim holds also in this case. So, by Proposition we may

conclude that H is boolean representable. O

Remark 4.2.3. Given a matroid # = (V,H), a simplex X € H and an element v € V' \ X, the
following condition holds: X U {v} € H if and only if v ¢ X.

Proof. Consider a simplex X € H and an element v € V'\ X. The following statements are
equivalent:
1. Xu{vteH

2. Tu{v} € H forevery I € 2%
3. Tu{v} € Hforevery I € Hn2%

4. v¢ X
Statement 3 implies statement 2 because X € H. The remaining sequential equivalences are

clear. 0

Proposition 4.2.4. Givenn € N and a simplicial complex H = (V, H) € Pav,,, the following conditions
are equivalent:

1. H is a matroid

2. P, (V) CFlL HUH

Proof. Suppose that condition 1 holds and consider a set X € P,1(V)\ H. Fix an element
z € X and define X’ := X \ {z}. By Proposition[3.4.8] # is boolean representable, so we may use
Proposition and conclude that z € X’ (because X ¢ H). We claim that X’ # V. To prove
the claim, observe that X’ € P,,(V) and so X’ € H because H is paving. But, by Lemma|[3.4.7]
Y| =n+1 for every Y € fctH and therefore X’ ¢ fctH. So, there exists an element v € V' \ X
such that X’ U{v} € H. Hence, by Remark v ¢ X’ and so the claim holds. Therefore,
X' e FIH\{V}and X € P,+1(X’). So X € Fl,,,1H and we may conclude that condition 2 holds.

Conversely, suppose that condition 2 holds and consider simplexes X,Y € H such that
|Y| = |X| + 1. We claim that there exists an element yo € Y\ X suchthat X U {yo} € H. Observe
that, if X C Y then the claim holds trivially. Moreover, if | X| < n — 1 then, for every y € Y \ X,
X U{y} € P<,(V) and therefore X € H because # is paving, so the claim also holds trivially in
this case. We may then assume that | X|=nand |Y|=n+1and X Z Y. Define Z := Y \ X and
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k:=|Z|. Observe that k > 2 (because X € Y)andwrite Z = z; ... z. Define sets X, := X U {z}
for every i € [k]. Suppose that X; € Fl,,.1H for every i € [k]. Consider flats F;, € F1H \ {V}
such that X; € P, (F;) for every i € [k]. For all distinct indices i,j € [k], X; N X, C F; N F;
and X; N X; = X; therefore | X, N X;| = n and |F; N F;| > n; moreover, by Proposition |4.1.2| we
may conclude that F; = F;. Hence, there exists a flat F' € F1 \ {V} such that X UZ C F and
therefore Y C F. Butthen, foreveryv € V' \ F, Y U {v} € H (because FisaflatandY € 2" n H),
a contradiction because |Y| = n + 1 and dim X = n. So we may conclude that X; € H for some
i € [k] and therefore the claim holds by taking yo = z;. Then 7 satisfies the exchange property

and condition 1 holds. O

Proposition 4.2.5. Givenn € N and a simplicial complex H = (V, H) € Pav,,, the following conditions
are equivalent:

1. H is a matroid such that |F| <n+ 1 forevery F € FIH \ {V}
2. P, (V)CFIHUH

Proof. Suppose that condition 1 holds. Then, by Proposition[4.2.4] P, +1(V) C Fl,1H U H. But
in this case Fl,, 1 H C F1H because |F| <n+ 1forevery I € FIH \ {V}. Therefore condition 2
holds.

Now, observe that F1H N P,41(V) C Fl,41(#H), so if H satisfies condition 2 then H also
satisfies P,,1(V) C Fl,,.1H U H. Moreover, by the previous observation and Proposition |4.2.4}
‘H is a matroid. Suppose that there exists a flat F' € F1H \ {V'} such that |F| > n + 2. Consider
X € P,41(F). Observe that X C F and therefore XN F = X and so |[X N F| =n+ 1. Hence,
by Lemma X ¢ F1H. Then, by condition 2, X € H. Therefore X U {v} for every
v eV \ F (because F € FIH and X € 2F' N H). This is a contradiction, because | X| =n + 1 and
dimH = n. O

4.2.1 Dimension 2: Examples

Proposition 4.2.6. Given a finite field K and elements a,b, c € K not all zero, define the simplicial
complex Hepe= (V,Hapc) € Pavy such that V =K and, for every subset X € P5(V),
X € Hqp. if and only if there exist an enumeration X = xyz such that ax + by + cz # 0. Then

Hap.c iS @ matroid.

Proof. Write H := H, . and M := H, .. Consideraset X € P;(V)\ H. We claimthat X € F1H.
If X =V then the claim holds trivially. Consider then a subset I € 2¥ N H and an element
v € V'\ X. Observe firstthat, if |7| < 1then I U {v} € P<5(V) andtherefore I U {v} € H (because
H is paving). Then we may assume that |I| = 2 (because I € 2% N H and X ¢ H). Write I = iyis,
let = denote the single element in the set X \ I and assume without loss of generality that
a # 0. Then ax + bi; + cis = 0 (because zijis = X ¢ H) and so the following equalities hold:
av + biy + cis = (ax + biy + ciz) + a(v — ) = a(v — z). Butthen av + bi; + cis # 0 (because a # 0
and v # ). So IU{v} € H and therefore the claim holds. Hence we may conclude that

Ps(V) C F1'H U H and therefore H is a matroid by Proposition4.2.5 O
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Definition 4.2.7. Let K be a finite field. For all zg,z1,22,%0,y1,y2 € K, write
(zo, 21, 22) ~ (0, Y1, y2) if there exists an element A € K \ {0} such that (zq, 21, x2) = M yo, Y1, y2)-
Then ~ defines an equivalence relation in K3\ {(0,0,0)}. Define the projective space of
dimension 2 over K as the set of equivalence classes P?(K) := (K3 \ {(0,0,0)})/ ~. For all
a,b,c € K not all zero, use (a:b:c) to denote the equivalence class of the element
(a,b,c) € K3\ {(0,0,0)} and define the projective line associated to (a:b:c) as
Loy :={(z:y:2) € PA(K) | ax + by + cz = 0}.

Proposition 4.2.8. Given a finite field K define the boolean matrix M = (mpx) with columns
indexed by P?(K), rows indexed by the set { L(,.p.c) | (a:b:c) € P(K)} and such thatmpx =0
if and only if X € L. Define the simplicial complex H = (P?(K), Hys). Then H € Pav, and H is a

matroid.

Proof. The following properties hold:
1. Given (a:b: c) € P2(K), |Ligpe)| > 2

2. Given (a:b:c) € P(K), Ligp.e) # P*(K)

3. Given distinct elements X := (xg: 21 : 22),Y := (yo0 : y1 : y2) € P?(K), there exists a single
element (ag : by : ¢o) € P*(K) such that X, Y € Lq:p9:c0)

4. Given distinct elements (ag : bg : co), (a1 : by : ¢1) € P2(K), |Lag:bo:co) N Liayibrzer)| < 1
To prove property 1, observe that one of the elements a,b, c € K is different from 0. Therefore,
the set S:= {(z,y,2) € K® |ax + by + cz =0} is a linear subspace of K of dimension 2.
So we may take linearly independent vectors U = (ug,u1,u2),V = (vg,v1,v2) € S. Then
(uo :uy :ug) # (vo : w1 :v2) and (ug : ug : ug), (vo : V1 1 V2) € Ligibic)-
To prove property 2, observe that, for every (a:b:c) € P?(K), one of the elements
(1:0:0),(0:1:0)and (0:0:1) does not lie on the line L,..c)-
To prove property 3, consider the following system of equations in variables a, b, ¢ taking
values in K:
aro + bry +cros =0
{ayo +byr +cy2 =0

The coefficient matrix associated to this system of equations is:

X X X
]\/[ _ 0 1 2
Yo Y1 Y2

Observe that M has maximal rank because X and Y are distinct elements of P?(K). Let S denote
the solution set of the system above. So S is a linear subspace of K3 of dimension 1. Hence
[(S\ {(0,0,0)})/ ~| =1 and property 3 holds.

To prove property 4, suppose that there exist distinct elements X, Y € L(q..00:¢0) N L(as:by:c1)-
Then, by property 3, (ag : by : ¢co) = (a1 : b1 : ¢1).

Now, write H = (V, H) where V =P?(K) and H = Hy;; and £ := { L) | (a:b:c) € V1.
For every (a:b:c) €V, 2<|Liupne| <|V| by properties 1 and 2, so £LC Ly. Then
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L CFIH\{V} by Lemma Given distinct elements X,Y,Z € P?(V), there exists a line
Lxy € £ such that XY C L (property 3). If Z € Lxy, then XYZ e FlsH. If Z ¢ Lxy then
consider lines Lxz,Lyz € £ such that XZ C Lxz and YZ C Lyz (property 3). Moreover,

X¢Lyy, Y¢Lxy and Z ¢ Lxy (property 4). Therefore, the submatrix of M with rows and
columns sequentially indexed by Ly z, Lxz, Lxy and X, Y, Z, respectively, is lower unitriangular
and therefore XY Z € H. Using the previous properties and this argument, we may conclude that:
P,(V) C H; there exists an element X € P3(V)NH; P, (V)NH =o; and P;(V) CFl3H U H.
Therefore, by Proposition ‘H is a matroid. O

4.3 A Metric in BPav,/ =

Context 4.3.1. Throughout this Section, we aim at introducing two notions of distance between
simplicial complexes lying in BPave U {Us2, | n € N} (given n € N, U, ,, refers to the uniform

matroid introduced in Definition |3.5.3).

Note 4.3.2. Throughout this Section and Chapter 6, we assume that i ,, € BPavén) for every

n € N.

Notation 4.3.3. Given n € N, use BPavsy/ = (or BPavén)/ &) to denote the set of all isomorphism
classes of boolean representable paving simplicial complexes of dimension 2 (with n vertices). To

simplify notation, we use the simplicial complex H# € BPav, to denote its isomorphism class.

Definition 4.3.4. Given arbitrary sets A and B, the symmetric difference of A and B is
AANB:=(AUB)\ (ANDB).

Definition 4.3.5. Given n € N, define the set D, C P, (BPavé”)/ %) determined by the
following condition: H#H' € D,, if and only if there exist matrices M € BRy-complete(H) and
M’ € BRycomplete(H) such that |£ys A L/ = 1. Define now the graph D,, = (BPavé")/ %,Dn).

Proposition 4.3.6. Givenn € N, the graph D,, is connected.

Proof. Consider simplicial complexes H # H' € BPavé”)/ = and matrices M € BR1.complete(#),
M'" € BR1.complete(H') (there exist such matrices by Proposition . Define n := |Ly],
m = |Lpv| and assume that the first n rows of M (respectively the first m rows of M)
correspond to the elements of £, (respectively elements of £;,/). Now, define matrices:

L MO =M
e M; obtained from M;_; by removing the i!" row of the matrix M, for every i € [n]

e M, ., obtained from M, ;_; by adding the j" row of M’, for every j € [m]
Note that the matrix M}, is uniquely determined up to congruence, for every k € [n + m]. Also,

we get M, ., = M’. Define the set

A= {k en+m]| Hu,_, #HM;«}
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Now, A # @ because H # H'. Moreover, for every kc A, Hy, ,Hwm, € D, because
|Las,_, ALy, | =1. Define I :=|A| and consider an enumeration A = k; ...k with the usual
order. Therefore H = Hyr = Hty, H' = Har = Hu, and

(Hv HMkl ) HMkQa v 7HM1CL_1 ) H/>

is a path in D,, between vertices # and H'. So we may conclude that the set of paths
Pu.w (D) # @ for all distinct H, H' € BPav(Q")/ = and therefore the graph D,, is connected. [

Definition 4.3.7. Given n € N, define the map

d, : (BPavgn)/ g)x(BPavg’”/ g) - N

(H,H') +— minpep, () len(P)

Remark 4.3.8. Given n € N, the map d, is well defined because H € Py (D,) for every
H e BPann)/ = and Py (D,,) # @ for all distinct H, H' € BPav,, (2), by Proposition m

Proposition 4.3.9. The map d,, is a metric in BPavé")/ = O

Definition 4.3.10. Define the set D C P, (BPavy/ =) determined by the following condition:
‘HH' € D if and only if one of the following properties hold:
e H,H € BPavé")/ =~ forsomen € Nand HH' € D,,

e H € BPavy"/ =, H € BPav{"™ for some n € N and there exist matrices M € BRy-compiete (*),
M/ S BR1_Comp|ete (H/) SUCh that

Define now the graph D = (BPavy/ =, D).
Remark 4.3.11. D,, C D for every n € N. O
Proposition 4.3.12. The graph D is connected.

Proof. Consider simplicial complexes H # H' € BPavy/ = such that #H € BPavé”)/ ~ and
H e BPavgm)/ = for some n,m € N with n > m. Consider also matrices M € BRy-complete ()
and M’ € BR1.complete (1) (there exist such matrices by Proposition. Define matrices N and
N’ obtained from M and M’ by removing the rows that correspond to elements of £, and £y,
respectively. Then, by Remark Hy =Usp € BPavé")/ = and Hy =Usm € BPavgm)/ =
Therefore, by Proposition[4.3.6/and Remark[4.3.11] there exist paths P € Py, ,(Dn) € Pu s, . (D)
and Q € Py ws ., (D) € Pr sy, (D).
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Now, observe that

o1 ... 1 (1 ... 1 1 ... 1
10 ... 1|1 ... 1 N 1 1
N=1]11 0 |1 1 |= 1 1
1 1 1 10 1 1 1 1 10 1
T 1 ....1 1|1 ... 0 11 ....1 (1 ... 0

So, by a clear inductive argument using the second property of Definition there exists
a path in D between U, ,, and U, ,,. Therefore, there exists a path in D between H and H'.
Hence we may conclude that the set of paths Py, 4,/ (D) # @ for all distinct , #’ € BPav,/ = and
therefore the graph D is connected. O

Definition 4.3.13. Define the map

d: (BPavy/ ¥)x(BPavy/ ) — Ny

(H,H') +— minpep,, ,, (p)len(P)

Remark 4.3.14. The map d is well defined because H € Py (D) for every H € BPavy/ = and
Pu.w (D) # @ for all distinct H, H' € BPavy/ = by Proposition 4.3.12

Proposition 4.3.15. The map d is a metric in BPavy/ =. O



Chapter 5

Disjoint Representations of

Simplicial Complexes

5.1 Short Representations

Context 5.1.1. Throughout this Section, we aim at getting a full description of simplicial

complexes in BPav, admitting 1-complete boolean representations with disjoint sets of lines,
being one of them short. So, up until Proposition let # = (V, H) € BPav,, consider

M, N € BRy.complete(H) such that M € BRsport(#) and Ly N Ly = @. Let I denote the graph
¢ (M) and E denote its edge set.

Remark 5.1.2. The following equalities hold:
Hy =P<o(V)U{X e P(V)||XNL|=2forsome L € Ly}
= P3(V) \ {3-anticliques of ¢ (M)}

Moreover, |V| >3 and E # @.

Proof. The first two equalities follow directly from Proposition by observing that
Urer,, P3(L) = @ because M is a short matrix. The final assertion holds because dim # = 2
and so, by the first equality, L1y # @. Then E =, ., (L) # 2. O

Lemma 5.1.3. Given a subset X € P,(V), one of the following conditions holds:

1. X is an anticlique of T’
2. The number of edges of I' [ X] is at least 2
In particular, there exists at most one vertex of degree 0 inT'.
Proof. Suppose that none of the conditions hold and write X = z125y2z such that z,25 € F is the

only edge in the subgraph I' [ X]. We get the following configuration:

45



46 CHAPTER 5. DISJOINT REPRESENTATIONS OF SIMPLICIAL COMPLEXES

X1 o
*———O
[ ] [ ]
Yy z

We use now both characterizations of H = Hy; = Hy given by Proposition and the
properties of the closure operator given by Definition Note that z; x5y is not a 3-anticlique
of I and so z 22y € Hyy = H = Hy. Then there exists a line J € Ly such that |zz0y N J| = 2.
But both 2122 € L), and J € Ly are flats of # and therefore |z122 N J| < 1 by Proposition 4.1.2
Therefore, we may fix the element = € z1z5 such that xy C J. Now, for every index i € [2], x;yz
is a 3-anticlique of " and so z;yz ¢ H. Then, by Proposition x1,x0 € JZ and z € 7y. But
then 3z = V, because z,x2y € 2Y% NfctH; and Ty = V, because yz C zy. This contradicts the
minimality of zy because zy C J C V.

Suppose now that there exist two distinct vertices =,y € V' of degree 0. By Remark
E +#+ o and therefore there exist distinct vertices z,t € V' \ xy such that 2t € E. But then the

subgraph I' [zyzt] contains exactly one edge: a contradiction. O

Lemma 5.1.4. T is triangle-free.

Proof. Suppose that there exists a subset X € P;(V) such that I'[X] is a triangle. Then
Py(X) C L. Moreover, X is not a 3-anticlique of I" and so X € H. Then there exists a line
JeLysuchthat | X NJ|=2. But XNJe P(X)C Ly and J € Ly are flats of H intersecting

in two points, contradicting Proposition 4.1.2 O

Lemma 5.1.5. One of the following conditions holds:

1. T is isomorphic to Cs

2. There are no cycles of length 5 inT’

Proof. Suppose that there exists a cycle of length 5 in T' with vertex set X € P5(V).

Write X = z120y1 2t and assume the edges lying on the cycle are as follows:

T

Y1

T2

Suppose now that condition 1 does not hold and observe that the only edges in the subgraph
I' [X] are represented in the picture above, because I' is triangle-free by Lemma Then there

exists an extra vertex yo € V' \ z122y12t. We get one of the following configurations:
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& Mo T

Yy e Y2 n Y2 J Y1 Y2
X2

€2 T2

Note that in all configurations T [z1z2y1y2] has exactly one edge, contradicting Lemma O

Lemma 5.1.6. One of the following conditions holds:

1. T is isomorphic to Cs

2. There are no cycles of odd length inT’

Proof. Suppose that condition 1 does not hold. Proceed by induction on k to prove that there
are no cycles of length 2k + 1 for every k € N, the cases k£ = 1 and k = 2 being immediate from
Lemmas and Suppose now that k > 3; that there are no cycles of length 2m + 1 for
every m < k; and that there exists a cycle of length 2k + 1 in T with vertex set X € P11 (V).

Write X = xqx1 ... 29, and suppose that the edges lying on the cycle are as follows:

Zo

x1 T2k

X2 T2k—1

We claim that the subgraph T [zoxozr112k42] CONtains exactly one edge. To prove the claim,

observe first that zgz2 ¢ E by Lemma[5.1.4] Moreover,

e By adding the edge zgxi.1 or the edge zox 2 to the cycle above, two new cycles appear of
lengths k + 1 and k + 2

e By adding the edge zgzi12 Or the edge z2x,11 to the cycle above, two new cycles appear of
lengths £ and k + 3

Now, k < k+1<k+2< k+3<2k+1because k£ > 3 and so in both of the above cases there

exists a cycle of odd length 2m + 1 for some m < k. Therefore, by the induction hypothesis,

ToTr+1,ToTr+1 ¢ E and so the claim holds. This contradicts Lemma and so we may

conclude that T does not contain a cycle of length 2k + 1. O

Corollary 5.1.7. One of the following conditions holds:

1. T is isomorphic to Cs

2. T is bipartite

Proof. Follows immediately from Lemmas[5.1.6|and [2.2.39] O

Definition 5.1.8. Given n,m € N with m +n > 3, define the set Q(m,n) of all graphs (up to

isomorphism) that can be obtained from the complete bipartite graph K, ,, by removing a matching.
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Proposition 5.1.9. If there exists some vertex v € V' with degp(v) =0, then the subgraph
I' [V \ {v}] is a complete bipartite graph.

Proof. If there exists such a vertex v € V', then I is not isomorphic to C5 and therefore is a bipartite
graph by Corollary[5.1.7] Consider partition sets A and B of I" with |A| = m and | B| = n for some
m,n € N with m >1 and n > 2 (there exist such integers because |V| > 3 by Remark [5.1.2).
Moreover, we may assume that v € B because if A = {v} then F = @, contradicting Remark
Now, for every vertex a € A, degr(a) # 0 (because v is the only isolated vertex by Lemma
[5.1.3); consider a vertex by € N (a); then, for every b € B\ {by}, the subgraph T [abbv] contains
at least 2 edges and therefore ab € F; we may then conclude that ab € F foralla € Aand b € B.

O

Proposition 5.1.10. [f there are no vertices of degree 0 inT', then one of the following conditions
holds:

1. T is isomorphic to Cs

2. T € Q(m,n) forsome m,n € Nwithm +n >3

Proof. Suppose that none of the conditions hold. By Corollary T is a bipartite graph.
Consider partition sets A and B with sizes |A] = m and |B| = n and observe that " ¢ Q(m,n)
because condition 2 does not hold. So the subset £’ := {ab | a € A,b € B} \ E is not a matching.
Therefore there exist two elements X, Y € E’ sharing one vertex. We may then assume that there
exist distinct vertices a € A and by,b, € B such that aby, abs ¢ E. Observe now that degp-(a) # 0
and fix some vertex b € Nr(a) C B\ bi1by. But then the subgraph T [abb;b>] contains exactly one
edge, contradicting Lemmal5.1.3] O

Definition 5.1.11. Given m,n € N with m <n and m +n > 3, define simplicial complexes
%)n = (11, H,(,ﬁ},)n) and Hg)n = (Vg,Hﬁf,)n) as follows:

o Vi :=[m+n]

o X1 :=[m],Y;:=[m+n]\[m], Z1 = Ps(X1) UPs(Y1), Hirhy = P<s(Vi) \ Z4

e Voi=[m+n+1]

o Xy:=[m]U{m+n+1},Ys:=[m+n+1]\[m], Zo := Ps(X3) UPs(Ya), HiZ, = Ps(Va) \ Zo

Corollary 5.1.12. Up to isomorphism, H is one of the following simplicial complexes:

1. U5

2. ’Hﬁ,ll,)n for some m,n € N

3. Hfﬁ)n for some m,n € N

Proof. Use the notation of Definition The number of vertices of H coincides with the

number of vertices of the graph I". Moreover, H = Hy; = P<3(V) \ {3-anticliques of I'} by Remark

By Propositions[5.1.9/and[6.1.70] one of the following conditions holds:
1. I is isomorphic to Cs
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2. T € Q(m,n) for some m,n € Nwithm +n >3

3. There exists a vertex v such that degr(v) =0 and I' [V \ {v}] is isomorphic to K, ,, for some
m,n € N
Now, it remains to observe that:

e If condition 1 holds, then there are no 3-anticliques on I" and so H = Us 5
e If condition 2 holds and T" admits partition sets A and B with |A] = m and | B| = n then the set
of 3-anticliques of I" is P5(A4) U P5(B) and so H & Hi,ll,)n

e If condition 3 holds and I" [V \ {v}] admits partition sets A and B with |[A| = m and |B| = n then
the set of 3-anticliques of " is P3(A U {v}) U Ps(B U {v}) and so H = Hﬁﬁ)n O

Context 5.1.13. At this point, we established that, if a simplicial complex in BPav, admits alternative
boolean representations as desired, then it must lie in the set of simplicial complexes described
in Corollary [5.1.12] Now, we must show that, up to isomorphism, this set of simplicial complexes

is infinite; and all its elements admit alternative boolean representations as desired.
Lemma 5.1.14. Givenm,n € N withm <n andm +n > 3,

min
UeP;([m+n])

{XeHj,Pn\UgX}‘: min ‘{XeH},?n|UgX}(:min{m,n}=m
’ UePs([m+n-+1]) ?

Proof. We use the notation of Definition [5.1.11] and write

mp = min
UeP,([m+n])

{XeHg}n | UgXH

Consider a subset U € P»(V7). One of the following conditions holds:
o If U=uv for some u € X; and v € Y; then there are m +n — 2 simplexes containg U,
namely {UU{v} |v e V1 \ U}

e If U € P,(X;) then there are n simplexes containing U, namely {U U {y} | y € Y1}

o If U € P,(Y1) then there are m simplexes containing U, namely {U U {z} | z € X3}
Now, recall that m <n and m +n > 3, so we may conclude that P»(Y;) # @ and n > 2. In
particular, m +n —2 > m. Som; = m.
Now, write

my = min HX € H,(T?),,L
UePs([m+n+1]) ”

vex)

Consider a subset U € P»(V3). One of the following conditions holds:

o IfU =wvforsomew € [m]and v € [m + n] \ [m] then there are m + n — 1 simplexes containing
U, namely {U U {v} | Vo \ U}

e IfU € P»(X>) then there are n simplexes containing U, namely {U U {y} |y € Ya\ {n + m + 1}}

e IfU € P»(Y3) then there are m simplexes containing U, namely {U U{z} |z € Xo \ {n+m + 1}}
Similarly to the previous case, m +n —1>m and moreover P(X5), P2(Ys) #@. Then

my = min{m +n—1,m,n} = m. O
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Proposition 5.1.15. The simplicial complexes H\”) and 1\") ,, are isomorphic, for every n € N

withn > 2. There are no other isomorphic simplicial complexes in the set
{Ug,s,Hg?m’Hfﬁ’)n | m,neNwithm <nandm +n > 3}

Proof. Use the notation of Definition
Let n € N. The number of points of the simplicial complexes 7—[5231 and Hf}lﬂ is clearly the

same and equal to n + 2. Moreover,

HE = Py(In+2) \ (P({1l,n+2}) U Ps({2,...,n +2}))
= Py([n+2))\ (Ps({1) U Ps({2,...,n+2})) = H{) |

Suppose that there exist m,n e N such that Uss = Q)n Then |V3|=5 and

Pos(Vi)\ Zy = H)y = P<3(V1) and so Z; = P5(X;) U P5(Y;) = @. Therefore | X;|,|v3| < 2 and
so V1| = | X1| + |Y1] < 4, a contradiction.

Suppose that there exist m,n € N such that Uss = Hg)n Then |z =5 and
Ps(Vi)\ Zo = HSY, = P<s(V3) and so Z, = P3(X,) U Ps(Y,) = @. Therefore | X/, |Y2| < 2 and
so V| = | Xa| + |Y2| — 1 < 3, a contradiction.

Suppose that there exist m,n, k, ¢ € N with m < n and k < ¢ such that ’Hfﬁ)n &~ ’H,(Clg Then
m+mn=k+{ (because the number of points must be the same); by Lemma
m = min{m,n} = min {k, £} = k; and so we also get n = /.

Suppose that there exist m,n, k, ¢ € N with m < n and k£ < ¢ such that 7—[53)” ~ ’H,(fz Then
m+n+1=k+{¢+1 (because the number of points must be the same); by Lemma
m = min{m,n} = min {k, £} = k; and so we also get n = /.

Suppose that there exist m,n, k,¢ € N with m < n and k£ < ¢ such that 7—[5,11)” = H,(fz, Then
m+n=4k+{+1 (because the number of points must be the same); by Lemma
m = min{m,n} = min {k,£} = k; and so we also get n = ¢+ 1. Then the number of elements

of the sets P5(V7) \ H,Sgﬂ and P;(1%) \H,fl? must be the same, i.e. the following equalities hold:
(k> N <£+1> _ <k+1) N (£+1>
3 3 3 3
= kk-1)(k-2)=((k+1kk—-1)
—3k(k—1)=0

We get a contradiction if k # 1. O

Definition 5.1.16. Define 1-complete boolean matrices M, and N, with columns indexed by [5]
such that

o Ly :={12,15,23, 34,45}

o L, :={13,14,25,24, 35}
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Moreover, given m,n € N with m < n and m + n > 3, define 1-complete boolean matrices My(nl,)n
and Nf,,l,,)n with columns indexed by [m + n]; Mr(nz)n and N,ﬁ,i)n with columns indexed by [m + n + 1]

such that:

o Ly ={ablac[m]be[m+n]\[m]}
o Ly = {[m],[m+n]\ [m]}

o Ly@ ={ablacm]be[m+n]\[m]}

o Lyw ={[mu{m+n+1} [m+n+1]\[m]}

Proposition 5.1.17. Givenm,n € N withm < n and m + n > 3, the following properties hold:

e My, Ny are boolean representations of Us 5
. Mﬁ,)n and N,(,i)n are boolean representations of ’Hﬁ,ll,)n

M,(,? n and ng)n are boolean representations of 7-1(2)
Moreover,

ﬁMoﬁﬁNO—EM(l) ﬂﬁN(n —ﬁM(2> ﬁ‘CN(Z) =

m,n

and My, M, ,Sl)n, Mff n are short matrices.

Proof. Observe that the number of columns of the matrices and the number of points of the
simplicial complexes coincide in all cases. Moreover, every set of lines defined above is a PEG, so
the respective 1-complete boolean matrix represents a simplicial complex in BPav, by Proposition
Therefore we may use Proposition[4.1.6and get:

{8-anticliques of ¥ (M)} = {3-anticliques of ¥(Ny)} = @

U mw= U &)=

LE[,]MO LEﬁNO

Hyp, = Hy, = P<3([5])

{S-anticliques of %(M,(nl}n)} = |J B(@) = Ps(m])uPs(fm+n]\ [m])
LE;CNT(&)H

{3 anticliques of %(N,(,}n)} = U Bmw-=

L,
Hyyo = Hyoy = Peg([m+n)) \ (Py([m]) U Py([m +n] \ [m]))

{3 anticliques of %(M(2 )} = U Py(L) = Ps(Im]U{m+n+1})UPs(Im+n+1]\ [m])
LELN,(,f?n

{3 anticliques of %(Nf,fn)} = |J mo=2

LEZ:M?(ﬂ'Ig,)TI,

Hyyw, = Hyo = Pes((m+n]) \ (Ps(im] U {m +n+1}) U Py(m +n+ 1]\ [m)

The last assertion follows clearly. O
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5.2 General Case

Context 5.2.1. We start this Section by establishing some needed definitions and results. So, up
until Lemma|5.2.6} let = (V, H) € BPavy and M, N € BR (#) such that L,y N Ly = @.

Definition 5.2.2. Define:
e The set Ey v = (ULeLM PQ(L)) U (UJeLM PQ(J))

e The graph Ty v := (V, Ear,n)

e Themap cyn: Eun — [2]
{1 it X €Upep,, Po(L)
X =

2 it X eUjer, Po(J)

Remark 5.2.3. The map cys, v is a well-defined edge-colouring of I'az .

Proof. Suppose that there exists an edge X € Ey; v and lines L € £y, and J € Ly such that
X C LnJ. Observethat L # J because Ly, N Ly = @. Therefore |L N J| > | X| = 2, contradicting
Proposition Hence, car, v (X) is uniquely determined for every edge X € Ej n. O

Definition 5.2.4. Define the edge-coloured graph gy v := (T, N, e, n)-

Note 5.2.5. Throughout this Section, we use colours blue and red refering to 1 and 2, respectively.

We use both terminology as convenient.

Lemma5.2.6. Given asubsetV’' C V, define the submatrices M’ := M[—,V']and N’ := N[—,V"].
Then M’ and N’ are boolean representations of H|,,, and Ly N Ly = &. Moreover, one of the
following conditions holds:

[ ] EM’ = @
[ ] ,CN/ =g
o gun V'] =gm N

Proof. The first assertion follows clearly from Proposition[3.4.10, Remark [3.4.11|and Proposition
[4.1.2] Also by Remark[3.4.71]we may conculde that:

. ULecM, Py(L) CUpeg,, P2(L)

¢ UJez:N, Py(J) C UJe[:N Py(J)

Hence Eny ' C Earn N2 and cap v~ (i) C earnlp ~1 (i) for every colour i € [2].

Conversely, suppose that L, Ly # <@ and consijggrmvsets X e ULeﬁMl Py(L) and

Y e UJeLN/ P,(J). Therefore there exist lines Ly € £y and Jy € Ly such that X € Py(Lg) N2Y"
and Y € Py (Jy) N 2V'. We claim that LonV’ € Ly and JoNV’ € Ly/. To prove the claim
observe that X C LonV  and Y C JoNnV’'. So |LonV’|,|JoNV’| > 2. Moreover, suppose
that Lo NV =V’ (or JoN V' =V’). Then all the other rows in M’ (or N’) contain at most one
entry equal to 0 by Proposition because H € BPavs. Therefore Ly = & (or Ly = @),

contradicting the initial assumption. Hence the claim holds and we may conclude that:
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* ULEL:M PQ(L) - ULELM/ PQ(L)

o Ujer, P2(J) € UJELN/ Py(J)
Hence EM,N N 2‘/, - EM/,N’ and CM,N|E

(i) C e e~ (i) for every colour i € [2]. So

M,Nn2V’
the equalities hold and gas,n [V'] = g v 0
Context 5.2.7. Throughout this Section, we aim at getting a full description of simplicial complexes
in BPav, admitting alternative 1-complete boolean representations with disjoint sets of lines,
none of them being short. So, up until Proposition let #H = (V, H) € BPav,, consider
M, N € BRy.complete(H) \ BRshort(#) such that £, N Ly = @ and use E, T, c and g to denote the
set of edges Er, v, the graph I'as v, the edge-colouring cas, x and the edge-coloured graph gas v,
respectively.

Note 5.2.8. For technical purposes, define the map ¢: E — [2] such that ¢(X) =3 — ¢(X) for
every edge X € E. Then ¢ is clearly an edge-colouring of I'. Define the edge-coloured graph
g := (T',¢). Say that g is the colour inversion of g.

Remark 5.2.9. g contains a red and a blue triangle. Therefore |V| > 5.

Proof. None of the representations M and N is short. So, there existlines L € £y, and J € Ly
suchthat |L|,|J| > 3. Then g[L] is a blue triangle and g [J] is a red triangle. Moreover, |[LNJ| <1
and therefore |V| > |L|+ |J| = |[LNJ| >3+3—-12>5. O

Lemma 5.2.10. Given Z € P5(V'), one of the following conditions holds:

1. Z is an anticlique of T
2. g[Z] is a monochromatic triangle

3. g[Z] contains edges of different colours

Moreover, Z € H if and only if condition 3 holds.

Proof. Recall that H € BPavy, and M, N € BR(H). So we may use both descriptions of
H = H); = Hy in Proposition Using the first equality in Proposition the following
statements are equivalent (sequential equivalences are clear):

e /e H=Hy =Hyn

ZeUper, X eRWV)[[XNL|=2}and Z € U e, Y € (V) | Y NJ| =2}

There exist lines Ly € L)y and Jy € Ly suchthat |Z N Lol = |Z N Jy| =2

e g[Z] contains edges of different colours
Now, using the second equality in Proposition 4.1.6} the following statements are equivalent:
1. Z¢ H=Hy =Hy
2. Z e {3-anticliques of ¥(M)} U (U,c,,, Ps(L)) and
Z e {3-anticliques of ¥(N)} U (U, ¢, P3(J))
3. Z € {3-anticliques of ¥(M

Z € {3-anticliques of ¥ (M
Z € {8-anticliques of ¥(N)}

N {3-anticliques of ¥(N)} or
N (Usecy Ps(J)) or
N (Urec,, P(L))

)}
)}
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4. Zis an anticlique of I" or g [Z] is @ monochromatic triangle
Statements 2 and 3 are equivalent because (U, .., P3(L)) N (U e, P3(J)) = @ by Proposition
and because £); N Ly = @. The remaining sequential equivalences are clear. O

Lemma 5.2.11. Ifg contains two monochromatic triangles sharing one edge, then the edge-coloured

subgraph induced by their vertices is a monochromatic K.

Proof. Without loss of generality, suppose that g contains blue triangles with vertex sets abx and

aby, respectively (a, b, z,y € V are distinct vertices). We get the following configuration:

Y
\

There exists a line L € £, such that ab C L. By Proposition [5.2.10} abz, aby ¢ H and therefore
x,y € L. So abxy C L and then g [abzy] is a blue K. O

Lemma 5.2.12. /f g contains a monochromatic triangle and a monochromatic K, of different

colours, then they share no vertex.

Proof. Without loss of generality, suppose that g contains a blue triangle and a red K, with vertex
sets X :=ax1zo and Y := ayiyoys, respectively (a,z1,x2,y1,y2,y3 € V are pairwise distinct
vertices). We get the following configuration:

Y3 T

®
Y1 T2

We claim that, for every index i € {1, 2, 3}, one of the sets z1y; or z2y; is a red edge of g. To prove
the claim, observe that z;x2y; is not an anticlique of ' (because z; x5 is an edge) and, by Lemma
g [z122y;] is not a blue triangle (because g[X U {y;}] is not a blue K,). Therefore, by
Proposition g [z122y;] contains a red edge and the claim holds. Hence, we may conclude
that there are at least 3 red edges joining Y \ {a} and X \ {a}. So there exista vertex z € X \ {a}
such that there are at least 2 red edges joining = and Y \ {a}. Consider then distinct vertices
y,y' € Y \ {a} such that g [zyy'] is a red triangle. Then, by Lemma[5.2.11] g [zyy'a] is ared K4, a
contradiction (because ax is a blue edge). O

Lemma 5.2.13. Every pair of monochromatic triangles of different colours in g share one vertex.

Proof. Suppose that g contains a blue and a red triangle of vertex sets X = zyx23 and

Y = y1y2ys, respectively, with X NY = @&. We get the following configuration:
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AN

(L

€3 Y3

We claim that, for all indices i, j, k € {1, 2,3} with j # k, one of the sets x;y; or z;y;, is a blue edge
of g. To prove the claim, observe that z;y;y: is not an anticlique of I" (because y;y;, is an edge)
and, by Lemma(5.2.12, g[Y U {z;}] is not a red K4. So, by Lemma|5.2.11} g [z;y;y] is not a red
triangle and therefore, by Proposition [5.2.10} g [z;y;yx| contains a blue edge and the claim holds.
Hence, we may conclude that there are at least 6 blue edges joining X and Y. So there exist
a vertex y € Y such that there are at least 2 blue edges joining y and X. Consider then distinct
vertices z,z’ € X such that g [zz'y| is a blue triangle. Then, by Lemma5.2.11} g[X U {y}] is a

blue K, that shares one vertex with the red triangle g [X], contradicting Lemma|5.2.12 O

Definition 5.2.14. Define (up to graph isomorphism) the graph K obtained from the complete

graph K, by removing one edge.
Proposition 5.2.15. g does not contain a monochromatic K} .

Proof. Without loss of generality, suppose that g contains a blue K| with vertex set X. Observe
that g contains a red triangle because N is not a short representation of H. Let Y be the vertex set
of a red triangle in g. Moreover, by Lemma(5.2.11] g[X] is a blue K, and therefore | X NY| < 1.
So there exists a subset X’ € P;(X)\ Y. Hence g[X’] and g [Y] are monochromatic triangles of

different colours sharing no vertex, contradicting Lemma|5.2.13 O
Lemma 5.2.16. There are no vertices of degree 0 inT'.

Proof. Recall that dimH = 2. So |V| > 3; and there exists a set X € P;(V)N H. Then, by
Proposition [5.2.10, g[X] contains edges of different colours and so FE # @. Suppose now that
there exists a vertex v € V such that deg(v) = 0. Then, by Proposition [5.2.10}, for every distinct

vertices z,y € V' \ {v}, zyv is an anticlique of I'. Hence E = &, a contradiction. O
Lemma 5.2.17. deg-(v) > |V| — 2 for every vertexv € V.

Proof. Consider a vertex v € V. Suppose that there exist distinct vertices x1, 22 € V'\ {v} such

that vay,vze ¢ E. Then, by Proposition |5.2.10, vxiz2 is an anticlique of I'. By Lemma |5.2.16}
there exists a vertex y € V' \ vz124 such that vy € E (assume that vy is a blue edge). We get the

following configuration:

v cf:’ oy

‘@
€2

Then, by Proposition|[5.2.10} =1y and z,y are red edges and we get the following configuration:
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Z1
L]

vV &

Z2
Also by Proposition[5.2.10, we may conclude that =122 € E, a contradiction. O

5.2.1 Non Complete Case

Context 5.2.18. Throughout this Subsection, assume that I" is not a complete graph. Let vy, vy € V

be distinct vertices such that vyvs ¢ E.

Remark 5.2.19. Nr(v1) = Nr(v2) =V \ vy0s.
Proof. Follows clearly from Lemma|5.2.17 O

Lemma 5.2.20. The following conditions hold:
1. Given a colouri € [2], N (v;) = NG9 (vy).

2. Given a colouri € [2] and a vertex v € viva, Po(N' W (v)) C E.
Proof. Consider a colour i € [2] and an index p € [2]. Consider a vertex z € N (v,). We claim

that = € NG9 (v3_,). Assume, without loss of generality, that i = p = 1. We get the following

configuration:

U1
x 0/
®
V2

Then, by Proposition zvs is a red edge and so z € N®(v,). Hence the claim holds
and therefore N (v,) C NG~ (v;_;) for all colours i € [2] and indices p € [2]. So condition 1
holds. Consider now an element v € viv, and a set X € Po(N®)(v). We claim that X € E.
Assume, without loss of generality, that 7 = 1 and v = v; and write X = x;22. We get the following

configuration:

Then, by Proposition[5.2.10} X € E and so condition 2 holds. O

Definition 5.2.21. Define the edge-coloured graph gy = (I'g, ¢p) such that T’y := ([6], P2([6]) \ {14});

¢o is an edge-colouring of 'y with 2 colours; and 1“(()1)7 1“(()2) are the following graphs, respectively:
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1
20/?\.6
4
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1
50/?\.3
4

Lemma 5.2.22.

1. Given a colouri € [2] and a vertex v € vyvy, deg™ (v) < 2.
2. |V]=6.
Proof. Suppose that there exist a colour i € [2] and a vertex v € vyv, such that deg (v) > 3.

Assume, without loss of generality, that i =1 and v =wv; and consider distinct vertices
x1, 19,23 € NV (v1). Using Lemmal5.2.20| (1), we get the following:

U1

> Uo

Now, by Lemma [5.2.20] (2), 122, z123, z223 € E and at least two of these edges have the same
colour j € [2]. So g[zizex3v;] contains a monochromatic K contradicting Proposition [5.2.15

Hence property 1 holds. Recall that [V'| > 5 by Remark[5.2.9] Consider now a vertex v € V and
observe that degp-(v) = deg'") (v) + deg'® (v). So degy(v) < 4 by property 1. Moreover, by Lemma
|V| < degp-(v) + 2 and therefore |V| < 6. Suppose that |[V|=15. Write V = viva1192y3
(y1,y2,y3 € V \ viv9 are distinct vertices). By property 1, we may assume without loss of generality
that c¢(v1y1) = e(v1y2) = 1 and ¢(v1y3) = 2. Using Lemma(5.2.20| (1), we get the following:

U1
)

/

By Lemma [5.2.20|(2), y1y2> € E. Observe now that, for every colour p € [2], if ¢(y1y2) =p then g
does not contain a triangle of colour 3 — p, contradicting Remark Hence we may conclude
that |V| = 6. O

Corollary 5.2.23. ¢ and gy are isomorphic edge-coloured graphs.

Proof. Write V = vjvez1x2y1y2. By Lemma |5.2.22) we may assume that the vertices
x1,%2, Y1, Y2 € V \ vivg aredistinct, c¢(viz,) = 1and c¢(v1y,) = 2 for allindices p, ¢ € [2]. By Lemma

5.2.20[(1), we get the following:
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U1

V2

By Lemma(5.2.20|(2), z1x2, y1y2 € E. Observe that, for all indices i, j, k € [2], g [z;y;vi] contains
edges of different colours. So every monochromatic triangle in g contains one of the edges
x1T2,y1y2. But then the edges x4, y1y2 have different colours (because g contains a blue and
a red triangle by Remark [5.2.9). We may assume that c(z122) = 1 and ¢(y1y2) = 2 because the

edge-coloured graph above and its colour inversion are isomorphic. We get the following:

U1

z1 e<—e( T2 .m%\—o Y2

U2

By Lemma[5.2.10| and Proposition for all indices i, j € [2], one of the edges y;z1, y;z2 is
red; and one of the edges x;y1,x;y2 is blue. Thus there exist two blue edges and two red edges
among the four edges y;z;. Then we may assume that c(ziyi) = c(zay2) =1 and

c(x1y2) = ¢(x2y1) = 2 because the permutation (z122)(y1y2) is an automorphism of the graph

above. We get the following graphs I'V) and I'(®), respectively:

U1
Y2 0/ U1
T1 e | )
V2

5.2.2 Complete Case

Context 5.2.24. Throughout this Subsection we assume that I" is a complete graph.

Definition 5.2.25. Define the edge-coloured graph g; = (I'1,¢1) such that Ty := ([5], P2([5]));

¢1 is an edge-colouring of I'; with 2 colours; and T'{"), T{*) are the following graphs, respectively:
1 1
3 4 5 2

Proposition 5.2.26. |V'| =5 if and only if g and g, are isomorphic edge-coloured graphs.



5.2. GENERAL CASE 59

Proof. By Remark there exist a blue and a red triangle in g. By Lemma(5.2.13} every pair of
triangles of different colours in g share a vertex. So, consider a blue and a red triangle in g with
vertex sets X = axixo andY = ayiy» (a, x1, 22, y1,y2 € V are distinct vertices, so V = axyx2y192).

We get the following:

T @ ® Y2

YR

) Y1

By Proposition [5.2.15} for all indices i, j € [2], one of the edges y;x1, y;z2 is red; and one of the
edges «z;yi,x;y2 is blue. Then we may assume that c(xiy1) = c(zoy2) =1 and
c(z1y2) = c(xoy1) = 2 because the permutation (z1z2)(y1y2) is an automorphism of the graph

above. We get the following graphs T'") and I'(?), respectively:

A
Y1 Y2 T2 1

O

Lemma 5.2.27. If|V| # 5, given a subset X € P;(V') such that g [X] is a monochromatic triangle,

then dim H|y\ y = 2.

Proof. Write X = zyxoa3, V' :=V \ X and ' := H|,, =: (V',H’). Observe that V' # @ by
Remark[5.2.9] Moreover, dimH’ < dim H = 2. Suppose first that dim %' = 0 and so H' = P, (V).
We claim that |V’| = 1. To prove the claim, suppose that there exist distinct vertices z,y € V.
Then zy € P,(V) and so xy € H because P»(V)C H (i.e. H is paving). Therefore
zy € H' =2V' N H, acontradiction. Hence the claim holds and so |V'| = |V’| + 3 = 4, contradicting
Remark[5.2.9

Suppose now that dim ' = 1. If |[V/| = 2 then |V| = |V’| + 3 = 5. We may then assume that
|[V’] > 3. We claim that all the edges in g [V’] have the same colour. To prove the claim, suppose
that there exist distinct vertices y, 21, zo € V' such that yz; and yz, are edges of different colours.
Then, by Proposition yz122 € H and therefore yz120 € H' = HN2Y', a contradiction
(because dimH’ = 1). So the claim holds. Recall that T" is the complete graph with vertex set
V' and assume without loss of generality that g [X] is a blue triangle. Now, if all the edges in g [V’]
are blue, then there are no red triangles in g, contradicting Remark ; if all the edges in g [V’]
are red, then there exists in g a pair of monochromatic triangles of different colours sharing no
vertex, contradicting Lemma[5.2.13] Hence we may conclude that dim #’ = 2. O

Remark 5.2.28. Given a subset X € P;(V) such that g[X] is a monochromatic triangle, define

the set V' :=V '\ X, the simplicial complex %' := #|,,, and the submatrices M’ := M[—,V’]
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and N':= N[, V']. If [V|#5, then M',N" € BRy.complete(H') and Ly N Ly = @. Moreover,

g [V/] = 8M’ N’

Proof. By Lemma [6.2.6, M’ ,N' € BR(H'). Moreover, M,N are 1-complete matrices
and the submatrices M’, N’ are obtained from M’ N’ by removing columns. So clearly
M',N" € BRycomplete(H'). By Lemma [5.2.27, dim#’ =2 and therefore, by Proposition |4.1.6]

Ly, Ly # . So the result follows now clearly from Lemma(5.2.6 O

Lemma 5.2.29. Given a colouri € [2] and a subset X € P3(V) such that g [X| is a monochromatic
triangle of colour i, define the subgraph T' .= T3~ [V \ X]. If|V| # 5, then one of the following
conditions holds:

1. TV € Q(m,n) for some m,n € N such thatm +n = 1|V| -3

2. I is isomorphic to the graph obtained from the complete bipartite graph K, , by adding a trivial

connected component, for some p,q € N such thats+t = |V|—4

Proof. Write V' := V' \ X and assume without loss of generality that : =1 , so g[X] is a blue
triangle. Then, by Lemma [5.2.13] g[V’] does not contain red triangles. Therefore, by Remark
5.2.28] gn(—,v],n[—,v] does not contain red triangles. Hence, by Proposition |4.1.6] N[—, V"] is
a short representation of #|,, and, by Lemma[5.2.27, dim#H' = 2. Then, by Propositions [5.1.9
and I and Cs are isomorphic graphs or one of the conditions 1 and 2 hold. Suppose
that TV and Cs are isomorphic graphs. Write X = zyzs23 and Y :=V \ X =y ...y5 and get the

following:
" Y1
1
A Y2 \/\ Ys
2 @ ® I3 ®
Y3 Ya

By Proposition for every index i € [5], at least two of the edges y;z1, y;x2, yiz3 are red.
Then there are at least 10 red edges joining Y and X. So, there exists a vertex z € X and a
subset Y’ € P,(Y) such that Y’ € N (z). But then g [V’ U {x}] contains a red K, contradicting
Proposition Therefore TV and Cs are not isomorphic graphs and one of the desired

conditions holds. ]

Lemma 5.2.30. 5 < |V| < 9. Moreover, g contains a pair of triangles of the same colour with no

common vertices if and only if|V| > 7.

Proof. By Remark[5.2.9} |[V| > 5. Consider a colour i € [2] and suppose that g contains a pair of
monochromatic triangles of colour ¢ and vertex sets X and Y, respectively, with X NY = @. Then
NG [X UY]is atriangle-free graph. But by Remark there exists a red triangle in g. Then
there exists a vertex v € V' \ (X UY) and therefore |V| > | X|+ |Y|+1=T7.

We must show now that |V| <9 and that, if |V| > 7, then g contains a pair of triangles

of the same colour with no common vertices. Consider a set X € P;(V) such that g[X] is a
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monochromatic triangle of colour i € [2] (there exists such a subset by Remark [5.2.9). Assume
without loss of generality that < = 1. We may also assume that g and g; are not isomorphic
graphs (because otherwise the result holds clearly). We proceed now by analyzing the conditions
presented in Lemma [5.2.29] separatedly.
Case 1:

Suppose that condition 1 of Lemma holds. Then we may consider a partition
V = XUAUB such that T® [AU B] can be obtained from the complete bipartite graph
with partition sets A and B by removing a matching. Hence all the edges in the edge-coloured
subgraphs ¢[A] and g[B] are blue and therefore, by Proposition [5.2.15] |4]|,|B| <3. So
V| =|X|+|A|+|B| <9. Moreover, if |V| > 8 then one of the sets A and B contains exactly
3 elements. Assume without loss of generality that |A| = 3. Then g[X] and g[A] are a pair of

blue triangles with no common vertices. Assume now that |V| = 7, write X = z1x223, A = a1a2,

T
1‘2% \bQ
Zs3 b1
*—oO

ap a2

B = b1by and get the following:

Every red triangle in g contains one vertex of each of the sets X, A and B. Therefore we may
assume that g [z1a:b1] is a red triangle (because, for every permutation o € Sx, o(aiaz)(b1bs) is
an automorphism of the edge-coloured graph above) and get the following:

Z1
7N
T3 /\ by

]
al as

g[X U{a1,b1}] and g; are isomorphic graphs. Therefore, there exists an index ¢ € {2,3} such
that x;a1,25_;b; are blue edges and x5_;aq1,x;b; are red edges. We may assume that i =2
(because the permutation (z,x3) is an automorphism of the edge-coloured graph above) and get

the following:

T

o \\ by

I3 @ ® b

N\

*——e
ay a2

If c(agbs) = 1then c(aibsy) = c(azby) = 2 because T'® [A U B] € (2,2). We get the following:
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A
Z2 bo

Zs3 b1

ai a2

Therefore the following implications hold, by sequentially applying Proposition|5.2.15]

C(albz) =2 = C(l’le) =1 = C(l’ng) = C(ngbQ) =2 (SO g [Sﬂgalbﬂ isared triangle)

claghy) =2 = c(x1a2) =1 = c(xr202) = c(z3a2) = 2 (S0 g [zoagby] is a red triangle)

Therefore g [x3a1b2] and g[z2a2b1] are a pair of red triangles with no common vertices. On the

other hand, if ¢(a2b2) = 2 we get:

Ty
Z2 bQ
Zs3 \ bl
[
ap a2

If we assume that g does not contain a pair of red triangles with no common vertices, then,
for every index i € {2,3}, one of the edges z;az, x;b2 is blue. Moreover, by Proposition [5.2.15]
for every vertex v € asbs, one of the edges vzy,vrs is red. Therefore we may assume that
c(xaaz) = c(xsbe) =1 and c(z2be) = c(x3az) = 2 (because the permutation (z2x3)(a1b1)(azbs) is

an automorphism of the edge-coloured graph above) and get the following:
Z1

2 bo

T3 \ by

ai az

Then g [z2a;1a2] and g [x3b1bo] are a pair of blue triangles with no common vertices.
Case 2:

Suppose now that condition 2 of Lemma[5.2.29 holds. Then we may consider an element
v €V and a partition V = X UAUBU {v} such that T® [AuU B U {v}] consists of a complete
bipartite graph with partition sets A and B and a trivial connected component with vertex v. Hence
all the edges in the edge-coloured subgraphs g[A U {v}] and g [B U {v}] are blue and therefore,
by Proposition |[AU{v}],|BU{v}| <3. So |V|=|X|+|A|l+|B|+1<8. Moreover, if
|V| > 7 then one of the sets A and B contains at least 2 elements. Assume without loss of
generality that |A| > 2. Then g[X] and g [A U {v}] provides a pair of blue triangles with no common

vertices. O
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Definition 5.2.31. For every index i € {2,3,4,5}, define the edge-coloured graphs g; = (T';, ¢;)
such that Ty = T3 := ([7], Px([7])); T4 := ([8], P2([8])); T's := ([9], P2(]9])); ¢; is an edge-colouring

of I'; with 2 colours; and r§1>, FZ(.Q) are the following graphs, respectively:

g2

g3

g4

g5

Proposition 5.2.32. If|V| > 7, theng and g; are isomorphic edge-coloured graphs for some index
i€{2,3,4,5}).

Proof. By Lemma|5.2.30] g contains a pair of monochromatic triangles of the same colour i € [2]
with no common vertices. Assume without loss of generality that g contains two blue triangles with
vertex sets X =axjxoxs and Y =yiyoys, respectively, with XNY =g2. Write

Z =V \ (X UY) = 212923 (21, 22, 23 are not necessarily distinct vertices) and get the following:
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By Lemma [5.2.13] every red triangle in g contains one vertex of each of the sets X,Y and
Z. Therefore we may assume that g[z1y121] is a red triangle (because, for all permutations

o € Sx,T € Sy, € Sz, orAis an automorphism of the edge-coloured graph above) and get the

following:

g[XU{y1, 21}, g[Y U{z121}] and g, are isomorphic graphs. Therefore, there exist indices
i,J,p,q € {2,3} with i#j and p#q such that z;y1,z;21,yp21,y421 are blue edges and
TiY1,Ti21, YqT1, Yp21 are red edges. We may assume that i = p = 2 and j = ¢ = 3 (because the

permutation (z223)(y2ys3) is an automorphism of the edge-coloured graph above) and get the

T
T2 (23)
)
x3 [ ] (2’2)
Y1 21
Ys

Y2

following:

By Proposition [5.2.15] the following implications hold:

c(x1y2) =1 = c(x2y2) = c(xzyz) = 2 (S0 g [zay221] is a red triangle)

c(zayr) =1 = c(x2y3) =2

T2 . (23)
o
x3 o (27)
Y1 Z1
Y2 Y3
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If |[V| =7, we get:
21 Z1

xs3 Y3 X2 Y1

T Y2 Y2 Z1
X2 Y1 3 Y3

According to the colour of the edge zsys, if |V| =7, then the edge-coloured graph above is
isomorphic to g2 or g5. We may assume now that |[V'| > 8 and fix an index i € {2, 3}. By Proposition
5.2.15| one of the edges z;x1, z;x2 is red. Observe that if ¢(z;21) = 2 then, also by Proposition
5.2.15} c¢(z221) = ¢(29x2) = 1, a contradiction. So we may conclude that ¢(z221) = ¢(2321) = 1 and
get the following:

1
T2 (23)

T3 22

Y1 21

Y2 Y3

By Proposition [5.2.15] one of the edges z3x1, 2225 is red. We may assume that c(z221) = 2
(because the permutation (x122)(y1y2) is an automorphism of the edge-coloured graph above).
By Proposition|5.2.15 the following implications hold:

c(2211) =2 = c(22p1) =1 = c(22y2) = c(22y3) =2 = c(2222) =1 = c(2273) =2
(s0 g[zay122] is a blue triangle;and g [x1y322] , g [x3y222] are red triangles)

Moreover, c¢(z3ys) = 1 because g [x3y222] is a red triangle and c(z2y3) = 2. So g [z3ys21] is a blue

triangle. If |V| = 8, we get:

29 €3
X9 —e Y1 22 o/“\o Y2
1 Y2 Y3 | | T2
T3 ——® Y3 $1UZ1
21 Y1

The edge-coloured graph above is isomorphic to g,. We may assume now that |[V| = 9. Recall
that ¢(z321) = 1. By Proposition [5.2.15] the following implications hold:

c(z3z1) =1 = c(z373) = c(23y3) = 2

= c(2371) = c(23y2) = c(2322) = 1 = c(2322) = c(23y1) = 2

(s0 g[r1y=223] , g [212223] are blue triangles; and g [z2y323] , g [£3y123] are red triangles)
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Hence, we get:

V) T3
q
T2 —%\yl 22 // (\z \yz
3 \\3
1 | /'\\e Y2 Y3 =\/'/' 7 T
T3 Ys T 21
./ \“/
21 1
The edge-coloured graph above is isomorphic to gs. O

Definition 5.2.33. For every index i € {6, 7}, define the edge-coloured graphs g; = (T';, ¢;) such
that T's = I'y = ([6], P»[6]), ¢; is an edge-colouring of T'; with 2 colours; and ™ 1 are the

(2 ? 7

following graphs, respectively:
1 1
2 ./.\. 6 3 .L\ 5
£6 ‘
3 e ®5 6 e 2
\./.
4
4

g7

~ @

Proposition 5.2.34. If |V| =6, then g and g; are isomorphic edge-coloured graphs, for some
index i € {6,7}.

Proof. By Remark and Lemma [5.2.13] we may consider a blue and a red triangle in g
with vertex sets X = ax1xo and Y = ayoys, respectively (a, x1, z2,y1,y2 € V are distinct vertices).

Moreover, let v denote the single vertex in the set V' \ (X UY'). We get the following:

g[X UY]andg; are isomorphic graphs. Therefore there exists anindex i € [2] such that z;y1, z3_;y2
are blue edges and x3_;y1, ;32 are red edges. We may assume that i = 1 (because the permutation

(y1y2) is an automorphism of the edge-coloured graph above) and get the following:
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T1 oV
T2 Y2

Y1

Now, we may assume that ¢(va) = 1 because the edge-coloured graph above and its colour

inversion are isomorphic. By Proposition [5.2.15} the following implication holds:

c(va) =1 = c(vzy) = c(vag) =2

1 v

T2 Y2

Y1

By Proposition [5.2.15] one of the edges vy, vy» is blue. Moreover, if exactly one of the edges
vy1, vy2 IS blue, we may assume that c(vy;) =1 and c(vy2) = 2 (because (z1z2)(y1y2) is an

automorphism of the edge-coloured graph above). Now, if ¢(vy;1) = c(vy2) = 1 we get:

a
Il «IQ yl ./—\. y2

Y1 Y2 l\ ® T1

On the other hand, if c(vy;) = 1 and c(vy2) = 2 we get:

1) Y2
U1 v Y1 v
) o/
x2

Y2

The edge-coloured graphs above are isomorphic to g and g7, respectively. O

Definition 5.2.35. Define the following simplicial complexes:

o Hi:=([5], P<s([5]) \ {125, 134})

o Hy:= ([7], P<s([7]) \ {127,135, 146, 234,567})

o Hy:= ([7], P<s([7]) \ {135, 146,234, 567})

o Hy = ([8], P<s([8]) \ {128,136, 147, 234, 257, 358, 456, 678})

o Hs = ([9], P<s([9]) \ {128,136, 147, 159, 234, 257, 269, 358, 379, 456, 489, 678})

o Mg := ([6], P<3([6]) \ {126,135})
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o Hr = (6], P<s([6]) \ {126,245, 346})

Corollary 5.2.36. Up to isomorphism, H is one of the simplicial complexes H; for some index
ie[7].

Proof. By Corollary[5.2.23| and Propositions [6.2.26} [5.2.32|and [5.2.34] we get a characterization

of the edge-coloured graph g as belonging to the finite set {go,g1,...,g7} (Up to isomorphism).

Now we must find all simplicial complexes admitting the elements of the set gg, g1, ..., g7 as the
edge-coloured graph satisfying Definition In fact, we will show that there exists a unique
simplicial complex H; = (V;, H;) associated to each edge-coloured graph g;, for every index
i € {0,...,7}; and that the simplicial complexes #, and Hs constitute the only pair of isomorphic
simplicial complexes.

Define, for every index i € {0,...,7}, the sets ]—‘Z.(l) and ]—'i(z) of all maximal cliques (with
respect to set inclusion) of the graphs Fgl) and F§2), respectively. Fix an index i € {0,...,7}. We
claim that, if g and g; are isomorphic graphs, then £, = ]-"i(l) and Ly = ]—"i(z) (we show only the
first equality because the arguments are similar). To prove the claim, consider a line Ly € £, and
a maximal clique Cj of 1“51) containing Ly. Note that Cy # V because otherwise £y = @ and so,
by Remark H = U, ,: a contradiction because £y, # @. Suppose that there exists a vertex
ce Cy\ Ly. By Proposition for every line L € L\ {Lo} such that ce L, |LN Lo| < 1.
Therefore ¢c € Ly for every element ¢ € L. But then, by Proposition[4.1.6) for all distinct vertices
x,y € Lo, we have zyc € Hy; (because |zycNxzc| = 2 and zc € L) and zyc ¢ Hy (because zyc
is a 3-anticlique of F§2) =% (N)): a contradiction because H); = Hx. So we may conclude that
Lo = Cy is a maximal clique of Fgl) and therefore L, C ]—'i(l).

Conversely, consider a maximal clique Cy € ]—‘f” and observe that |Cy| € {2,3}. If |Cy| =2
then it is clear that Cy € £,,. We may then assume that |Cy| = 3. As g[C)] is @ monochromatic
triangle, then, by Lemma[5.2.10| Cy ¢ H = H);. Then, by Proposition[4.1.6| Cy € P5(L) for some
line L € Lj;. But then Cy = L by maximality of Cy and so Cy € £;;,. We may conclude that

F ¢ £, and the claim holds. Therefore,

U @)= | m©)= {triangles of Fgl)} = {blue triangles of g;}

LeLly CE]:i(l)
U )= |J mD)= {triangles of FEZ)} = {red triangles of g;}
JeLn De]:i(Z)

So, by Proposition[4.1.6]

H;, = P<3(Vi) \ ({S-anticliques of 1“(1)} U {blue triangles of gi}>

= P<3(V;) \ ({red triangles of g;} U {blue triangles of g;})  (if " is complete, i.e., if i # 0)

Observe that Vy = V5 = [6] and Hy = Hg = {126,135} so the simplicial complexes 7, and Hg are

isomorphic. Moreover, for every index i € [7], the simplicial complex H; constructed in this proof
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coincides with the simplicial complex 7; in Definition[5.2.35] Observe that there are no other pairs

of isomorphic simplicial complexes because the number of points or simplexes is distinct. O
Corollary 5.2.37. # is a matroid.

Proof. Observe that, by Proposition [3.3.6, £, Lx C Lymas - Therefore the edges of the graphs
'™ and I'® are also edges of the graph ¢ (Mat ). Therefore, ¢(Mat H) is a complete graph.
Hence, by Proposition|4.1.9] # is a matroid. O

Proposition 5.2.38. The simplicial complexes H1, ..., Hr admit alternative 1-complete boolean

representations with disjoint sets of lines.

Proof. We construct boolean representations for the simplicial complex H,, the remaining cases
being analogous. Following the arguments of the proof of Corollary we may construct
1-complete boolean matrices matrices having as set of lines precisely the set of maximal cliques
of graphs Pgl) and 1“§2). We obtain the following matrices satisfying the required properties:

1 2 3 4 5 1 2 3 4 5
01111 01 1 11
1 01 11 1 01 11
11 0 1 1 11 0 11
111 01 111 01
1 11 10 111 10
1 0 01 1 1 01 01
1110 0 11 0 10
0 01 10 01 0 01
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Chapter 6

Distance to the Uniform Matroid

U - upper bounds

6.1 General Results

Context 6.1.1. We start this Chapter by presenting some needed technical definitions and results
relating boolean representations and graphs, so we may use arguments from graph theory to get

upper bounds for distances between simplicial complexes.
Notation 6.1.2. Given a graph T" = (V, E), use the notation e(T") := |E|.

Definition 6.1.3. Given a graph I = (V, E), the matrix associated to the graph T, .# (T is the

1-complete (short) boolean matrix with columns indexed by V" and such that £,y = E.

Definition 6.1.4. Given a simplicial complex H = (V, H) € BPav,, define 75, := P<3(V) \ H and
the set A4 of all graphs with vertex set V' having as triangles exactly the elements of F3,. Write
A, ={T°|T e Ay}.

Notation 6.1.5. Given a simplicial complex H, use the notation

BR/(H) = BR1—c0mpIete (H) n BRshort(H)-

Proposition 6.1.6. Given a 1-complete short matrix M and a graph T, the following properties
hold:
1. # (¥4 (M)) and M are congruent matrices

2.49(# () =T

3. e(4(M)) = |Lum|

4. ]ﬁﬂ(r)‘ =e(I)

Proof. Follows clearly from definitions. O

71
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Proposition 6.1.7. Given a simplicial complex H = (V, H) € BPav,, the maps

BR'(H)/ =
M

- A4 A5, — BR'(H)/ =
= Y(M) r - #(T)
are inverse bijections.

Proof. Observe that A{, is the set of all graphs with vertex set V' having as 3-anticliques exactly
the elements of F3,. Consider a matrix M € BR’(#) and a graph T € A5,. By Proposition|6.1.6}, it
suffices to show that ¢ (M) € A5, and .#(I') € BR'(H). By Proposition 4.1.6}

Ps(V)\Fy=H=Hy

=P5(V)\ ({B-anticliques of (M)} U U Pg(L))

LeLy
(because M € BR(#H) and H € BPavs)

= P<3(V) \ {3-anticliques of ¥ (M)} (because M is short)

Hence {3-anticliques of ¢ (M)} = F, i.e. 4(M) € Aj,. Moreover, observe that £ ) = E is a
PEG and therefore, by Proposition [4.1.5) % _4 ) € BPav,. Then, by Proposition |4.1.6, we also

have:

H_ 41y = P<3(V)\ ({3-anticliques of 9(.#(T'))} U U P3(L)) (because H_y () € BPavs)

LeL 4y
= P<3(V) \ {3-anticliques of I'} (because M is shortand 4 (.#(I")) =T)
= P3(V)\ Fu (because I' € A5,)
Hence H 4y = H, i.e., # (') € BR'(H). O

Lemma 6.1.8. Givenn € N withn > 3 and a simplicial complex H = (V,H) € BPavé"),

TeAy

dn(Uap, H) < (Z) — max e(T).
Proof.

dn(UQ’n,’H) < min |£]W|

~ MEBR/(H)
= Frgi‘r% e(T) (by Propositions and|6.1.7)
H
. o ()
- i, o) = (3) - gy e -

Remark 6.1.9. Given n € N, the following equalities hold:
n n 7’L2

1510 15) = 5]
n n? (n—1)2

[ ] —_ —_— =
2 4 4
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/2 if n = 2¢ for some ¢ € N VQJ

Ll41)=0*+1 ifn=20+1forsomelecN

n2 (202 —0) — > =0t —1) ifn=2¢forsome (e N (n—1)?
-5, )
{(

4] 22 4 0) — (2 +0) =12 ifn=20+1"forsomelcN 4
L(nl)QJvLVL _ 0> —0)+¢=1¢* ifn=2¢forsomeleN ZVQJ
4 2- 24y if n =20+ 1forsome ¢ € N 4
{Lnfj =/lifne {4040+ 1,40+ 2,404 3} forsomefeNng
n n ¢ if n e {4¢,4¢+ 1} forsome ¢ € N n+2
bJ_b‘i (+1 ifne{40+2,4¢+ 3} forsomel e N L 4 J

|2

B 14 if n = 2¢ forsome ¢ € N n+1
SHE

{+1 ifn=2¢0+1forsome’lec N

6.2 dn (Z/{Q,n) Z/{?)ﬂl)

Context 6.2.1. The concept of minimum degree (mindeg) provides a first approach to get upper
bounds to the distance d,, (Us,n,Us,), SO we compute mindeglfs,, for n € {3,4,5}. Then we
use Mantel's Theorem to get a quadratic upper bound. Finally, in Proposition [6.2.10] we get an

improvement (still quadratic) of this upper bound by using results from Chapter 5.

Definition 6.2.2. Given a boolean representable simplicial complex H, the minimum degree of

‘H, mindeg H is the minimum number of rows of a boolean representation of .
Lemma 6.2.3. Given a boolean representable simplicial complex H, mindeg H > dim H + 1.

Proof. Write H = (V, H); consider a simplex X € Pyimn+1(V) N H and a matrix M € BR(H) with
rows indexed by a set R. Then, up to congruence, there exists a subset R’ C R such that the

submatrix M[R’, X] is lower unitriangular. Hence |R| > |R'| = |X| = dimH + 1. O

Proposition 6.2.4. mindegif; 3 = mindeglfs 4 = 3 and mindegUs 5 = 5.

Proof. By Lemma(6.2.3] mindeg s 3, mindeg U3 4, mindegUs 5 > 3. Define matrices (with respective
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row and column indexing):

1 2 3 45

1 2 3 1 2 3 4 {0 0 1 1 1

rr {1 0 O s1({1 0 0 1 tal 1 0 0 1 1
M:=r,|1 10 Ni=3s|1 100 Q=1t3[1 1 0 0 1
rg3 \1 1 1 s3\1 0 1 0 t4]1 1 1 0 O

ts \0 1 1 1 0

M is lower unitriangular so 123 € Hy,. Hence Hy = P<3([3]). So M € BR(Us 3) and therefore
mindegUs 3 < 3 and equality holds.

Observe that the maximum number of entries equal to 0 in each row of the matrices N and @
is 2s0 | X| < 3forevery set X € Hy U Hg. Now, the following submatrices are lower unitriangular
(if we fix the order of rows and columns): N[sisqss, 123], N[s3sas1,124], N[s2sss1,134] and
Ns18382,432]; so Ps([4]) C Hy and therefore Hy = P<3([4]). Hence N € BR(U34), we have
mindegUs 4 < 3 and equality holds.

The following submatrices are lower unitriangular (if we fix the order of rows and columns):
Qltatsts, 123], Q[t1tsta, 421], Q[t1tsts, 521], Q[tstats, 134], Q[tstats, 315], Q[tatsty, 145], Q[tstats, 234],
Qltatits, 532], Qltatsts, 245], Q[tatst1, 345]; so P3([5]) C Hg and therefore Hy = P<3([5]). Hence
Q@ € BR(Us,5) and we have mindegls 5 < 5.

Suppose now that there exists a matrix W € BR(Us,5) with at most 4 rows indexed by a
set R. For every r € R, Z}” € Flis 5 by Lemma [3.3.5] so |Z| <2 by Lemma 3.5.6] hence
e(9(W)) < 4. So e(4(W)) is a subgraph of one of the following graphs (up to isomorphism):

AN L]

Is
— o

Observe now that U5 5 € BPavy, and W € BR(Us,5). So, by Proposition|4.1.6
P_5([5]) \ {3-anticliques of ¥ (W)} = P<3([5])

and therefore there are no 3-anticliques in ¢(W). Hence ¥ (M) is isomorphic to I'5 and so, up to
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congruence, M is the matrix

1 2 3 4 5

0O 0 1 1 1

01 0 1 1

1 0 0 1 1

1 1.1 0 0
But then 45 ¢ H,,, a contradiction. So mindegif; 5 > 5 and equality holds. O
Corollary 6.2.5. dn(U373,UQ,3),dn(U3,4,Z/{274) < 3 and dn(Z/[375,UQ,5) <5. O

Theorem 6.2.6 (Mantel, 1907 [4]). Givenn € N,

n
o 0= |7
Proof. Write A,, := Ay, , and m,, := maxre 4, e(I"). Proceed by strong induction on n, the case
n = 1 being trivial. Suppose that n > 2 and the result holds for every m < n. Fix some element
a € N with ¢ < n and consider the set B,, , C A, whose elements are bipartite graphs with a
partition set of size a. Note that, for every T € B,, ,, e(T') < e(K,n—q).- Consider now the set

By, := U, Bn,a € A, whose elements are bipartite and observe that, by the previous argument,

I — — _
m,, 1= max e(T) = max e(Kan—a) = max a(n —a)

If n is even, m!, is attained by taking a = n/2; if n is odd, m/, is attained by takinga = (n — 1)/2 or
a = (n+1)/2. So, m/, is attained by taking |n/2]| and we get, applying Remark|6.1.9;

ot 3] - 30) - %]

Consider now a graph T" € A, \ B,, which is triangle-free but not bipartite. Then there exists a
cycle of minimal odd length £ > 5 in T" and we may consider the subgraph C induced by its vertices
and the subgraph R induced by the remaining vertices. Observe that e(C) = k by minimality of &
and e(R) < |(n — k)?/4] < (n — k)?/4 by induction hypothesis. Moreover, for every vertex r € R,
there exist at most (k — 1)/2 edges joining r and C because T is triangle-free. Hence, there exist
at most (n — k)(k — 1)/2 edges joining R and C. So,

— k)2 —k) (k-1 2 2n—k? k
e

<n2—2k—k2+6k

(because k < n)

\
W~

= < (because k > 5)

[N
—
ISES
| I

Corollary 6.2.7. Givenn € N
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Proof.
dn(Uan,Us ) < (Z) — pluax e(T) (by Lemma|6.1.8)
U3z n

n Tl2

=lo) |73 (by Theorem|[6.2.6)
(n—1)°

= (by Remark[6.1.9)
O

Notation 6.2.8. Given a set V and disjoint subsets A,B CV, use the notation
AB:={abla€ A,bec B} C P,(AUB) and note that I' = (AU B, AB) is a complete bipartite
graph with partition sets A and B.

Lemma6.2.9. Givenn € Nwithn > 3, writek := |n/2|,{:= |k/2],p:=n— |n/2] andq := |p/2].
Define sets

o V1 =[]

o Va:i=I[k]\[{]

o V3= [k+q]\[K

o Vi:=[n]\[k+q]

o By :=WViVs\ {{i,k+i}|ic[}

o By =VoVi\{{l+ik+q+i}|ic[k—1]}
o E:= Py([k]) U Ps([n] \ [k]) U E1 U B,

o [V := ViVo U V3V, U By U Ey
Define graphs T := ([n], E), I := ([n], E") and matrices M := .# (T'), M' := .# (I"). Then

dp (Mg, Har) < <L”£4J> N <L(" +21)/4J> N <L(n +22)/4J> . <L(n +23)/4J)

and Hys & Ugm.

Proof. Define the set
F = Pg(vl) U PQ(‘/Q) U PQ(VE;) U P2(1/4)

and observe that E' = E\ F. Therefore the matrix M’ can be obtained from the matrix M
by removing the lines of M corresponding to edges on F' (using the bijection established in
Proposition [6.1.7). Hence, if we sequentially remove the lines of M corresponding to edges
of F', we get a path on the graph D,, with length at most |F'|. So the following equalities hold:

du(Har Harr) i E’Z) ) ('Z) N (ifl) " ('V;'>
(O (5 ()4 (5)
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_ (Ln£4J) N (L(n +22)/4J> N (L(n +21)/4J> n (L(n +23)/4J>

(by Remark[6.1.9)
Moreover, observe that there are no 3-anticliques in I" so
Hyr = P<3([n]) \ {3-anticliques of I'} = P<3([n])
Hence Hyr = Us . O

Proposition 6.2.10. Givenn € N withn > 3,

oy (U, Us ) < (LnéﬂxJ) n (L(n +21)/4J) . (L(n +22)/4J) . (L(n +23)/4J) Lo

[ In/4] n n
—4( y )+ (=3 7]+
Proof. Use all the notation introduced in Lemma and define the set of edges
G:={{i,k+i}]ie[(JJu{{f+ik+qg+i}|iclk—1}

We claim that G is a matching with respect to the complete bipartite graph with partition sets
V1 U Vg and V, U V3. Note that the edges in G are clearly pairwise disjoint. It remains to show that

G is well defined, i.e. the following properties hold:

1. k41 e Vs foreveryie [{]

2. k+q+ieV,foreveryic[k—/{

Now, observe that condition 1 holds if and only if |V5| > |V;| and condition 2 holds if and only if
[V4| > |Va]. Using Remark[6.1.9|we may conclude that

V| =g = VHJ > |2 =e=ml

4 4
n+3 n-+2
V4|=p—q={ 1 JZ{ 1 Jzk—€=V2|

and therefore the claim holds. Now, observe that I is obtained from the complete bipartite
graph with partition sets V; UV and V5 U V3 by removing the matching G. Hence, by Proposition
[5.1.17] the simplicial complex #,;» admits a 1-complete boolean representation with two lines

and therefore d,, (U2, Harr) < 2. So the following equalities hold:

dn (u2,na uS,n) S dn(MZ,nn H]M’) + dn (7'[1\4/71/{3,71)

<2+dy(HunUs ) (by the previous computation)
[n/4] L(n+1)/4] L(n+2)/4] L(n+3)/4]
<o (70 () () - ()

(by Lemma|6.2.9)

Moreover, if we write n = 4¢ 4+ r for some integers ¢, with 0 <r < 4, then the following

equalities hold:
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L) (Lot DAY (Lt 2 (L 3

ifr=20

l ifr=1

)+
<£;1>:2+4(2>+2<f):2+4<§>+2€ ifr =2
6;1>2 4(§)+3<f)2+4<§>+3€ if r =3

6.3 d(Usn,Us,)
Context 6.3.1. Throughout this Section, we intend to get upper bounds to the distance d(iz ,,, Us »).

Lemma 6.3.2. Given n € N with n > 3, consider the 1-complete (short) boolean matrices M
and N with columns indexed by [n] such that Ly, = Py([n]) and Ly = Py([ln—1]). Then
M, N € BR(Us,,).

Proof. Observe that £j;, L are PEGs so H s, Hy € BPavy by Proposition and therefore
we may apply Proposition Now, up to isomorphism, ¥ (M) is the complete graph with n
vertices and ¢(N) can be obtained from the complete graph with n — 1 vertices by adding a
trivial connected component. Therefore there are no 3-anticliques in 4(M) and 4 (N) and so, by
Proposition[4.1.6) Hy, = Hy = P<3([n]). Hence M € BR(Us,,,). O

Proposition 6.3.3. Givenn € N withn > 3, d({Us,,,Us,,) < 2n — 5.

Proof. Write I(n) := 2n — 5 and proceed by induction on n. Suppose that n = 3. Define 1-complete
boolean matrices M and N with columns indexed by [3] and such that £, = {12} and Ly = @.
Then N € BR(U:,3) and, by Lemma M € Us3. Observe that U; 3 and Us 3 are distinct
simplicial complexes and |Lp ALy | =150 d(Us 3,Us 3) = d3(Us 3,Ua3) =1 =I(3).

Consider now n > 4 and suppose that d(Us ,—1,Uszn—1) < I(n —1). Define the following

1-complete boolean matrices:

e M, with columns indexed by [n] and such that £,;, = Px([n — 1])
e M, with columns indexed by [n — 1] and such that £, = Pa([n — 1])
e N; with columns indexed by [n — 1] and such that Ly, = @

e N, with columns indexed by [n] and such that Ly, = @
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Now, observe that

Mo

... 1]0)

Moreover, by Lemma|6.3.2, M; € BR(Us ,,) and My € BR(Us 5,—1). SO d(Us 1, Us ,—1) = 1. On the
other hand,

M,y

1

Ny

1 ... 1]0)

and Clearly Ny € BR(U27H_1) and N, € BR(Z/{QJ,,_l). So d(UQm/_l,Z/{Q,n) =1. So

Ny

1%

AUz n,Us ) < dUapn, Uz p—1) + dUzn—1,Us n—1) + dUsz n—1 +Usy)

=1+dUszpn-1,Uspn-1)+1 (by the previous computations)
<1+ (2(n—-1)-5)+1 (by the induction hypothesis)
=2n—5

O]

6.4 Examples

Definition 6.4.1. Given a finite nonempty set V" and a family F C Ps;(V), define the simplicial
complex HY- = (V, Hr) given by Hzr := P<3(V) \ F.

Lemma 6.4.2. Given a finite nonempty set V and a PEG F C P5(V), the simplicial complex

HY. is a matroid.

Proof. Observe that HY- € Pav,. By Propositionit suffices to show that P5(V) C FIHY U Hr.
Consider then a set X € P5(V) \ Hr = F. Consider now a subset I € 2X N Hx and an element
peV\X. If |I| <1 then TU{p} € P<2(V)C Hr. Recall now that the family F is a PEG.
Therefore, if |I| =2, then TU{p} ¢ F and so IU{p} € Hr. Hence X € FIH#Y and we may
conclude that P;(V) C FIHY U Hz. O

Definition 6.4.3. Given k,n € N with n > 2k + 1 define sets \; :={1,24,2i + 1} € Ps([n]),
for every ielk], the family Ay:={\|i€[k]} and the simplicial complex
St = M) = (In], P<s(In) \ A).

Remark 6.4.4. Given k,n € Nwith n > 2k + 1, S ,, is a matroid.

Proof. Observe that the family Ay is a PEG and therefore the result follows from Lemma O



80 CHAPTER 6. DISTANCE TO THE UNIFORM MATROID U, ,,: UPPER BOUNDS

Proposition 6.4.5. Given k,n € N withn > 2k + 1, write p := n — (2k + 1) and consider a graph
I'e As, . Then

2

e(l) < VZJ + kp+ 3k

Proof. Write A, := As, ,, and I(p) := |_p2/4J + kp + 3k. Proceed by induction on p to prove that
e(I") < I(p) for every graph I" € A,,. Consider first a graph I" = (V, E) € A, (every vertex lies in a
triangle of the family A, in such a graph). We claim that £ = Uie[k] P,(\;). To prove the claim,
observe that the inclusion Uie[k] P»()\;) C E holds clearly. Conversely, suppose that there exists
an edge X € £\ U, P2(Xi). Then there exist distinct indices i, j € [k] such that one of the
following conditions holds:

o X ={2i,25}

o X ={2+1,2j+1}

o X ={2i,2j+1}
Then the subgraph I'[X U {1}] is a triangle of T, but X U {1} ¢ A,. This is a contradiction,
because I' € Aj. Hence the claim holds and therefore e(I') = 3k = I(0).

Consider now p > 1, suppose that the number of edges of every graph in A,_; is at most
I(p—1) and consider a graph I' = (V, E) € A,. Define the set V' :=V \ [2k + 1] (the set of
vertices not lying on a triangle of I') and the subgraph I :=T' [V’]. We claim that there exists
a vertex vg € V' such that degy (vo) < |p/2]. To prove the claim, suppose that deg (v) > p/2 for
every v € V'. Then

e(l") =

Soevdege(v) Vo _ 7 _ |7
2 4 4 — |4

This contradicts Theorem [6.2.6 because I is a triangle-free graph with p vertices. Observe that
the vertex vy does not lie on any triangle of . Therefore v, is adjacent to at most one vertex of
each triangle of . So |[Mr(ve) N (V \ V') < k. Hence

degr(vo) = degr (vo) + INe(v0) N (VA V)| < | 5] + &
Now, define the subgraph I'y :=T'[V' \ {v}] and observe that 'y € A,_;. Hence:

e(T") = e(I') + degr(vo)

_1)\2

< ( (p 41) +k(p—1)+ 3k> + degp(vo) (by the induction hypothesis)
-

< < (p 41) Fh(p—1)+ 3k> + QgJ + k) (by the previous computation)

B (p—1?%]  |p

_<_ 1 _+bJ + kp+ 3k
2

= VZJ + kp + 3k (by Remark[6.1.9)

O

Lemma 6.4.6. Givenk,n € Nwithn > 2k + 1, writem :=2k+ 1,p:=n — (2k+ 1) andq := |p/2].

Define sets
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o Vi:={2i|ielk]}

o Vo:={2i+1]ie€lk]}

o Va:={m+ilieclg}

o Vir={m+ilielp]\[q]}

o Bi= (Ui P20)) UViVAU VaVs U VsV
and the graph T := ([n], E).

2
ThenT € Ag, , ande(T) = {ZJ + kp + 3k.

Proof. ltis clear that the set of triangles of I"is A;, so I' € Ag, . Moreover, the following equalities
hold:

e(T) = | | P2(2)| + Vil [Vil + [V [Vs] + [ V3] |V

i€ [k]

=3k+k(p—q)+kq+qlp—q)

=sk+ir+ 3] (- 5])

=3k + kp + VjJ (by Remark[6.1.9)
O

Corollary 6.4.7. Givenn,k € Nwithn > 2k + 1, writep :=n — (2k + 1). Then

dp(Uop, Sin) < (;‘) = Q?ﬂ +kp + Sk)

dn(Us n, Sken) < <n) — max e(I) (by Lemma|(6.1.8)

IeAs, ,

2
= <n) - QZJ +kp+ 3k> (by Proposition and Lemma|6.4.6)
O

Definition 6.4.8. Given k,n € N with n > 3k define sets m, := {3i — 2,3i — 1,3i} € P5([n]),
for every ielk], the family TII,:={m |ic[k]} and the simplicial complex
Tin = His, = (Inl, Pea((n]) \ TIe).

Remark 6.4.9. Given k,n € N with n > 3k, 7, is a matroid.
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Proof. Observe that the family II; is a PEG and therefore the result follows from Lemma O

Proposition 6.4.10. Givenk,n € N withn > 3k, write p := n — 3k and consider a graphT" € A7, .
Then

e(l) < EJ +kp + 3k + 3(2)

Proof. Write A, := Ax, ., and I(p) := |p®/4]| + kp + 3k + 3(5). Proceed by induction on p to
prove that e(I') < I(p) for every graph I" € A,,. Consider first a graph I' € Ay (every vertex lies in

a triangle of the family II, in such a graph). Observe that, for all distinct indices i, j € [k], every

vertex v € 7; is adjacent to at most 1 vertex of =;; and therefore there are at most 3 edges joining
m; and w;. Therefore we may conclude that
U P2 (7Tz)

k
n 3(2>
i€[k]

=3k + 3(’;) = 1(0)

Consider now p > 1, suppose that the number of edges of every graph in A,_; is at most
I(p—1) and consider a graph I = (V, E) € A,. Define the set V' := V' \ [3k] (the set of vertices
not lying on a triangle of T') and the subgraph IV := T [V’]. We claim that there exists a vertex
vo € V' such that degp. (vo) < |p/2]. To prove the claim, suppose that degp (v) > p/2 for every
v e V'. Then

e(T) =

ZveV’ degp/(U) > \V’|P - %2 = {sz

2 4 4

This contradicts Theorem [6.2.6] because I” is a triangle-free graph with p vertices. Observe that
the vertex vy does not lie on any triangle of I". Therefore v, is adjacent to at most one vertex of
each triangle of T'. So [N (vg) N (V \ V')| < k. Hence

degr(vo) = degr (vo) + [N (vo) N (V \ V)| < V%J +k

Now, define the subgraph I'y :=T'[V' \ {vo}] and observe that 'y € A,_;. Hence:

e(T'o) + degr(vo)

< ( (p—41)2 k1) +3k+3( >) + degp(vo) (by the induction hypothesis)

< ( (P—41)2 T+ k(p—1)+ 3k + 3( )) + (by the previous computation)

_ ( (p—41)2_ . VQ?D +kp+3k+3<];)

- VZJ T kp+ 3k + 3(];) (by Remark[6.1.9)
O

Lemma 6.4.11. Given k,n € N with n > 3k, write m := 3k, p:=n — 3k and q := |p/2|. Define
sets
e V1 :={3i—2]i€elk]}
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Vo= {3i—1]i¢[k]}

Vi = {m+i|ic[ql}
Vir={m+ili€[p|\qgl}

Eo:={{3i—2,3j —1},{3i — 1,35}, {3i,3j — 2} | i,j € [k] withi < j}

o E:= (Uie[k] PQ(m)) UEyUViViUVaVs U VsV,
and the graphT' := ([n], E).

m+q
° )
® )
m+p

2 k
ThenT € A7, , ande(T) = ﬁJ + kp + 3k + 3<2>.

Proof. For every index i € [k], the following equalities hold:
o Nr(3i—2)={3i—1,3i,3j — 1,30 | L < i < j}
o Np(3i—1) = {3i —2,3i,35,3( -2 | { < i < j}

e Nr(3i)={3i —2,3i —1,3j — 2,30 — 1| £ < i < j}
So, for all indices ¢, i, j € [k] with £ < i < j, we may conclude that:
1. {3i — 1,35 —1},{3i — 1,30} ,{3,35},{3i,30} ,{3j — 1,30} ¢ E

2. {3i—2,3j},{3i — 2,30 — 2}, {3i,3j} ,{3i,30 — 2} . {3],3¢ — 2} ¢ E

3. {3i—2,3j -2} {3i—2,3(— 1} {3i—1,3j — 2} {3i — 1,3 — 1} ,{3j —2,3¢ — 1} ¢ E

Hence, by condition 1, the only triangle containing the vertex 3i — 2 is x;; by condition 2, the

only triangle containing the vertex 3: — 1 is 7;; and, by condition 3, the only triangle containing the

vertex 3i is m;. Hence the set of triangles of I is II;, so I € Ar, . Moreover the set Ej contains

exactly 3 edges joining each pair of triangles, so the following equalities hold:

e(l) = + [Eo| + Vil [Val + [Val [Vs| + [Vs] [ V4

U )
]

i€k

—3k+3<§>+k(pQ)+kQ+Q(PQ)

aea(t) e 2] - [3)

2
=3k+3 <§> + kp + VZLJ (by Remark[6.1.9)
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O
Corollary 6.4.12. Givenn,k € N withn > 3k, write p := n — 3k. Then
2
n P k
< _ z
dn(Uz s Trn) < <2> Q 1 J +kp+ 3k + 3(2)>
Proof.
n
< —
dn(Uan, Tien) < (2) FGHJIL&*}:M e(T) (by Lemmal6.1.8)

2 k
_ <;) — QZJ +kp+ 3k + 3( 2)) (by Proposition [6.4.10|and Lemmal[6.4.77)

O
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