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Abstract

In this study, we consider the single machine salegl problem with quadratic
earliness and tardiness costs, and no machindnate We propose two different lower
bounds, as well as four lower bounding proceduFése optimal branch-and-bound
algorithms are then presented. Four algorithms rpaate the proposed lower
bounding procedures, as well as an insertion-bdsetdnance test, while the other one
does not apply any lower bounding procedure.

The lower bounding procedures and the branch-atd algorithms are tested
on a wide set of randomly generated problems. Dnepatational results show that the
branch-and-bound algorithms are capable of optymablving, within reasonable
computation times, instances with up to 20 jobs.



Resumo

Neste trabalho é considerado um problema de seqnesitto com uma Unica
maquina, custos quadraticos de posse e de atrasedricdo de que ndo € possivel
inserir tempo morto entre trabalhos. Dois limitgfgiiores sdo apresentados, bem como
quatro procedimentos para o calculo de um limiferior para este problema. Cinco
algoritmos baseados em particbes e avaliacOes ssvmessdo entdo desenvolvidos.
Todos estes algoritmos utilizam um procedimentelaeinacdo baseado em insercdes.
Quatro dos algoritmos utilizam um dos procedimerdeslimite inferior propostos,
enquanto o quinto algoritmo néo utiliza qualque&rcedimento de limite inferior.

Os procedimentos de limite inferior e os algoritnaes particbes e avaliacoes
sucessivas foram testados num conjunto alargadastincias geradas aleatoriamente.
Os resultados computacionais mostram que os algmsitde particbes e avaliacdes
sucessivas conseguem resolver de forma éptimarodelet tempos de computacao

aceitaveis, instancias com até 20 trabalhos.
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1 Introduction

In this paper, we consider a single machine sclmglyroblem with quadratic
earliness and tardiness costs, and no machindimiée Formally, the problem can be
stated as follows. A set of independent job$/,,/,, -+, /,} has to be scheduled on a
single machine that can handle at most one johtiatea The machine is assumed to be
continuously available from time zero onwards, @negemptions are not allowed. Job

Jj,j =1,2,---,n, requires a processing tinpg and should ideally be completed on its
due dated;. Also, leth; andw; denote the earliness and tardiness penaltiesbof; jo
respectively. Given a schedule, the earlinesg; a6 defined ast; = max{0,d; — C;},
while the tardiness df; is defined ag; = max{0, C; — d,}, where(; is the completion
time of ;. The objective is then to find a schedule thatimizes the sum of the
weighted quadratic earliness and tardiness cBéts (hE + w;T/?), subject to the
constraint that no machine idle time is allowed.

Scheduling models with a single processor may apfeearise infrequently in
practice. However, single machine scheduling emwirents do indeed occur in many
operations (for a specific example in the chemiodulstry, see (Wagneat al. 2002).
Furthermore, the performance of many productionesys is quite often dictated by the
guality of the schedules for a single bottleneckcii@e. Also, results and insights
obtained for single machine problems can oftengdpdied to more complex scheduling
environments, such as flow shops or job shops.

Scheduling models with earliness and tardinesslpenare compatible with a
recent trend in industry, namely the adoption gy chain management by many

organisations. In this approach, customers andliguppry to integrate the flow of
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materials, in order to improve the efficiency oéthupply chain and provide a better
service to the end user. The adoption of supplyinchmanagement has caused
organisations to view both early and tardy deliegras undesirable. Consequently, a
significant amount of research has been done iy/&ady scheduling, as described in
the survey papers (Baker and Scudder 1990), (KareSridharan 2000) (Gordehal.
2002) and (Hoogeveen 2005). These are mostly coedewith the single machine
scheduling where jobs are available in advance to be processesiemmachine.

Early/tardy scheduling models are also suited &pghilosophy of just-in-time
(JIT) production. The JIT production philosophy drapizes producing goods only
when they are needed, and therefore takes up ¢hethiat both earliness and tardiness
should be discouraged. Therefore, an ideal schedulene in which all jobs are
completed exactly on their due dates. Schedulindetsowith both early and tardy costs
are then compatible with the JIT philosophy, sijudes are indeed scheduled to finish as
close as possible to their due dates.

In this paper, we consider quadratic earlinesstardiness penalties, instead of
the more usual linear objective function. Therefateliveries that are quite early or
tardy are more heavily penalized. On the one hasdjiscussed in (Suwet al. 1999),
quadratic penalties avoid schedules in which alsing only a few jobs contribute the
majority of the cost, without regard to how the @kecost is distributed. On the other
hand, in several practical settings, the penatifason-conformance with the due dates
do indeed increase in severity in a non-linear itashin line with the loss function
proposed by (Taguchi 1986).

More specifically, the Taguchi loss function isuafj to L(x) =
k (x - a)2, whereL(x) is the loss to society (producer and/or custometsin one
unit of a certain output is produced at lexelk is a constant and is the ideal target
level of the output. Thus, this function specifibat the loss increases quadratically as
the output deviates from its desired level. In domsidered scheduling problem, the
jobs’ due dated; and completion times; correspond to the desired target leweind
the actual output leved, respectively, while the weights andw; are a generalization
of the constank. Therefore, the considered objective functionnisaccordance with
Taguchi’s loss function.

We assume that no machine idle time is alloweds Essumption is actually
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appropriate for many production settings. In fadten the capacity of the machine is
limited when compared with the demand, the machinst be kept running in order to

satisfy the customers' orders. Also, the assummtioro idle time is justified when the

machines have high operating costs. Furthermole tilie must also be avoided when
starting a new production run involves high setgste or times. Some specific
examples of production settings where the no idhe tassumption is appropriate have
been given by (Korman 1994) and (Landis 1993).

This problem has been previously considered, amdrakheuristic approaches
have been proposed. (Valente and Alves 2008) predaeveral dispatching heuristics,
as well as simple improvement procedures, and sedlyheir performance on a wide
range of instances. Beam search procedures wesdoped in (Valente 2010), while
(Valente and Moreira 2009) considered several greemhdomized dispatching
heuristics. Finally, genetic algorithms were depeld by (Valentet al. 2011).

The corresponding problem with linear earliness ataidiness costs

=1 (hjE]- + WjTj) has also been previously considered by severabesjtand both

exact and heuristic approaches have been propAsszhg the exact approaches, lower
bounds and branch-and-bound algorithms were pregdnt (Abdul-Razaq and Potts
1988), (Li 1997), (Liaw 1999) and (Valente and Av2005c). Among the heuristics,
several dispatching rules and beam search algasitivere presented by (Ow and
Morton 1989) and (Valente and Alves 2005b, Valemtel Alves 2005a), while (Li
1997) proposed a neighbourhood search heuristeefdioe.
Problems with a related quadratic objective funtt@ave also been considered.
The problem with a linear earliness and quadraficdihess objective function
"y (E; +T?) was studied by (Schaller 2004), (Valente 2007)al¢vte 2008),
(Valente 2009), (Valente and Goncalves 2009) afadepite and Schaller 2010). These
papers presented optimal and several heuristicoappes for both the versions with

and without inserted idle time. The quadratic latsn problemY’_; L%, where the

7
lateness of jolj; is defined ad,; = C; — d; has also been studied by (Gupta and Sen
1983), (Su and Chang 1998) and (Schaller 2002), ddweloped both optimal and
heuristic procedures. (Sehal. 1995) presented a lower bound and a branch-andebou
algorithm for the weighted versidn}_, WjLJZ- where idle time is allowed only prior to
the start of the first job. However, (Soroush 2088)nonstrated, via a counterexample,
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that this procedure was flawed, since one of thmsreised to prune nodes in the

branch-and-bound algorithms was valid only for edrd jobs, but not for non-adjacent

jobs, as was assumed in (Sm@l. 1995). A correct branch-and-bound algorithm, along
with a new dominance condition, were then presemé8oroush 2010).

In this work, we first develop two different lowbounds. The first is based on a
relaxation of the early/tardy penalties and the gletion times, while the second
converts the original problem to a weighted quadtateness problem. We then present
four lower bounding procedures that incorporatese¢htsvo lower bounds. Five optimal
branch-and-bound algorithms that use these lowandiag procedures, as well as an
insertion-based fathoming test, are also proposkd.lower bounding procedures and
the branch-and-bound algorithms are then tested wide set of randomly generated
problems.

The remainder of this paper is organized as follolte two lower bounds and
the four lower bounding procedures are describexkation 2. In section 3, we discuss
the implementation details of the five branch-aod#x algorithms. The computational
results are presented in section 4. Finally, soomelading remarks are given in section
5.



2 Lower bounding

In this section, we propose four lower boundingcpaures for the quadratic
earliness and tardiness problem. We first presémivar bound based on a relaxation of
both the early/tardy penalties and the completiores. Then, we propose a second
relaxation that instead converts the original peablto a weighted quadratic lateness
problem. An existing lower bound for the weightaeddratic lateness problem can then
be used to obtain a lower bound for the originalyé&ardy problem. Finally, we present

four lower bounding procedures.

2.1 Earliness/tardiness|ower bound

In this section, we propose a lower bound basedaorelaxation of the
earliness/tardiness penalties and the completimesti For convenience, and without
loss of generality, it will be assumed throughdus section that we wish to calculate a
lower bound for a set of jobs whose processing starts at titnee 0. This makes the
presentation of the lower bound easier and clearet the extension of the lower bound
to partial sequences that start at any time0 is straightforward.

Let F denote the objective function of the quadratidy#&ardy problem, i.e.,
F =30, (E? +wT?) = By hy[max(d; — ¢, 0)]” + Xy wy[max(¢; - d;, 0)]°.

In order to derive the lower bound, we first coesié relaxation of the early/tardy

penaltiesh; andw;. Let hy,;, andwy,;, respectively denote the minimum value of the
earliness and tardiness penalties, iByi, =min{h;j=1,...n} and wy, =

min{w;;j = 1, ....n}. We now define a modified objective functidnby replacing the



earliness and tardiness penalties viith, andw,,;,. Therefore, the modified objective

function Z is defined asZ =37, (AminE} + WminT?) = Rmin 2=y [max(d; —

C;, 0)]° + Winin 2y [max(C; — d;,0)]”. For any given sequence, we hates F,
sincehpin < h; andwp,ip < w;.

A lower bound for the quadratic early/tardy problean then be obtained by
performing a second relaxation, more specificajfyréaxing the completion times.
Let [j] denote the job in thigh position in a sequence. Also, &t’" be the sum of the
processing times of the firsjobs, when the jobs are ordered in longest praogssne
(LPT) order (i.e.py;; = pyx) for j < k). Similarly, letC7*" be the sum of the processing
times of the firstl jobs, when the jobs are ordered in shortest psoogdime (SPT)
order (i.e.,p[j) < py for j < k). We can now define an objective functidn by
replacing the completion time§; in Z with C/*" and Cf*". More precisely, the
modified objective functio’ is defined as:

Z' = hupin 2=y [max(d; — 77, 0)]2 + Winin X7=1 [max(C*FT —d;, O)]Z.

For any given sequence, we ha¥e< Z, sinceC/"” > ¢; andC**" < C;. Let dfPP
denote the due date of tjh job, when the jobs are ordered in earliest cate (EDD)

order (i.e., djj <dyg for j<k). Finally, let Zi,, = hpin Xj; [max(dfPP —

T O] + Wiy B [max(GT — a0, 0)]".

Theorem 1 Zg,, < minZ < minF, i.e, Zgpp is a lower bound for the optimal

objective function value of the quadratic earliness and tardiness problem.

Proof. As previously mentioned, we havé' <Z < F for any specific
sequence. Therefore, it is sufficient to prove #igs, = minZ’, since we then have
Zgpp < F for all possible sequences. This will be done bgt@diction. Consider a
scheduleS in which jobsj andi are scheduled in positiodsandl,, respectively, with
l; <l, andd; = d;. Therefore, jobs and; are not scheduled in EDD order. Also
consider a schedul# that is identical t&, except for the fact that the positions of jobs
i andj have been interchanged. We must showZhe') < Z'(S).

Since only the positions of jolisand;j are different in schedulesands’, all



other jobsk, with k # i, j, occupy the same position in both schedules. Bhé&ibution
of those jobsk to Z' is therefore identical in schedul8sandS’. Hence, it suffices to
compare the contributions of jobsindj to Z'.

We first consider the change that may occur infitst part of Z’, i.e., the
change in the termy,, X7, [max(d; — ¢/, O)]z. Sincehy,, is constant, we will
focus only on the expressigi_, [max(d; — C+*",0)]". Let E(S) denote the sum of
the contributions of jobs and; to the termy”_, [max(d; — C}*",0)]” in schedules.
Therefore, we have E(S) = [max(d; — €27, 0)]” + [max(d; — C7,0)]°  and
E(S") = [max(d; — CEP7,0)]” + [max(d; — CLPT,0)]°. Also let AE = E(S") — E(S).
The following three cases must then be considered.

Case 1. CHPT < d; < d;. We haveE(S) = (d; — C1*")" + (d; — CLF™)” and
E(S") = (d; — CH*)" + (dj — CEFT)°. Therefore, AE = (d; — CH*")" + (d; -
CEPTY? — (d; — CEPT)* = (dy — CLPT)°. Let A=d;—d;, B=d;—CLT and C =
CLPT — CPT. We then haveAE = (B + C)* + (A + B)? — (A + B + €)* — B?, with
A, B,C = 0. Expanding the squared terms and simplifying, W&o AE = —2AC < 0.

Case 2. d; < CHPT <d,. In this case, we havé(s) = (d; — C")" and
E(S") = [max(d; — CEP7,0)]" + (d; — CLP™)*. We then have AE = [max(d; -
T, 0)]° + (d; — )" = (d; — CEPT)". In order to simplify the analysis, this case
can now be divided in two further subcases.

Case 2a. C/F" <d; <CIPT <d;. In this situation, we have\E = (d; —
CHPTY? + (d; — CP™)° = (d; — ¢HPT)°. Let A=d;—CLPT, B=CHT—d; and
C=d; —C/*". We then haveAE = C? + A* — (A+ B + C)?. Therefore, AE <0,
since with4, B,C > 0 we have(A + B + €)% > C? + A2.

Case 2b. d; < CHPT <CHP"<d;. We now have AE = (d; — CEP™)" -
(d; — CEP™)*. Therefore, we havaE < 0, sinced; > CSPT > 5P

Case 3. d; < d; < CF". We haveE(S) = [max(d; — C[F7, o)]2 andE(S") =

[max(d; — CEP7,0)]".  Consequently, AE = [max(d; — C}*",0)]" — [max(d; —



CLPT,0)]. Therefore, we havaE < 0, sinced; < d;.

We now consider the change in the second pa#t,dfe., the change in the term
Wimnin =1 [max(CFPT — d]-,O)]Z. Sincew,,;, is constant, we will focus only on the
expressiort, [max(CT — d;,0)]". LetT(S) denote the sum of the contributions of
jobs i andj to the term¥’, [max(CF*T —d;,0)]" in scheduleS. We then have
T(S) = [max(CSPT — d;,0)]” + [max(CSFT — d;,0)]° and T(S") = [max(CFPT -
di,O)] [max(¢EF" — d;, 0)] . Also let AT = T(S") — T(S). The following three

cases must be considered.
Casel. CiP" < d; < d;. In this case, we ha#(S") = T(S) = 0, SOAT = 0.

Case 2. d;<C" <d;. We have T(S) = (CF" - di)2 and T(S") =
[max(CSPT — d;,0)]°.  Consequently, AT = [max(CSP™ — d;,0)]" — (¢5F7 — d;)".
Therefore, we havAT < 0, sinceC™ < " andd; < CjF".

Case3. d; < d; < CP7. In this case, we havi(s) = [max(C5P" — d;,0)]” +
(cE7 —d;)" and T(S") = [max(CSPT — d;,0)]" + (C5P7 —d;)°. We then have

= [max(CEPT — d;, 0)]° + (€57 — d;)° — [max(CEPT — d;,0)]° — (¢5P7 - dy)”.

In order to simplify the analysis, this case caw e divided in three further subcases.

Case 3a (" <d; <d; <C:P". In this situation, we haveAT =0+

(CSPT — d;)* — 0 — (C5PT — d;)". Therefore, we havaT < 0, sinced; < d; < CS'".

Case 3b. d; <CP" <d; <C’". We now have AT = (C7FT — di) +
(CEP™ —d) —0—(CP"—d;)". Let A=C"—d;, B=d;—C" and C=
C2F" —d;. We then haveAT = €% + A% — (A + B + C)%. Therefore, AT < 0, since
with 4, B,C > 0 we have(A + B + €)% = C? + A2.

Case 3¢ d;<d; <CPT <CSPT. We now have AT = (C5P" —d;)” +
(CSPT d]) (CSPT d]) (CSPT dl) Let A = CSPT CSPT B = CSPT d]
and C =d; —d;. We then haveAT = (B+ ()*+ (A+B)*—B*—(A+ B+ ()?,

with A4,B,C = 0. Expanding the squared terms and simplifying, vidaio AT =
—2AC < 0.



For all the situations considered, we ha¥& <0 and AT < 0. Hence,
scheduling jobs and; in EDD order gives a lower value fgr. Consequently, we have

Zgpp = minZ andZzp, < minZ < minF, which concludes the proof.

2.2 Latenesslower bound

In this section, we propose a lower bound based oonversion of the original
early/tardy problem to a weighted quadratic latsr@®blem. This conversion requires

a relaxation of the earliness/tardiness penakiesnd w;. More specifically, Ietw]f
denote the minimum of the earliness and tardinessalpes of jobj, i.e., wj' =
mln{h],W]} We recall thatF = Z;’lzl (h]EJZ + WJTJZ) = Z;‘lzl h] [max(d] - C], O)]z +
n
j=

problem. A modified objective functiod can now be defined by replacing the

. w;[max(C; — d;,0)]” denotes the objective function of the quadratidytardy

earliness/tardiness penaltigsandw; with W]f . More precisely, the modified objective
functionZ is defined asZ = Y7, (w;E? + w;T?) = X7, w;(EF + T7) = X7, wiLZ,
whereL; = C; — d; is the lateness of job

The modified objective functiorZ corresponds to the weighted quadratic

lateness problem. Moreover, for any given sequemeehaveZ < F, since W]f =

min{h]-, Wj}. Hence, any lower bounding procedure for a wemjlgeadratic lateness
problem with objective functior?Z also provides a lower bound for the original
guadratic early/tardy problem. Therefore, in orttepbtain a lower bound for a given
instance of the original early/tardy problem, westficreate a modified quadratic
lateness instance with; = min{h;, w;}. Then, the lower bounding procedure proposed

by (Soroush 2010) for the weighted quadratic laden@oblem is used to calculate a
lower bound for this modified instance. The loweubd presented by (Soroush 2010)
improves as the sum of the processing times ofiguely scheduled jobs increases,
since that sum is included in the lower bound’scalation. Therefore, it is to be
expected that this lower bound gets better as weenforther down the branching
process. Actually, the procedure developed in (@&ta2010) allows the insertion of

idle time before the first job in the sequence. ldeer, the modifications required to



adapt this procedure to a problem where idle ten®ot allowed are straightforward.

2.3 Lower bounding procedure

In the previous sections, we presented two lowearnlls for the quadratic
earliness/tardiness problem. In this section, wepgse two more lower bounding
procedures that incorporate these two lower boundse following, let LB_ET denote
the first lower bound, i.e., the lower bound based a relaxation of the
earliness/tardiness penalties and the completoesti Also, the second lower bound,
based on a conversion to the weighted quadragnésts problem, will be represented
by LB_L.

We performed preliminary computational experimentth the lower bounds
LB_ET and LB_L. In these experiments, we applieglsthlower bounds to the set of
problems described in section 4 and calculatedrtii@l lower bounds values (i.e. in
these experiments all jobs are unscheduled, sstdietime of the still unscheduled jobs
is equal to 0). The results showed that the redaggrformance of the lower bounds

LB_ET and LB_L was significantly influenced by therdiness factof. The tardiness
factor of an instance (or partial sequence) isdefias = 1 — [(d — t)/ X, p;], where

d is the average due date ands the start time of the instance or partial segee
When the tardiness factor is high, the averagedate will be low, and most jobs will
likely be tardy. Conversely, whefi is low, most jobs should be completed early.
Therefore, the tardiness factris an estimate of the proportion of tardy jobsain
schedule.

When the tardiness factor was either quite highgute low, the two lower
bounds were competitive with each other. Howevewer bound LB _ET clearly
outperformed the LB_L procedure for the more intedrate values of'. Indeed, for
these problems, LB_ET provided a significantly legtower bound value for a quite
large number (and in some cases, actually allpstinces. We then decided to use the
following lower bounding procedure, denoted by LB_E_2, based on the results of
these preliminary experiments. Whén< 0.1 or T > 0.9, both LB_ET and LB_L are
calculated, and the lower bound is then set equidle largest of the two values. For the

remaining values of the tardiness factor, onlyltiveer bound LB_ET is used.
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Furthermore, since as the time at which the unsdkddobs increases LB_L
improves, it is then possible that LB_L will becomm®re competitive with LB_ET at
the later stages of the branching process. Alse,cttimputational tests showed that
LB_L is much faster than LB_ET. We then decidedctmsider a lower bounding
procedure in which both LB_ET and LB_L are caloethand the tighter one will be
chosen as the lower bound value. This lower boungmocedure will be denoted by
LB ET L 1.

11



3 Branch-and-bound procedure

In this section, we discuss the implementationildetd five branch-and-bound
algorithms. In fact, these five algorithms varyym the lower bounding procedure..
Actually, we consider four branch-and-bound proceducorresponding to the four
previously proposed lower bounds, as well as ogerdélhm in which the lower bound is
simply set equal to the objective function value¢hef already scheduled jobs. This latter
procedure is denoted by BB_NO_LB, while the fourestbranch-and-bound algorithms
are identified by BB_LB_ET,BB LB _L,BB LB L l1alB LB _L 2.

The details of the branch-and-bound proceduresnoilf be presented. We use a
forward-sequencing branching rule, where a nodeeaél | of the search tree
corresponds to a sequence withobs fixed in the firstl positions. The depth-first
strategy is used to search the tree, and tiesraiee by selecting the node with the
smallest value of the associated partial schedod¢ glus the associated lower bound
for the unscheduled jobs.

The initial upper bound on the optimum schedulet é®@<alculated using the
ETP_v2 dispatching rule, followed by the applicatiof a 3-swap improvement
procedure. This heuristic approach was the mosicee of the several alternatives
analysed in (Valente and Alves 2008). The uppenbdoalue is then updated whenever
a feasible schedule with a lower cost is foundrduthe branching process.

Two fathoming tests are used to reduce the numbeodes in the search tree.
In the first test, we use an insertion-based proceetb eliminate dominated nodes. This
procedure inserts the job most recently added @¢ontbde's partial sequence before a
certain number of the previously scheduled jobanlimproving sequence is found, the
node is then fathomed.

We considered six alternative versions of each dbraand-bound procedure.
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These versions differ only in the number of pregigischeduled jobs (denoted by INS)
that are considered in the insertion fathoming testhe version denoted tsngle, only
one insertion is performed. In the version ideatfiby0.10 (respectively,0.25, 0.50,
0.75 and1.00), on the other hand, the number of insertions d@inatconsidered is equal
to 10% (respectively, 25%, 50%, 75% and 100%) of tlumber of previously
scheduled jobs.

When the node is not eliminated by the previoug teg corresponding lower
bound is then calculated for the unscheduled jdlite lower bound plus the cost of
the associated partial schedule is larger thanqoaleto the current upper bound, the
node is discarded.

13



4 Computational results

In this section, we first describe the set of tgsbblems used in the
computational experiments. Then, we analyse thdomeance of the four lower
bounding procedures. Finally, we present computaticesults for the five branch-and-
bound algorithms. Throughout this section, and lideo to avoid excessively large
tables, we will sometimes present results onlystone representative cases.

4.1 Experimental design

The computational tests were performed on a sptaiflems with 7, 10, 12, 15,
17 and 20 jobs. These problems were randomly geatees follows. For each jgh, an
integer processing timp;, an integer earliness penalty and an integer tardiness
penalty w; were generated from one of the two uniform distitns [45,55] and
[1,100], to create low (L) and high (H) variability, resgigely. For each joly;, an
integer due datd; is generated from the uniform distributigP(1 — T — R/2), P(1 —
T + R/2)], whereP is the sum of the processing times of all jobss the tardiness
factor, set at 0.0, 0.2, 0.4, 0.6, 0.8 and 1.0, Rnsl the range of due dates, set at 0.2,
0.4, 0.6 and 0.8.

For each combination of problem sizgprocessing time and penalty variability
(var), T and R, 50 instances were randomly generated. Thereforigtal of 1200
instances were generated for each combinationaiflgm size and variability. All the
algorithms were coded in Visual C++ 6.0, and exetwn an Intel Core2 Quad Q6600
- 2.40GHz - 3GB RAM personal computer.

14



4.2 Lower bound results

In this section, we analyse the performance ofdhe lower bounds. In Table 1,
we present the average of the relative deviatioas fthe optimum for each lower
bound, calculated a&) — LB)/0 x 100, where0O and LB represent respectively the
optimum objective function value and the initialver bound value (i.e., the lower
bound at the root node). The results given in thide show that the processing time
and penalty variability has a most significant effen the performance of the lower
bounding procedure. In fact, all the lower bounddgrm adequately for instances with
low variability, since the average deviation frohre toptimum is about 14%-33%.
However, when the variability is high the perforroaris quite poor, since the lower
bound value is 70% to 90% below the optimum.

These results are to be expected, given the radasadf the earliness/tardiness
penalties that were performed to obtain the lovsemiols LB_ET and LB_L. In order to
derive lower bound LB_ET, as previously describélie earliness and tardiness
penalties of each job are replaced by their minimuatues. On the other hand, the
LB_L method sets the job's modified penalty to thamimum of its earliness and
tardiness penalties. Therefore, the lower boundilshimdeed perform better when the
variability of the job penalties is low. In fact) this case the difference between the
relaxed and the original penalties will be smafid ahe lower bound will be more
accurate. When the variability of the penaltieBigh, however, the differences between
the original and the relaxed penalty values willlliger, and the performance of the
lower bound consequently deteriorates.

As the number of jobs increases, and whether thahibty is high or low, the
performance of the lower bounds worsens. Moreoserge we just considered the
lower bounds at the root nodes, where 0, LB_L performs poorer in comparison with
the other lower bounds. Naturally, the best peréoroe is provided by LB ET L_1
(which always uses the best of LB_ET and LB_L)selyg followed by LB_ET L 2.

The effect of thd andR parameters on the relative deviation from theropin
for the instances with 20 jobs is given in TableF2r the instances with a high
processing time and penalty variability, the loweunds perform better wh@h= 1.0.

The relative deviation from the optimum is then igamfor the remaining values of the
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tardiness factof. Also, the performance of the lower bounding pchces deteriorates
as the range of due datRsncreases.

When the variability is low, the lower bounds penfiobetter wherf” = 0.0 and
(especially)T = 1.0. Therefore, the lower bound is closer to the optimwhen most
jobs are earlyT = 0.0) or tardy { = 1.0). The relative deviation from the optimum
then increases as the tardiness fatt@pproaches its intermediate values. Moreover,
the performance of the lower bounds is better wtten due dates are quite close
(R = 0.2), and then deteriorates as the range of due datesreases. Therefore, the
lower bounding procedures perform worse when tieegegreater balance between the
number of early and tardy jobs, as well as wherdtleedates are more widely spread.

Furthermore, the results show that for the tardirfestor values 0.2, 0.4, 0.6
and 0.8 the performance of LB_ET, LB_ET L 1 and EB_L 2 are quite similar. In
fact, when the tardiness fact®r approches its itermediate values, these threerlowe
bounds become similar. The table also demonstthagdsfor the instances with high
variability LB_ET L 1 and LB_ET L _2 are competitivath each other and for the
instances with low processing time and penaltyamlity LB_ET L 1 is closer to the

optimum value.
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4.3 Branch-and-bound results

The results for the branch-and-bound algorithmd Wwé presented in this
section. In Table 3, we give the average computaiimes of the branch-and-bound
procedures, in seconds. Due to the excessive rastithat would be required, the
BB_NO_LB and BB_LB_ET were not applied to the higriability instances with 20
jobs.

The results show that the branch-and-bound algosthre capable of solving,
within reasonable computation times, problems wiiho 20 jobs. The variability of the
processing times and penalties has a most signifiefiect on the runtimes, since the
branch-and-bound procedures are much faster fangt@nces with a low variability. In
fact, when the variability is low, it is possible bbtain an optimal solution, for the
instances with 20 jobs, in about 2 seconds (ona@er The average time required to
solve an instance with high variability, howevearpver 25 seconds.

For the instances with low variability, the comiata times are somewhat close
for the various INS values. The best results avergby the INS = single version, and
the runtimes then increase slightly as the INS eahecreases. When the variability is
high, however, there is a clear difference in tn&imes for the larger instances with 17
and specifically with 20 jobs. For these instanzes the branch-and-bound procedures
with low INS values require a substantially higltemputation time. Indeed, the best
performance is achieved precisely for the largedtias of the INS parameter (INS =
0.5, INS =0.75 and INS = 1.00).

When the value of the INS parameter is higherfitsefathoming test considers
a larger number of insertions, and the number aferdt eliminates will then usually
increase. However, the computation time requiredhis/fathoming test also increases
with the value of the INS parameter. Thereforereasing the number of insertions has
two opposite effects on the efficiency of the btaaad-bound algorithm. The results
presented in Table 3 show that the outcome oftthide-off is quite different for the
instances with low and high processing time andajpgnvariability. In fact, as
mentioned above, small (large) values of the IN&p&ter should be used for the
instances with low (high) variability.

These results are in accordance with the performaricthe lower bounding
procedure. Indeed, as described in the previoussethe lower bound is much closer
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to the optimum for the instances with low procegsiime and penalty variability.
Therefore, on the one hand, we would expect thadbrand-bound algorithms to be
faster for instances with low variability. On thther hand, a smaller (larger) value of
the INS parameter should also be necessary farioss with low (high) variability. In
fact, the greater accuracy of the lower boundirag@dure when the variability is low is
likely to result in a larger number of nodes eliated by the lower bound fathoming
test. Consequently, it is then possible to use allemINS value, since the lower
number of nodes fathomed by the insertion-basedepitre will be offset by the higher
effectiveness of the lower bound test.

Table 3 shows that, among the five branch-and-b@lgorithms, BB_LB L is
the fastest. The runtimes BB_LB_ET L 2 and BB_LB_ET1 algorithms are close,
even though BB_LB_ET_L_1 is somewhat faster. Thestwoerforming algorithms are
the BB_LB_ET and (particularly) the BB_NO_LB procees. The poor performance
of the BB_NO_LB procedure clearly shows that thevdo bounding procedures
significantly reduce the runtime of the branch-#&dmnd algorithms.

In Table 4, we present several additional staisiic the computation times of
each branch-and-bound algorithm, namely the mininforim) and maximum (max)
values, the coefficient of variation (cov), and gegcentiles 25, 50, 75, 95 and 99 (p25,
p50, p75, p95 and p99, respectively) of the diastrdn of the runtimes. This table
contains results only for the instances with 17/jobhe results in Table 4 once again
show that there is a significant difference betweestances with low and high
processing time and penalty variability for eacanzh-and-bound algorithm. When the
variability is low, the best performance is obtaingith the lower values of the INS
parameter for a quite large number of instancealibranch-and-bound algorithms, as
can be seen by the values for the percentiles@5/% 95 and 99. Although, the INS =
single algorithm is only outperformed (particulaly the INS = 0.25 and INS = 0.50)
for the most difficult instances, as illustrated thye max results in BB_NO LB and
BB_LB_ET algorithms.

For instances with high variability, the proceduneth a low INS value require
much higher computation times. The best performanpeovided by the largest values
of the INS parameter. These higher INS values @ significantly more consistent,

since the variability in their runtimes is lowes, iadicated by the cov values.
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The improvement in performance provided by the éiglalues of the parameter
INS becomes larger as the instance difficulty iases. For the easier instances, which
require low computation times, the runtimes arsetdor almost all INS values, as can
be seen by the min, p25 and p50 results. As tharins difficulty, and correspondingly
the runtime, increase, the branch-and-bound praeedumith a larger INS value become
increasingly more efficient, since the increaséhim runtime is much slower for these
procedures. For the most difficult instances, as lwa seen by the p95, p99 and max
results, the computation times are substantiallyelofor the algorithms with a higher
INS value.

As the results of Table 4 show, BB_LB_L has obtditlee best performance for
a quite large number of instances, specially fer ttost difficult ones which require
higher computation times, among the other branchkrund algorithms, as can be
seen by p50, p75, p95, p99 and max values. Howdwerthe easier instances,
BB LB ET L 2 and BB_LB_ET_L_1 are competitive wBB_LB L. As the results
show, BB_NO_LB becomes faster than BB_LB_ET asirts&ance difficulty increases
(as can be seen by the p99 and max values). Fonvher the lower cov values of
BB_NO_LB indicate that the variability in its runtes is lower in comparison with the
coefficient of variation values of the other brafastd-bound algorithms.

The effect of thel' and R parameters on the computation times for instances
with 20 jobs for the BB_LB_L algorithm is given fable 5. For the instances with a
low processing time and penalty variability, tharmrh-and-bound procedures are quite
fast whenT = 0.2, T = 0.4 andT = 0.6 . The runtimes are higher for the other values
of the tardiness factor, particularly when most sjobre tardy T = 0.8). The
computation times also decrease as the range ofddtesR increases. When the
variability is high, the procedures are quite et when most jobs are early (i.e.,
whenT = 0.0, T = 0.2 andT = 0.4). The runtimes then increase significantly for the
higher values of the tardiness factor, especiaity'f= 0.6 andT = 0.8.

In
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Table 6, we present the average number of nodesrged by the branch-and-
bound algorithm (NG), as well as the average peagenof these nodes that were
eliminated by the two fathoming tests (%EL) for the branch-and-bound algorithms,
considering the instances with 17 jobs. We alsovideo some data on the relative
importance of these tests, namely the average meage of nodes fathomed by the
lower bound test (%LB) and the insertion-based @idace (%INS). The number of
nodes generated by the different branch-and-bquadedures is much larger for the
instances with a high processing time and penaltiakility. Also, the number of nodes
decreases with the value of the INS parameter. fEaigction in the number of nodes is
minor for the low variability instances, but is gusignificant for the problem with high
processing time and penalty variability. In fatie tranch-and-bound procedures with
low INS values generate a much larger number ofesddr these instances. These
results are in line with the computation times jpvasly presented in Table 3.

The proportion of nodes eliminated by the fathontiests is somewhat higher
for the instances with a low variability. Also, thgercentage of eliminated nodes
increases very slightly with the value of the IN&ameter. The relative importance of
the lower bound fathoming test is much higher far instances with a low processing
time and penalty variability. This result is to éagected, since the lower bound is much
tighter for the low variability instances.

The percentage of nodes eliminated by the lowemtaest decreases as the
value of the INS parameter increases, while thgggnteon of nodes fathomed by the
insertion-based dominance test correspondinglyeas®s. Once more, this is expected,
since a larger number of insertions is performedie higher INS values.

According to the results of
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Table 6 for BB_NO_LB, we can see that the averageber of generated nodes
is significantly higher, so with this fact the haghcomputation times for this branch-
and-bound algorithm can be justified. Also, the lpgrcentage of nodes eliminated by
the lower bound test in this algorithm is expect@dce no lower bounding procedure
has been applied in this algorithm. Among the othmnch-and-bound algorithms,
BB_LB ET L 1 gives the lowest average number ofegated nodes and highest
proportion of nodes eliminated by the lower bousst.t

In Table 7, we present the effect of tfieand R parameters on the average
number of nodes generated and the percentage etredininated by the lower bound
test for INS = 0.75 in BB_LB_L . For instances wiHow processing time and penalty
variability, the number of nodes is much lower wtés 0.2, T = 0.4 andT = 0.8.
The number of nodes generated by the branch-anddbaalgorithms is then
significantly higher for the remaining values ofethardiness factor, especially for
T = 0.8. Also, the number of nodes decreases as the dee dacome more widely
spread. For instances with high variability, thentner of nodes is smaller f@r < 0.4.
However, the number of nodes then increases sulaharfor the higher values of the
tardiness factor when due dates become widely dpad is particularly large for
T=0.6, T=0.8 andT = 1.0. Again, these results are consistent with theimag
previously given in Table 5. The percentage of sogleninated by the lower bound test
is higher for instances where early jobs predomirfeé., instances withi < 0.6). For
the larger instances with high processing time peadalty variability, the insertion-
based dominance procedure eliminates most of tHhesy@ince the percentage of nodes

fathomed by the lower bound test is minor.
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5 Conclusion

In this study, we considered the single machineedgling problem with
quadratic earliness and tardiness costs, and nbingadale time. Two different lower
bounds were proposed. The first relaxes the eartlyft penalties and the jobs'
completion times, while the second converts thayimal problem to a weighted
guadratic lateness problem. Then four lower boun@irocedures have been presented.
Two of these procedures correspond with the twggsed lower bounds, while the
other two use a combination of these lower bounis. also propose five optimal
branch-and-bound algorithms. Four of these algmsthncorporate the four proposed
lower bounding procedures, as well as an insetiesed fathoming test. The remaining
procedure does not consider any lower boundingegha@ in the algorithm, though it
uses the insertion-based fathoming test.

The four lower bounding procedures and the fiventineand-bound algorithms
were tested on a wide set of randomly generatethlgmes. The lower bounding
procedures performed adequately for instances Muthprocessing time and penalty
variability. For high variability instances, howeyehe performance of the lower
bounds was quite poor. The branch-and-bound algositwere capable of solving,
within reasonable computation times, problems wigh to 20 jobs. Again, the
performance of the branch-and-bound proceduresswpsrior for the instances with
low variability. The results show that BB_LB_L htse best performance among the
branch-and-bound algorithms. Moreover, the besiltesvere obtained by setting the
INS parameter required by the insertion dominamoegulure to small (large) values for
the low (high) variability instances.

These results are in accordance with the relaxatainthe earliness/tardiness
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penalties that were performed to obtain the twoelolounds. In lower bound LB_ET,
the earliness and tardiness penalties of eachrplpeplaced by their minimum values.
The LB_L method, on the other hand, sets a job'difred penalty to the minimum of
its earliness and tardiness penalties. Therefbee stperior performance of the lower
bounding procedure and the branch-and-bound atgositfor the low variability
instances was to be expected. Indeed, for thesences there is a smaller difference
between the relaxed and the original penalties, thwedlower bound will be more
accurate.

The proposed procedures are then quite efficientife problems with a low
penalty variability. When the variability is highpwever, the performance of both the
lower bound and the branch-and-bound algorithnmfisrior. Nevertheless, the branch-
and-bound procedures are still capable of solvigh lariability instances with 20 jobs
in about 9 seconds.

A possibility for future research is to considedgidnal metaheuristics. The
iterated local search (Congraeh al. 2002), iterated greedy (Fanjul-Peyro and Ruiz
2010) and variable greedy (Framinan and Leisten8R0f0etaheuristics have been
shown to provide excellent results for schedulimgbfems, and could therefore be
competitive with, or hopefully outperform, the exg genetic algorithms. Another
research possibility is to extend the consideredblpm in order to incorporate
additional elements, such as different releasesdatsetup times. Finally, the quadratic
earliness/tardiness objective function can be usescheduling problems with more

than one machine, such as in parallel machinessfiop and job-shop settings.
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Table 1: Relative deviation from the optimum

alg
var n_jobs LB_ET LB_L LB ET_L 1 LB ET L2
L 7 14270 23.436 12.181 12.985
10 1542 27.92 13.75 14.21
12 16.02 29.59 14.49 14.85
15 16.31 31.64 14.97 15.22
17 16.46 32.32 15.23 15.39
20 16.95 33.26 15.75 15.90
H 7 75.81 8561 68.18 70.37
10 81.68 89.07 75.00 76.00
12 84.96 90.48 78.51 78.86
15 86.94 92.27 81.49 81.62
17 88.24 92.20 82.54 82.61
20 89.36 93.15 84.37 84.38
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Table 2: Effect of thetardinessfactor and therange of due dates on therelative
deviation from the optimum for theinstances with 20 jobs

low var high var
T RLBET LBL LBETL1LBET L2 LBET LBL LBETLI1LBETL?2

0.0 0.2 12.042 15.708 11.693 11.693  85.419 100.000 85.419 85.419
0.4 13.960 14.910 12.667 12.667  90.921 100.000 90.921 90.921
0.6 15.008 14.311 12.860 12.860  89.899 100.000 89.899 89.899
0.8 15.098 13.834 12.800 12.800 90.076 100.000 90.076 90.076

0.2 0.2 14.401 26.080 14.311 14.401  86.050 100.000 86.050 86.050
0.4 16.488 26.889 16.331 16.488  87.081 100.000 87.081 87.081
0.6 18.395 30.244 18.012 18.395 91.143 100.000 91.143 91.143
0.8 19.711 35.381 19.319 19.680 93.470 100.000 93.470 93.470

0.4 0.2 15.114 46.822 15.114 15.114  83.880 100.000 83.880 83.880
0.4 19.314 62.961 19.314 19.314  88.631 100.000 88.631 88.631
0.6 22.832 82.813 22.832 22.832  93.095 100.000 93.095 93.095
0.8 29.448 93.331 29.448 29.448  95.627 100.000 95.627 95.627

0.6 0.2 14.863 33.487 14.863 14.863  83.993 100.000 83.993 83.993
0.4 17.814 45.605 17.814 17.814  88.000 100.000 88.000 88.000
0.6 20.607 68.098 20.607 20.607  89.342 100.000 89.342 89.342
0.8 25.015 81.543 25.015 25.015 93.638 100.000 93.638 93.638

0.8 0.2 12.728 13.279 12.203 12.728  88.130 99.293  87.852 88.130
0.4 14.926 16.304 14.243 14926  89.365 99.892 89.365 89.365
0.6 16.664 19.422 16.073 16.639  89.873 99.717 89.746 89.873
0.8 17.601 21.436 16.787 17.332  92.536 99.749 92.536 92.536

1.0 0.2 12.643 7.539 7.539 7.539  83.758 43.565 43.471 43.471
0.4 13.771 8.817 8.817 8.817  88.677 57.840  57.165 57.165
0.6 13.817 9.311 9.296 9.296  91.395 66.150 65.996 65.996

0.8 14.488 10.132 10.129 10.246  90.563 69.383  68.431 68.431
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Table 3: Branch-and-bound runtimes (in seconds)

Low var High var
INS

alg n single 0.10 025 050 0.75 100 single 010 025 050 0.75 1.00

7 0.000 0.000 0.000 0.000 0.001 0.001 0.001 0.000 0.000 0.001 0.000.001
@ 10 0.005 0.005 0.005 0.005 0.006 0.006 0.008 0.008 0.008 0.007 0.008.007
o 12 0.023 0.023 0.024 0.025 0.027 0.029 0.052 0.052 0.046 0.035 0.038.034
<, 15 0.218 0.219 0.230 0.246 0.266 0.281 1.316 1.336 0.745 0.450 0.392.407
R 17 0.985 0.992 1.039 1.114 1.204 1.274 12.446 12.682 4.765 2.560 2.1682.229

20 9.250 9.370 9.737 10.446 11.283 11.970

7 0.000 0.000 0.000 0.000 0.000 0.000 0.001 0.001 0.001 0.001 0.000.001
7 10 0.002 0.002 0.002 0.002 0.002 0.002 0.007 0.007 0.006 0.006 0.008.006
o' 12 0.008 0.008 0.009 0.009 0.009 0.010 0.045 0.045 0.034 0.032 0.032.033
O‘D'| 15 0.064 0.064 0.071 0.077 0.077 0.081 1.072 1.082 0.438 0.383 0.383.396
m 17 0.258 0.259 0.290 0.314 0.314 0.332 9.484 9.659 2485 2.117 2.112.174

20 2.328 2.352 2.576 2.774 2.774 2.943

7 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000.000
-, 10 0.002 0.002 0.002 0.002 0.002 0.002 0.004 0.004 0.004 0.004 0.00a.004
@ 12 0.006 0.006 0.006 0.006 0.007 0.007 0.019 0.019 0.019 0.016 0.016.017
n' 15 0.039 0.039 0.040 0.043 0.046 0.048 0.328 0.330 0.243 0.178 0.168.170
@ 17 0.140 0.140 0.145 0.153 0.163 0.170 2.126 2.148 1.263 0.852 0.770.795

20 1.078 1.084 1.115 1.173 1.246 1.304 46.901 46.701 17.407 9.276 7.8818.066
=<, 7 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000.001
:| 10 0.002 0.002 0.002 0.002 0.002 0.002 0.005 0.005 0.004 0.005 0.004.004
m 12 0.007 0.007 0.007 0.007 0.008 0.007 0.023 0.023 0.022 0.019 0.018.019
@ 15 0.044 0.044 0.045 0.047 0.049 0.051 0.375 0.376 0.280 0.203 0.185.190
o 17 0.154 0.154 0.158 0.165 0.173 0.180 2.497 2516 1.481 0.980 0.870.892
o 20 1.138 1.143 1.166 1.212 1.274 1.324 55.680 55.206 20.357 10.673 8.936 9.094
~, 7 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000.000
:| 10 0.002 0.002 0.002 0.002 0.002 0.002 0.005 0.005 0.005 0.004 0.004.004
m 12 0.006 0.006 0.006 0.007 0.007 0.007 0.022 0.023 0.022 0.019 0.018.019
@ 15 0.041 0.041 0.042 0.044 0.047 0.049 0.377 0.379 0.280 0.201 0.183.188
o 17 0.146 0.146 0.150 0.157 0.165 0.172 2522 2540 1.484 0.975 0.866.888
o 20 1.092 1.097 1.119 1.167 1.229 1.280 56.361 55.814 20.476 10.665 8.911 9.064
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Table 4. Branch-and-bound runtimes statistics for theinstances with 17 jobs

alg var INS min p25 p50 p75 p95 p99 max Ccov
T L single 0.000 0.219 1.328 1.547 1.735 2.000 2.813 .3288
Ol 0.10 0.000 0.219 1.336 1.562 1.750 2.016 2.843 568.3
= 0.25 0.000 0.235 1.406 1.640 1.781 1.993 2515 0&7.4
0 0.50 0.000 0.281 1.516 1.750 1.875 2.071 2.719 2665
0.75 0.000 0.305 1.641 1.891 2.015 2.172 2.938 085.8

1.00 0.000 0.321 1.735 1.985 2.125 2.297 3.125 3854

H single 0.001 0.040 1.801 9.766 66.068 139.206 $91.6216.410
0.10 0.001 0.041 1.784 9.683 68.265 142.376 289.7P87.460

0.25 0.001 0.042 1.362 5.244 22.416  44.423 68.9281.4B9

0.50 0.002 0.048 1.138 3.184 10.630 20.601  27.8935.693

0.75 0.002 0.056 1.095 2.854 8.228 16.057 24.2965.398

1.00 0.003 0.061 1.188 3.009 8.344 15.920 25.3321.756

mL single 0.001 0.018 0.062 0.263 1.298 1.965 2.650 9.5K4
~ 0.10 0.000 0.018 0.062 0.265 1.309 1.974 2.664 7P8O.
- 0.25 0.001 0.021 0.071 0.301 1.449 2.108 2.878 30D@&5.
@ 0.50 0.002 0.022 0.079 0.332 1.566 2.245 3.086 7142.
0.75 0.002 0.022 0.079 0.332 1.566 2.245 3.086 7142.

1.00 0.002 0.024 0.084 0.354 1.644 2.344 3.244 8161.

H single 0.002 0.044 1.003 7.742 50.076 101.128 30Dr.0209.662
0.10 0.002 0.044 0.995 7.729 51.141 101.603 224.7Z0D1.086

0.25 0.001 0.046 0.557 3.145 9.990 20.993  30.1430.216

0.50 0.003 0.050 0.601 2.907 7.579 16.298  28.2278.784

0.75 0.003 0.050 0.601 2.907 7.579 16.298  28.2278.784

1.00 0.003 0.053 0.654 3.051 7.605 16.625 29.1305.704

- L single 0.004 0.039 0.082 0.164 0.464 1.075 1.680 0.4”3
0 0.10 0.004 0.039 0.083 0.164 0.466 1.080 1.694 6830.
» 0.25 0.005 0.040 0.085 0.169 0.486 1.102 1.627 0#30.
@ 0.50 0.005 0.042 0.089 0.180 0.510 1.154 1.694 59209.
0.75 0.005 0.045 0.095 0.192 0.547 1.232 1.807 1P29.

1.00 0.006 0.046 0.099 0.200 0.569 1.296 1.897 6929.

H single 0.005 0.070 0.277 1.360 10.532  28.057 143.1819.332
0.10 0.005 0.070 0.277 1.364 10.577 28.688 145.3820.629

0.25 0.005 0.068 0.266 1.083 5.622 16.191  36.1560.234

0.50 0.006 0.071 0.260 0.929 3.403 8.188 17.920 .6887

0.75 0.006 0.075 0.276 0.923 2.826 6.701 15.073 .7087

1.00 0.006 0.079 0.288 0.962 2.928 6.704 14.391 .1164

n'— L single 0.000 0.031 0.078 0.172 0.562 1.336 1.954 7.910
- 0.10 0.000 0.031 0.078 0.172 0.563 1.344 1.968 7948.
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BB LB ET L 2

0.25
0.50
0.75
1.00

H single
0.10
0.25
0.50
0.75
1.00

L single
0.10
0.25
0.50
0.75
1.00

H single
0.10
0.25
0.50
0.75
1.00

0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.000

0.001
0.001
0.001
0.001
0.002
0.002

0.002
0.003
0.002
0.003
0.002
0.004

0.031
0.031
0.032
0.032

0.078
0.078
0.063
0.063
0.078
0.078

0.018
0.018
0.019
0.021
0.023
0.024

0.048
0.048
0.046
0.048
0.051
0.055

0.079
0.079
0.094
0.094

0.282
0.282
0.281
0.274
0.282
0.297

0.065
0.065
0.066
0.069
0.074
0.077

0.287
0.286
0.280
0.274
0.283
0.294

0.172
0.187
0.188
0.203

1.641
1.665
1.297
1.118
1.094
1.133

0.165
0.165
0.170
0.177
0.188
0.194

1.668
1.679
1.306
1.083
1.075
1.109

0.578
0.618
0.649
0.672

12.251
12.250
6.719
4.031
3.187
3.305

0.567
0.568
0.585
0.618
0.647
0.674

12.455
12.443
6.792
4.000
3.184
3.291

1.367
1.414
1.492
1.562

33.438
33.867
19.781
9.774
7.500
7.641

1.358
1.363
1.385
1.432
1.513
1.575

33.924
34.365
19.773
9.874
7.758
7.815

1.907 8¥47.
1.984 4B&/.
2.109 8846.
2.188 8947.

160.2312.307
162.5313.706
42.8602.3B38
20.453 .9689
17.000 .73@9
16.078 .1166

1.972 0.718

1.976 91G0.
1.922 7¥39.
2.015 ©6928.
2.122 49%7.
2.205 o1b/.

183.0914.386
165.3385.669
43.9645.372
20.654 .2593
17.134 .0543
16.195 .28@9
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Table5: BB LB L runtimes (in seconds) for theinstances with 20 jobs

low var high var
INS T R=02 R=04 R=06 R=08 R=02 R=04 R=06 R=0.8
single 0.0 2475 0955 0.436 0.246 0.801 1.313 1.484  2.028
0.2 1658 0565 0.281 0.173 0.197 0.159  0.192 0.554
0.4 1415 0.392 0.109 0.065 1.612 1.222  0.231 0.504
06 1486 0550 0.263 0.137 115.064 44.685 23.011 10.112
0.8 2.802 0958 0523 0.275 529.781 144.712 46.553 19.207
1.0 6.962 1.846 0866 0.437 34.183 59.771 31.130 57.109
0.1 0.0 2482 0.957 0437 0.247 0.804 1.317 1.489 2.026
0.2 1661 0566 0.281 0.174 0.197 0.159 0.192 0.554
0.4 1418 0.393 0.109 0.065 1.555 1.203 0.231 0.497
06 1491 0551 0.263 0.137 106.077 38.542 20.987 9.759
0.8 2824 0962 0525 0.276 544.260 145.262 44.949 15.725
1.0 7.026 1.858 0.872 0.440 34.703 60.807 31.525 57.994
0.25 0.0 2572 0990 0.452 0.254 0.832 1.364 1.533 2.053
0.2 1712 0583 0.289 0.178 0.201 0.162  0.188 0.464
0.4 1456 0404 0.112 0.067 1.283 0.695  0.169 0.353
06 1537 0569 0.272 0.141 26.541 16.265 10.933 6.015
0.8 2.895 0994 0547 0.286 194.742 37.456 14.863 9.838
1.0 7.145 1943 0.911 0458 30.624 29.987 15.870 15.337
05 0.0 2710 1.042 0476 0.268 0.876 1.438 1.618 2.171
0.2 1.791 0.610 0.303 0.187 0.211 0.168  0.197 0.477
04 1525 0423 0.118 0.070 1.350 0.678  0.169 0.290
06 1.612 0598 0.286 0.149 18559 10936 7.811 4.719
0.8 3.040 1057 0578 0.304 79533 20971 9.334  7.443
1.0 7473 2072 0972 0490 16.135 15913 10.901 10.734
0.75 0.0 2.878 1.106 0505 0.284 0.926 1.524 1.721 2.313
0.2 1897 0644 0321 0.197 0.221 0.177  0.209 0.510
04 1611 0447 0.125 0.074 1.455 0.726  0.177 0.281
06 1709 0634 0303 0.157 16.907 10.453 6.920 4.463
0.8 3.180 1135 0.619 0.325 59.064 17.022 8.959 6.997
1.0 7955  2.227 1.047 0526 13.855 14.340 10.235 9.683
1 0.0 2.998 1.150 0.525 0.295 0.962 1.586 1.796 2.418
0.2 1970 0.668 0.332 0.204 0.228 0.182  0.218 0.536
04 1672 0464 0.129 0.077 1.539 0.780  0.189 0.294
06 1784 0661 0315 0.163 17.314 10.693 7.197 4.684
0.8 3.356 1.192 0.649 0.339 58268 17.712 9.402 7.312
1.0 8352 2344 1101 0552 14444 14967 10.724 10.145
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Table 6: Average number of nodes and relative importance of the fathoming tests
for the instances with 17 jobs

low var high var

alg INS NG %EL %LB %INS NG %EL %LB %INS

single 716478 88.75212.868 87.132 8741805 85.66016.179 83.821
@ 0.10 716288 88.75612.869 87.131 8604422 85.87615.828 84.172
o 0.25 707475 88.78112.864 87.136 3078835 86.83715.404 84.596
z| 0.50 702374 88.79212.860 87.140 1518309 87.17515.291 84.709
m 0.75 700405 88.79512.86187.139 1174613 87.29115.269 84.731

1.00 700354 88.79512.86187.139 1130895 87.31915.267 84.733

single 123651 90.48946.777 53.223 4752623 87.34325.446 74.554
I, 0.10 123640 90.49146.77553.225 4726167 87.42725.037 74.963
n'  0.25 122124 90.51046.74153.259 2120221 88.0723.281 76.719
Q‘D'| 0.50 121067 90.51646.713 53.287 1137876 88.29822.616 77.384
0 0.75 120430 90.51946.711 53.289 898908 88.36922.382 77.618

1.00 120425 90.51946.710 53.290 872123 88.38622.331 77.669

single 38059 91.23950.401 49.599 872795 89.09931.234 68.766
=) 0.10 38054 91.24050.400 49.600 867428 89.13631.119 68.881
m 025 37660 91.25450.367 49.633 484370 89.61629.110 70.890
n 050 37382 91.26050.337 49.663 306876 89.77828.127 71.873
@ 075 37196 91.26250.325 49.675 258021 89.81727.808 72.192

1.00 37195 91.26250.324 49.676 253714 89.82427.741 72.259
- single 32374 91.11856.018 43.982 783922 89.27033.944 66.056
-, 0.10 32370 91.12056.016 43.984 781343 89.29833.818 66.182
EI 0.25 32014 91.13555.980 44.020 452893 89.72631.661 68.339
m 050 31765 91.14155.950 44.050 287101 89.87730.632 69.368
n 075 31591 91.14355.941 44.059 240955 89.91130.278 69.722
@ 1.00 31590 91.14355.941 44.059 236939 89.91830.208 69.792
~ single 33036 91.10255.532 44.468 788072 89.16533.414 66.586
-, 0.10 33032 91.10355.530 44.470 785493 89.19333.270 66.730
i 0.25 32673 91.11855.494 44.506 456584 89.63331.059 68.941
gl 0.50 32420 91.12455.465 44.535 290079 89.78630.027 69.973
n' 075 32245 91.12755.457 44.543 243861 89.82129.682 70.318
M 100 32244 91.12755.456 44.544 239852 89.82829.614 70.386
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Table 7: Nodes generated and importance of lower bound test for INS=0.751in

BB LB L
R=0.2 R=04 R=0.6 R=0.8
var n T NG  %LB NG  %LB NG  %LB NG  %LB
L 10 0.0 738 47.71 412 62.93 307 7021 265 72.97
02 551 5449 316 6831 223 7552 181  80.16
04 519 5639 268 7202 190 8021 152  84.63
06 658 53.04 349 67.08 245 7462 203  78.96
08 1161 4056 505 60.04 359 66.84 298 7252
1.0 1628 3333 956 4751 499 6040 484  61.85
15 0.0 19930 34.02 8980 47.66 4663 57.68 3274 63.05
0.2 14354 3821 6413 52.06 3213 61.94 2071 69.32
0.4 11980 41.23 4446 57.67 1690 72.71 1063 78.75
0.6 17687 38.00 5955 5592 2739 6599 1942  70.58
0.8 29138 31.78 11173 46.73 5135 5854 3208 64.70
1.0 64257 2440 24085 37.72 9670 50.06 5505 57.81
20 0.0 606647 26.25 185356 38.51 70674 49.38 35495 57.09
0.2 370129 29.84 98804 43.85 41698 5550 23064 61.32
0.4 308892 32.13 62605 50.36 14407 66.40 7810 75.01
0.6 335593 32.07 93772 48.88 38912 58.41 17872 65.65
0.8 761178 27.41 204853 41.23 95342 50.89 43293 58.47
1.0 2565019 15.23 504398 31.48 186861 4158 79329 51.40
H 10 0.0 534 4940 641 46.18 655 4494 678  43.98
02 246 6383 259 6473 251 6507 367 59.25
0.4 838 4446 517 53.82 392 6375 386  65.77
0.6 2426 2393 2103 2581 1499 33.60 1067 41.55
0.8 3349 2511 2397 2530 1968 23.96 1888 25.58
1.0 2533 20.77 2631 20.73 2449 2213 2128 23.90
15 0.0 13864 31.28 14423 3022 14256 31.18 23261 26.19
0.2 3324 4707 2511 5239 3537 49.71 4318 5355
0.4 19046 27.96 8819 41.41 6669 53.82 3193 62.14
0.6 122508 14.13 101980 17.01 61917 21.71 33662 28.55
0.8 244331 16.65 88744 18.32 93646 16.21 62817 16.70
1.0 118012 1570 107719 17.11 104477 14.07 97717 14.28
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20 0.0
0.2
0.4
0.6
0.8
1.0

197844
33881
391485
5108903
20012443
5325497

25.92
40.10
19.95
10.56
15.54
10.45

366014
29734
153907
3245627
5631104
5439719

22.62
42.59
32.88
13.71
13.90
10.50

424781
32063
28085

1963894
2927169
3648516

20.66
44.96
52.74
18.25
12.35
12.90

584142
96779
50006

1170033
2359008
3531630

20.91
36.91
59.44
22.79
11.38
10.52
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