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Abstract. The Shewhart control charts are the most widely used tools for

monitoring industrial processes. In general we have to estimate the process mean

value and the process standard deviation to determine the control limits of the

chart, and it is well known that the variability introduced by this estimation

usually have a significant impact on the performance of the chart. Here we

present a simulation study to compare several location and scale estimators in

terms of robustness and efficiency, in order to draw some advices on the use of

these estimators in practice. More precisely, the objective is to select appropriate

estimators for the unknown target values that allow us to construct Shewhart

control charts with robust estimated control limits to monitor normal processes,

in the following sense: the chart must be able to detect different types of data

problems in the initial Phase I of estimation, such as the presence of outliers or

contaminated data in the initial subgroups, maintaining the false alarm probability

in the desirable value. To describe the model underlying the initial subgroups we

consider, apart from the normal model, some situations of normal contamination

and student-t distributions. To estimate the target values we consider the most

common estimators, together with a few robust estimators based on a bootstrap

sample.
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1 Introduction

In all industrial processes there is always some variability that can be due either to

random or to deterministic causes. When there is only random variability, inherent

to any production process, we say that the process is in-control (state IN). If there

is another kind of variability, associated to deterministic causes, we say that the

process is out-of-control (state OUT ). The Shewhart control charts with 3-sigma

control limits are the most popular tools in Statistical Quality Control (SQC) used

to distinguish these two kinds of variability. assume independent and normally

distributed observations, and have lower (LCL
W

) and upper (UCL
W

) control limits

of the form E(W )± 3
√

V ar(W ), where W , E(W ) and V ar(W ) denote the control

statistic of the chart, its expected value and its variance, respectively.

More precisely, to monitor the process mean value at the target µ0, it is common

to implement a two-sided sample mean chart, X, also denoted M -chart, with control

limits given by

LCL
M

= µ0 − 3σ0/
√

n, UCL
M

= µ0 + 3σ0/
√

n. (1.1)

To monitor the process standard deviation at the target σ0, it is usual to implement

one of the following upper control charts: the sample standard deviation chart (S-

chart), with upper control limit

UCLS =
(

c4 + 3
√

1− c2
4

)
σ0 (1.2)

or the sample range chart (R-chart), with upper control limit

UCLR = (d2 + 3d3)σ0, (1.3)

where the constants c4, d2 and d3 are tabulated for normal data and for the most

common sample sizes n.

Remark 1.1. Although the main interest is to detect increases in the process

variability, because it corresponds to a reduction in process quality, the detection

of a decrease in the process standard deviation can give us useful information to

improve the process production. Thus, we can consider two-sided S and R charts,

with upper control limits given in (1.2) and (1.3), and lower control limits given by

LCLS = max
{

0,
(
c4 − 3

√
1− c2

4

)
σ0

}
and LCLR = max {0, (d2 − 3d3)σ0}, res-

pectively.
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Remark 1.2. The use of control charts with 3-sigma control limits are inadvisable

when the distribution of the control statistic is very asymmetric, being preferable,

in this case, to consider control limits based on probability quantiles of the control

statistic distribution.

For normal data, and when it is not necessary to estimate the control limits,

a situation that rarely happens in practice, the Shewhart control charts present a

high performance in the detection of moderate up to large changes in the process

parameters. However, in practice, the target values µ0 and σ0 are not fixed given

values, and we have to estimate them to determine the control limits. Several stud-

ies (see, for instance, Rocke (1989,1992), Champ and Jones (2004), Jensen et al.

(2006) and Chakraborti (2006, 2007) among others) show that the variability intro-

duced by the estimation of unknown parameters usually have a significant impact

on performance of the Shewhart control charts, even for normal data. To obtain

charts with estimated control limits with approximately the expected performance,

some authors have recommended the evaluation of these limits in a “resistant” way

and they also suggest the use of a reasonably large number of initial subgroups

to perform the estimation (see for instance Lax (1985), Langenberg and Iglewicz

(1986), Rocke (1989,1992), Quesenberry (1993), Nedumaran and Pignatiello (2001)

and Champ and Jones (2004)). Note that the presence of outliers or other type of

disturbances in the data of the initial subgroups used in the estimation lead us to

obtain stretched control limits, and so the detection of the outliers themselves or

the detection of other situations of data problems are difficult to detect.

Despite the advantages of the use of the normal distribution in SQC, the sets of

data related to the most diversified processes (from areas like telecommunications,

insurance, finance and reliability, among others) usually exhibit moderate to strong

asymmetry, tails heavier than the normal tail and a significant correlation. But even

in potential normal situations, when we are working with real data there is often a

possibility of having some disturbances in the data, and it seems important to find

robust statistics for use in SQC that are efficient even when there is some deviation

in the underlying data process distribution to the normal model. General details

about control charts may be found, for instance, in Montgomery (2005) and in

Ryan (2000).

In this paper we shall address the problem of the estimation of the control limits
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of the traditional M , S and R Shewhart control charts. The first objective of this

work is to compare several location and scale estimators in terms of robustness and

efficiency, in order to draw some advices on the use of these estimators in practice.

The second objective is to select appropriate estimators for the process mean value

and the process standard deviation that allow us to construct control charts with

robust control limits in this sense: the chart must be able to detect different types

of data problems in the initial Phase I of estimation and assess of the in-control

state of the process, such as the presence of outliers or contaminated data in the

subgroups used in the estimation of the unknown parameters; at the same time the

false alarm probability of the chart must be very close to the expected value for

not endangering the performance of the chart to detect out-of-control situations in

Phase II of process monitoring. Apart from the standard normal model we shall

also consider some contaminated normal distributions and student-t distributions

to describe the data of the initial subgroups.

In Section 2 we present some considerations about performance measures used

to evaluate a control chart, implemented with exact and with estimated control

limits, which point out the effect of parameter estimation in the control chart

performance and motivate the use of robust estimators to determine the control

limits of the chart. In Section 3 we describe the methodology used to carry out this

study, including some description about the initial subgroups used in the estimation

of the in-control target values, the definition of some location and scale estimators

and the comparison of these estimators in terms of efficiency and robustness. In

Section 4 we carry out a simulation study to compare the performance in Phase I of

the different control charts, implemented with estimated limits. Finally, in Section

6 we present some recommendations for the estimation of the unknown parameters.

2 Performance measures of a control chart

The traditional performance measures of a W control chart, with continuation

region C, are based on some aspects of the run-length distribution. The run-length

(RL) of the W -chart is a random variable that represents the number of samples

taken before the chart signals.
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Case 1 (known parameters): When the sucessive values of the control statistic

W are independent and identically distributed (i.i.d.) and the process parameters

are known (and thus we do not have to estimate process parameters to set up the

control limits of the chart), the RL has a geometric distribution with parameter

P (signal) = P (W /∈ C| θ), where θ denotes the parameter to be controlled at

θ = θ0. In this case the probability function (p.f.) of the RL variable is given by

fRL(r) = P (RL = r) = P (W /∈ C| θ)r−1
P (W ∈ C| θ) . (2.1)

The ability of a FSI control chart to detect process changes is usually measured

by the expected number of samples taken before the chart signals, i.e., by its ARL

(Average Run Length), eventually together with its standard deviation SDRL. The

ARL is given by

ARL
W

(θ) =
1

1− P (W ∈ C | θ)
, (2.2)

and the SDRL is given by

SDRL
W

(θ) =

√
P (W ∈ C | θ))

1− P (W ∈ C | θ)
. (2.3)

Alternatively, the performance of the W -chart can be evaluated by its power func-

tion, π
W

(θ), given by

π
W

(θ) = 1− P (W ∈ C | θ) = P (W /∈ C | θ).

Assuming that the process changes from the in-control state, θ = θ0, to an

out-of-control state, θ, a value in the space parameter, the power function of the

chart is the probability of detection of that change in any arbitrary rational sub-

group. When the process is in-control, the power function gives us the false alarm

rate of the chart, given by

α = P (W /∈ C| IN) = P (W /∈ C| θ = θ0) . (2.4)

The control limits of the W -chart are usually determined in order to have a chart

with a small fixed false alarm rate (or a large in-control ARL) and we hope to

obtain high power function values (or small out-of-control ARL) for the shifts the

chart must detect.

Remark 2.1. For standard normal data and when it is not necessary to estimate

the control limits, the α-risk associated with the M , S and R charts for n=5, with
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true control limits defined in (1.1), (1.2) and (1.3), and given by LCL
M

= −1.3416

and UCL
M

= 1.3416, UCLS = 1.9635 and UCLR = 4.9183, is equal to 0.0027,

0.0039 and 0.0042, respectively.

Case 2 (unknown parameters): When we have to estimate process parameters

to set up the control limits of the chart, even when the sucessive values of the

control statistic W are i.i.d., the RL has not anymore a geometric distribution.

The power function of the chart have no meaningful interpretation because lot of

simultaneous comparisons is made which inflates the value α in (2.4), and the ARL

must also be interpreted carefully because the RL distribution is dependent on

the parameter estimation. In this case the most common performance measures in

Phase II are based on some aspects of the conditional and of the marginal run-length

distributions.

Suppose we consider a W -chart for monitoring the process mean value and

the process standard deviation, when the target values, µ0 and σ0, are unknown

parameters. Let us denote by U and V the estimators used to estimate µ0 and

σ0, respectively. The conditional RL distribution is the distribution of the RL

conditioned by the estimates used for the unknown parameters, and is given by

fRL|U,V (r|u, v) = P (RL = r|U = u, V = v). (2.5)

The conditional RL distribution does not tell us how a specific control chart de-

signed with estimated control limits will perform. However, we can consider hy-

pothetical cases of this conditional distribution in order to gain insight about the

best and the worst case performance scenarios for the chart. For details see Jensen

et al. (2006) and Chakraborti (2006, 2007), for instance.

The marginal RL distribution is obtained taking into account all the possible

values of the estimators and not only the value of the obtained estimates. It can

be regarded as an average of the conditional RL distribution, given by

fMRL(r) =
∫ ∞

0

∫ +∞

−∞
fRL|U,V (r|u, v)fU,V (u, v)dudv, (2.6)

with fU,V denoting the joint probability density function (p.d.f.) of the estimators U

and V ; in the case of independence between U and V , the marginal RL distribution

is given by

fMRL(r) =
∫ ∞

0

∫ +∞

−∞
fRL|U,V (r|u, v)fU (u)fV (v)dudv, (2.7)
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with fU and fV denoting the probability density function (p.d.f.) of the estima-

tors U and V , respectively. The marginal distribution does not also describe the

performance of a specific control chart but its average performance; it can be used,

for instance, to determine the size of the reference sample used in Phase I to es-

timate the unknown parameters in order to achieve the desired performance, or

to determine possible adjustments to the control limits of the chart to be used for

monitoring the process in Phase II.

We note that the conditional run-length distribution as well as the marginal

run-length distribution are highly right-skewed distributions with heavy-tails, and

thus it is important to analyze the (conditional or marginal) ARL together with

the SDRL and some high and low percentiles of the distribution to evaluate the

chart performance in Phase II. Chakraborti (2007), for instance, even suggest the

use of robust statistics to describe the location and the scale of these distributions,

such as the median and the interquartile range of the RL instead of the usual ARL

and SDRL.

Remark 2.2. When the sucessive values of the control statistic W are not i.i.d., the

distribution of the RL is no longer geometric, even in the case of known parameters.

It has a discrete phase-type distribution that depends on the type of dependence that

exists between the sucessive values of the control statistic.

Remark 2.3. Depending on the distribution underlying the data and on the func-

tional expression of the control statistic W , we may be able to obtain the exact

value of the ARL, or only an approximated value (by simulation, for instance).

The marginal ARL is usually determined numerically.

Remark 2.4. The conditional and the marginal run-length distributions are much

more asymmetric and heavy-tailed than the geometric distribution obtained for the

RL of the chart in the case of known parameters.

In this work we only analyze the performance of the chart in Phase I. If the

process is in-control, the subgroup statistics must fall outside the limits of the chart

only rarely; at the same time it is important the chart detects data problems in

Phase I, and out-of-control situations in Phase II. For a general review of perfor-

mance measures see Champ and Jones (2004), Jensen et al. (2006) and Chakraborti

(2006, 2007), for instance.
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3 Methodology

To monitor the mean value and the standard deviation of an industrial process,

which we assume to be normally distributed, we are going to implement M ≡ X,

S and R charts, defined in (1.1), (1.2) and (1.3), with 3-sigma estimated control

limits, for a sample size n=5, one of the most common sample size in SPC.

More precisely, we implement two-sided M charts with control limits given by

LCL
M

= µ̂0 −
3√
n

σ̂0, UCL
M

= µ̂0 +
3√
n

σ̂0, (3.1)

and one-sided S and R control charts, with upper control limit given by

UCLS =
(

c4 + 3
√

1− c2
4

)
σ̂0 = 1.9635σ̂0 (3.2)

and

UCLR = (d2 + 3d3) σ̂0 = 4.9183σ̂0, (3.3)

respectively.

To estimate the chart control limits, or more precisely, the in-control target

values µ0 and σ0, we collect from the data process m = 40, 100 and 200 initial

subgroups of size n=5, assuming the process is in-control although with the pos-

sibility of having some small disturbances in these data, according to the set-ups

described in subsection 3.1. We also consider different estimates for the in-control

target values, through the use of several estimators, defined in subsection 3.2.

To analyze the performance of the implemented charts in Phase I, we compute

the proportion of plotted subgroup statistics out of the control limits, being the

plotted statistics calculated from the same data that were used to determine the

limits themselves.

3.1 Models underlying the initial subgroups

To describe the data of the m initial subgroups of size n upon which we base the

estimation of µ and σ, we have considered the following set-ups, that reasonably

describe several problems that can arise when initializing control charts:

1. The data of the initial samples come from a standard normal distribution,

N(0, 1).
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2. The data of the initial samples come from a contaminated standard normal

distribution, with 5% of variance disturbances; more precisely, each observa-

tion has a 95% probability of being drawn from the standard normal distri-

bution and a 5% probability of being drawn from the N(0, 3) distribution.

3. The data of the initial samples come from a standard normal distribution,

but 5% of the m × n observations, randomly selected, come from a N(0, 3)

distribution.

4. The data of 95% of the initial samples come from a standard normal distri-

bution, and the data of the remaining 5% of initial samples come from the

N(0, 3) distribution.

5. The data of the initial samples come from a standard normal distribution,

but there is one outlier in 5% of the initial subgroups randomly selected; more

precisely, in 5% of the initial subgroups we contaminate the most extreme

value multiplying it by 3 in this way: if |x1:n| < |xn:n| then we replace xn:n

by 3× xn:n; if |x1:n| ≥ |xn:n| then we replace x1:n by 3× x1:n.

6. The data of the initial samples come from a student-t distribution, tk, with

k = 3, 5.

Remark 3.1. Some studies, for instance Hample et al. (1986), refer that even

when we are working with data of high quality it is usual to have 1% of contamina-

tion, but in general the percentage of contamination ranges from 1% to 10%. Note

also that contamination can be considered as a data problem, and not a process

problem such as an occurrence of changes in the process parameters.

Remark 3.2. The ability of an estimator to handle a disturbance depend strongly

on whether the disturbances are scattered along all the observations or concentrated

in a few samples. Thus, in the previous set-ups we have included diffuse disturbances

(set-ups 2. and 3.) and localized disturbances (set-ups 4. and 5.), in the follow-

ing sense: diffuse disturbances can perturb equally any observation while localized

disturbances have an impact on all members of a particular sample or samples.
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3.2 Some location and scale estimators: its efficiency and

robustness

Let (X1, · · · , Xn) denote a sample taken from the process during Phase I and Xi:n

the i-th ascending order statistics (o.s.) associated to this sample. A bootstrap

sample, (X∗
i , 1 ≤ i ≤ n), is obtained from the observed values (x1, · · · , xn) through

a sampling with replacement. To be more precise, X∗
i , 1 ≤ i ≤ n, is a random

sample of independent, identically distributed (i.i.d.) replicates from a random

variable (r.v.) X∗, with distribution function (d.f.) equal to the empirical d.f. of

our observed sample, i.e., given by

F ∗
n(x) =

1
n

n∑
i=1

I{xi≤x}, with IA =

 1 if A occurs

0 otherwise

the indicator function of the set A.

Let us denote the median of the bootstrap sample by BMd, defined by

BMd :=


X∗

m:n if n = 2m− 1

, m = 1, 2, 3, · · · .
X∗

m:n+X∗
m+1:n

2 if n = 2m

(3.4)

For 1 ≤ i ≤ j ≤ n, the probabilities αij = P (BMd = (xi:n + xj:n) /2) and

βij = P (X∗
n:n −X∗

1:n = xj:n − xi:n) have the following explicit expressions,

αij =



1
nn

[(n−1)/2]∑
k=0

n!(i−1)k

k!(n−k)!

n−k∑
r=[n/2]−k+1

(n−k)!(n−i)n−k−r

r!(n−k−r)! , 1 ≤ i = j ≤ n

n!{in/2−(i−1)n/2}{(n−j+1)n/2−(n−j)n/2}
nn((n/2)!)2

, n even and 1 ≤ i < j ≤ n

0, n odd and 1 ≤ i < j ≤ n

(3.5)

and

βij =


n−1∑
k=1

n−k∑
r=1

n!
k!r!(n−k−r)!

(
1
n

)k+r (
j−i−1

n

)n−k−r
, 1 ≤ i = j − 1 ≤ n− 1

(
1
n

)n
, 1 ≤ i = j ≤ n

,

(3.6)
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with [x] denoting the integer part of x.

To estimate the mean value µ of the process we shall consider the usual esti-

mator X, the sample median Md, defined by

Md :=


Xm:n if n = 2m− 1

, m = 1, 2, 3, · · · .

Xm:n+Xm+1:n
2 if n = 2m

(3.7)

and the α-trimmed mean, Tα, 0 < α < 1/2, defined by

Tα :=
n∑

i=1

diXi:n, di =



1
n(1−2α) , s + 2 ≤ i ≤ n− s− 1

1−r
n(1−2α) , i = s + 1 or i = n− s

0, i ≤ s or i ≥ n− s + 1,

(3.8)

with s = [αn] and r = αn − s. These coefficients di are presented in Table 1 for

n = 3 until n = 10, and we have

di = dn−i+1, 1 ≤ i ≤ n, 0 < d1 ≤ d2 ≤ · · · ≤ d[n/2],

n∑
i=1

di = 1.

Table 1: Values of the coefficients di for the most common sample sizes n in

SPC and a percentage of trimming α=5% and 10%.

i α n 3 4 5 6 7 8 9 10

1 5% 0.315 0.222 0.167 0.130 0.105 0.083 0.066 0.056

10% 0.292 0.188 0.125 0.084 0.055 0.032 0.014 0.000

2 5% 0.370 0.278 0.222 0.185 0.158 0.139 0.124 0.111

10% 0.416 0.312 0.250 0.208 0.178 0.156 0.139 0.125

3 5% 0.222 0.185 0.158 0.139 0.124 0.111

10% 0.250 0.208 0.178 0.156 0.139 0.125

4 5% 0.158 0.139 0.124 0.111

10% 0.178 0.156 0.139 0.125

5 5% 0.124 0.111

10% 0.138 0.125

To estimate the standard deviation σ of the process, we shall consider the

classical estimators, R (sample range) and S (standard deviation), the interquartile
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range, IQR, defined by

IQR = Xn−[n/4]:n −X[n/4]+1:n, (3.9)

the median absolute deviation from the median, MAD, a very common estimator

for the standard deviation in robustness studies, defined by

MAD = Md |Xi −Md| . (3.10)

where Md denotes the sample median, and and the α-trimmed standard deviation,

Sα, defined by

Sα =

√√√√ n∑
i=1

di (Xi:n − Tα)2 =

√√√√ n∑
i=1

diX2
i:n − T 2

α, (3.11)

where di are the coefficients given in Table 1, associated to the sample o.s. in the

α-trimmed mean, Tα.

Apart from these estimators and on the basis of the bootstrap sample, we shall

also consider the total median statistic, TMd, defined by

TMd :=
n∑

i=1

n∑
j=i

αij (Xi:n + Xj:n) /2,

to estimate the process mean value, and the total range statistic, TR, defined by

TR :=
n−1∑
i=1

n∑
j=i+1

βij (Xj:n −Xi:n) ,

to estimate the process standard deviation. These statistics can also be written as

a linear combination of the sample o.s., in the form

TMd :=
n∑

i=1

aiXi:n, ai =
1
2

 n∑
j=i

αij +
i∑

j=1

αji

 , (3.12)

and

TR :=
n∑

i=1

biXi:n, bi =
i−1∑
j=1

βji −
n∑

j=i+1

βij ,
r∑

j=k

βij = 0 for k > r, (3.13)

where the coefficients ai and bi are independent of the underlying model F . These

coefficients are presented in Table 2 for n = 3 until n = 10. Note that

ai = an−i+1, 1 ≤ i ≤ n, 0 < a1 ≤ a2 ≤ · · · ≤ a[n/2],
n∑

i=1

ai = 1,
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and

bi = −bn−i+1, 1 ≤ i ≤ n, b1 ≤ b2 ≤ · · · ≤ b[n/2] < 0,

[n/2]∑
i=1

bi = −1.

Table 2: Values of the coefficients ai and bi, for the most common sample

sizes n in SPC.

i
n 3 4 5 6 7 8 9 10

1 ai 0.259 0.156 0.058 0.035 0.010 0.007 0.001 0.001

bi -0.750 -0.690 -0.672 -0.666 -0.661 -0.657 -0.653 -0.652

2 ai 0.482 0.344 0.259 0.174 0.098 0.064 0.029 0.019

bi -0.198 -0.240 -0.246 -0.245 -0.244 -0.242 -0.241

3 ai 0.366 0.291 0.239 0.172 0.115 0.078

bi -0.058 -0.073 -0.077 -0.078 -0.079

4 ai 0.306 0.257 0.221 0.168

bi -0.016 -0.020 -0.022

5 ai 0.268 0.234

bi -0.004

To estimate the process standard deviation we also consider the modified version

of the standard deviation, here denoted S∗, defined by

S∗ =

√√√√ n∑
i=1

ai (Xi:n − TMd)2 =

√√√√ n∑
i=1

aiX2
i:n − TMd2, (3.14)

where ai are the coefficients given in Table 2, associated to the sample o.s. in the

total median statistic TMd.

For symmetric distributions all the previous location statistics are unbiased

estimators for the distribution mean value, but the scale statistics are not unbiased

estimators for the distribution standard deviation. To obtain unbiased estimates

whenever the underlying model is normal, we must consider the scale estimators

divided by its mean value in standard normal model, here denoted by kn, and

provided in Table 3 for the most common sample sizes n in SPC. These values were

obtained exactly for the statistics S, R, TR and IQR, and were obtained by Monte

Carlo simulation for the statistics S5%, S10%, S∗ and MAD; these estimates are

based on a sample of 100, 000 values of the statistic in each case.
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Table 3: Values of the scale constant kn for the most common sample sizes

n in SPC.

i
n 3 4 5 6 7 8 9 10

S 0.886 0.921 0.940 0.952 0.959 0.965 0.969 0.973

R 1.693 2.058 2.326 2.534 2.704 2.848 2.970 3.078

S5% 0.707 0.764 0.793 0.807 0.818 0.817 0.814 0.819

S10% 0.685 0.719 0.725 0.720 0.710 0.694 0.675 0.656

S∗ 0.650 0.674 0.580 0.572 0.494 0.493 0.435 0.434

TR 1.270 1.539 1.801 2.027 2.210 2.365 2.490 2.610

IQR – 0.594 0.990 1.284 1.514 0.946 1.144 1.312

MAD 0.453 0.496 0.555 0.568 0.594 0.599 0.614 0.616

Remark 3.3. The statistics TMd and TR can be considered as a special trimmed

mean where the ideal percentage of trimming α does not depend on the data distri-

bution as it happens with the Tα and the Sα statistics in order to obtain efficient

and robust estimators.

The distributional behaviour of the estimators in (3.12), (3.13) and (3.14) has

already been investigated in Cox and Iguzquiza (2001), Figueiredo (2003) and

Figueiredo and Gomes (2004), and these statistics have revealed to be efficient

and robust estimators for the location or the scale of a large number of distri-

butions with different tail-weight. Details about the other robust estimators here

considered, Tα, MAD and IQR, can be found in Hoaglin et al. (1983), Lax (1985)

and Hampel et al. (1986), for instance.

However, in this study we have analyzed the robustness and efficiency of these

estimators for the particular set-ups defined in 3.1 and for sample sizes n=3 up

to 10. To compare the efficiency of the different location estimators, we evaluated

their mean squared error, defined by MSE(Tn) = E(Tn − θ)2, where Tn denotes a

consistent estimator of a parameter of interest θ; the most efficient location estima-

tor is the one that presents the minimum value of MSE(Tn). Since the variance of

the scale estimators is affected by the scaling of the estimator, to compare their effi-

ciencies we evaluated the variance of the logarithm of the estimator, V AR(log(Tn)),

and the most efficient scale estimator is the one that presents the minimum value of

V AR(log(Tn)). The estimates for these indicators were computed by Monte Carlo
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simulation, through the use of a sample of 100, 000 values of the statistic in each

case. In Figure 2 we present the most efficient estimator for the mean value and

for the standard deviation, among the estimators under study.

FIGURAS/TABELAS E COMENTARIO

Estimation of the mean value Estimation of the standard deviation

F 4 5 6 7 8 9 10 4 5 6 7 8 9 10
N(0,1) M M M M M M M S S S S S S S
Set-up 2 TMd TMd TMd TMd TMd TMd T5% TR TR TR S5% S5% S5% S5%
Set-up 3 TMd TMd TMd TMd TMd TMd T5% TR TR TR S5% S5% S5% S5%
Set-up 4 TMd TMd TMd TMd TMd TMd T5% TR TR TR S5% S5% S5% S5%
Set-up 5 TMd TMd TMd T5% T5% T5% T5% TR TR TR S5% S5% S5% S5%
t(3) Md TMd TMd TMd TMd TMd TMd TR S* S* S* S* S* S*
t(5) TMd TMd TMd TMd TMd TMd TMd TR TR S5% S5% S5% S5% S5%

Figure 1: Most efficient estimator.

To select a robust estimator in a global set of possible estimators, we have

proceeded as follows: for every set-up defined in 3.1, we have obtained the most

efficient estimator, among the ones here considered; next, we have computed the

efficiency of the other estimators relatively to the best one, selected previously;

this relative efficiency is given by the quotient of their mean squared errors (for

the location estimators) or by the quotient of the variance of the logarithm of

the estimator (for the scale estimators), and we have retained the smallest value.

The degree of robustness of an estimator is given by this minimum efficiency, and

the robust estimator is the one with the highest minimum efficiency. In Figure

3 we present the most robust estimator for the mean value and for the standard

deviation, and the degree of robustness of the different estimators.

FIGURAS/TABELAS E COMENTARIO
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Table 4: Values of the coefficients ai and bi, for the most common sample

sizes n in SPC.

n = 4 N(0, 1) setup 2 setup 3 setup 4 setup 5 t(3) t(5)

M M 8% 8% 9% 8% 35% 9%

3.3 Estimates used for the in-control target values

To sum-up, for the estimation of µ0 and σ0 we have carried out the following

procedure: from m=40, 100 and 200 initial subgroups of size n=5, we compute

m partial estimates, µ̂0i and σ̂0i, i = 1, · · · ,m, and then the overall estimates

µ̂0 =
∑m

i=1 µ̂0i/m and σ̂0 =
∑m

i=1 σ̂0i/m, to be used in the control limits.

To obtain the partial estimates µ̂0i, we have considered:

M1. the sample mean, M ≡ X= 1
5

∑5
i=1 Xi,

M2. the sample median, Md = X3:5,

M3. the total median, TMd = 0.058(X1:5+X5:5)+0.259(X2:5+X4:5)+0.366X3:5,

M4. the 5% trimmed-mean, T5% = 0.167(X1:5 + X5:5) + 0.222
∑4

i=2 Xi:5,

M5. and the 10% trimmed-mean, T10% = 0.125(X1:5 + X5:5) + 0.25
∑4

i=2 Xi:5.

To obtain the partial estimates σ̂0j , unbiased whenever the underlying model is

normal, we consider the following statistics divided by its mean value assuming

standard normal data, here provided by the constant k5:

S1. the sample standard deviation, S =
√

1
4

∑5
i=1

(
Xi −X

)2
, being k5=0.940,

S2. the sample range, R = X5:5 −X1:5, being k5=2.326,

S3. the 5% trimmed-standard deviation defined in (3.11),

S5% =
√∑5

i=1 diX2
i:5 − T 2

5%, being k5=0.793,

S4. the 10% trimmed-standard deviation defined in (3.11),

S10% =
√∑5

i=1 diX2
i:5 − T 2

10%, being k5=0.725,

S5. the modified version of S defined in (3.14), S∗ =
√∑5

i=1 aiX2
i:5 − TMd2,

being k5=0.580,

16



S6. the total range, TR = 0.737(X5:5−X1:5)+0.263(X4:5−X2:5), being k5=1.801,

S7. the interquartile range, IQR = X4:5 −X2:5, being k5=0.990,

S8. and the median absolute deviation from the median, MAD = Md |Xi −Md|,

being k5=0.555.

Remark 3.4. Comparing the statistics given in M3., M4. and M5. we observe the

following:

• For n = 5, the trimming of the most extreme values of the sample, x1:n and

xn:n, is more severe with the TMd than with the T5% or the T10%. Thus the

TMd seems to be more robust than the T5% or the T10% statistics, when the

most extreme values of the sample are outliers.

• For n = 10, the trimming of the most extreme values of the sample continue

to be more severe with the TMd than with the T5%, but less severe than

the one obtained with the T10%. Therefore, while the TMd seems to be more

robust than the T5% statistic when only the most extreme values of the sample

are outliers, the T10% is more robust than the TMd statistic if both, the first

and the second maximum or minimum of the sample, are outliers.

Remark 3.5. Comparing the statistics given in S2., S3., S4., S6. and S7. we

observe that for sample sizes n=5 and 10, the trimming of the most extreme values

of the sample is more severe with the IQR than with the TR, although the trimming

is more severe with the TR than with the R statistic. Thus the IQR seems to be

more robust than the TR statistic, and the latter is more robust than the sample

range R to the presence of outliers in the sample. COMPLETAR COM TRIMMED

STANDARD DEVIATION (comparar consoante trimming proportion)

4 Simulation Study and Results

4.1 The simulation experiment

For each m = 50, 100 and 200, and for the different setups defined in 3.1, to

compute an estimate for the parameter of interest p, the proportion of plotted
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statistics W out of the control limits, we use a Monte Carlo simulation study

of size r=100,000 runs (for details see Fishman(1972), described in the following

algorithms:

Algorithm 1: Implementation and evaluation of the M -chart

1. For each run j = 1, 2, · · · , r = 100, 000, we repeat the following

steps:

• generate m rational subgroups of size n=5, and

establish the control limits of the M-chart,

(LCL
M

(j;m), UCL
M

(j;m)), taking into account the

estimates for µ and σ, obtained through the different

estimation procedures described in subsection 3.3;

• for each value of (j, m), we compute from the same data,

partial estimates for µ, σ and p, i.e., µ̂j(m), σ̂j(m),

and p̂j(m), 1 ≤ j ≤ r.

2. Next, for any value of m, the estimate of p ≡ p
M

is the

overall mean of the previous r partial estimates, i.e.

p̂
M

(m) =
1
r

r∑
j=1

p̂j(m).
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Algorithm 2: Implementation and evaluation of the R-chart

1. For each run j = 1, 2, · · · , r = 100, 000, we repeat the following

steps:

• generate m rational subgroups of size n=5, and

establish the upper control limit of the R-chart,

(UCL
R
(j;m)), taking into account the estimates for

σ, obtained through the different estimation procedures

described in subsection 3.3;

• for each value of (j, m), we compute from the same data,

partial estimates for µ, σ and p, i.e., µ̂j(m), σ̂j(m),

and p̂j(m), 1 ≤ j ≤ r.

2. Next, for any value of m, the estimate of p ≡ p
R

is the

overall mean of the previous r partial estimates, i.e.

p̂
R
(m) =

1
r

r∑
j=1

p̂j(m).
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Algorithm 3: Implementation and evaluation of the S-chart

1. For each run j = 1, 2, · · · , r = 100, 000, we repeat the following

steps:

• generate m rational subgroups of size n=5, and

establish the upper control limit of the R-chart,

(UCL
S
(j;m)), taking into account the estimates for

σ, obtained through the different estimation procedures

described in subsection 3.3;

• for each value of (j, m), we compute from the same data,

partial estimates for µ, σ and p, i.e., µ̂j(m), σ̂j(m),

and p̂j(m), 1 ≤ j ≤ r.

2. Next, for any value of m, the estimate of p ≡ p
S

is the

overall mean of the previous r partial estimates, i.e.

p̂
S
(m) =

1
r

r∑
j=1

p̂j(m).

4.2 The simulation output

We have run a R program, to carry out the simulation. The large size of simulation

allows us to evaluate the overall estimates for p with a precision of four decimal

figures.

Valores TABELAS (Figuras) /comentarios

ALTERAR

From the values presented in these tables we observe that the behaviour of

the different charts depends on the type of data we are dealing with and on the

estimates used to set up the control limits.

From Figure 2 we observe that when we consider a small-to-moderate number

of initial subgroups of N(0, 1) data to estimate the in-control target values, like the

value m = 50, we obtain charts with alarm rates very different from the expected

value α, associated to fixed norms µ0, σ0.

The behaviour of the charts presented in Figures 3 and 4 is not very different

from the one observed in the case of normal data. The existence of outliers or
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contamination in the distribution underlying the data of the initial subgroups has

a significant effect on the performance of the charts; in general we obtain estimates

for the standard deviation greater than the true value σ0, and consequently, the

control limits are set up further apart than usual. As a result, these charts have

alarm rates smaller than the expected value, and usually present a bad performance

to detect small changes that can occur in the process parameters. Thus, to minimize

this problem we advise the use of a large of number of initial subgroups to estimate

the in-control target values, at least m = 100, as well as the use of robust statistics.

We observe, from figures 2-4, that if we increase the number of initial

subgroups, we obtain confidence intervals for the alarm rates with smaller size.

However, when we further increase m, the gain is not at all significant, and we are

interested in small values for all the indicators, I1(m), I2(m) and I3(m). Thus,

we are inclined to advise the choice of the statistic Sj leading to the minimum

values for the I3 indicator, given that the target α belongs to the 95% simulated

confidence interval, and for an adequate number of initial subgroups, m. In Table

4, for each chart type (M ≡ X, S and R) and each one of the set-ups described in

subsection 3.1, we present the correspondent pair (m,Sj).

As a conclusion, and in order to include all of these common distributional

set-ups, we advise the use of a robust statistic to estimate the process standard

deviation, for instance, the S∗ or the TR statistic, and a reasonably large number

of initial subgroups, if possible, m = 100.

5 Some recommendations

From this study we conclude that the properties of the charts with estimated lim-

its may differ markedly from the ones with true limits, depending on the type of

data we are dealing with as well as on the number of initial subgroups and on the

statistics upon which we base the estimation of the in-control target values.

The usual X, R and S Shewhart control charts with estimated control limits present

alarm rates very different from the expected values unless we consider a large num-

ber of initial subgroups, even for normal data (unless we use, at least, m = 50 initial
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subgroups). The presence of outliers or contaminated data in the initial subgroups

has a significant effect on the performance of the charts. Even for a relatively large

number of initial subgroups, the estimated control limits are set up wider, and

consequently, we obtain charts that present smaller alarm rates than the expected

value; thus we advise to consider, at least, m = 100 initial subgroups. The robust

estimation of unknown parameters reduce the differences between the performance

of the charts with estimated limits and the performance of the charts with true

limits, compared to the classic estimation.

Finally, the use of the traditional control charts with estimated limits deserves more

careful study. In addition, it is very important to propose charts with modified con-

trol limits for use in the beginning of the process control until we have an adequate

number of initial subgroups for the estimation of unknown parameters; eventually,

we can try to apply the bootstrap methodology to improve the accuracy of the

estimates.
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