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Abstract 

 

 

 

 

Microfluidic devices are used to manipulate fluids at microscale, with typical 

dimensions of the order of tens or hundreds of micrometers. Microfluidic flows are usually 

driven by pressure difference forcing (PDF), electro-osmotic flow (EOF) forcing, with the 

latter method using electric fields to promote the flow, or a combination of both. Despite 

the many advantages of EOF, the current knowledge on the use of this technique is still 

limited especially with complex fluids. The goal of this thesis is to expand both practical 

and fundamental knowledge on electrically-driven flows, by investigating EOF 

experimentally and theoretically, using viscoelastic fluids in microscale flow 

configurations. Newtonian fluids are also used for comparison purposes. 

The thesis starts with a review of the concepts of electrokinetic phenomena and their 

main categories, with emphasis given to EOF. The governing equations that describe EOF 

for both Newtonian and non-Newtonian fluids, along with the approximation models 

required to evaluate the distribution of ions within the electric double layer, are also 

presented. Subsequently, the working principles for each of the EOF operational modes is 

described, including direct current and alternating current electro-osmotic flow. A detailed 

review of electro-osmotic flow instabilities is also discussed, with focus given to electro-

elastic instabilities which originate from the coupling of elasticity with electro-osmosis. 

The first experimental results of this thesis consist of two experimental methods to 

measure both the electro-osmotic and the electrophoretic mobilities in a straight rectangular 

microchannel, using micron-sized tracer particles. The first method is based on imposing a 

pulsed electric field, while the second is based on the use of a sinusoidal electric field. 

Newtonian fluids are investigated using both methods, whereas for viscoelastic fluids only 

the pulse method is used. As an extension of that work, a detailed particle-to-particle 
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distribution analysis is presented, which investigates the flow behavior of viscoelastic fluids 

in a straight rectangular microchannel, under the influence of a pulsed electric field. 

An analytical solution is presented for oscillatory EOF in a straight microchannel for 

multi-mode Oldroyd-B fluids. EOF is used to generate small oscillatory deformations, 

entitled as small amplitude oscillatory shear by electro-osmosis, which can be used as a 

measuring tool to determine the rheological properties of viscoelastic fluids under shear 

flow in the linear regime. 

The last chapter of results presents an experimental investigation of the conditions 

that promote the onset of electro-elastic instabilities in straight microchannels incorporating 

either hyperbolic shaped contractions followed by abrupt expansions, or with symmetrical 

hyperbolic shaped contractions/expansions. A Newtonian fluid is used as a reference, and 

the corresponding flows are examined in each of the tested geometrical configurations, 

whereas viscoelastic fluids are only examined using the former microchannel in both the 

forward and reverse flow directions. 

 

 

Keywords: Electro-osmotic mobility, Electrophoretic mobility, Zeta-potential 

measurement, Small amplitude oscillatory shear by electro-osmosis (SAOSEO), Electro-

elastic instabilities, Newtonian fluids, Viscoelastic fluids, Particle tracking velocimetry, 

Flow visualization.  
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Resumo 

 

 

 

 

Os dispositivos de microfluídica, com dimensões da ordem das dezenas ou centenas 

de micrómetros, são usados para manipular fluidos à microescala. Os escoamentos à 

microescala são normalmente promovidos por gradientes de pressão, por electro-osmose 

usando campos eléctricos, ou por uma combinação de ambos. Apesar das várias vantagens 

dos escoamentos induzidos por electro-osmose, o actual conhecimento sobre esta técnica 

ainda é limitado, especialmente usandos fluidos complexos. O objectivo desta tese consiste 

em expandir o conhecimento prático e fundamental acerca dos escoamentos induzidos 

electricamente, investigando por via experimental e teórica os escoamentos por electro-

osmose usando fluidos viscoelásticos a escoar em microcanais. Fluidos newtonianos são 

também usados para efectuar comparações. 

A dissertação começa com uma revisão dos conceitos associados aos fenómenos 

electrocinéticos e as suas principais categorias, com ênfase para o escoamento por electro-

osmose. As equações governativas que descrevem o escoamento por electro-osmose para 

fluidos newtonianos e não-newtonianos são também apresentadas, juntamente com os 

modelos de aproximação necessários para avaliar a distribuição de iões no interior da dupla 

camada eléctrica. Os princípios de funcionamento para cada um dos modos de operacão do 

escoamento por electro-osmose são descritos, incluindo escoamento induzido por corrente 

contínua e escoamento induzido corrente alternada. Uma revisão detalhada das 

instabilidades em escoamentos por electro-osmose é também apresentada, com particular 

foco em instabilidades induzidas pela combinação da elasticidade e da electro-osmose. 

Os primeiros resultados experimentais apresentados nesta dissertação consistem em 

dois métodos experimentais usados para medir simultaneamente as mobilidades electro-

osmótica e electroforética num micro-canal de secção rectangular, recorrendo a micro-

partículas traçadoras. O primeiro método baseia-se na imposição de um campo eléctrico 
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pulsado, enquanto o segundo baseia-se no uso de um campo eléctrico sinusoidal. O 

escoamento de fluidos newtonianos é investigado usando os dois métodos, enquanto para 

fluidos viscoelásticos apenas se usou o método do campo eléctrico pulsado. Como uma 

extensão do trabalho anterior, apresenta-se uma análise da distribuição partícula-a-

partícula, na qual se investiga o comportamento dos fluidos viscoelásticos num micro-canal 

rectangular a direito, sob a influência de um campo eléctrico pulsado. 

Uma solução analítica é apresentada para escoamento oscilatório induzido por 

electro-osmose num microcanal de secção rectangular, para fluidos Oldroyd-B multimodo. 

Um escoamento por electro-osmose é usado para gerar pequenas deformações oscilatórias, 

denominado por escoamento de corte oscilatório de pequena amplitude por electro-osmose, 

as quais podem ser usadas para medir as propriedades reológicas de fluidos viscoelásticos 

em escoamento de corte no regime linear. 

O último capítulo de resultados consiste numa investigação experimental das 

condições que promovem o aparecimento de instabilidades electro-elásticas quer em 

microcanais a direito, quer em microcanais compostos por uma contracção hiperbólica 

seguida de uma expansão abrupta, ou com uma contracção hiperbólica seguida de uma 

expansão também hiperbólica. Um fluido newtoniano foi usado como referência, o qual foi 

investigado em cada uma das configurações geométricas testadas, enquanto os fluidos 

viscoelásticos foram apenas usados na primeira configuração, para os dois sentidos de 

escoamento possíveis. 

 

 

Palavras-chave: Mobilidade electro-osmótica, Mobilidade electroforética, Medição do 

potencial zeta, Escoamento de corte oscilatório de pequena amplitude por electro-osmose, 

Instabilidades electro-elásticas, Fluidos newtonianos, Fluidos viscoelásticos, Velocimetria 

por rastreamento de partículas, Visualização do escoamento. 

  



xi 

  



xii 

  



xiii 

 

 

 

 

Acknowledgements 

 

 

 

 

I would like to express my special appreciation, gratitude and thanks to the 

Portuguese Foundation for Science and Technology (FCT) for giving me the opportunity 

to pursue my PhD degree in the Faculty of Engineering of University of Porto (FEUP), by 

their financial support through the scholarship SFRH/BD/85971/2012, and to the Transport 

Phenomena Research Center (CEFT), which made this thesis possible through the facilities 

and conditions offered to develop my research work. 

I would like also to express my sincere gratitude to my advisors, Doctor Manuel 

Alves and Professor Fernando Pinho, for their continuous guidance and encouragement that 

helped me in all the moments during my PhD study, and for all the meetings and discussions 

that helped me to develop my work towards the right direction. Thanks for giving me the 

opportunity to join your research team (CEFT) which allowed me to grow both as a 

researcher and as a person. It is my honor to be one of your students. During the time I 

worked in CEFT, I gained significant amount of valuable knowledge and experience in the 

fields of microfluidics and complex fluid flows which will help me to progress in my career 

effectively and productively. I am grateful that I was given such a chance to do cutting edge 

research in experimental electro-osmotic flow of complex fluids in microchannels. This 

opportunity will have a great resonance on my academic work in the future. 

Thanks also to all my colleagues at CEFT, who helped me to start and become 

familiar with most of the laboratory equipments, in particular to Patrícia and Francisco 

(among others), who have been good friends and who always helped me. Thanks for your 

support, advices and for your friendship. 

A special thanks to my family, who is always by my side to motivate me to strive 

towards my goal with their unconditional support, dedication and encouragement, 

especially my mother, brother, sisters and my beloved daughter (Noran). It is impossible to 



xiv 

express my gratitude to all of you in a few words. Thanks for all of your patience, sacrifices, 

and time that you have spent for me. Your prayers for me were what supported me so far. 

I dedicate this work to my father. I know he would be very proud of me. 

I would also like to thank all my closest friends for their friendship and for the good 

moments that will be saved in my memory from Porto. 

At the end, I would like to offer all my best regards and blessings to those who gave 

me unlimited support during these years to achieve progress towards the completion of this 

thesis. 

  



xv 

  



xvi 

  



xvii 

 

 

 

 

Table of Contents 

 

 

 

 

Abstract ................................................................................................................................ v 

Resumo ............................................................................................................................... ix 

Acknowledgements........................................................................................................... xiii 

Table of Contents ............................................................................................................. xvii 

List of Figures ................................................................................................................. xxiii 

List of Tables ................................................................................................................... xliii 

List of Abbreviations ........................................................................................................ xlv 

PART I ................................................................................................................................. 1 

1 INTRODUCTION ......................................................................................................... 3 

1.1 Research Motivation ................................................................................................ 3 

1.2 Objectives ................................................................................................................ 4 

1.3 Outline of the Thesis ................................................................................................ 5 

References ........................................................................................................................ 6 

2 THEORETICAL CONCEPTS ....................................................................................... 9 

2.1 Introduction.............................................................................................................. 9 

2.2 Electrokinetic Phenomena ..................................................................................... 10 

2.3 Electro-Osmotic Flow (EOF) ................................................................................ 11 

2.3.1 Electrical double layer ................................................................................. 12 

2.3.2 DC electro-osmosis ...................................................................................... 13 

2.3.3 AC electro-osmosis ...................................................................................... 21 

2.3.4 Advantages of ACEOF ................................................................................ 25 

2.4 Electro-Osmotic Flow Instabilities ........................................................................ 25 

2.4.1 Electrokinetic instabilities ........................................................................... 26 

2.4.2 Electro-elastic instabilities ........................................................................... 26 

2.5 Electrophoresis (EP) and Dielectrophoresis (DEP) ............................................... 28 

2.6 Summary ................................................................................................................ 30 



xviii 

References ....................................................................................................................... 30 

3 LITERATURE REVIEW ON ELECTRO-OSMOTIC FLOW.................................... 37 

3.1 Introduction ............................................................................................................ 37 

3.2 Generalized Newtonian and Viscoelastic Fluid Models ........................................ 37 

3.2.1 Inelastic non-Newtonian fluid models ......................................................... 37 

3.2.2 Viscoelastic fluids ........................................................................................ 39 

3.3 Electro-Osmotic Flow of Newtonian Fluids .......................................................... 40 

3.4 Electro-Osmotic Flow of Generalized Newtonian Fluids ...................................... 41 

3.5 Electro-Osmotic Flow of Viscoelastic Fluids ........................................................ 45 

3.6 Summary ................................................................................................................ 48 

Reference ........................................................................................................................ 48 

PART II .............................................................................................................................. 55 

4 EXPERIMENTAL TECHNIQUES AND PROCEDURES ......................................... 57 

4.1 Introduction ............................................................................................................ 57 

4.2 EOF Experimental Set-up ...................................................................................... 57 

4.3 Fabrication of PDMS Microchannels ..................................................................... 59 

4.4 Preparation of Fluids .............................................................................................. 61 

4.4.1 Newtonian fluid ............................................................................................ 62 

4.4.2 Viscoelastic fluids ........................................................................................ 62 

4.5 Physical Characterization of the Solutions ............................................................. 63 

4.5.1 Electric properties ........................................................................................ 63 

4.5.2 Rheological properties .................................................................................. 65 

4.6 Flow Characterization ............................................................................................ 68 

4.6.1 Flow visualization ........................................................................................ 69 

4.6.2 Particle tracking velocimetry ....................................................................... 69 

4.7 Electrokinetics: Electrical Equipment .................................................................... 70 

4.8 Outline of the Experimental and Theoretical Work ............................................... 72 

References ....................................................................................................................... 73 

5 MEASUREMENT OF ELECTRO-OSMOTIC AND ELECTROPHORETIC 

VELOCITIES USING PULSED AND SINUSOIDAL ELECTRIC FIELDS(1) ......... 77 

5.1 Introduction ............................................................................................................ 78 

5.2 Materials and Methods ........................................................................................... 82 

5.2.1 Theory and governing equations .................................................................. 82 

5.2.2 Microchannel fabrication ............................................................................. 87 

5.2.3 Working fluids .............................................................................................. 88 

5.2.4 Experimental set-up and PTV ...................................................................... 89 

5.3 Results and Discussion ........................................................................................... 91 

5.3.1 Time-scale analyzes ..................................................................................... 91 



xix 

5.3.2 Pulse method evaluation .............................................................................. 91 

5.3.3 Sine-wave method evaluation ...................................................................... 95 

5.3.4 Quantification of the zeta-potential of tracer particles and channel walls... 98 

5.3.5 Ionic concentration effect on the zeta-potential ......................................... 100 

5.3.6 Advantages and disadvantages of the pulse and sine-wave methods ........ 100 

5.3.7 Response of viscoelastic fluids to an electric pulse ................................... 101 

5.4 Concluding Remarks ........................................................................................... 105 

5.5 Appendix.............................................................................................................. 105 

References .................................................................................................................... 107 

6 PARTICLE-TO-PARTICLE DISTRIBUTION ANALYSIS OF 

ELECTROKINETIC FLOWS OF VISCOELASTIC FLUIDS UNDER PULSED 

ELECTRIC FIELDS .................................................................................................. 111 

6.1 Introduction.......................................................................................................... 112 

6.2 Experimental Set-up ............................................................................................ 112 

6.2.1 Experimental methods and procedures ...................................................... 112 

6.2.2 Rheological characterization of the fluids ................................................. 113 

6.3 Results and Discussion ........................................................................................ 114 

6.3.1 PAA solutions ............................................................................................ 115 

6.3.2 PEO solutions with Mw = 5x106 g mol-1 .................................................... 121 

6.3.3 PEO solutions with Mw = 8x106 g mol-1 .................................................... 141 

6.3.4 Electro-osmotic and electrophoretic mobilities ......................................... 155 

6.4 Concluding Remarks ........................................................................................... 156 

References .................................................................................................................... 158 

7 ELECTRO-OSMOTIC OSCILLATORY FLOW OF VISCOELASTIC FLUIDS 

IN A MICROCHANNEL .......................................................................................... 161 

7.1 Introduction.......................................................................................................... 162 

7.2 Governing Equations and Analytical Solution .................................................... 166 

7.2.1 Constitutive equation ................................................................................. 167 

7.2.2 Poisson–Boltzmann equation .................................................................... 168 

7.2.3 Analytical solution for the multi-mode UCM Model ................................ 170 

7.2.4 Analytical solution for Generic Periodic Forcings .................................... 175 

7.3 Results and Discussion ........................................................................................ 176 

7.4 On The Use of Electro-Osmosis for SAOS Rheology ........................................ 183 

7.5 Conclusions ......................................................................................................... 187 

7.6 Appendix.............................................................................................................. 188 

References .................................................................................................................... 190 

8 ELECTRO-ELASTIC FLOW INSTABILITIES OF VISCOELASTIC FLUIDS 

IN CONTRACTION/EXPANSION MICRO-GEOMETRIES ................................. 195 

8.1 Introduction.......................................................................................................... 196 



xx 

8.2 Experimental Set-up ............................................................................................. 197 

8.2.1 Microchannel geometry and fabrication .................................................... 197 

8.2.2 Rheological characterization of the fluids .................................................. 199 

8.2.3 Experimental methods and procedures ...................................................... 201 

8.3 Results and Discussion ......................................................................................... 202 

8.3.1 Relevant dimensionless numbers ............................................................... 202 

8.3.2 Newtonian fluid .......................................................................................... 203 

8.3.3 Non-Newtonian fluids ................................................................................ 216 

8.4 Concluding Remarks ............................................................................................ 245 

References ..................................................................................................................... 246 

PART III ........................................................................................................................... 251 

9 CONCLUSIONS AND FUTURE WORK ................................................................. 253 

9.1 Conclusions .......................................................................................................... 253 

9.2 Suggestions for Future Work ............................................................................... 255 

 

 

 

  



xxi 

  



xxii 

  



xxiii 

 

 

 

 

List of Figures 

 

 

 

 

Figure 2-1: Illustration of the ions distribution (A) and the potential distribution field 

of the EDL (B) at the region close to a flat wall surface in contact with a 

solution containing ions (adapted from [20, 25]). .......................................... 12 

Figure 2-2: Schematic diagram of the principle of the DCEOF for a negatively 

charged wall (adapted from [30-32]) for a two-dimensional straight 

microchannel. .................................................................................................. 14 

Figure 2-3: Schematic diagram, illustrating (A) the boundary conditions for a two-

dimensional straight microchannel, (B) the flow direction and DCEOF 

principle of operation (adapted from [33]), and (C) the boundary 

conditions at the EDL. .................................................................................... 15 

Figure 2-4: Schematic diagram of the principle of ACEOF for an asymmetrical pair 

of co-planar electrodes separated by a narrow gap during one full cycle, 

divided into two equal intervals of times. (A) first intervals of time when 

the left electrode has a positive polarity: (A-i) electric field on top of a 

polarized asymmetric electrode; (A-ii) ACEOF net bulk flow field (red 

dashed line) accompanied by the formation of eddies (blue solid line) 

above the electrodes surface due to the induced electric field force 

components. (B) second intervals of time when the electrode polarity is 

inverted due to the periodic nature of the imposed potential, which creates 

instabilities responsible for the appearance of eddies such as those shown 

in Fig. 2-4-(B-ii) (adapted from [30, 42]). ...................................................... 23 

Figure 2-5: Schematic diagram of the principle of ACEOF. Symmetrical pair of co-

planar electrodes, separated by a narrow gap, during one half-period 

when the left electrode has a positive polarity. Red dashed line shows the 

flow streamlines (adapted from [44, 46]). ...................................................... 24 

Figure 2-6: Schematic diagram for an experimental ACEOF set-up. The electrode 

pairs are located and arranged (A) only along the lower wall (reproduced 

with permission from [41]), (B) along the lower and upper wall 

(reproduced with permission from [43]). ........................................................ 24 

Figure 2-7: Illustration of electrophoretic transport phenomenon (adapted from [20, 

25, 70]). ........................................................................................................... 29 



xxiv 

Figure 3-1: Shear stress τxy
 as a function of the shear-rate γ  for various purely 

viscous fluids and materials in steady Couette flow. ...................................... 38 

Figure 3-2: Schematic diagram of a microchannel wall with a depletion layer and 

EDL of thicknesses δ and λD, respectively (adapted from [32])...................... 43 

Figure 4-1: The EOF setup used in the experiments. ......................................................... 58 

Figure 4-2: Schematic diagram of the EOF experimental setup. ....................................... 59 

Figure 4-3: PDMS microchannel fabrication procedure: SU-8 mold fabricated using 

a chromium mask (A); the SU-8 mold has the inverse structure of the 

designed microchannels (B), treated by silanizing agent; a PDMS 

solution with 5:1 ratio of PDMS:curing agent is poured over the SU-8 

mold to cure at 80 ºC for 20 minutes (C); the cured PDMS substrate is cut 

and peeled off from the mold, then punched to create the microchannel 

inlet/outlet ports (D); a thin layer of PDMS 5:1 solution is poured over a 

glass substrate and cured at 80 ºC for 2 minutes (E); to obtain the final 

microchannel, the PDMS substrate is sealed to the glass side which has a 

thin layer of PDMS (F); finally, the microchannel is kept in the oven at 

80ºC for at least 12 hours. ............................................................................... 61 

Figure 4-4: Schematic diagram of the conductivity meter. ................................................ 64 

Figure 4-5: Illustration of a rotational rheometer with a cone-plate system. ..................... 66 

Figure 4-6: Illustration of a viscoelastic sample undergoing extensional flow: (A) the 

sample at the initial state (t=0, L=L0); (B) the sample after elongation (Δt 

= t – t0) has a stretched uniaxial cylindrical filament. ..................................... 67 

Figure 4-7: Picture of (A) the function generator (AFG3000 Series, Tektronix) and 

(B) the high-voltage power amplifier with voltage gain of 200 V/V (Trek, 

Model 2220) used to generated pulsed and sinusoidal electric fields. ............ 71 

Figure 4-8: Image of the DC Power Supply (EA-PS 5200-02 A, EA-Elektro-

Automatik-GmbH) used to generated DC electric fields. ............................... 71 

Figure 4-9: Picture of (A) the cables and (B) the wire used to connect the platinum 

electrode with the electrical equipment shown in Figs. 4-7 and 4-8. .............. 72 

Figure 4-10: Calibration curves for an electric field generated using: (A) a function 

generator (AFG3000 Series, Tektronix) connected to a high-voltage 

power amplifier (Trek, Model 2220); (B) a DC Power Supply (EA-PS 

5200-02 A, EA-Elektro-Automatik-GmbH). .................................................. 72 

Figure 5-1: Schematic representation of the rectangular microchannel, its orientation 

relative to the imposed electric field and coordinate system. .......................... 87 

Figure 5-2: Influence of shear rate on the steady shear viscosity of the aqueous 

polyacrylamide solutions at Tabs = 295 K. ....................................................... 89 

Figure 5-3: Diagram of the experimental set-up. ............................................................... 90 



xxv 

Figure 5-4: Tracer particle displacement s (a) and velocity u (b) at the centerline of 

channel A (h = 174 μm), for three applied electric pulse durations (2, 8 

and 40 ms) with an amplitude of 440 V/cm. Plots (c) and (d) are a zoomed 

view of (a) and (b), respectively, at short times. The points represent 

average experimental values, while the lines are only a guide to the eye. ..... 93 

Figure 5-5: Regimes in the TP velocity u and displacement s profiles, at the channel 

centerline, for an electric pulse with a duration significantly higher than 

τeo for channel/TP walls with equal polarity zeta-potential ( |ζeo| > |ζep|). 

In regime R1, EP is fully-developed, while the EO boundary layer still has 

not reached the channel centerline. This is followed by regime R2, where 

the EO component is developing and the overall velocity is consequently 

increasing with time. After the EO velocity component becomes fully-

developed, regime R3 starts, which is characterized by a constant velocity. 

The last regime (R4) starts after the pulse ends and it is characterized by 

the EO velocity decay, since it is assumed that the EP component 

vanishes very quickly. It is also for this reason that an abrupt increase in 

the TP velocity is observed at the beginning of R4 – the peak velocity 

increase corresponds to the EO velocity component. Adding the velocity 

in regime R1 (uep) to the peak velocity of R4 (ueo) provides the combined 

velocity in regime R3 (ueo + uep). The pulse electric field is active in the 

period 0 < t < t3 and t2 ≈ τeo. ........................................................................... 94 

Figure 5-6: Tracer particle displacement s (a) and velocity u (b) at the centerline of 

channel B (h = 108 μm), for three applied pulse durations (2, 8 and 40 

ms) with an amplitude of 440 V/cm. Plots (c) and (d) are a zoomed view 

of (a) and (b), respectively, at short times. The points represent average 

experimental values, while the lines are only a guide to the eye. ................... 95 

Figure 5-7: Tracer particle velocity u at the centerline of (a) channel A (h = 174 μm) 

and (b) channel B (h = 108 μm) under a sinusoidal electric field with a 

peak amplitude of 440 V/cm, for three different frequencies: f = 20, 40 

and 80 Hz. The dashed line represents the dimensionless imposed electric 

signal, while the full lines represent the fitting of Eq. (5.7). The symbols 

are the average (over cycles and over particles) of experimental data. The 

best fit found by the algorithm for those conditions gives ueo = 4.3 mm/s 

and uep = –3.5 mm/s for channel A and ueo = 4.1 mm/s and uep = –3.2 

mm/s for channel B. ........................................................................................ 97 

Figure 5-8: Spanwise profiles of TP velocity at four different instants of time within 

a cycle of period T for channel B (h = 108 μm) under forcing by a 

sinusoidal electric field with a peak amplitude of 440 V/cm, at f = 40 Hz. 

The points represent experimental averaged values over several cycles, 

while the lines represent the analytical prediction of Eq. (5.9) using the 

best-fit parameters. The channel walls are located at y/(w/2) = ± 1. .............. 97 

Figure 5-9: Tracer particle velocity components (EO, EP and OBS=EO+EP) as a 

function of the applied electric field magnitude, in (a) channel A (h = 174 

μm) and (b) channel B (h = 108 μm). The EP/EO mobility is estimated 

from the slope of the linear fit to the corresponding points (dashed and 

full lines in the plot). Error bars represent the standard deviation for the 



xxvi 

pulse method (at least 20 particles were considered in each experiment). 

uobs,pulse is the combined (EO +EP) velocity in R3 of Fig. 5-5, whereas 

uobs,sine represents the sum of the best-fit parameters (ueo + uep)...................... 98 

Figure 5-10: wall zeta-potential dependence on the ionic concentration (pC) 

measured in channel A (h = 174 μm). The points represent experimental 

data, while the lines are linear fits. ................................................................ 100 

Figure 5-11: Tracer particle displacement (left hand-side), and velocity u (right hand-

side) at the centerline of channel C (h = 178 μm), for an applied pulse 

duration of 20 ms with amplitudes of 132 V/cm and 220 V/cm, for 

polyacrylamide aqueous solutions at the following concentrations: (a) 

100 ppm; (b) 200 ppm; (c) 400 ppm. The points represent average 

experimental values, while the lines are only a guide to the eye. ................. 103 

Figure 5-12: Regimes in the TP velocity u and displacement s profiles, at the channel 

centerline, for a viscoelastic fluid, due to an applied electric pulse. In 

regime R1, EP dominates. This is followed by regime R2, where the EO 

component is still developing to become fully-developed, but before 

achieving fully-developed flow condition, an overshoot (𝑅2´) occurs and 

decays. Afterwards regime R3 starts, which is characterized by a constant 

velocity. Regime R4 starts after the pulse ends and is characterized by a 

zero EP component and before it decays completely, there is a velocity 

undershoot (𝑅4´) followed by a decay to zero velocity. ............................... 104 

Figure 5-13: Tracer particle velocity components (EO, EP and OBS=EO+EP) as a 

function of the applied electric field magnitude, in channel C (h = 178 

μm) for PAA solutions with concentrations of 100, 200 and 400 ppm. The 

dashed lines are a guide to the eye. Error bars represent the standard 

deviation for the pulse method (at least 20 particles were considered in 

each experiment). .......................................................................................... 104 

Figure 6-1: Schematic diagram illustrating the experimental set-up and the pulse 

method. .......................................................................................................... 113 

Figure 6-2: Influence of shear rate on the steady shear viscosity for aqueous solutions 

of PEO of a molecular weight of 5x106 g mol-1 (A) and 8x106 g mol-1 (B), 

both dissolved in a 1 mM borate buffer at Tabs = 295 K. ............................... 114 

Figure 6-3: Tracer particle displacement s for nine different particles (A) – (I) in a 

solution of PAA (Mw=18x106 g mol-1) at a concentration of 200 ppm, 

under a pulsed electric field. The imposed pulse included 8 consecutive 

cycles (only the last 7 cycles are shown) with 20 ms pulse duration and 

an amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For 

reasons of space only 9 particles out of 25 particles are shown (the 

remaining particles show a similar behavior). The points represent 

experimental values, while the lines are only a guide to the eye (only one 

fifth of the points over time are shown). ....................................................... 117 



xxvii 

Figure 6-4: Tracer particle displacement s averaged over all cycles, for 25, 13 and 7 

particles in a solution of PAA (Mw = 18x106 g mol-1) at a concentration 

of 200 ppm, tracked respectively within 50% (A), 30% (B) and 15% (C) 

of the channel width around the centerline of channel C (h = 178 μm). 

The analysis was done over 7 consecutive cycles, with 20 ms pulse 

duration and an amplitude of 88 V/cm. The points represent average 

experimental values over all cycles, while the lines are only a guide to the 

eye (only one fourth of the points over time are shown). ............................. 118 

Figure 6-5: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for TP in a solution of PAA (Mw = 18x106 g mol-1) at a 

concentration of 200 ppm, tracked within 50%, 30% and 15% of the 

channel width around the centerline of channel C (h = 178 μm). The 

imposed pulse was analyzed over 7 consecutive cycles, with 20 ms pulse 

duration and an amplitude of 88 V/cm. The points represent average 

experimental values over the 7 cycles and all particles tracked (global 

average values), while the lines are only a guide to the eye (only one third 

of the points over time are shown)................................................................ 118 

Figure 6-6: Individual tracer particle displacement s averaged over all cycles for 

particles in a solution of PAA (Mw = 18x106 g mol-1) at a concentration 

of 200 ppm, under a pulsed electric field with amplitudes of 88 V/cm (A), 

132 V/cm (B), 176 V/cm (C), and 220 V/cm (D), respectively. The 

analysis was done for 7 consecutive cycles with 20 ms pulse duration. 

Particles were tracked within 30% of the channel width around the 

centerline of channel C (h = 178 μm). The points represent average 

experimental values, while the lines are only a guide to the eye (only one 

fourth of the points over time are shown). The number of particles tracked 

was 13, 15, 12 and 7, respectively for cases from A to D. ........................... 119 

Figure 6-7: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for an applied pulse duration of 20 ms and amplitudes of 

88, 132, 176 and 220 V/cm, for TP in a solution of PAA (Mw=18x106 g 

mol-1) at a concentration of 200 ppm. Particles were tracked within 30% 

of the channel width around the centerline of channel C (h = 178 μm). 

The points represent average experimental values, while the lines are only 

a guide to the eye (only half of the points over time are shown). ................. 120 

Figure 6-8: Tracer particle velocity components (EO, EP and OBS=EO+EP) as a 

function of the applied electric field magnitude for a pulse duration of 20 

ms, in channel C (h = 178 μm), using a solution of PAA (Mw = 18x106 g 

mol-1) at a concentration of 200 ppm. The dashed lines are a guide to the 

eye. ................................................................................................................ 120 

Figure 6-9: Tracer particle displacement s for nine different particles (A) – (I) in a 

solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at 

a concentration of 500 ppm, under a pulsed electric field. The imposed 

pulse included 6 consecutive cycles, with 150 ms pulse duration and an 

amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For 

reasons of space only 9 particles out of 41 particles are shown (the 



xxviii 

remaining particles show a similar behavior). The points represent 

experimental values, while the lines are only a guide to the eye (only one 

twentieth of the points over time are shown). ............................................... 124 

Figure 6-10: Tracer particle displacement s for different particles (A) – (I) in a 

solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at 

a concentration of 1000 ppm, under a pulsed electric field. The imposed 

pulse included 6 consecutive cycles, with 150 ms pulse duration and an 

amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For 

reasons of space only 9 particles out of 44 particles are shown (the 

remaining particles show a similar behavior). The points represent 

experimental values, while the lines are only a guide to the eye (only one 

twentieth of the points over time are shown). ............................................... 125 

Figure 6-11: Tracer particle displacement s for different particles (A) – (I) in a 

solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at 

a concentration of 2000 ppm, under a pulsed electric field. The imposed 

pulse included 6 consecutive cycles, with 150 ms pulse duration and an 

amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For 

reasons of space only 9 particles out of 60 particles are shown (the 

remaining particles show a similar behavior). The points represent 

experimental values, while the lines are only a guide to the eye (only one 

twentieth of the points over time are shown). ............................................... 126 

Figure 6-12: Tracer particle displacement s for different particles (A) – (I) in a 

solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at 

a concentration of 3000 ppm, under a pulsed electric field. The imposed 

pulse included 6 consecutive cycles, with 150 ms pulse duration and an 

amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For 

reasons of space only 9 particles out of 60 particles are shown (the 

remaining particles show a similar behavior). The points represent 

experimental values, while the lines are only a guide to the eye (only one 

twentieth of the points over time are shown). ............................................... 127 

Figure 6-13: Tracer particle displacement s averaged over all cycles, for 41, 23 and 9 

particles in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 500 ppm, tracked respectively within 

50% (A), 30% (B) and 15% (C) of the channel width around the 

centerline of channel C (h = 178 μm). The analysis was done over 6 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 

V/cm. The points represent average experimental values over all cycles, 

while the lines are only a guide to the eye (only one twenty-fifth of the 

points over time are shown). ......................................................................... 128 

Figure 6-14: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for TP in a solution of PEO (Mw = 5x106 g mol-1) dissolved 

in 1 mM borate buffer at a concentration of 500 ppm, tracked within 50%, 

30% and 15% of the channel width around the centerline of channel C (h 



xxix 

= 178 μm). The imposed pulse was analyzed over 6 consecutive cycles, 

with 150 ms pulse duration and an amplitude of 88 V/cm. The points 

represent average experimental values over the 6 cycles and all particles 

tracked (global average values), while the lines are only a guide to the 

eye (only one twenty- fifth of the points over time are shown). ................... 128 

Figure 6-15: Tracer particle displacement s averaged over all cycles, for 44, 29 and 

15 particles in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 1000 ppm, tracked respectively within 

50% (A), 30% (B) and 15% (C) of the channel width around the 

centerline of channel C (h = 178 μm). The analysis was done over 6 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 

V/cm. The points represent average experimental values over all cycles, 

while the lines are only a guide to the eye (only one twenty- fifth of the 

points over time are shown). ......................................................................... 129 

Figure 6-16: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for TP in a solution of PEO (Mw = 5x106 g mol-1) dissolved 

in 1 mM borate buffer at a concentration of 1000 ppm, tracked within 

50%, 30% and 15% of the channel width around the centerline of channel 

C (h = 178 μm). The imposed pulse was analyzed over 6 consecutive 

cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The 

points represent average experimental values over the 6 cycles and all 

particles tracked (global average values), while the lines are only a guide 

to the eye (only one twenty- fifth of the points over time are shown). ......... 129 

Figure 6-17: Tracer particle displacement s averaged over all cycles, for 60, 35 and 

15 particles in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 2000 ppm, tracked respectively within 

50% (A), 30% (B) and 15% (C) of the channel width around the 

centerline of channel C (h = 178 μm). The analysis was done over 6 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 

V/cm. The points represent average experimental values over all cycles, 

while the lines are only a guide to the eye (only one twenty- fifth of the 

points over time are shown). ......................................................................... 130 

Figure 6-18: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for TP in a solution of PEO (Mw = 5x106 g mol-1) dissolved 

in 1 mM borate buffer at a concentration of of 2000 ppm, tracked within 

50%, 30% and 15% of the channel width around the centerline of channel 

C (h = 178 μm). The imposed pulse was analyzed over 6 consecutive 

cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The 

points represent average experimental values over the 6 cycles and all 

particles tracked (global average values), while the lines are only a guide 

to the eye (only one twenty- fifth of the points over time are shown). ......... 130 

Figure 6-19: Tracer particle displacement s averaged over all cycles, for 60, 59 and 

29 particles in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 3000 ppm, tracked respectively within 

50% (A), 30% (B) and 15% (C) of the channel width around the 

centerline of channel C (h = 178 μm). The analysis was done over 6 



xxx 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 

V/cm. The points represent average experimental values over all cycles, 

while the lines are only a guide to the eye (only one twenty- fifth of the 

points over time are shown). ......................................................................... 131 

Figure 6-20: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for TP in a solution of PEO (Mw = 5x106 g mol-1) dissolved 

in 1 mM borate buffer at a concentration of of 3000 ppm, tracked within 

50%, 30% and 15% of the channel width around the centerline of channel 

C (h = 178 μm). The imposed pulse was analyzed over 6 consecutive 

cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The 

points represent average experimental values over the 6 cycles and all 

particles tracked (global average values), while the lines are only a guide 

to the eye (only one twenty- fifth of the points over time are shown). ......... 131 

Figure 6-21: Individual tracer particle displacement s averaged over all cycles for 

particles in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 500 ppm, under a pulsed electric field 

with amplitudes of 88 V/cm (A), 132 V/cm (B), 176 V/cm (C), and 220 

V/cm (D), respectively. The analysis was done for 6 consecutive cycles 

with 150 ms pulse duration. Particles were tracked within 30% of the 

channel width around the centerline of channel C (h = 178 μm). The 

points represent average experimental values, while the lines are only a 

guide to the eye (only one twenty-five of the points over time are shown). 

The number of particles tracked was 23, 17, 20 and 13, respectively for 

cases from A to D. ......................................................................................... 132 

Figure 6-22: Individual tracer particle displacement s averaged over all cycles for 

particles in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 1000 ppm, under a pulsed electric field 

with amplitudes of 88 V/cm (A), 132 V/cm (B), 176 V/cm (C), and 220 

V/cm (D), respectively. The analysis was done for 6 consecutive cycles 

with 150 ms pulse duration. Particles were tracked within 30% of the 

channel width around the centerline of channel C (h = 178 μm). The 

points represent average experimental values, while the lines are only a 

guide to the eye (only one twenty-five of the points over time are shown). 

The number of particles tracked was 29, 26, 15 and 16, respectively for 

cases from A to D. ......................................................................................... 133 

Figure 6-23: Individual tracer particle displacement s averaged over all cycles for 

particles in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 2000 ppm, under a pulsed electric field 

with amplitudes of 88 V/cm (A), 132 V/cm (B), 176 V/cm (C), and 220 

V/cm (D), respectively. The analysis was done for 6 consecutive cycles 

with 150 ms pulse duration. Particles were tracked within 30% of the 

channel width around the centerline of channel C (h = 178 μm). The 

points represent average experimental values, while the lines are only a 

guide to the eye (only one twenty-five of the points over time are shown). 

The number of particles tracked was 35, 50, 36 and 34, respectively for 

cases from A to D. ......................................................................................... 134 



xxxi 

Figure 6-24: Individual tracer particle displacement s averaged over all cycles for 

particles in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 3000 ppm, under a pulsed electric field 

with amplitudes of 88 V/cm (A), 132 V/cm (B), 176 V/cm (C), and 220 

V/cm (D), respectively. The analysis was done for 6 consecutive cycles 

with 150 ms pulse duration. Particles were tracked within 30% of the 

channel width around the centerline of channel C (h = 178 μm). The 

points represent average experimental values, while the lines are only a 

guide to the eye (only one twenty-five of the points over time are shown). 

The number of particles tracked was 59, 34, 22 and 20, respectively for 

cases from A to D. ........................................................................................ 135 

Figure 6-25: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for an applied pulse duration of 150 ms and amplitudes of 

88, 132, 176 and 220 V/cm, for TP in a solution of PEO (Mw = 5x106 g 

mol-1) dissolved in 1 mM borate buffer at a concentration of 500 ppm. 

Plots (C) and (D) are a zoomed view of (A) and (B), respectively, at short 

times. Particles were tracked within 30% of the channel width around the 

centerline of channel C (h = 178 μm). The points represent average 

experimental values, while the lines are only a guide to the eye (only a 

fraction of the points over time are shown). ................................................. 136 

Figure 6-26: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for an applied pulse duration of 150 ms and amplitudes of 

88, 132, 176 and 220 V/cm, for TP in a solution of PEO (Mw = 5x106 g 

mol-1) dissolved in 1 mM borate buffer at a concentration of 1000 ppm. 

Plots (C) and (D) are a zoomed view of (A) and (B), respectively, at short 

times. Particles were tracked within 30% of the channel width around the 

centerline of channel C (h = 178 μm). The points represent average 

experimental values, while the lines are only a guide to the eye (only a 

fraction of the points over time are shown). ................................................. 137 

Figure 6-27: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for an applied pulse duration of 150 ms and amplitudes of 

88, 132, 176 and 220 V/cm, for TP in a solution of PEO (Mw = 5x106 g 

mol-1) dissolved in 1 mM borate buffer at a concentration of 2000 ppm. 

Plots (C) and (D) are a zoomed view of (A) and (B), respectively, at short 

times. Particles were tracked within 30% of the channel width around the 

centerline of channel C (h = 178 μm). The points represent average 

experimental values, while the lines are only a guide to the eye (only a 

fraction of the points over time are shown). ................................................. 138 

Figure 6-28: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for an applied pulse duration of 150 ms and amplitudes of 

88, 132, 176 and 220 V/cm, for TP in a solution of PEO (Mw = 5x106 g 

mol-1) dissolved in 1 mM borate buffer at a concentration of 3000 ppm. 

Plots (C) and (D) are a zoomed view of (A) and (B), respectively, at short 

times. Particles were tracked within 30% of the channel width around the 

centerline of channel C (h = 178 μm). The points represent average 

experimental values, while the lines are only a guide to the eye (only a 

fraction of the points over time are shown). ................................................. 139 



xxxii 

Figure 6-29: Flow regimes in the TP velocity u and displacement s profiles at the 

channel centerline for a viscoelastic fluid (3000 ppm PEO in 1 mM borate 

buffer) due to an applied electric pulse. In regime R1, EP becomes fully-

developed. This is followed by regime R2, where the EO component is 

still developing to become fully-developed in regime R3, which is 

characterized by a constant velocity. Regime R4 starts after the pulse ends 

and is characterized by a zero EP component and EO decaying to zero 

over time. ....................................................................................................... 140 

Figure 6-30: Tracer particle velocity components (EO, EP and OBS=EO+EP) as a 

function of the applied electric field magnitude for a pulse duration of 

150 ms, in channel C (h = 178 μm), using a solution of PEO (Mw = 5x106 

g mol-1) dissolved in 1 mM borate buffer at concentrations of 500, 1000, 

2000 and 3000 ppm. The dashed lines are a guide to the eye. ...................... 140 

Figure 6-31: Tracer particle displacement s for different particles (A) – (I) in a 

solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at 

a concentration of 500 ppm, under a pulsed electric field. The imposed 

pulse included 6 consecutive cycles, with 150 ms pulse duration and an 

amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For 

reasons of space only 9 particles out of 52 particles are shown (the 

remaining particles show a similar behavior). The points represent 

experimental values, while the lines are only a guide to the eye (only one 

twenty of the points over time are shown). ................................................... 143 

Figure 6-32: Tracer particle displacement s for different particles (A) – (I) in a 

solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at 

a concentration of 1000 ppm, under a pulsed electric field. The imposed 

pulse included 6 consecutive cycles, with 150 ms pulse duration and an 

amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For 

reasons of space only 9 particles out of 60 particles are shown (the 

remaining particles show a similar behavior). The points represent 

experimental values, while the lines are only a guide to the eye (only one 

twenty of the points over time are shown). ................................................... 144 

Figure 6-33: Tracer particle displacement s for different particles (A) – (I) in a 

solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at 

a concentration of 1500 ppm, under a pulsed electric field. The imposed 

pulse included 6 consecutive cycles, with 150 ms pulse duration and an 

amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For 

reasons of space only 9 particles out of 60 particles are shown (the 

remaining particles show a similar behavior). The points represent 

experimental values, while the lines are only a guide to the eye (only one 

twenty of the points over time are shown). ................................................... 145 

Figure 6-34: Tracer particle displacement s averaged over all cycles, for 52, 33 and 

23 particles in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 500 ppm, tracked respectively within 



xxxiii 

50% (A), 30% (B) and 15% (C) of the channel width around the 

centerline of channel C (h = 178 μm). The analysis was done over 6 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 

V/cm. The points represent average experimental values over all cycles, 

while the lines are only a guide to the eye (only one twenty-five of the 

points over time are shown). ......................................................................... 146 

Figure 6-35: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for TP in a solution of PEO (Mw = 8x106 g mol-1) dissolved 

in 1 mM borate buffer at a concentration of 500 ppm, tracked within 50%, 

30% and 15% of the channel width around the centerline of channel C (h 

= 178 μm). The imposed pulse was analyzed over 6 consecutive cycles, 

with 150 ms pulse duration and an amplitude of 88 V/cm. The points 

represent average experimental values over the 6 cycles and all particles 

tracked (global average values), while the lines are only a guide to the 

eye (only one twenty-two of the points over time are shown)...................... 146 

Figure 6-36: Tracer particle displacement s averaged over all cycles, for 60, 38 and 

14 particles in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 1000 ppm, tracked respectively within 

50% (A), 30% (B) and 15% (C) of the channel width around the 

centerline of channel C (h = 178 μm). The analysis was done over 6 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 

V/cm. The points represent average experimental values over all cycles, 

while the lines are only a guide to the eye (only one twenty-five of the 

points over time are shown). ......................................................................... 147 

Figure 6-37: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for TP in a solution of PEO (Mw = 8x106 g mol-1) dissolved 

in 1 mM borate buffer at a concentration of 1000 ppm, tracked within 

50%, 30% and 15% of the channel width around the centerline of channel 

C (h = 178 μm). The imposed pulse was analyzed over 6 consecutive 

cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The 

points represent average experimental values over the 6 cycles and all 

particles tracked (global average values), while the lines are only a guide 

to the eye (only one twenty-two of the points over time are shown)............ 147 

Figure 6-38: Tracer particle displacement s averaged over all cycles, for 60, 42 and 

18 particles in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 1500 ppm, tracked respectively within 

50% (A), 30% (B) and 15% (C) of the channel width around the 

centerline of channel C (h = 178 μm). The analysis was done over 6 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 

V/cm. The points represent average experimental values over all cycles, 

while the lines are only a guide to the eye (only one twenty-five of the 

points over time are shown). ......................................................................... 148 

Figure 6-39: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for TP in a solution of PEO (Mw = 8x106 g mol-1) dissolved 

in 1 mM borate buffer at a concentration of 1500 ppm, tracked within 

50%, 30% and 15% of the channel width around the centerline of channel 



xxxiv 

C (h = 178 μm). The imposed pulse was analyzed over 6 consecutive 

cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The 

points represent average experimental values over the 6 cycles and all 

particles tracked (global average values), while the lines are only a guide 

to the eye (only one twenty-two of the points over time are shown). ........... 148 

Figure 6-40: Individual tracer particle displacement s averaged over all cycles for 

particles in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 500 ppm, under a pulsed electric field 

with amplitudes of 88 V/cm (A), 132 V/cm (B), 176 V/cm (C), and 220 

V/cm (D), respectively. The analysis was done for 6 consecutive cycles 

with 150 ms pulse duration. Particles were tracked within 30% of the 

channel width around the centerline of channel C (h = 178 μm). The 

points represent average experimental values, while the lines are only a 

guide to the eye (only one twenty-five of the points over time are shown). 

The number of particles tracked was 33, 36, 36 and 25, respectively for 

cases from A to D. ......................................................................................... 149 

Figure 6-41: Individual tracer particle displacement s averaged over all cycles for 

particles in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 1000 ppm, under a pulsed electric field 

with amplitudes of 88 V/cm (A), 132 V/cm (B), 176 V/cm (C), and 220 

V/cm (D), respectively. The analysis was done for 6 consecutive cycles 

with 150 ms pulse duration. Particles were tracked within 30% of the 

channel width around the centerline of channel C (h = 178 μm). The 

points represent average experimental values, while the lines are only a 

guide to the eye (only one twenty-five of the points over time are shown). 

The number of particles tracked was 38, 21, 29 and 39, respectively for 

cases from A to D. ......................................................................................... 150 

Figure 6-42: Individual tracer particle displacement s averaged over all cycles for 

particles in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM 

borate buffer at a concentration of 1500 ppm, under a pulsed electric field 

with amplitudes of 88 V/cm (A), 132 V/cm (B), 176 V/cm (C), and 220 

V/cm (D), respectively. The analysis was done for 6 consecutive cycles 

with 150 ms pulse duration. Particles were tracked within 30% of the 

channel width around the centerline of channel C (h = 178 μm). The 

points represent average experimental values, while the lines are only a 

guide to the eye (only one twenty-five of the points over time are shown). 

The number of particles tracked was 42, 46, 50 and 44, respectively for 

cases from A to D. ......................................................................................... 151 

Figure 6-43: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for an applied pulse duration of 150 ms and amplitudes of 

88, 132, 176 and 220 V/cm, for TP in a solution of PEO (Mw = 8x106 g 

mol-1) dissolved in 1 mM borate buffer at a concentration of 500 ppm. 

Plots (C) and (D) are a zoomed view of (A) and (B), respectively, at short 

times. Particles were tracked within 30% of the channel width around the 

centerline of channel C (h = 178 μm). The points represent average 

experimental values, while the lines are only a guide to the eye (only a 

fraction of the points over time are shown). .................................................. 152 



xxxv 

Figure 6-44: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for an applied pulse duration of 150 ms and amplitudes of 

88, 132, 176 and 220 V/cm, for TP in a solution of PEO (Mw = 8x106 g 

mol-1) dissolved in 1 mM borate buffer at a concentration of 1000 ppm. 

Plots (C) and (D) are a zoomed view of (A) and (B), respectively, at short 

times. Particles were tracked within 30% of the channel width around the 

centerline of channel C (h = 178 μm). The points represent average 

experimental values, while the lines are only a guide to the eye (only a 

fraction of the points over time are shown). ................................................. 153 

Figure 6-45: Tracer particle mean-displacement s (A) and corresponding mean-

velocity u (B) for an applied pulse duration of 150 ms and amplitudes of 

88, 132, 176 and 220 V/cm, for TP in a solution of PEO (Mw = 8x106 g 

mol-1) dissolved in 1 mM borate buffer at a concentration of 1500 ppm. 

Plots (C) and (D) are a zoomed view of (A) and (B), respectively, at short 

times. Particles were tracked within 30% of the channel width around the 

centerline of channel C (h = 178 μm). The points represent average 

experimental values, while the lines are only a guide to the eye (only a 

fraction of the points over time are shown). ................................................. 154 

Figure 6-46: Tracer particle velocity components (EO, EP and OBS=EO+EP) as a 

function of the applied electric field magnitude for a pulse duration of 

150 ms, in channel C (h = 178 μm), using a solution of PEO (Mw = 8x106 

g mol-1) dissolved in 1 mM borate buffer at concentrations of 500, 1000 

and 1500 ppm. The dashed lines are a guide to the eye................................ 155 

Figure 7-1: Schematic diagram, illustrating the microchannel dimensions, coordinate 

system, and the induced potential boundary conditions. .............................. 167 

Figure 7-2: Profiles of the normalized velocities components for several 

1 2Π / 1,  0,  1     for a Newtonian fluid at Re = 0.01,  =100, ω t= 

0 and m = 1. .................................................................................................. 177 

Figure 7-3: Profiles of the normalized velocity for a Newtonian fluid (left-hand side) 

and viscoelastic fluid, λ ω = 5 (right-hand side) for ω t= 0, Π = 0 and m 

= 1, as a function of , Reynolds and Mach numbers: (A-i) Re = 0.01, M 

= 0 (B-i) Re = 1, M = 0 (C-i) Re = 10, M = 0 (D-i) Re = 100, M = 0 and 

(A-ii) Re = 0.01, M = 0.22 (B-ii) Re = 1, M = 2.2 (C-ii) Re = 10, M = 7 

(D-ii) Re = 100, M = 22. ............................................................................... 180 

Figure 7-4: Profiles of the normalized velocity components for different λ ω, at the 

instant of maximum imposed electric potential (ω t = 0), for Re = 0.01, 

Π = 0, m = 1 and different values of  : (A) λ ω = 0, M = 0 (B) λ ω = 5, 

M = 0.22 (C) λ ω = 10, M = 0.32 (D) λ ω = 20, M = 0.45 (E) λ ω = 40, M 

= 0.63 and (F) λ ω = 60, M = 0.77. ............................................................... 181 

Figure 7-5: Profiles of the normalized velocity components for a Newtonian fluid 

(left-hand side) and a viscoelastic fluid, λ ω = 5 (right-hand side) for   

= 100, Π = 0, m = 1, and as a function of ω t and Reynolds number: (A) 

Re = 0.01, (B) Re = 10. ................................................................................. 182 



xxxvi 

Figure 7-6: Variation of the normalized velocity at 0.95y   with ω t / 2π for Re = 

0.01,   = 100, Π = 0, m = 1 and as a function of λ ω. ................................ 182 

Figure 7-7: Schematic diagram illustrating small amplitude oscillatory electro-

osmotic shear flow (SAOSEO) under operating conditions of very small 

Re and large  , leading to a flow with similar characteristics to that of 

SAOS in rotational shear. .............................................................................. 183 

Figure 8-1: Schematic representation of the four microchannels used: Two 

microchannels (H2, and H3) have a hyperbolic contraction followed by an 

abrupt expansion, with εH = 2 (A) and εH = 3 (B); two microchannels 

(H2Sym and H3Sym) have a hyperbolic contraction followed by an identical 

hyperbolic shaped expansion, with εH = 2 (C) and εH = 3 (D). ..................... 198 

Figure 8-2: Schematic representation and relevant dimensions for a microchannel 

with hyperbolic contraction and expansion. .................................................. 199 

Figure 8-3: Shear viscosity curves in steady shear flow for all fluids at Tabs = 295 K..... 200 

Figure 8-4: Flow visualizations using an aqueous solution of 1 mM borate buffer, 

seeded with 1.0 µm TP, using microchannel H2 (A, B and C) and H2Sym 

(D, E and F), under imposed DC potential differences of 5, 30 and 90 V, 

at Tabs = 295 K. The red dashed lines represent the numerically predicted 

streamlines for a purely electro-osmotic flow of a Newtonian fluid, and 

the yellow lines are used to highlight the microchannel walls. The yellow 

arrow indicates the flow direction. The Reynolds number was computed 

at the throat for microchannels H2 and H2Sym and are Re = 0.13 and 0.11, 

respectively, at the higher voltage. ................................................................ 204 

Figure 8-5: Flow visualizations using an aqueous solution of 1 mM borate buffer, 

seeded with 1.0 µm TP, using microchannel H3 (A, B and C) and H3Sym 

(D, E and F), under imposed DC potential differences of 5, 20 and 60 V, 

at Tabs = 295 K. The red dashed lines represent the numerically predicted 

streamlines for a purely electro-osmotic flow of a Newtonian fluid, and 

the yellow lines are used to highlight the microchannel walls. The yellow 

arrow indicates the flow direction. The Reynolds number was computed 

at the throat for microchannels H3 and H3Sym and are Re = 0.084 and 

0.049, respectively, at the higher voltage. ..................................................... 205 

Figure 8-6: Flow visualizations using an aqueous solution of 1 mM borate buffer, 

seeded with 0.5 µm TP, using microchannel H2 (A, B and C), H2Sym (D, 

E and F), H3 (G, H and I) and H3Sym (J, K and L), under imposed DC 

potential differences of 30, 60 and 120 V, at Tabs = 295 K. The red dashed 

lines represent the numerically predicted streamlines for a purely electro-

osmotic flow of a Newtonian fluid, and the yellow lines are used to 

highlight the microchannel walls. The yellow arrow indicates the flow 

direction. ........................................................................................................ 206 

Figure 8-7: Centerline velocity profiles computed numerically for a two-dimensional 

and a three-dimensional geometry at several depths; z/H =  0.0, 0.05, 0.2, 

0.3, 0.5 , assuming a purely EOF of a Newtonian fluid, with an imposed 



xxxvii 

DC voltage of 30 V in microchannels H2 (A) and H2Sym (B), and 20 V in 

microchannels H3 (C) and H3Sym (D). The black arrow indicates the flow 

direction. ....................................................................................................... 208 

Figure 8-8: Snapshots at several depths, starting from the lower wall at z/H = 0.0 (A) 

up to the upper wall at z/H = 1.0 (O) in microchannel H2, for a no-flow 

condition. ...................................................................................................... 210 

Figure 8-9: Centerline velocity profile measured at several depths (A) z/H =  0.05, 

0.15, 0.30, 0.50, 0.70, 0.85, 0.95  , and (B) corresponding normalized 

velocity profiles for each curve and comparison with the velocity profile 

computed numerically for 2D flow, in microchannel H2 at an imposed 

potential difference of 30 V using the 1 mM borate buffer with dye added. 

The black arrow to indicates the flow direction. .......................................... 211 

Figure 8-10: Centerline velocity profiles measured at z/H = 0.15, in microchannel H2 

(R1 and R2, each run was done in a new microchannel) using the 1 mM 

borate buffer with and without dye, for imposed potential differences of 

5, 10, 30 and 60 V (A), and (B) corresponding normalized velocity 

profiles and comparison with the velocity profile computed numerically 

for 2D flow. The black arrow indicates the flow direction. .......................... 212 

Figure 8-11: Fully-developed velocity (v1) at the upstream channel (A) and maximum 

velocity (v2) at the throat of the contraction (B) for microchannel H2, 

using the 1 mM borate buffer with and without dye. .................................... 212 

Figure 8-12: Centerline velocity profiles measured at z/H = 0.15, in microchannel H2 

(R1 and R2) using the 1 mM borate buffer, for imposed potential 

differences of 5, 10, 30, 60 and 90 V (A), and (B) corresponding 

normalized velocity profiles and comparison with the velocity profile 

computed numerically for 2D flow. The black arrow indicates the flow 

direction, and the Reynolds number at the throat is about 0.13 for 90 V. .... 213 

Figure 8-13: Centerline velocity profiles measured at z/H = 0.15, in microchannel 

H2Sym (R1 and R2) using the 1 mM borate buffer, for imposed potential 

differences of 5, 10, 30, 60 and 90 V (A), and (B) corresponding 

normalized velocity profiles and comparison with the velocity profile 

computed numerically for 2D flow. The black arrow indicates the flow 

direction, and the Reynolds number at the throat is about 0.11 for 90 V. .... 214 

Figure 8-14: Centerline velocity profiles measured at z/H = 0.15, in microchannel H3 

(R1 and R2) using the 1 mM borate buffer, for imposed potential 

differences of 5, 10, 30, 60 and 90 V (A), and (B) corresponding 

normalized velocity profiles and comparison with the velocity profile 

computed numerically for 2D flow. The black arrow indicates the flow 

direction, and the Reynolds number at the throat is about 0.084 for 60 V.

 ...................................................................................................................... 214 

Figure 8-15: Centerline velocity profiles measured at z/H = 0.15, in microchannel 

H3Sym (R1, R2, R3 and R4) using the 1 mM borate buffer, for imposed 

potential differences of 5, 10, 30, 60 and 90 V (A), and (B) corresponding 



xxxviii 

normalized velocity profiles and comparison with the velocity profile 

computed numerically for 2D flow. The black arrow indicates the flow 

direction, and the Reynolds number at the throat is about 0.049 for 60 V.

 ....................................................................................................................... 215 

Figure 8-16: Variation with imposed potential difference of the fully-developed 

velocity (v1) at the upstream channel (A) and maximum velocity (v2) at 

the throat of the contraction (B) for microchannels H2, H2Sym, H3, and 

H3Sym, using the 1 mM borate buffer with dye. ............................................. 216 

Figure 8-17: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 

5x106 g mol-1) at a concentration of 100 ppm, seeded with 1.0 µm TPs, 

using microchannel H2. The flow is in the forward direction, from left to 

right, at Tabs = 295 K, and under DC potential differences of 5 V (A), 10 

V (B), 20 V (C), 30 V (D), 40 V (E), 50 V (F), 60 V (G), and 70 V (H). 

The yellow arrow indicates the flow direction. ............................................. 217 

Figure 8-18: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 

5x106 g mol-1) at a concentration of 1000 ppm, seeded with 1.0 µm TPs, 

using microchannel H2. The flow is in the forward direction, from left to 

right, at Tabs = 295 K, and under DC potential differences of 5 V (A), 15 

V (B), 30 V (C), 60 V (D), 80 V (E), 100 V (F), 120 V (G), 140 V (H), 

160 V (I), 180 V (J), and 200 V (K). The yellow arrow indicates the flow 

direction. ........................................................................................................ 218 

Figure 8-19: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 

5x106 g mol-1) at a concentration of 10000 ppm, seeded with 1.0 µm TPs, 

using microchannel H2. The flow is in the forward direction, from left to 

right, at Tabs = 295 K, and under DC potential differences of 5 V (A), 15 

V (B), 30 V (C), 40 V (D), 50 V (E), 60 V (F), 70 V (G), and 80 V (H). 

The yellow arrow indicates the flow direction. ............................................. 219 

Figure 8-20: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 

5x106 g mol-1) at a concentration of 100 ppm, seeded with 1.0 µm TPs, 

using microchannel H2. The flow is in the reverse direction, from left to 

right, at Tabs = 295 K, and under DC potential differences of 5 V (A), 15 

V (B), 30 V (C), 60 V (D), 100 V (E), 140 V (F), 160 V (G), and 180 V 

(H). The yellow arrow indicates the flow direction. ..................................... 220 

Figure 8-21: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 

5x106 g mol-1) at a concentration of 1000 ppm, seeded with 1.0 µm TPs, 

using microchannel H2. The flow is in the reverse direction, from left to 

right, at Tabs = 295 K, and under DC potential differences of 5 V (A), 15 

V (B), 30 V (C), 40 V (D), 60 V (E), 80 V (F), 100 V (G), 120 V (H), 140 

V (I), 160 V (J), and 180 V (K). The yellow arrow indicates the flow 

direction. ........................................................................................................ 221 

Figure 8-22: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 

5x106 g mol-1) at a concentration of 10000 ppm, seeded with 1.0 µm TPs, 

using microchannel H2. The flow is in the reverse direction, from left to 

right, at Tabs = 295 K, and under DC potential differences of 5 V (A), 10 



xxxix 

V (B), 15 V (C), 20 V (D), 25 V (E), 30 V (F), 35 V (G), and 40 V (H). 

The yellow arrow indicates the flow direction. ............................................ 222 

Figure 8-23: Evolution with time of flow behavior for an imposed DC potential 

difference of 25V in microchannel H2, using an aqueous solution of PAA 

(Mw = 5x106 g mol-1) at a concentration of 10000 ppm. The flow is in the 

reverse direction from left to right, at Tabs = 295 K. The yellow arrow 

indicates the flow direction. .......................................................................... 223 

Figure 8-24: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 

5x106 g mol-1) at a concentration of 100 ppm, seeded with 1.0 µm TPs, 

using microchannel H3. The flow is in the forward direction, from left to 

right, at Tabs = 295 K, and under DC potential differences of 5 V (A), 10 

V (B), 20 V (C), 30 V (D), 40 V (E), and 50 V (F). The yellow arrow 

indicates the flow direction. .......................................................................... 225 

Figure 8-25: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 

5x106 g mol-1) at a concentration of 300 ppm, seeded with 1.0 µm TPs, 

using microchannel H3. The flow is in the forward direction, from left to 

right, at Tabs = 295 K, and under DC potential differences of 2.5 (A), 5 

(B), 7.5 (C), 10 (D), 12.5 (E), 15 (F), 20 (G), 40 (H) 60 (I), 80 (G), 100 

V (K). The yellow arrow indicates the flow direction. ................................. 226 

Figure 8-26: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 

5x106 g mol-1) at a concentration of 1000 ppm, seeded with 1.0 µm TPs, 

using microchannel H3. The flow is in the forward direction, from left to 

right, at Tabs = 295 K, and under DC potential differences of 2.5 (A), 5 

(B), 7.5 (C), 10 (D), 12.5 (E), 15 (F), 20 (G), 40 (H) 60 (I), 80 (G), 100 

V (K). The yellow arrow indicates the flow direction. ................................. 227 

Figure 8-27: Schematic representation of flow instabilities (in red), showing the flow 

direction within the separated flow regions, for microchannel H3 using 

PAA (Mw=5x106 g mol-1) at a concentration of 1000 ppm. The flow is in 

the forward direction, from left to right, at Tabs = 295 K, under a DC 

potential difference of 10 V. ......................................................................... 228 

Figure 8-28: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 

5x106 g mol-1) at a concentration of 100 ppm, seeded with 1.0 µm TPs, 

using microchannel H3. The flow is in the reverse direction, from left to 

right, at Tabs = 295 K, and under DC potential differences of 5 V (A), 15 

V (B), 30 V (C), 40 V (D), 60 V (E), 80 V (F), 100 V (G), 120 V (H), 140 

V (I), 160 V (J), and 180 V (K). The yellow arrow indicates the flow 

direction. ....................................................................................................... 229 

Figure 8-29: Schematic representation of flow instabilities (in red), showing the flow 

direction within the separated flow regions, for microchannel H3 using 

PAA (Mw=5x106 g mol-1) at a concentration of 100 ppm. The flow is in 

the reverse direction, from left to right, at Tabs = 295 K, under a DC 

potential difference of 120 V. ....................................................................... 230 



xl 

Figure 8-30: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 

5x106 g mol-1) at a concentration of 300 ppm, seeded with 1.0 µm TPs, 

using microchannel H3. The flow is in the reverse direction, from left to 

right, at Tabs = 295 K, and under DC potential differences of 5 V (A), 10 

V (B), 20 V (C), 30 V (D), 40 V (E), 50 V (F), 60 V (G), 70 V (H), 80 V 

(I), 90 V (J), and 100 V (K). The yellow arrow indicates the flow 

direction. ........................................................................................................ 231 

Figure 8-31: Schematic representation of flow instabilities (in red), showing the flow 

direction within the separated flow regions, for microchannel H3 using 

PAA (Mw=5x106 g mol-1) at a concentration of 300 ppm. The flow is in 

the reverse direction, from left to right, at Tabs = 295 K, under a DC 

potential difference of 60 V. .......................................................................... 232 

Figure 8-32: Evolution with time of flow behavior for an imposed DC potential 

difference of 60 V in microchannel H3, using an aqueous solution of PAA 

(Mw = 5x106 g mol-1) at a concentration of 300 ppm. The flow is in the 

reverse direction from left to right, at Tabs = 295 K. The yellow arrow 

indicates the flow direction. .......................................................................... 233 

Figure 8-33: Evolution with time of flow behavior for an imposed DC potential 

difference of 80 V in microchannel H3, using an aqueous solution of PAA 

(Mw = 5x106 g mol-1) at a concentration of 300 ppm. The flow is in the 

reverse direction from left to right, at Tabs = 295 K. The yellow arrow 

indicates the flow direction. .......................................................................... 234 

Figure 8-34: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 

5x106 g mol-1) at a concentration of 1000 ppm, seeded with 1.0 µm TPs, 

using microchannel H3. The flow is in the reverse direction, from left to 

right, at Tabs = 295 K, and under DC potential differences of 2.5 (A), 5 

(B), 7.5 (C), 10 (D), 12.5 (E), 15 (F), 20 (G), 40 (H) 60 (I), 80 (G), 100 

V (K). The yellow arrow indicates the flow direction. ................................. 235 

Figure 8-35: Schematic representation of some flow instabilities (in red), showing the 

flow direction within the separated flow regions, for microchannel H3 

using PAA (Mw=5x106 g mol-1) at a concentration of 1000 ppm. The flow 

is in the reverse direction, from left to right, at Tabs = 295 K, under a DC 

potential difference of 40 V. .......................................................................... 236 

Figure 8-36: Evolution with time of flow behavior for an imposed DC potential 

difference of 40 V in microchannel H3, using an aqueous solution of PAA 

(Mw = 5x106 g mol-1) at a concentration of 1000 ppm. The flow is in the 

reverse direction from left to right, at Tabs = 295 K. The yellow arrow 

indicates the flow direction. .......................................................................... 237 

Figure 8-37: Flow map in the electrical potential-polymer concentration parameter 

space representing the type of flow for microchannel H2 in the forward 

(A) and reverse (B) directions, and for microchannel H3 at the forward 

(C) and reverse (D) directions. ...................................................................... 239 



xli 

Figure 8-38: Centerline velocity profiles at z/H = 0.5, for microchannel H2 using the 

1000 ppm PAA (Mw = 5x106 g mol-1) solution, seeded with 1.0 µm TPs. 

The flow is in the forward (A) and reverse (B) directions, at Tabs = 295 K, 

and under a DC potential difference between 5 and 40 V. The black arrow 

indicates the flow direction. .......................................................................... 241 

Figure 8-39: Centerline velocity profiles at z/H = 0.5, for microchannel H3 using the 

300 ppm PAA (Mw = 5x106 g mol-1) solution, seeded with 1.0 µm TPs. 

The flow is in the forward (A) and reverse (B) direction, at Tabs = 295 K, 

and under a DC potential difference between 2.5 and 15 V. The black 

arrow indicates the flow direction. ............................................................... 241 

Figure 8-40: Pathlines obtained using the PTV technique, for microchannel H2 using 

the 1000 ppm PAA (Mw = 5x106 g mol-1) solution, seeded with 1.0 µm 

TPs. The flow is in the forward direction, from left to right, at Tabs = 295 

K, under DC potentials differences of 5, 15, and 40 V. The color bar 

represents the velocity magnitude in mm/s, while the black arrow 

indicates the flow direction. .......................................................................... 243 

Figure 8-41: Pathlines obtained using the PTV technique, for microchannel H2 using 

the 1000 ppm PAA (Mw = 5x106 g mol-1) solution, seeded with 1.0 µm 

TPs. The flow is in the reverse direction, from left to right, at Tabs = 295 

K, under DC potentials differences of 5, 15, and 40 V. The color bar 

represents the velocity magnitude in mm/s, while the black arrow 

indicates the flow direction. .......................................................................... 243 

Figure 8-42: Pathlines obtained using the PTV technique, for microchannel H3 using 

the 300 ppm PAA (Mw = 5x106 g mol-1) solution, seeded with 1.0 µm 

TPs. The flow is in the forward direction, from left to right, at Tabs = 295 

K, under DC potentials differences of 5, 15, and 40 V. The color bar 

represents the velocity magnitude in mm/s, while the black arrow 

indicates the flow direction. .......................................................................... 244 

Figure 8-43: Pathlines obtained using the PTV technique, for microchannel H3 using 

the 300 ppm PAA (Mw = 5x106 g mol-1) solution, seeded with 1.0 µm 

TPs. The flow is in the reverse direction, from left to right, at Tabs = 295 

K, under DC potentials differences of 5, 15, and 40 V. The color bar 

represents the velocity magnitude in mm/s, while the black arrow 

indicates the flow direction. .......................................................................... 244 

 

 

 

  



xlii 

  



xliii 

 

 

 

 

List of Tables 

 

 

 

 

Table 2-1: Zeta-potentials for different pairs of wall-fluid [28]. ....................................... 13 

Table 2-2: Typical EO mobilities of 1 mM NaCl aqueous solutions at different values 

of pH and for different microchannel materials [37]. ..................................... 20 

Table 3-1: Viscosity functions for some purely viscous non-Newtonian fluid models.

 ........................................................................................................................ 39 

Table 4-1: Working solution, geometrical configuration, electric field and measuring 

techniques used in each chapter. ..................................................................... 73 

Table 5-1: Electrical conductivity and pH of the working solutions (measured at Tabs 

= 298K). .......................................................................................................... 89 

Table 5-2: Wall zeta-potentials of TP and PDMS microchannels for the 1.0mM borate 

buffer with 0.05% SDS. The standard deviation is obtained from the 95 

% confidence interval for the slope of the linear fits in Fig. 5-9. ................... 99 

Table 6-1: Electrical conductivity, pH and extensional relaxation time for aqueous 

solutions of PEO (Mw=5x106 and 8x106 g mol-1) dissolved in 1 mM 

borate buffer measured at Tabs = 298 K. ....................................................... 114 

Table 6-2: Electro-osmotic (µeo) and electrophoretic (µep) mobilities for the 

viscoelastic solutions. The mobilities (µ) were computed from the slopes 

of u-E in Figs. 6-8, 6-30, and 6-46................................................................ 156 

Table 8-1: Microchannels dimensions, including the mask (design) size and the real 

size measurements. ....................................................................................... 199 

Table 8-2: Electrical conductivity and pH of the working solutions and extensional 

relaxation time of viscoelastic fluids, measured at Tabs = 295 K. ................. 200 

 

 

  



xliv 

  



xlv 

 

 

 

 

List of Abbreviations 

 

 

 

 

AC  Alternating current 

ACEK  AC electrokinetics 

ACEOF AC electro-osmosis flow 

DC  Direct current 

DCEK  DC electrokinetics 

DCEOF DC electro-osmosis flow 

DEP  Dielectrophoresis 

DH  Debye-Hückel 

EDL  Electric double layer 

EE  Electro-elastic 

EEI  Electro-elastic instability 

EK  Electrokinetics 

EKI  Electrokinetic instability 

EO  Electro-osmosis 

EOF  Electro-osmotic flow 

EOFI Electro-osmotic flow 

instabilities 

EP  Electrophoresis  

HEPES 4-(2-hydroxyethyl)-1-

piperazineethanesulfonic 

acid 

NP  Nernst-Planck  

PAA  Polyacrylamide 

PB  Poisson-Boltzmann 

PDF  Pressure-driven flow 

PEO  Polyethylene oxide 

PIV   Particle image velocimetry 

PNP  Poisson-Nernst-Planck 

PTT   Phan-Thien-Tanner  

PTV Particle tracking 

velocimetry 

sPTT Simplified Phan-Thien-

Tanner  

TP  Tracer particle 

UCM  Upper-convected Maxwell 

 

 

 



xlvi 

 



 

1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

PART I 

 

 

 

 

 

 

 

 

 

 

 



 

2 

 



 

3 

 

 

 

 

CHAPTER 1 

 

 

 

 

1 INTRODUCTION 

 

 

 

 

1.1 Research Motivation 

Microfluidic devices are expected to become new miniaturized laboratory platforms 

for such diverse areas as biology, chemistry and medicine [1-4]. They are used to manipulate 

fluids in microscopic geometries, with dimensions of the order of tens of micrometers, 

therefore reducing dramatically the volumes of processed fluid. Currently, microfluidics is 

a promising field of research with a high commercial impact: considering only the life 

sciences and in-vitro diagnostic application areas, the market value in 2016 was 53.61 billion 

euros, and is projected to exceed 69.80 billion euros in 2021. 

About 90% of microfluidic devices operate either using pressure-driven flows (PDF) 

(through the application of a pressure gradient using a syringe pump or a micro-pump), or 

electro-osmotic flow (EOF) via electrokinetic effects [4]. In many applications, the use of a 

syringe pump (or a micro-pump) is neither practical nor effective as for the development of 

portable equipment for lab-on-a-chip applications, such as biological sample analysis, due 

to the high operating cost and size. Moreover, for duct widths below 10 µm forcing by 

pressure becomes particularly inefficient due to the significant increase in viscous losses [4], 

since the ratio between surface and volume forces varies in inverse proportion to the channel 

characteristic length scale. In contrast, electrokinetic effects are particularly useful in this 

range of dimensions. In addition, electrokinetic flow forcing and flow control becomes a 

particularly convenient and efficient way of promoting flow in microfluidic devices as it 

avoids the need to integrate micro-mechanical pumps and mechanical valves for flow 

control, which increase the complexity and the cost of disposable microfluidic devices. 
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Despite the well-known advantages of using electrokinetic effects to drive flows in 

microfluidic devices, most studies in the literature are related to pressure-driven flows. In 

many microfluidic systems, synthetic or biofluids are used, which usually contain complex 

macromolecules that impart non-Newtonian rheological behavior. Only very recently 

viscoelastic fluid flows started to be investigated in the context of microfluidics under 

conditions of operation by electrokinetic effects. Most works on electrokinetics involving 

non-Newtonian fluids are theoretical studies of electro-osmosis in simple flows with the 

Generalized Newtonian fluid (GNF) model and only a few studies concern viscoelastic fluids 

described by nonlinear constitutive differential equations. Remarkably, experimental studies 

as well as numerical simulations of complex electro-osmotic flows of viscoelastic fluids are 

still very limited in the literature [5-10], and as a consequence the dynamics of viscoelastic 

fluid flows driven by electrokinetic effects, and the instabilities that are generated, are still 

largely unknown. This work proposes to address also this limitation.  

In the next section, the specific objectives of this research program are addressed, and 

the outline of the thesis is presented in Section 1.3. 

1.2 Objectives 

The main objective of this thesis is to provide both useful and vital knowledge on 

electrokinetic flows by investigating, mostly experimentally, EOF in a variety of microscale 

configurations, using complex viscoelastic fluids. For this purpose, a work plan was 

elaborated aimed at more specific objectives to develop the methods/techniques needed by 

this work, which include: 

1) To design an EOF experimental set-up in the host microfluidics laboratory; 

2) To develop a method that can measure the electro-osmotic velocity, and that can isolate 

the contribution of electrophoresis, when tracer particles are used; 

3) To investigate the response of Newtonian and viscoelastic fluids in a straight 

microchannel, under a pulsed electric field, in addition to analyzing individual tracer 

particles; 

4) To develop a method for micro-rheometry in EOF, that can allow the determination of 

rheological properties of viscoelastic fluids; 
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5) To investigate electro-osmotic instabilities at the microscale, and determine at which 

conditions they can occur. 

1.3 Outline of the Thesis 

This dissertation is made up of three parts, organized in 9 chapters as follows: 

PART I includes an introductory chapter, in addition to a theoretical and a review chapter, 

that highlight some essential fundamentals to be used throughout the thesis: 

Chapter 1: Introduction 

Chapter 2: Theoretical concepts 

Chapter 3: Literature review of electro-osmotic flow 

PART II starts with a description of the experimental techniques used and is followed by 

four chapters, presenting results that fulfill the thesis objectives. Until now, only one chapter 

has already been published in a peer-reviewed scientific journal (Chapter 5), and the works 

of the chapters (6-8) are expected to be submitted soon for publication. 

Chapter 4: Experimental techniques and procedures. 

Chapter 5: Measurement of electro-osmotic and electrophoretic velocities using pulsed 

and sinusoidal electric fields. This chapter was published in the journal 

Electrophoresis (DOI:10.1002/elps.201600368 [11]). 

Chapter 6: Particle-to-particle distribution analysis of electrokinetic flows of 

viscoelastic fluids under pulsed electric fields. 

Chapter 7: Electro-osmotic oscillatory flow of viscoelastic fluids in a microchannel. 

Chapter 8: Electro-elastic flow instabilities of viscoelastic fluids in contraction/expan-

sion micro-geometries. 

PART III closes this dissertation, with a first part highlighting the main conclusions of 

the thesis, followed by suggestions for future research in the area. 

Chapter 9: Conclusions and future work. 
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CHAPTER 2 

 

 

 

 

2 THEORETICAL CONCEPTS 

 

 

 

 

2.1 Introduction 

Many new applications of the chemical, physical and biological sciences and industrial 

processes involve the use of microsystems, which show significant advantages over more 

conventional macro-scale devices, such as the intensification of heat and mass transfer, fast 

response time, high-throughput and low consumption of samples, among others. Nowadays, 

microfluidic technology, defined as the manipulation of fluids at scales of the order of tens 

to hundreds of microns, represents a major area of development with applications in micro-

devices as diverse as micro-reactors, micro-pumps, micro-valves and micro-heat 

exchangers, among others. The operation of these micro-devices requires the use of micro-

sensors for the measurement of such quantities as pressure, temperature, mass flow rate or 

fluid velocity. Biomedical, energy and environmental sectors of activity are among the 

relevant areas where there has been substantial progress of microfluidic technologies over 

the last decade [1-11]. 

Fluid handling at the micro-scale often differs from the traditional way of handling 

fluids at the macro-scale, on account of the relative strength between volume and surface 

effects. At the macro-scale, fluid volume effects dominate over surface effects, and flows 

are usually driven by applied pressure gradients or by gravitational force. In contrast, as the 

size of devices is reduced down to the micro-scale the volume to area ratio decreases, surface 

effects start to overcome volume effects and consequently the fluid-wall interaction becomes 

significant [12]. Therefore, different methods become necessary to operate microfluidic-

based devices in a precise and suitable manner as macro-scale methods become less 
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adequate. Simultaneously, the use of such micro-components, as micro-valves, micro-pumps 

or micro-thrusters may be difficult, because of micro-fabrication limitations, especially 

when these devices require small moving parts. Small complex components are often 

difficult to manufacture, hence they are subjected to quick degradation and fabrication 

defects [13], and they are also very fragile, thus representing serious technological and 

economical disadvantages for pressure-driven flows (PDF). Additionally, on the low range 

of microfluidics, surface effects become so dominant that pressure forcing pumping becomes 

increasingly inefficient. Therefore, alternative pumping methods to PDF have been 

developed over the years to manipulate micro-flows, such as: degas-driven flow, surface 

acoustic wave driven flow, cilia driven flow and electro-osmosis flow (EOF). Pumping by 

electro-osmosis is a powerful and versatile method, since it can be easily controlled at the 

micro-scale, and flow results from the quick fluid response to the imposed electric field. 

Electrokinetics (EK), the study of fluid motion under the influence of an electric potential, 

is briefly introduced in Section 2.2, before EOF is discussed in more detail in Section 2.3. 

2.2 Electrokinetic Phenomena 

Electrokinetic (EK) phenomena arise due to the interaction between imposed electric 

potentials and a fluid containing ions in the vicinity of a dielectric surface, such as a duct 

wall or particles of a dielectric material. Those ions spontaneously form a charged layer, 

called the electric double layer (EDL), in the vicinity of solid-liquid interfaces. The motion 

of such ions can then be promoted by an imposed potential difference. The various EK 

phenomena can be broadly classified into four main categories [14-19]: 

 Electro-osmosis (EO): movement of a fluid containing ions relative to a stationary 

charged surface (microchannel wall) due to an imposed electric field. To study EOF 

under the influence of an applied electric field, without other effects, the streamwise 

pressure-gradient between the microchannel inlet and outlet should be negligible. 

Generally speaking, note that flow forcing by electro-osmosis may give rise to the 

appearance of pressure differences within the microchannels in which case the flow may 

combine characteristics of EOF and PDF; 

 Electrophoresis (EP): motion of dispersed charged particles relative to a stationary 

liquid induced by an imposed electric field. These particles are suspended freely in the 

electrolyte and they carry an electric charge at their shell, which appears spontaneously 
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at the particle-liquid interface. The imposed electric field generates an electric force 

acting on the particle charge leading to its motion; 

 Streaming potential: this phenomenon is observed when a homogenous ionized fluid 

moves steadily relative to a stationary charged surface driven by an applied pressure-

gradient. Under this condition, and in the absence of an electric current source along the 

microchannel, an induced electric potential difference (the streaming potential) is 

created between the microchannel outlet and inlet, that forces fluid to move by EOF in 

the opposite direction to that created by the applied pressure gradient; 

 Sedimentation potential: the motion of dispersed buoyant charged particles relative to 

a stationary liquid, by gravitational or centrifugal fields, forms an induced potential 

difference between the particles in the downstream and in the upstream positions. 

Sometimes, this phenomenon is also called Dorn effect or migration potential. 

In addition, EK can also be classified according to the applied electric field as DC or 

AC electrokinetics. DC electrokinetic (DCEK) phenomena include DC electro-osmosis flow 

(DCEOF) and electrophoresis (EP), whereas AC electrokinetic (ACEK) phenomena include 

AC electro-osmosis flow (ACEOF) and dielectrophoresis (DEP) [20, 21]. 

In summary, EOF is an ideal technique for pumping fluids at the microscale either 

using DCEOF or ACEOF. Both concepts are described in Sections 2.3.2 and 2.3.3, 

respectively, while Section 2.3.4 discusses the advantages of ACEOF over DCEOF. 

Nevertheless, this work will focus primarily on DCEOF, unless otherwise stated. Here, 

particular attention is given to the DCEOF experimental set-up in order to minimize the 

effects of streaming potential and dielectrophoresis, with particular attention given to 

electrophoresis to avoid its influence, whenever possible. For more details on EK effects, 

the reader is referred to [14-16]. 

2.3 Electro-Osmotic Flow (EOF) 

As previously described, EOF is an EK phenomenon, and the performance of such 

EOF devices depends strongly on the electric double-layer (EDL) that spontaneously forms 

next to the channel walls or electrode surfaces, and the imposed electric potential difference 

between the microchannel inlet and outlet. This technique has several advantages over the 

traditional PDF technique: it does not require any moving parts (thus reducing noise), ease 
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of fabrication, and highly efficient and versatile fluid flow control. Furthermore, EOF results 

in a plug-like velocity profile, hence the liquid moves as a plug in the microchannel, thus 

helping to reduce the fluid sample dispersion along the microchannel. Therefore, EOF is 

often a suitable method and in many cases the preferred method for pumping liquids through 

chemical and biomedical microfluidic lab-on-a-chip analytical systems [22-24].  

2.3.1 Electrical double layer 

When an electrolyte liquid is in contact with a dielectric wall, there is a spontaneous 

charge separation in the liquid and wall near the solid-liquid interface, as shown in Fig. 2-1. 

This phenomenon leads to the attraction of nearby ions of opposite charge (counter-ions) to 

the wall and repulsion of ions of same charge (co-ions) away from the wall. Fig. 2-1-(A) 

shows a schematic diagram of the free ions distribution adjacent to a negatively charged wall 

surface. Immediately next to the charged surface, there is a very thin layer of immobilized 

counter-ions (positive ions in the sketch) but their total charge is less than the wall charge 

because of the random thermal motion of ions; this is better known as the Stern layer, but 

compact layer or Helmholtz layer are also used. Adjacent to the Stern layer, there is a thicker 

and more diffuse layer of predominantly mobile counter-ions called diffusion layer (also 

known as Gouy-Chapman layer). These two layers are separated by a shear plane, and the 

region including the Stern layer up to the point where the electric potential equals zero is 

known as the electric double layer (EDL); its thickness is λD, or ĸ-1, and is also known as 

Debye layer thickness [25, 26]. 

 

 
Figure 2-1: Illustration of the ions distribution (A) and the potential distribution field of the 

EDL (B) at the region close to a flat wall surface in contact with a solution containing ions 

(adapted from [20, 25]). 
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The variation of the electric potential across the EDL is plotted in Fig. 2-1-(B). The 

potential is proportional to the difference in the concentrations of counter-ions and co-ions 

(assuming they both have identical charge) which gradually decreases with the wall distance 

and, as a result, the induced electric potential decreases to zero in the direction normal to the 

charged surface. The Stern layer is typically only a few angstroms in thickness and the 

electric potential decreases linearly within it, while outside of the Stern layer the electric 

potential decreases exponentially. The electric potential at the wall and shear plane are 

respectively denoted as the wall-potential ψw and the zeta-potential ζ. Because of the 

difficulties faced in measuring or predicting the wall-potential, empirically the zeta-potential 

is usually approximated to be the measure of the wall-potential. The bulk fluid outside the 

EDL is electrically neutral [20, 27]. 

Most solid surfaces (e.g. glass or silicon substrates) used in the fabrication of 

microfluidic devices spontaneously acquire a surface electric charge when brought into 

contact with an electrolyte, thus these materials can be used to promote EOF. The zeta-

potential depends on the fluid/solid pair and Table 2-1 lists typical values of zeta-potential 

for different fluids in contact with silica covered glass and PDMS [28]. The surface zeta-

potential is significantly affected by the pH of buffer solutions. 

 

 

 

Table 2-1: Zeta-potentials for different pairs of wall-fluid [28]. 

Working fluid Solution pH 
Zeta-potentials, ζ (mV) 

Fused silica covered glass PDMS 

Acetate 4.7 −35.5 ± 0.7 −17.2 ± 3.6 

HEPES* 7.2 −57.9 ± 0.6 −59.0 ± 1.4 

Borate 9.4 −69.5 ± 1.2 −74.4 ± 1.2 

        *HEPES: 4-(2-Hydroxyethyl)piperazine-1-ethanesulfonic acid. 

 

 

 

2.3.2 DC electro-osmosis 

The description provided in this section is related with the experimental work done in 

this dissertation. We consider the general case of a straight rectangular microchannel with 

identical walls (equal zeta-potentials), unless otherwise stated. We assume a fully-

developed, steady, incompressible, isothermal, purely electro-osmotic (EO) driven flow of 
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a fluid with uniform properties in a microchannel, as shown in Fig. 2-2. The boundary 

conditions are defined in Fig. 2-3-(A), and the microchannel illustrated has length L, height 

2H and two electrodes are mounted at the microchannel terminals (the positive electrode is 

shown on the left hand-side and the negative electrode is on the right hand-side). The origin 

of the coordinate system is located at the mid-position between both walls. The front and 

back boundaries are assumed as symmetry planes. 

The microchannel is filled with an electrolyte fluid and the DCEOF results from 

imposing a DC potential difference between the electrodes. The imposed DC potential 

difference generates an electric body force on the ions within the EDL, which then move 

towards the counter electrode (from left to right in Fig. 2-2). It is possible to reverse the flow 

direction if either the polarity of the walls or of the electrodes is reversed. 

The moving fluid within the EDL drags the neutral core fluid outside the EDL by 

viscous effects, resulting in a plug-like velocity profile across the channel width [29, 30] as 

schematically shown in Fig. 2-3-(B). This profile is unlike what is typically observed in PDF, 

in which the velocity profile is parabolic. Note that the charge magnitude of the EDL is 

governed by the zeta-potential of the channel/liquid pair. 

 

 

 

 

 
Figure 2-2: Schematic diagram of the principle of the DCEOF for a negatively charged wall 

(adapted from [30-32]) for a two-dimensional straight microchannel. 
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Figure 2-3: Schematic diagram, illustrating (A) the boundary conditions for a two-

dimensional straight microchannel, (B) the flow direction and DCEOF principle of operation 

(adapted from [33]), and (C) the boundary conditions at the EDL. 
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gradients and the electric potential gradients are null, i.e. at the EDL 
edge boundary

( / )du dy   

at the EDL 
edge boundary

( / ) 0d dy  . 

2.3.2.1 Governing equations 

The governing equations for solving EOF of Newtonian or non-Newtonian fluids, in 

the general form are the mass conservation, momentum and constitutive equations. The mass 

conservation equation, or continuity equation, for an incompressible fluid is: 

0  u          (2.1) 

and the momentum equation is given by: 

D
 

D
p

t
    

u
τ F        (2.2) 

where   is the fluid density (assumed constant), u is the velocity vector, t  the time, p the 

pressure and F the body force per unit volume. Generally, the viscoelastic extra-stress tensor, 

τ, can be split into the sum of Newtonian stress tensor component τs and an elastic stress 

tensor τp: 

p s τ τ τ           (2.3) 

By substituting Eq. (2.3) into (2.2), leads to: 

2

s p

D
 

D
p

t
      

u
u τ F       (2.4) 

since sτ  is given by: 

s s2τ D          (2.5) 

where s  is the constant solvent viscosity coefficient, T( ( ) / 2D u u)     is the 

deformation rate tensor and the divergence of τs is given by 2

s s  τ u . The polymeric 

contribution τp can be defined according to the selected constitutive equation (discussed later 

in Section 3.2.2). 

The body force F in Eq. (2.4) is given by: 

eF E            (2.6) 

where e  is the net electric charge density associated with the spontaneously formed EDL, 

and E  is the electric field which is associated with the overall electric potential   by 
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E=           (2.7) 

and the electric potential is governed by, 

2 e   


         (2.8) 

where  is the electrical permittivity of the solution. Two types of electric fields can be 

identified in EOF flows: one is the imposed electric field,  , generated by the electrodes at 

the inlet and outlet of the flow geometry; the other is the induced electric field,  , generated 

by the net charge distributions in the EDLs (i.e. the charge acquired spontaneously by the 

fluid near the walls). Both affect the ions distributions and their sum defines the overall 

electric field,  . Assuming that these two contributions (  and  ) are independent of each 

other, the linear superposition principle applies: 

              (2.9) 

This assumption is only valid provided that: (i) the EDL thickness, λD, is thin; (ii) the 

microchannel length, L, is long compared to the width; (iii) the gradient of the imposed 

electric field in the streamwise direction (between the channel inlet and outlet) is weak [34, 

35], D(Δ ) ( )L   . Under these assumptions, Eq. (2.8) can be written as two separate 

equations, 

2 0             (2.10) 

and  

2 e  


         (2.11) 

The latter equation is known as the Poisson-Boltzmann equation for charge 

distribution in the EDL. Finally, Eq. (2.4) for mixed electro-osmotic/pressure-driven 

(EO/PD) flow can be rewritten as: 

 2

s p e

D
 

D
p

t
           

u
u τ      (2.12) 

When the imposed pressure gradient is negligible, p  = 0, the flow is only driven by 

the applied external electric field and is called a purely electro-osmotic flow. Setting the 

polymer contribution τp to zero, the fluids can either be Newtonian or generalized (purely 

inelastic) non-Newtonian fluids. The case of τp ≠ 0 corresponds to viscoelastic fluids. 



Chapter 2  Theoretical concepts 

18 

2.3.2.2 Electric charge density 

This section presents the models used to describe the distribution of ions inside the 

EDL. This is required to quantify the electric charge density ( e ) in Eq. (2.12) in order to 

generate a closed-form system of equations. Depending on the required level of physical 

approximation, there are three different models typically used. The Poisson-Nernst-Planck 

(PNP) governing equation is the more general model and is used for complex ionic 

distributions, whereas the Poisson-Boltzmann (PB) and the Poisson-Boltzmann-Debye-

Hückel (PBDH) models are used to describe simplified conditions, as described below:  

 Poisson-Nernst-Planck (PNP) model: this is the more general model used to quantify 

e . It is based on a convective-diffusive transport equation to describe the distribution 

of co-ions and counter-ions, here assumed to have the same charge valence, 

 :z z z     

e ( )ez n n            (2.13) 

where e is the elementary electric charge. The electric charge density is computed from the 

concentrations of the positive (n+) and negative (n−) ions and each concentration is obtained 

from the solution of the corresponding convection-diffusion equation (also known as Nernst-

Planck equation): 

   
B

u
n ez

n D n D n
t k T

 


     
       

  
    (2.14) 

where D+ and D− are the diffusion coefficients of the positive and negative ions, respectively. 

The set of Eqs. (2.10), (2.11) and (2.14) are frequently named Poisson-Nernst-Planck 

equations (PNP). 

 Poisson-Boltzmann (PB) model: This model, derived from Eq. (2.14), is based on the 

assumption that significant variations of n± and   occur only in the normal direction to 

the channel walls and the EDLs from each wall do not overlap, leading to the following 

solution for the ion concentrations [16]: 

0

B

exp
ez

n n
k T

  
  

 
        (2.15) 
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This equation can be substituted in Eq. (2.13) to arrive at the following electric charge 

density distribution [36]: 

e 0

B

2 sinh
ez

n ez
k T

 
 

   
 

       (2.16) 

where 0n , Bk  and T are the ionic concentration density, the Boltzmann constant and the 

absolute temperature, respectively. The set of Eqs. (2.10), (2.11) and (2.16) are frequently 

named Poisson-Boltzmann equations (PB). 

 Poisson-Boltzmann-Debye-Hückel (PBDH) model: this model is a further 

simplification of the PB model. When B( / )ez k T  is small, Eq. (2.16) can be linearized 

(sinh )x x  leading to Eq. (2.17). Physically, this condition occurs at small ratios of 

electrical to thermal energies, and in such conditions the electric charge density 

simplifies to: 

2

e               (2.17) 

where 
2 2 2

0 B(2 / )n e z k T    is known as the Debye-Hückel parameter (DH), related to the 

thickness of the EDL by: 

1
2

1 B
D 2 2

02

k T

n e z
    

   
 

       (2.18) 

Equation (2.17) is known as Debye-Hückel equation and is only valid for thin EDLs. 

The set of Eqs. (2.10), (2.11) and (2.17) is frequently named Poisson-Boltzmann-Debye-

Hückel equations (PBDH). 

In each of the models described, Eqs. (2.13), (2.16) and (2.17) can quantify the electric 

charge density. 

2.3.2.3 Electro-osmotic mobility 

Considering the previously described assumptions (i.e. fully-developed, steady, 

incompressible, isothermal and purely EOF) in Eq. (2.4) for the case of a Newtonian fluid 

flowing in a straight microchannel (see Fig. 2-3), the magnitude of the plug-like electro-

osmotic (EO) velocity can be deduced theoretically by substituting Eqs. (2.6) and (2.11) into 

Eq. (2.4), leading to: 
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2 2

2 2

xEd u d

dy dy






         (2.19) 

Considering the appropriate EDL boundary conditions illustrated in Fig. 2-3-(B), this 

differential equation can be integrated twice with respect to y to arrive at: 

  



  xE

u         (2.20) 

Considering a thin EDL, outside the EDL the electrical potential ( ) is zero, resulting 

the Helmholtz-Smoluchowski EO velocity, eou , for the bulk: 

eo xu E





           (2.21) 

From Eq. (2.21) it can be realized that outside of the EDL eou  is linearly proportional 

to xE  and the fluid flows at a rate proportional to the imposed electric potential difference 

between the microchannel terminals, since ,   and   are constant properties provided the 

fluid is Newtonian and homogenous. This proportionality constant between eou  and xE  is 

knowns as EO mobility ( eo ) [15]: 

eo
eo

x

u

E







           (2.22) 

The EO mobility is a useful empirical parameter that can be used to compare the EOF 

effectiveness among different pairs of microchannel material/solution combinations, see 

Table 2-2, and in predicting the expected EOF velocity for a given imposed electrical field. 

 

 

 

Table 2-2: Typical EO mobilities of 1 mM NaCl aqueous solutions at different values of pH 

and for different microchannel materials [37]. 

Solution (1 mM NaCl) Material eo x 10-8 (m2 / s V)  

pH = 5  Glass 1 

pH = 7 

Glass 3 

Silicon 3 

PDMS 1.5 
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2.3.3 AC electro-osmosis  

ACEOF is another approach to electro-osmosis forcing which differs from the DCEOF 

not only on the imposed electric potential field (from DC to AC), but also on the typical 

electrodes set-up arrangement (i.e. electrodes size and location in the microchannels). 

Consequently, ACEOF is significantly different from DCEOF. 

Depending on the set-up used, the flow patterns can be classified as oscillatory, 

periodic, unidirectional or circulating EO flow. Accordingly, for electro-osmosis flow, if the 

electrodes set-up is similar to that shown in Fig. 2-2, and depending on the non-uniform 

imposed electric field (i.e. amplitude and frequency), three possible flow behaviors may 

happen: oscillatory EOF if imposing a nonzero time-averaged electric field [38], time-

periodic EOF if imposing a zero time-averaged electric field [39] or DCEOF if imposing an 

electric field with zero frequency (DC) [14, 26].  

For AC electro-osmosis, when the electrodes arrangement is similar to that shown in 

Figs. 2-4 or 2-5, each figure refers to a unique flow behavior. This section is organized to 

show the differences between DC and AC electro-osmosis flow, and only to explain the 

principle of operation of ACEOF. Hence, by considering a simple model with the electrodes 

arrangement as shown in Fig. 2-4, this setup is used to demonstrate a unidirectional flow by 

means of an AC electric field. The set-up comprises an asymmetrical pair of infinitely long, 

co-planar, ideally polarizable, electrodes separated by a narrow gap and placed on a non-

conducting surface immersed in an electrolyte solution. The figure clarifies the principle of 

operation during one full cycle of imposing a non-uniform electric field. The cycle is divided 

into two equal intervals of time, each corresponding to half of a period: the first half-period 

is shown in Figs. 2-4-(A-i) and -(A-ii) and the second half-period is shown in Figs. 2-4-(B-

i) and -(B-ii).  

Due to the periodic nature of the imposed electric potential, let the left electrode have 

a positive polarity during the first half-period. Once an AC potential difference is imposed 

at the electrodes surface, a non-uniform electric field E is created which sequentially 

generates a stable periodic flow immediately after a quick transition state. Fig. 2-4-(A-i) 

shows that on top of the electrodes surface the AC electric field establishes a potential with 

normal Ey and tangential Ex components. The normal component polarizes the electrode 

surface via a Coulombic force Fc, which is a capacitive charge, and it also induces a transient 
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current to charge the EDL, while the tangential component produces a force on the induced 

near-wall fluid charges that moves them and pulls the surrounding liquid via viscous forces. 

As long as the electric field is applied, the flow accelerates over the electrode surface, 

because the developed tangential force within the EDL produces a large velocity gradient 

parallel to the electrodes surface, which results in a bulk flow over the electrodes. This 

tangential Coulombic force reaches its maximum at the electrode edges. Fig. 2-4-(A-ii) 

shows the formation of eddies above the electrodes due to the effect of the induced electric 

field forces and the movement of the charged particles close to the electrode surface [30, 40, 

41]. In conclusion, two goals are achieved by using a pair of co-planar electrodes, whereby 

imposing a single electric field creates simultaneously a normal force component to induce 

charge separation and a tangential force component to drive the flow. 

Similarly, but by inverting the electrode polarity in the second half-period, as in Figs. 

2-4-(B-i) and -(B-ii), it can be realized that the net flow rate direction continues to be from 

left to right, because the induced flow fields above the smaller electrode works to direct the 

net flow towards the larger electrode [42, 43]. 

For this set-up, the net flow motion is strongly dependent on several parameters such 

as the frequency and amplitude of the imposed oscillating electric field, electrolyte 

concentration, and the microchannel geometrical design. The frequency of the electric field 

should be chosen carefully within an intermediate range, because close to the electrode 

surface the electric field creates a potential field which has a tangential component 

responsible for partially screening the ions laying within the EDL diffusive layer. For low 

AC frequencies, the electric field is completely screened out by the equilibrium double layer, 

while for very high AC frequencies, the double layer is absent due to the limited ionic 

mobility/response time.  
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Figure 2-4: Schematic diagram of the principle of ACEOF for an asymmetrical pair of co-

planar electrodes separated by a narrow gap during one full cycle, divided into two equal 

intervals of times. (A) first intervals of time when the left electrode has a positive polarity: 

(A-i) electric field on top of a polarized asymmetric electrode; (A-ii) ACEOF net bulk flow 

field (red dashed line) accompanied by the formation of eddies (blue solid line) above the 

electrodes surface due to the induced electric field force components. (B) second intervals 

of time when the electrode polarity is inverted due to the periodic nature of the imposed 

potential, which creates instabilities responsible for the appearance of eddies such as those 

shown in Fig. 2-4-(B-ii) (adapted from [30, 42]). 

 

 

 

 

The basic principle of an ACEOF pumping method was previously illustrated using a 

simple model, but in actual experimental ACEOF set-ups, to obtain a unidirectional flow, 

the microchannel should be fabricated to include not just one pair of electrodes, but a set of 

arrays of electrode pairs located and arranged close to each other along the microchannel 

lower wall only, or along both lower and upper walls as shown in Fig. 2-6. 
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For mixing purposes another arrangement is used, as illustrated in Fig. 2-5. This set-

up comprises a symmetric pair of co-planar electrodes, where the imposed non-uniform 

electric fields at the electrode surface induce the fluid streams to be symmetrical over the 

left and right electrodes; hence, the fluid stream will start to recirculate over the electrodes 

resulting in mixing and not in a net fluid pumping [44-46]. For more details on experimental 

and numerical works regarding ACEOF, the reader is referred to [47-52].  

 

 

 

 

 
Figure 2-5: Schematic diagram of the principle of ACEOF. Symmetrical pair of co-planar 

electrodes, separated by a narrow gap, during one half-period when the left electrode has a 

positive polarity. Red dashed line shows the flow streamlines (adapted from [44, 46]). 
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Figure 2-6: Schematic diagram for an experimental ACEOF set-up. The electrode pairs are 

located and arranged (A) only along the lower wall (reproduced with permission from [41]), 

(B) along the lower and upper wall (reproduced with permission from [43]). 
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2.3.4 Advantages of ACEOF 

It is recognized that DCEOF is not a useful approach to manipulate fluids with 

suspended natural or living species (such as cells, DNA, viruses, etc.), because it may require 

the use of high voltages, which can damage the living organisms. Furthermore, DCEOF is 

usually accompanied by bubble formation at the electrodes and this affects the pH of the 

electrolyte [53]. In contrast, ACEOF has been used with low voltages and at moderate 

frequencies and found to be a suitable and useful concept to handle and create fluid motion 

for fluids containing organisms, in biological and biomedical systems [43, 53].  

EOF is typically a laminar flow because of the small sizes of the microchannels and 

the low velocities of the fluids involved. Hence, DCEOF as well as ACEOF working 

principles, or their combination, are possible driving forces to enhance mixing processes 

either using active methods, or through passive mechanisms arising from so-called electro-

osmotic flow instabilities (EOFI), discussed in Section 2.4. The latter concept is categorized 

into electrokinetic instabilities (EKI) (presented in Section 2.4.1) and electro-elastic 

instabilities (EEI) (discussed in Section 2.4.2). EKI may be possible with any fluid, whereas 

EEI are restricted to viscoelastic fluids, since it depends on the rheological properties of 

polymer additives ensuing from their stretch, bending and recoil as they flow. 

2.4 Electro-Osmotic Flow Instabilities 

Efficient mixing is essential to enhance the performance of many devices, and micro-

scale devices are no exception. As reported in the literature, many pharmacological, clinical 

and other diagnostic analyses are carried out with small samples and this requires a device 

that can perform fast and with a full reaction, thus a good and efficient mixing is a pre-

requisite. In microchannels, mixing is usually a difficult process because at their 

characteristical low Reynolds numbers, typical of laminar flow, it is usually limited to the 

slow molecular diffusion mechanism. Recently, EO driven flows have been used for 

enhancing mixing if the flow is characterized by the occurrence of flow instabilities. These 

can be the more common electrokinetic instabilities (EKI), but also the electro-elastic 

instabilities (EEI). Classical EKI occurs when fluids with significantly different electrical 

conductivities [54-58] are involved in the same flow, whereas EEI can appear for 

viscoelastic fluids and are thus able to develop elastic instabilities in the presence of 

electrokinetic forcing [33, 59-65].  
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2.4.1 Electrokinetic instabilities 

Describing in detail EKIs is beyond the scope of the current work. In summary, the 

EKI working mechanism depends on the existence of electrical conductivity gradients in the 

fluid in a microchannel and the application of a high intensity external electrical field. Such 

flow instabilities can stir the flow streams along the microchannel, to result in a rapid and 

quick flow mixing. Effective mixing in microchannels is a big challenge since the flow is 

frequently laminar and dominated by the slow molecular diffusion process (i.e. at these 

dimensions, the molecular diffusion mechanism dominates the species mixing rather than 

convection or turbulence, so typical at macro-scales). Thus, to enhance mixing at micro-

scale requires the induction of flow instabilities such as EK flow instability, which can be 

used with any fluid, including Newtonian fluids, as long there are significant conductivity 

gradients. 

Oddy et al. [54] were among the first to observe EKI in a microfluidic system and 

subsequently a series of works motivated the whole class of recent contributions. In fact, 

micro-mixing enhancement through EKI is a recent technique, still under intense 

investigation. Winjet et al. [55] numerically investigated EKI in a T-type glass microchannel, 

using two aqueous electrolyte solutions having a conductivity ratio of 3.5:1, driven 

electrokinetically by imposing a DC electrical field with or without alternating electrical 

field perturbations. The results showed that, once the electrical field intensity exceeds a 

critical threshold value, an unstable disturbance develops and waveforms start to appear. The 

perturbations start at the channel entrance and propagate downstream to mix the two flowing 

electrolytes within the microchannel. Adding an electrical intensity perturbation to the DC 

electrical field significantly helps to enhance the mixing efficiency, even when the DC 

electrical field intensity is below the critical threshold value. For further details the reader is 

referred to [54-58]. 

2.4.2 Electro-elastic instabilities 

At the micro-scale, EO driven flows can lead to EKI and in addition we can promote 

efficient mixing by EEI using viscoelastic fluids. Miniaturisation reduces the characteristic 

time scale of the flow and enhances the effect of fluid elasticity, which increase as the 

characteristic length scale decreases. Flow nonlinearities can be used to promote mixing, as 

with turbulence at the macro-scale, but it is a classical difficulty to achieve in microfluidic 
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devices. However, elastic fluids are characterized by a nonlinear rheological behavior and 

therefore elastic instabilities are enhanced when the characteristic length scale decrease, and 

arise often in PDF of viscoelastic fluids [59, 60, 63-65]. We expect similar instabilities to 

occur in EO driven flows of complex fluids as in pressure-driven flows [33, 61, 62], provided 

the flow velocities achieved are sufficiently high for the specific fluid elasticity to drive 

elastic instabilities.  

Pressure-driven flows are accompanied by strong shear effects, more intense near the 

channel walls, which complicates the data analysis. In contrast, we expect EOF to present 

shear effects only within the thin EDL [66] and this can be an advantage in situations where 

micro-mixing is undesirable, as in micro-rheology chips to measure the rheological 

properties of polymer solutions. Likewise, depending on the geometrical configuration (i.e. 

a microchannel with curved flow streamlines), flow condition (Reynolds and Weissenberg 

numbers) and type of viscoelastic fluid, EO driven flows may exhibit special and unique 

features of flow transitions, as observed in PDF, including either a direct transition from 

steady symmetric to time-dependent flow, or alternatively the production of two purely 

elastic flow instabilities, including the transition from a steady symmetric to a steady 

asymmetric flow, and the subsequent transition to time-dependent flow at higher 

Weissenberg numbers. This latter phenomenon was firstly reported experimentally for PDF 

by Arratia et al. [59] and subsequently predicted numerically by Poole et al. [60], using a 

cross-slot flow geometry (i.e. a configuration with two orthogonal flow inlets and two 

outlets) and a viscoelastic fluid described by the upper-convected Maxwell model, under 

creeping flow conditions. In common, both works found a critical Deborah number (De) that 

characterizes the first transition, after which if increasing the flow rate until a second critical 

De the flow eventually becomes time-dependent. Similar observation was also reported in 

[63-65] in a flow-focusing device, i.e. a configuration with three flow inlets and one outlet. 

Here, our main concern is to investigate if EEI also arise in viscoelastic, EO driven flows. 

From the literature, it is notorious that limited efforts have been directed towards 

examining flow mixing induced by EEI. Bryce and Freeman [61, 62] were among the first 

to work on this topic. In [61] they found that forcing a polymer-free solution using EO 

through a 2:1 microchannel constriction lead to a stable laminar creeping flow, while by 

adding a small amount of pre-solvated polymeric mixtures of high molecular weight to the 

working fluid, which imparted elasticity to the solution, resulted on the appearance of large 

flow instabilities and enhanced mixing. Additionally, for EOF shear is mainly limited to the 
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EDL and instabilities which occur along the microchannel streamwise direction are due to 

the presence of polymeric molecules in the bulk flow, where macromolecules start to stretch 

and bend, to create hoop-stresses, that cross the flow stream lines, and thereby break the 

stability of laminar flow, hence flow instabilities are enhanced in contrast to polymer-free 

solutions which continuously display stable flow under the range of electric potentials 

investigated [67]. 

Bryce and Freeman [61] used the same flow configuration, but the focus was on 

understanding the underlying extensional flows. Again, they arrived at the same conclusions, 

but they also concluded that extensional instabilities appeared when the flow rate reached a 

critical value and as the polymeric concentration increase, but still well below the overlap 

concentration, the measured fluctuations of flow instabilities quickly increased to a peak 

value and stabilized. Also, micro-gel formation was observed when applying a high voltage 

difference between the electrodes. In addition, the authors also found that polymer addition 

was accompanied by an increase of the shear viscosity, which later resulted in a slight 

decrease in the flow mixing, but that reduction was recovered by means of a further increase 

in the flow viscoelasticity, which consequently generated elastic-driven instabilities [61, 62]. 

After validating their viscoelastic numerical EOF code for straight channel flow, 

Afonso et al. [33] were able to predict an elastic instability from steady symmetric to 

unsteady flow in EOF in a cross-slot, which occurred above a critical Wi, and that by 

reducing the EDL thickness also leads to a decrease of the critical Wi number. The absence 

of the first transition between two steady flow patterns (symmetric to asymmetric) could be 

due to the fact that for purely EOF the shear flow is limited to the wall/corner EDL thickness, 

hence the flow becomes less stable to support steady asymmetric flow in the cross-slot 

geometry. 

2.5 Electrophoresis (EP) and Dielectrophoresis (DEP) 

Electrophoresis (EP) is a basic electrokinetic transport phenomenon referring to the 

motion of polarizable charged ions, particles, macromolecules, bacteria, or cells suspended 

in an electrolyte, when subjected to a uniform electric field. Once the electric field is set, a 

potential difference generates a forcing on the charged particles to move relative to the 

surrounding stationary liquid, and the charged particles start to move toward the anode or 

cathode depending on their polarity. During their motion, some of the liquid surrounding the 
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charged particles can be dragged. Figure 2-7 illustrates the charge distribution around a 

single electrophoretic particle and the corresponding EDL, by assuming a positively charged 

surface [14]. The EP velocity can be expressed in a similar way to the EO velocity (see, Eq. 

(2.21)) by (note the opposite sign): 

p

ep xu E





          (2.23) 

where ζp is the tracer particle wall zeta-potential. Likewise, the EP mobility ( ep ) is given 

by: 

ep p

ep

x

u

E







          (2.24) 

A major difference between Eqs. (2.21) and (2.23) relies on the velocity direction: for 

the same applied electrical field only if ζ and ζp have opposite signs (ζ < 0 and ζp > 0, or the 

opposite), both the EP and EO velocities have the same sign. Several authors [28, 68, 69] 

have also reported that usually EO is accompanied by EP when particles are used to measure 

the velocity field, because typically the used particles are not electrically neutral. This 

subject is investigated in this dissertation, primarily in chapter 5. 

 

 

 

 
Figure 2-7: Illustration of electrophoretic transport phenomenon (adapted from [20, 25, 70]). 
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understanding of electrophoresis and dielectrophoresis transport phenomena, references [71, 

72] are suggested. 

2.6 Summary 

This chapter presented an overview of electrokinetic forcing, with particular attention 

given to electro-osmotic flows (EOF). Specifically, the relevant concepts of DCEOF in a 

straight microchannel, and the governing equations needed to describe the EOF of 

Newtonian and non-Newtonian fluids were briefly discussed. The typical approximation 

models used to evaluate the distribution of ions in the electric double layer (EDL) were also 

presented. This chapter also discussed electrokinetic instabilities and presented a review of 

the literature on instabilities which originate from the coupling of elasticity with electro-

osmosis, denoted by electro-elastic instabilities (EEI). Finally, a brief overview of the basic 

concepts of electrophoresis (EP) and dielectrophoresis (DEP) was also presented.  
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3 LITERATURE REVIEW ON ELECTRO-OSMOTIC FLOW 

 

 

 

 

3.1 Introduction 

Electro-osmotic flows of Newtonian fluids have been the subject of extensive 

analytical, numerical and experimental studies over the years. In contrast, much less work 

was carried out using non-Newtonian fluids, for which interesting differences relative to 

EOF operating with Newtonian fluids have been reported. This chapter is targeted at 

reviewing and discussing the work done so far with non-Newtonian fluids, and in particular 

with viscoelastic fluids, but the corresponding Newtonian flow investigations are also 

discussed as they are always the reference case. This chapter is organized in four sections, 

with the first section presenting some relevant concepts regarding the more common fluid 

models, and the last three sections aimed at reviewing EOF for the three types of fluids 

considered. 

3.2 Generalized Newtonian and Viscoelastic Fluid Models 

This section discusses some commonly used rheological models, for both generalized 

Newtonian and viscoelastic fluids. 

3.2.1 Inelastic non-Newtonian fluid models 

An inelastic non-Newtonian fluid is a purely viscous fluid of variable viscosity, also 

known as a generalized Newtonian fluid (GNF). For this type of models, the extra-stress 

does not depend on the fluid deformation history and is only dependent on the instantaneous 

and local deformation rate. GNF models include the limiting case of Newtonian fluids and 
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their shear stress response in a steady Couette flow is sketched in Fig. 3-1 as function of the 

shear rate. Generalized Newtonian fluids obey an explicit relationship between the stress 

tensor τ  and the rate of deformation tensor γ , described by: 

    T   
γ γ

τ = γ u uⅡ Ⅱ       (3.1) 

where  
γ

Ⅱ  is the shear viscosity that usually depends on the second invariant of the rate 

of deformation tensor  γ
Ⅱ , and u  is the velocity field. The relationship between the shear 

stress and the shear rate in an ideal Couette flow for purely viscous non-Newtonian fluids 

can be classified, as shown in Fig. 3-1, as shear-thinning, in which the shear viscosity 

decreases as the shear rate increases, and shear-thickening, in which the shear viscosity 

increases with shear-rate. The Newtonian behavior stands in-between these two groups, with 

a shear viscosity that is independent of the shear rate. Another type of materials are known 

as yield stress materials, in which they are solid-like below the yield stress τ0, and behave as 

fluids for τxy > τ0 (the particular case of a Bingham fluid is illustrated in Fig. 3-1). 

The shear viscosity can be approximated by one of many empirical equations (or 

mathematical models), such as the power-law, Carreau and Bingham fluid models [1, 2], see 

Table 3-1. These models vary in their mathematical complexity and limitations, and for 

further information the reader is referred to [3, 4]. 

 

 

 
Figure 3-1: Shear stress τxy

 as a function of the shear-rate γ  for various purely viscous 

fluids and materials in steady Couette flow. 
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Table 3-1: Viscosity functions for some purely viscous non-Newtonian fluid models. 

Model Apparent viscosity function Characteristic behavior 

Power-law 

fluid 
1  nK   

K and n are the flow consistency index and the 

power-law exponent, respectively.  

The value of n controls the fluid behavior:  

 n < 1, shear-thinning fluid. 

 n = 1, Newtonian fluid. 

 n > 1, shear-thickening fluid. 

Carreau fluid  
 1

2 2

0( ) 1  



 
     
 

n

      
0  and  are the low and high shear rate limiting 

values of the fluid viscosity, respectively, and   is 

a fluid parameter. 

Bingham fluid 
0τ

γ
    0  is the yield stress and   is the high shear rate 

viscosity asymptote. 

 

 

Viscoelastic fluids are another type of non-Newtonian fluids (described in the next 

Section), which exhibit combined characteristics of a viscous liquid and an elastic solid. 

Typical viscoelastic fluids include polymer melts and solutions, synovial fluid, saliva and 

blood, among others.  

3.2.2 Viscoelastic fluids 

Viscoelastic fluids exhibit complex, nonlinear, time-dependent characteristics which 

arise due to the fluid vanishing memory, such as their ability to store energy and partially 

recover from previous deformation once the applied force or stress is removed. Depending 

on the level of flow complexity and required level of accuracy of the flow description, the 

use of complex constitutive equations of differential or integral form is required [5-7]. For 

polymer solutions, the equations used are usually of differential type. The Oldroyd-B fluid 

is one of such models, where the polymeric extra-stress contribution pτ  term in Eq. (2.12) 

takes the following form: 

p 1 p p  2τ τ D 


          (3.2) 

where 1  and p  are, respectively, the relaxation time and polymer viscosity coefficient, 

both constant, and pτ


 is the upper-convected time derivative of the extra-stress tensor, given 

by: 
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Tp

p p p p
t

 
        



τ
τ u τ τ u u τ      (3.3) 

The solvent viscosity coefficient ratio,  , accounts for the ratio of the solvent 

viscosity to the total viscosity, and is defined by: 

s

p s







 
         (3.4) 

and varies in the range 0 ≤ β ≤ 1. For the Oldroyd-B fluid model, β can take any value in the 

range  ] 0, 1 [, for β = 1 the fluid is Newtonian ( p =0), and if β = 0 and λ1 ≠ 0 the UCM 

fluid model is recovered. For other more complex constitutive models, the reader is referred 

to [3, 8]. 

3.3 Electro-Osmotic Flow of Newtonian Fluids 

Electrokinetic flows of Newtonian fluids have attracted the attention of several 

authors, as reviewed in [9-11], with particular emphasis on EOF due to its simple 

applicability over a wide range of applications, including micro-pumping [12] and micro-

mixing [13]. 

Several studies have been undertaken on EOF involving Newtonian fluids. In the 19th 

century, Reuss [14] was the first to demonstrate the principle of electro-osmosis, followed 

by subsequent extensive studies, especially over the past 30 years, including analytical [15-

17], numerical [18-21], or experimental [22, 23] studies, or any combination of those 

approaches for validation [24-26]. Some of the important investigations of EOF of 

Newtonian fluids are discussed next. 

In the literature, several parameters are analyzed using a variety of methods and 

techniques. Dutta and Beskok [15] investigated analytically the velocity distribution, 

pressure gradient, mass flow rate, vorticity and wall shear stress for combined electro-

osmotic/pressure difference (EO/PD) driven flows in a two-dimensional straight channel. 

Using a finite-difference method, Yang et al.[18] studied numerically the EOF between two 

parallel plates and in a 90o bend microchannel, and discussed the effects of the EDL and of 

the applied electrostatic field on the velocity profiles, volumetric flow rate, pressure drop, 

friction factor, and convective heat transfer. Arnold et al.[24] carried out a numerical 

investigation (based on the modified Navier-Stokes equations, together with the Poisson-
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Boltzmann approach), as well as an experimental study of the EOF in straight microchannels, 

in order to obtain the flow rate experimentally and compared it against the numerical results, 

observing a good agreement. Kim et al.[25] also used the same methodologies for solving 

numerically the EOF and validated experimentally the velocity distributions, using a micro-

particle image velocimetry system (µ-PIV), for a straight channel with a groove, and a T-

junction with rectangular cross section, and the results obtained matched well. Wang et al. 

[26] used the same methodologies, but for estimating the wall zeta potential and the average 

EOF velocity by means of measuring the time required for one electrolyte to be displaced 

through a microchannel by another similar electrolyte of different concentration and 

observed that the results are in good agreement the theoretical model. 

Park et al. [21] compared EOF modelled by the Nernst-Planck (NP) equations and by 

the simplified Poisson-Boltzmann (PB) model for steady and unsteady EOF through a 

straight microchannel with homogeneous and inhomogeneous zeta-potentials, and also for 

the flow through irregular microchannels with a sudden expansion and sudden contraction. 

The results involving a very thin EDL in a straight microchannel, and even for an irregular 

microchannel, showed similarity in the velocity profiles for both models, while for thicker 

EDL, the results showed significant differences. 

Other interesting topics investigated in the past include the study of EOF of two 

immiscible fluids flowing through microchannels [16, 17, 19], studying the behavior of 

mixed EO/PD flows in microchannels subjected to thermal effects [20], and measuring 

experimentally the near-wall EO velocity field, by means of a nano-PIV technique [23]. 

Gaudioso and Craighead [22] investigated also experimentally the EOF in borosilicate glass 

capillaries and zeonor plastic microfluidic devices, to assess which surfaces can support EOF 

and which surfactant coatings on the walls can yield stable and reproducible measurements. 

In summary, for Newtonian fluids a wide range of effects and flow conditions have 

been investigated in the past, and this contrasts with the less extensive literature involving 

non-Newtonian and viscoelastic fluids in EOF, as will be shown in the next sections. 

3.4 Electro-Osmotic Flow of Generalized Newtonian Fluids 

Some research groups have also investigated flows of generalized Newtonian fluids 

driven by electro-osmosis. Most of those studies refer to theoretical and analytical solutions 

[6, 27-33], due to the ability to obtain exact solutions in simple geometries, while other 
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numerical work have also been reported [34-38]. In contrast, experimental work is less 

frequent, thus indicating a relevant topic for future research. 

Analytical solutions typically use simple GNF models, such as the power-law fluid 

model, under fully-developed flow conditions. Das and Chakraborty [6] and Chakraborty 

[30] were among the first to use this rheological model in EOF. Their work is limited to the 

use of the power-law model to describe the fluid rheology of a blood sample. Das and 

Chakraborty [6] derived explicit analytical solutions for GNF flows, including heat and mass 

transfer, in a rectangular microchannel under the influence of EOF, to evaluate the velocity, 

temperature and concentration distributions within the channel, as a function of the various 

relevant rheological parameters. 

Chakraborty [30] presented a theoretical model to describe the capillary filling 

dynamics in rectangular microchannels, for generalized Newtonian fluid flows driven by 

electro-osmosis. This research has important applications in lab-on-a-chip micro-systems 

and micro-devices, because it can help to improve and optimize solutions associated with 

the potential of capillary filling, such as the air bubble formation and microchannel blockage, 

through improvement of the fabrication process, enhancing the arrangement of the 

components, and facilitating particle transportation in lab-on-a-chip micro-systems and 

micro-devices. 

Note, however, that assuming that a non-Newtonian fluid behaves as a purely viscous 

fluid may be an over-simplification of reality and, more than with any other type of fluids, 

the need of comparing with experimental data is crucial for these fluids. Therefore, it remains 

to be seen whether many of these theoretical investigations stand the test of reality. An 

exception to these types of work are some of the works reviewed next, in which the authors 

compared experimental data with theoretical arguments based on the model of generalized 

Newtonian fluids. 

Olivares et al. [31] investigated analytically the effect of non-Newtonian fluid 

properties and polymer concentration near a solid-liquid interface on EOF characteristics. 

At interfaces, polymers can behave differently, if compared with their behavior in the bulk 

of the microchannel. The polymer concentration may be uniform, or non-uniform, depending 

on the appearance of a layer of variable polymer concentration next to solid-liquid interfaces. 

This non-homogeneous layer may be due to wall adsorption or depletion of polymer 
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molecules, depending on the interaction forces between the wall, the solvent and the polymer 

molecules at the interface. This near-wall layer is usually known as the skimming layer. 

Olivares et al. [31] analyzed in more detail the polymer depletion at the solid-liquid interface, 

besides presenting some experimental results for validation. 

In the same trend, Berli and Olivares [32] presented a theoretical study on the effect 

of wall depletion for a flow driven simultaneously by EO and pressure gradient of non-

Newtonian fluids described by the power-law model, in slit and cylindrical microchannels. 

The depletion layer is characterized by a thickness (δ) where the local viscosity is usually 

lower than the viscosity of the fluid in the bulk. By combining the effects resulting from the 

depletion layer and EOF, and considering that the depletion layer thickness (δ) is much wider 

than the electric double layer thickness (λD), see Fig. 3-2, (which means that EK effects 

essentially take place in a region of pure solvent, in which the fluid behaves as a Newtonian 

fluid under the effect of pressure gradient and EO forcing, whereas the region outside the 

depletion layer can be considered electrically neutral and behaving like a non-Newtonian 

fluid), Berli and Olivares derived analytical solutions for the illustrated flow conditions, for 

the velocity profile, flow rate and electric field. In contrast, if there is an adsorption layer at 

the solid-liquid interface, EOF decreases significantly due to the fact that near the wall the 

fluid is more viscous than in the bulk due to the higher polymer concentration [31]. 

 

 

 
Figure 3-2: Schematic diagram of a microchannel wall with a depletion layer and EDL of 

thicknesses δ and λD, respectively (adapted from [32]). 

 

 

Zhao et al. [27] presented a mathematical model, also using the power-law model, to 

analyze the EOF in a slit microchannel, and obtained exact analytical solutions, for the 

velocity field, but only for specific values of the power-law index (n), under the Debye-

Hückel approximation. For arbitrary values of the power-law index, only approximate 
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solutions were obtained, which compared well with the corresponding numerical solutions 

for the same specific values of n. 

Zhao and Yang [33] extended the previous analytical work [27] for mixed 

electrokinetic/pressure-driven flows and their computational results showed that EK effects 

have a more significant influence on shear-thinning fluids in comparison to shear-thickening 

fluids. Further work with the power-law fluid model was carried out by Tang et al. [34] who 

computed the electric flow field potential distribution using the lattice Boltzmann model and 

results showed the variation in EO velocity patterns with regards to the power-law index. 

Vasu and De [35] investigated numerically EOF of power-law fluids to examine the ability 

to increase the flow rate, when operating with shear-thinning fluids, by characterizing the 

flow as a function of the power-law and consistency indices, zeta-potential, and normalized 

Debye layer thickness. Zhao and Yang [29] investigated also the EOF of power-law fluids 

over a surface with arbitrary small zeta-potentials, to obtain a general nonlinear expression 

for the Smoluchowski velocity relating non-Newtonian fluid and electric field 

characteristics. 

Again, these are other cases in which similar conclusions were reached without any 

comparison with experiments. Hadigol et al. [36] used a two-dimensional numerical scheme 

based on the finite volume method to analyze both purely EO and mixed EO/PD driven flow. 

They showed that increasing the wall zeta-potential or decreasing the EDL thickness 

increased more the volumetric flow rate and the pressure variation for shear-thinning fluids 

than for shear-thickening fluids. Similar conclusions were also reached by Babaie et al. [37], 

who investigated numerically mixed EO/PD flow without invoking the DH approximation. 

Later, Babaie et al. [38] extended their previous work [37], by invoking the DH 

approximation, and investigated the influence of temperature on the EO/PD system showing 

that temperature effects are relevant only at very high values of the DH parameter. 

On the other hand, Zhao and Yang [28] derived a closed-form exact solution for the 

EO velocity profile and the average velocity for the power-law model, and their results 

qualitatively confirm previous findings about the effect of the power-law index on the flow 

dynamics. In summary, decreasing the power-law-index (increasing shear-thinning), or 

increasing the EK parameter (corresponding to a thinner Debye layer), leads to a more plug-

like velocity profile. 
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3.5 Electro-Osmotic Flow of Viscoelastic Fluids  

The literature on EOF of viscoelastic fluids is scarcer than for Newtonian or 

generalized Newtonian fluids. Since early 2008, analytical studies have been reported by 

various research groups [39-47], whereas numerical studies are scarcer [48, 49]. Park and 

Lee [39, 40] were among the first to extend previous studies for purely viscous non-

Newtonian fluids, to incorporate viscoelasticity. In their work on pure EOF of viscoelastic 

fluids, Park and Lee [39] derived an analytical equation to evaluate the Helmholtz-

Smoluchowski velocity, by a simple cubic algebraic equation, which can be used as a wall 

boundary condition (instead of the no-slip condition), in order to avoid the need to resolve 

the thin EDL, to obtain the volumetric flow rate, considering six different constitutive 

models: Newtonian, upper-convected Maxwell (UCM), Oldroyd-B, simplified Phan-Thien 

Tanner (sPTT), full PTT, and modified PTT models. Their results showed that the 

volumetric flow rate obtained based on the concept of the Helmholtz-Smoluchowski velocity 

at the wall is almost the same as those obtained numerically based on the full computation 

with the finite volume method resolving accurately the EDL flow field. 

Later, using the computational power, Park and Lee [40] extended their previous study 

to investigate the EOF of viscoelastic fluids, using the finite volume method to compute 

numerically the flow of UCM, PTT, and Oldroyd-B fluids. The flow was investigated in a 

rectangular duct with or without an imposed axial pressure gradient. The numerical results 

showed the appearance of significant secondary flows when imposing an external axial 

pressure gradient. Moreover, under the same conditions of EOF and PDF forcings, the 

computed volumetric flow rates for Newtonian and viscoelastic fluids are significantly 

different. No comparison with experimental data was presented on any of these works. 

Afonso et al. [41] obtained the analytical solution for mixed EO/PD flow between 

parallel plates of viscoelastic fluids described by the simplified  PTT model (zero second-

normal stress difference)with linear kernel for the stress coefficient function and for the 

Finitely Extensible Non-linear Elastic (FENE-P) model, with a Peterlin approximation [50] 

for the average spring force. Their theoretical analysis was restricted to the cases of small 

EDL thickness, when the distance between the walls of a microfluidic device is at least one 

order of magnitude larger than the EDL width [15], and the fluid concentration is uniformly 

distributed across the channel. These authors showed that when the viscoelastic fluid flow is 

induced by a combination of both electric and pressure potentials, there is an extra term in 
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the velocity profile, which comes out from the simultaneous combination of both forcing 

mechanisms. This extra term is absent for Newtonian fluids, where the linearity of both the 

fluid rheology and EO allows the use of the superposition principle. This extra term can 

contribute significantly to the total flow rate, and appears only when the rheological 

constitutive equation is non-linear (i.e. it is absent for the UCM and Oldroyd-B equations, 

which are quasi-linear models). 

Afonso et al. [42] extended their previous analytical study [41] to the flow between 

two parallel plates of viscoelastic fluids for microchannels with asymmetric wall zeta-

potentials, under the mixed influence of EO and pressure gradient forcings. The fluid 

viscoelasticity was modelled by the sPTT and FENE-P models. This work [42] discussed 

the combined effects of fluid rheology, EDL thickness, ratio of the wall zeta-potentials, and 

ratio between the applied streamwise gradients of electrostatic potential and pressure, on the 

fluid velocity and shear and normal stress distributions. 

Dhinakaran et al. [44] further extended the work of Afonso et al. [41], and presented 

an analytical solution of pure EOF of a viscoelastic fluid between two parallel plates using 

the full PTT model, including the Gordon-Schowalter convected derivative. An analytical 

expression was presented for the critical shear rate and critical Deborah number (De) that 

can be applied to maintain steady fully-developed flow. Beyond such critical conditions, a 

flow instability occurs due to the non-monotonicity of the shear stress function as observed 

in shear banding [51]. 

Sousa et al. [43] obtained analytical solutions for the combined EO and pressure 

gradient flow forcing of simplified PTT fluids, by considering the presence of a Newtonian 

skimming layer near the microchannel wall. The formation of this skimming layer depends 

on interactions at the interface between the wall following on the ideas of Olivares [31]. 

When the skimming layer is wider than the EDL thickness, the fluid within the EDL is 

Newtonian (essentially the solvent) and even though the fluid is viscoelastic outside the 

EDL, the fluid dynamics is identical to that for a Newtonian fluid except if the strength of 

the pressure forcing is large. Since the flow is dominated by this characteristic Newtonian 

fluid wall layer, there is an enhancement in the flow rate compared to the corresponding case 

of uniform polymer concentration. 
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Misra et al. [45] also studied analytically the EOF of viscoelastic fluids, aimed at 

developing biomedical lab-on-a-chip microsystems for blood, saliva and DNA solutions. 

Blood rheology can be considered as a useful clinical parameter for identifying some 

diseases [52]. These authors used a viscoelastic blood analogue represented by a second-

grade fluid model to investigate the effects of EO parameters on the kinematics of blood-

like flows in terms of the velocity distribution, the volumetric flow rate, and the distribution 

of the electric potential field for flow in a channel with stretching walls. Note, however, that 

the second grade model is not an accurate constitutive equation to describe this flow since 

close to the walls the velocity gradients in EOF are very high. The interested reader is 

referred to Bird et al. [5] for an assessment of the conditions of validity of order expansion 

constitutive equations. 

Liu et al. [46] presented an analytical solution for the time periodic one-dimensional 

EOF of linear viscoelastic fluid flows between micro-parallel plates, using the method of 

variable separation. The constitutive equation used was the single-mode Maxwell model. 

Analytical non-dimensional expressions for velocity profile and volumetric flow rate were 

obtained as a function of the oscillating Reynolds number (Re), electro-dynamic width, and 

normalized relaxation times, which can help understand the flow characteristic for this flow 

configuration.  

Choi et al. [47] used the PTT model to carry out a theoretical study based on fully-

developed two-dimensional steady EOF of viscoelastic fluids, and reported novel velocity 

profiles for varying zeta-potentials between the top and the bottom boundaries. 

More recently, Afonso et al. [48] used the finite volume method (FVM) to numerically 

investigate two-dimensional purely EO viscoelastic flow in a straight microchannel with 

symmetric and asymmetric wall zeta-potentials. The FVM was employed to solve the 

coupled governing equations, namely the continuity equation, the Cauchy momentum 

equation with the applied electric body force, together with a variety of constitutive 

equations, namely the upper-convected Maxwell and the Phan-Thien-Tanner models. 

Afonso et al. [48] compared three different levels of approximation to describe the 

distribution of the electric charge density, namely the Poisson-Nernst-Planck (PNP) 

equations and the PB distribution with or without the DH approximation. Their numerical 

code was initially verified against the analytical results for fully-developed EOF through 
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straight microchannels, and was also used to simulate viscoelastic fluid flows in a cross-slot 

device, up to the onset of electro-elastic instabilities under creeping flow conditions. 

Afonso et al. [49] carried out further analytical work with viscoelastic EOF to 

investigate the viability of an EOF pumping technique. They derived an analytical model for 

a two-fluid EOF pump, consisting of two parallel immiscible viscoelastic fluid streams, 

where a conducting fluid stream driven by EOF viscously drags a non-conducting fluid 

stream. Flow rate enhancement was observed for the non-conducting Newtonian fluid 

whenever the elasticity of the shear-thinning conducting fluid increases. 

Very recently, Pimenta and Alves [53] developed an open-source viscoelastic flow 

solver for EK driven flow of viscoelastic fluids, which can be used in the OpenFOAM® 

environment, allowing for easy numerical simulation of EOF of complex viscoelastic fluids. 

In summary, this review shows a lack of experimental work for investigating EOF of 

viscoelastic fluids, with most of the work done limited only to analytical and numerical 

investigations.  

3.6 Summary 

This chapter presents a review of the literature on EK flows and illustrates the lack of 

experimental evidence regarding EOF of non-Newtonian fluids, and in particular for 

viscoelastic fluids. This clearly justifies the objectives and the outline presented in Chapter 

1, addressing specifically the following research activities in this thesis: 

investigating/developing a technique to directly measure the electrophoretic and electro-

osmotic velocities using tracer particles, by addressing the coupling between electro-osmosis 

and electrophoresis; investigating the possibility of using electro-osmosis as a tool to 

measure rheological properties of viscoelastic fluids; investigating electro-elastic flow 

instabilities of complex fluids in different flow configurations. 

Reference  

[1] Chhabra, R. P., and Richardson, J. F., 1999, "Non-Newtonian fluid behaviour," Non-

Newtonian Flow in the Process Industries: Fundamentals and Engineering Applications, R. 

P. Chhabra, and J. F. Richardson, Eds., Butterworth-Heinemann, Woburn. 

[2] Chhabra, R. P., 2010, "Non-Newtonian fluids: an introduction," Rheology of Complex 

Fluids, A. P. Deshpande, J. M. Krishnan, and P. B. S. Kumar, Eds., Springer, London, pp. 

3-34. 



Chapter 3   Literature review of EOF 

49 

[3] Grigoriev, R., 2011, "Microfluidic flows of viscoelastic fluids," Transport and mixing in 

laminar flows: from microfluidics to oceanic currents, H. G. Schuster, Ed., Wiley-VCH 

Verlag & Co. KGaA, Weinheim, Germany. 

[4] Morrison, F. A., 2001, Understanding rheology, Oxford University Press, New York. 

[5] Bird, R. B., Armstrong, R. c., and Hassager, O., 1987, Dynamics of polymeric liquids 

(Vol. 1), John Wiley & Sons, Inc., Canada. 

[6] Das, S., and Chakraborty, S., 2006, "Analytical solutions for velocity, temperature and 

concentration distribution in electroosmotic microchannel flows of a non-Newtonian bio-

fluid," Analytica Chimica Acta, 559(1), pp. 15-24. 

[7] Siginer, D. A., 2014, Stability of Non-Linear Constitutive Formulations for Viscoelastic 

Fluids, Springer International Publishing, London. 

[8] Barnes, H. A., Hutton, J. E., and S., K. W. F. R., 1993, An introduction to rheology, 

Elsevier, Netherlands. 

[9] Karniadakis, G., Beskok, A., and Aluru, N., 2005, Microflows and nanoflows: 

fundamentals and simulation, Springer Science Business Media Inc., USA. 

[10] Tabeling, P., 2005, Introduction to microfluidics, Oxford University Press Inc., New 

York. 

[11] Bruus, H., 2008, Theoretical microfluidics, Oxford University Press Inc., New York. 

[12] Laser, D. J., and Santiago, J. G., 2004, "A review of micropumps," Journal of 

Micromechanics and Microengineering, 14(6), pp. R35-R64. 

[13] Chang, C. C., and Yang, R. J., 2007, "Electrokinetic mixing in microfluidic systems," 

Microfluidics and Nanofluidics, 3(5), pp. 501-525. 

[14] Reuss, F. F., 1809, "Sur un nouvel effet de l’électricité galvanique," Mémoires de la 

Societé Impériale dês Naturalistes de Moscou, 2, pp. 327-337. 

[15] Dutta, P., and Beskok, A., 2001, "Analytical solution of combined 

electroosmotic/pressure driven flows in two-dimensional straight channels: finite Debye 

layer effects," Anal Chem, 73(9), pp. 1979-1986. 

[16] Gao, Y., Wong, T. N., Yang, C., and Ooi, K. T., 2005, "Two-fluid electroosmotic flow 

in microchannels," J Colloid Interface Sci, 284(1), pp. 306-314. 

[17] Gao, Y., Wong, T. N., Yang, C., Nguyen, N. T., Ooi, K. T., and Wang, C., 2006, 

"Theoretical investigation of two-fluid electroosmotic flow in microchannels," International 

Mems Conference 2006, 34, pp. 470-474. 

[18] Yang, R. J., Fu, L. M., and Lin, Y. C., 2001, "Electroosmotic flow in microchannels," 

J Colloid Interface Sci, 239(1), pp. 98-105. 



Chapter 3   Literature review of EOF 

50 

[19] Gao, Y. D., Wong, T. N., Chai, J. C., Yang, C., and Ooi, K. T., 2005, "Numerical 

simulation of two-fluid electroosmotic flow in microchannels," International Journal of Heat 

and Mass Transfer, 48(25-26), pp. 5103-5111. 

[20] Liao, Q., Zhu, X., and Wen, T. Y., 2009, "Thermal effects on mixed electro-osmotic 

and pressure-driven flows in triangle microchannels," Applied Thermal Engineering, 29(5-

6), pp. 807-814. 

[21] Park, H. M., Lee, J. S., and Kim, T. W., 2007, "Comparison of the Nernst-Planck model 

and the Poisson-Boltzmann model for electroosmotic flows in microchannels," J Colloid 

Interface Sci, 315(2), pp. 731-739. 

[22] Gaudioso, J., and Craighead, H. G., 2002, "Characterizing electroosmotic flow in 

microfluidic devices," J Chromatogr A, 971(1-2), pp. 249-253. 

[23] Sadr, R., Yoda, M., Zheng, Z., and Conlisk, A. T., 2004, "An experimental study of 

electro-osmotic flow in rectangular microchannels," Journal of Fluid Mechanics, 506, pp. 

357-367. 

[24] Arnold, A. K., Nithiarasu, P., and Eng, P. F., 2008, "Electro-osmotic flow in 

microchannels," Proceedings of the Institution of Mechanical Engineers Part C-Journal of 

Mechanical Engineering Science, 222(5), pp. 753-759. 

[25] Kim, M. J., Beskok, A., and Kihm, K. D., 2002, "Electro-osmosis-driven micro-channel 

flows: a comparative study of microscopic particle image velocimetry measurements and 

numerical simulations," Experiments in Fluids, 33(1), pp. 170-180. 

[26] Wang, C., Wong, T. N., Yang, C., and Ooi, K. T., 2007, "Characterization of 

electroosmotic flow in rectangular microchannels," International Journal of Heat and Mass 

Transfer, 50(15-16), pp. 3115-3121. 

[27] Zhao, C., Zholkovskij, E., Masliyah, J. H., and Yang, C., 2008, "Analysis of 

electroosmotic flow of power-law fluids in a slit microchannel," J Colloid Interface Sci, 

326(2), pp. 503-510. 

[28] Zhao, C. L., and Yang, C., 2011, "An exact solution for electroosmosis of non-

Newtonian fluids in microchannels," Journal of Non-Newtonian Fluid Mechanics, 166(17-

18), pp. 1076-1079. 

[29] Zhao, C., and Yang, C., 2010, "Nonlinear Smoluchowski velocity for electroosmosis of 

power-law fluids over a surface with arbitrary zeta potentials," Electrophoresis, 31(5), pp. 

973-979. 

[30] Chakraborty, S., 2007, "Electroosmotically driven capillary transport of typical non-

Newtonian biofluids in rectangular microchannels," Anal Chim Acta, 605(2), pp. 175-184. 

[31] Olivares, M. L., Vera-Candioti, L., and Berli, C. L., 2009, "The EOF of polymer 

solutions," Electrophoresis, 30(5), pp. 921-929. 

[32] Berli, C. L., and Olivares, M. L., 2008, "Electrokinetic flow of non-Newtonian fluids 

in microchannels," J Colloid Interface Sci, 320(2), pp. 582-589. 



Chapter 3   Literature review of EOF 

51 

[33] Zhao, C., and Yang, C., 2009, "Analysis of power-law fluid flow in a microchannel 

with electrokinetic effects," International Journal of Emerging Multidisciplinary Fluid 

Sciences, 1 pp. 37-52. 

[34] Tang, G. H., Li, X. F., He, Y. L., and Tao, W. Q., 2009, "Electroosmotic flow of non-

Newtonian fluid in microchannels," Journal of Non-Newtonian Fluid Mechanics, 157(1-2), 

pp. 133-137. 

[35] Vasu, N., and De, S., 2010, "Electroosmotic flow of power-law fluids at high zeta 

potentials," Colloids and Surfaces a-Physicochemical and Engineering Aspects, 368(1-3), 

pp. 44-52. 

[36] Hadigol, M., Nosrati, R., and Raisee, M., 2011, "Numerical analysis of mixed 

electroosmotic/pressure driven flow of power-law fluids in microchannels and 

micropumps," Colloids and Surfaces a-Physicochemical and Engineering Aspects, 374(1-

3), pp. 142-153. 

[37] Babaie, A., Sadeghi, A., and Saidi, M. H., 2011, "Combined electroosmotically and 

pressure driven flow of power-law fluids in a slit microchannel," Journal of Non-Newtonian 

Fluid Mechanics, 166(14-15), pp. 792-798. 

[38] Babaie, A., Saidi, M. H., and Sadeghi, A., 2012, "Electroosmotic flow of power-law 

fluids with temperature dependent properties," Journal of Non-Newtonian Fluid Mechanics, 

185-186, pp. 49-57. 

[39] Park, H. M., and Lee, W. M., 2008, "Helmholtz-Smoluchowski velocity for viscoelastic 

electroosmotic flows," J Colloid Interface Sci, 317(2), pp. 631-636. 

[40] Park, H. M., and Lee, W. M., 2008, "Effect of viscoelasticity on the flow pattern and 

the volumetric flow rate in electroosmotic flows through a microchannel," Lab Chip, 8(7), 

pp. 1163-1170. 

[41] Afonso, A. M., Alves, M. A., and Pinho, F. T., 2009, "Analytical solution of mixed 

electro-osmotic/pressure driven flows of viscoelastic fluids in microchannels," Journal of 

Non-Newtonian Fluid Mechanics, 159(1-3), pp. 50-63. 

[42] Afonso, A. M., Alves, M. A., and Pinho, F. T., 2011, "Electro-osmotic flow of 

viscoelastic fluids in microchannels under asymmetric zeta potentials," Journal of 

Engineering Mathematics, 71(1), pp. 15-30. 

[43] Sousa, J. J., Afonso, A. M., Pinho, F. T., and Alves, M. A., 2011, "Effect of the 

skimming layer on electro-osmotic-Poiseuille flows of viscoelastic fluids," Microfluidics 

and Nanofluidics, 10(1), pp. 107-122. 

[44] Dhinakaran, S., Afonso, A. M., Alves, M. A., and Pinho, F. T., 2010, "Steady 

viscoelastic fluid flow between parallel plates under electro-osmotic forces: Phan-Thien-

Tanner model," J Colloid Interface Sci, 344(2), pp. 513-520. 

[45] Misra, J. C., Shit, G. C., Chandra, S., and Kundu, P. K., 2011, "Electro-osmotic flow of 

a viscoelastic fluid in a channel: applications to physiological fluid mechanics," Applied 

Mathematics and Computation, 217(20), pp. 7932-7939. 



Chapter 3   Literature review of EOF 

52 

[46] Liu, Q. S., Jian, Y. J., and Yang, L. G., 2011, "Time periodic electroosmotic flow of the 

generalized Maxwell fluids between two micro-parallel plates," Journal of Non-Newtonian 

Fluid Mechanics, 166(9-10), pp. 478-486. 

[47] Choi, W., Joo, S. W., and Lim, G., 2012, "Electroosmotic flows of viscoelastic fluids 

with asymmetric electrochemical boundary conditions," Journal of Non-Newtonian Fluid 

Mechanics, 187-188, pp. 1-7. 

[48] Afonso, A. M., Pinho, F. T., and Alves, M. A., 2012, "Electro-osmosis of viscoelastic 

fluids and prediction of electro-elastic flow instabilities in a cross slot using a finite-volume 

method," Journal of Non-Newtonian Fluid Mechanics, 179, pp. 55-68. 

[49] Afonso, A. M., Alves, M. A., and Pinho, F. T., 2013, "Analytical solution of two-fluid 

electro-osmotic flows of viscoelastic fluids," J Colloid Interface Sci, 395, pp. 277-286. 

[50] Bird, R. B., Dotson, P. J., and Johnson, N. L., 1980, "Polymer solution rheology based 

on a finitely extensible bead-spring chain model," Journal of Non-Newtonian Fluid 

Mechanics, 7(2–3), pp. 213-235. 

[51] Alves, M. A., Pinho, F. T., and Oliveira, P. J., 2001, "Study of steady pipe and channel 

flows of a single-mode Phan-Thien–Tanner fluid," Journal of Non-Newtonian Fluid 

Mechanics, 101(1–3), pp. 55-76. 

[52] Tran-Son-Tay, R., and Shyy, W., 2006, "Blood rheology," Encyclopedia of Medical 

Devices and Instrumentation, J. G. Webster, Ed., John Wiley & Sons, New Jersey. 

[53] Pimenta, F., and Alves, M. A., 2017, "RheoTool: toolbox to simulate GNF and 

viscoelastic fluid flows in OpenFOAM®," https://github.com/fppimenta/rheoTool. 

 

https://github.com/fppimenta/rheoTool


 

53 

 



 

54 

 



 

55 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

PART II 

 

 

 

 

 

 

 

 

 

 

 

 



 

56 

 



 

57 

 

 

 

 

CHAPTER 4 

 

 

 

 

4 EXPERIMENTAL TECHNIQUES AND PROCEDURES 

 

 

 

 

4.1 Introduction 

This chapter describes the experimental setup and fluids used in this dissertation, along 

with the experimental techniques and procedures used. 

4.2 EOF Experimental Set-up 

The experimental investigation of EOF required the design and construction of a new 

set-up in the host microfluidics laboratory. The experimental set-up shown in Fig 4-1, and 

schematically illustrated in Fig. 4-2, consists of four main parts: 

- Microchannel set-up assembly: includes the components placed on the stage of an 

inverted epi-fluorescence microscope. This assembly comprises PDMS 

microchannels, working solution, fluorescent micro-particles, silicone tubes, plastic 

connectors and metallic wires (electrodes). The system is designed as a closed 

system by externally connecting both ends of the microchannel. With this assembly 

the fluid level at each reservoir is kept at a constant level, because the fluid 

displaced by EO is externally replenished. Therefore, it is possible to run the device 

for a long time without generating external pressure effects (i.e. there is no build-

up of an adverse pressure gradient). 

- System control and flow monitoring: The EOF data is visualized and recorded using 

a desktop computer, and the data are acquired either by a high-speed camera 

(Photron FASTCAM Mini UX100) to record images at 2000 or 4000 frames per 
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second (fps), or by a sensitive sCMOS camera (Andor, Neo 5.5) which acquires 

images with high quantum efficiency even under a very low light intensity. 

- Inverted microscope: consists of an inverted epi-fluorescence microscope (Leica 

Microsystems GmbH, DMI 5000M), equipped with a continuous light source 

(100W mercury lamp), filter cube (Semrock CY3-4040C) and objectives of 20X 

(Leica Microsystems GmbH, numerical aperture NA = 0.4) or 10X (Leica 

Microsystems GmbH, numerical aperture NA = 0.3). 

- Electric equipment and electric connectors: their function is to generate the 

required AC or DC electric field, and may comprise one or more of the following 

equiments: function generator, high voltage power supply sequencer, high voltage 

amplifier and oscilloscope. 

 

 

 

 

Figure 4-1: The EOF setup used in the experiments. 
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Figure 4-2: Schematic diagram of the EOF experimental setup. 
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microchannel with equal zeta-potential at all the walls in contact with fluid, as explained 

next: 

 The surface of the SU-8 mold is treated with a few (2-3) drops of a silanizing agent 

for 20 minutes (we use tridecofluoro-1,1,2,2-tetrahydrooctyl-1-trichlorosilane, 

also known as trichlorosilane, United Chemical Technologies), see Fig. 4-3-(B). 

This process is essential prior to the fabrication process to facilitate the removal of 

the PDMS from the mold after curing without causing any damage to the SU-8 

photoresist material. Silanization must be repeated if the removal of the PDMS 

substrate from the mold becomes more difficult.  

 An homogeneous solution of 5:1 (wt/wt) PDMS:curing agent (Sylgard 184, Dow 

Corning Inc) is prepared using a vortex mixer, and then the solution is degassed 

for several minutes to remove the air bubbles. Next, the PDMS solution is poured 

over the SU-8 mold and degassed again, see Fig. 4-3-(C). Afterwards, the PDMS 

solution is cured by placing the mold in the oven at a constant temperature of 80 

ºC for 20 minutes. After curing, the mold is removed from the oven to cool down 

and the PDMS substrate is cut and peeled off from the mold, see Fig. 4-3-(D). Then 

using a proper puncher (Cembre, KE616-ST uninsulated end sleeve, 3.5 mm 

diameter and 15 mm height) the PDMS substrate is punched perpendicular to its 

surface at two definite locations to create the microchannel inlet and the outlet 

ports. The puncher tip should be sharp to achieve good results. Later, the substrate 

is cleaned carefully with air to remove any fine dust or PDMS that may stick to it. 

 The PDMS solution is also poured over one of the clean sides of a glass substrate 

to form a uniform thin layer using a spin coater (Laurell WS-650S-6NPP). The 

layer thickness is kept uniform by setting the spin speed at 5000 rpm for 50 s, see 

Fig. 4-3-(E). Afterwards, the PDMS layer is cured by placing the glass substrate in 

the oven at a constant temperature of 80 ºC, for 2 minutes. 

 After the thin layer of PDMS is cured, the glass substrate is immediately removed 

from the oven and sealed to the PDMS substrate, and later placed back in the oven 

for at least 12 hours at 80ºC. 
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Figure 4-3: PDMS microchannel fabrication procedure: SU-8 mold fabricated using a 

chromium mask (A); the SU-8 mold has the inverse structure of the designed microchannels 

(B), treated by silanizing agent; a PDMS solution with 5:1 ratio of PDMS:curing agent is 

poured over the SU-8 mold to cure at 80 ºC for 20 minutes (C); the cured PDMS substrate 

is cut and peeled off from the mold, then punched to create the microchannel inlet/outlet 

ports (D); a thin layer of PDMS 5:1 solution is poured over a glass substrate and cured at 80 

ºC for 2 minutes (E); to obtain the final microchannel, the PDMS substrate is sealed to the 

glass side which has a thin layer of PDMS (F); finally, the microchannel is kept in the oven 

at 80ºC for at least 12 hours. 
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4.4.1 Newtonian fluid 

Newtonian fluids are used as reference cases in order to test the experimental 

procedures and in understanding the flow behavior prior to the use of complex fluids which 

may develop flow instabilities, under certain flow conditions. 

Borate buffer (Sigma-Aldrich) with a pH of 9 was selected over distilled water as a 

Newtonian fluid, because it has a highly stable pH and ionic conductivity, which is key to 

controlling precisely the system chemistry and obtaining good repeatability of the entire 

experiment. Borate buffer was prepared based on boric acid and borax (sodium tetraborate 

decahydrate). The concentration of 1 mM was used as the standard working solution, but in 

some experiments 5 mM and 10 mM borate buffers were also used. 

In the flow visualizations and particle tracking experiments, that will require the 

addition of fluorescent tracer particles, sodiumdodecylsulfate (SDS, Sigma-Aldrich) was 

added at a concentration of 0.05 % (wt/wt) to minimize the adhesion of the fluorescent tracer 

particles to the PDMS channel walls, unless otherwise stated.  

4.4.2 Viscoelastic fluids 

Two polymers were used in this work to prepare several types of viscoelastic fluids: 

polyacrylamide (PAA, Polysciences) of two molecular weights (Mw = 5x106 g mol-1 and 

18x106 g mol-1) in water, at concentrations of 100, 300, 1000 and 10000 ppm (wt/wt) for the 

lowest Mw, and at concentrations of 100, 200 and 400 ppm (wt/wt) for the highest Mw ; 

polyethylene oxide (PEO, Sigma-Aldrich) of two molecular weights (Mw = 5x106 g mol-1 

and 8x106 g mol-1) in water at concentrations of 500, 1000, 2000 and 3000 ppm (wt/wt) for 

the lowest Mw and at concentrations of 500, 1000 and 1500 ppm (wt/wt) for the highest Mw. 

All PAA solutions were prepared by directly dissolving the polymer in distilled water and 

no buffer was used, since this would decrease significantly the relaxation time, and 

consequently the elasticity of the fluid [8]. In contrast, all the PEO solutions were dissolved 

in 1 mM borate buffer, mainly because without the buffer it was found that PEO solutions 

stay nearly still and behaving strangely under the effect of the imposed electric field. The 

dissolution process was done by agitating the polymer in a glass bottle using a magnetic 

stirrer rotating at low speeds, to avoid rupture of the polymer molecular chains, and 

consequently to avoid mechanical degradation accompanied by significant changes in the 

rheological properties. The prepared polymer solutions were stored in the refrigerator to 
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minimize biological degradation. To minimize photo-induced degradation for PEO solutions 

[9], the bottles were covered from light.  

No surfactant was added to reduce particle adhesion to the walls, since the higher 

viscosity of the PAA or PEO solutions leads to negligible particle adhesion or sedimentation. 

4.5 Physical Characterization of the Solutions 

This section focus on the theoretical considerations of the measuring techniques used 

to characterize the electric and rheological properties of the Newtonian and viscoelastic 

fluids. 

4.5.1 Electric properties 

Borate buffer is selected as the standard Newtonian working fluid. The characteristics 

of the prepared aqueous buffer solutions are identified by measuring the solution pH and the 

ionic conductivity. The measurements are repeated for each fresh solution. 

Ionic conductivity is related with the amount of ions in an aqueous solution, and 

measures the solution ability to carry electric current. The conductivity was measured with 

a conductivity meter (CDB-387, Omega), and its working principle requires putting two flat 

electrodes within a sample liquid solution with a potential difference between them. If the 

solution is conductive, anions (negatively charged ions) migrate towards the anode (positive 

electrode), while cations (positively charged ions) move towards the cathode (negative 

electrode), generating a flux of electrons detected by an ammeter. The probe used to measure 

the conductivity has two electrodes mounted on its tip, separated by a distance (d) and with 

surface area (A). The probe sensitivity depends on a factor, called the cell constant (K) 

defined by: 

K = d / A         (4.1) 

where lower K values refer to a probe with high sensitivity [10]. The ionic conductivity is 

defined by: 

  k = K / R = K / ( V / I )        (4.2) 
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where R is the resistance of the solution, V is the applied voltage and I is the current. For 

example, the typical ionic conductivity for ultrapure water, distilled water, and deionized 

water are 0.055, 1 and 80 μS/cm, respectively [11]. 

 

 

 

 

Figure 4-4: Schematic diagram of the conductivity meter. 

 

 

 

The solution pH corresponds to the concentration of hydrogen ions (H+) in an aqueous 

solution, that can either be measured with a pH indicator paper or more precisely using a pH 

meter. It is mathematically defined by: 

 10pH log H              (4.3) 

where [H+] is the molar concentration of H+. 

In this work, the solution pH is measured with a pH meter (pH 1000L, pHenomenal®, 
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of known pH, which provides a stable and constant voltage. On the contrary, the measuring 

electrode is surrounded by a pH sensitive glass bulb in contact with the solution of unknown 
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pH of both solutions, one of which is known. This potential difference is fed to the pH meter 

through a connecting cable to display the pH value [11]. 

4.5.2 Rheological properties 

The rheology of all fluids needs to be characterized, but whereas for the Newtonian 

fluids only the behavior in steady shear is needed, the proper characterization of the 

viscoelastic solutions requires both measurements in shear and in extensional flows. 

4.5.2.1 Shear rheology 

Shear rheology refers to the study of the fluid deformation, and the corresponding 

stresses, under conditions of ideal shear flow, where a fluid sample is sheared between two 

surfaces separated by a fixed distance and moving relative to each other [12]. The most 

common geometries used in a rotational rheometer are the parallel-plates, the cone-plate and 

the concentric cylinders. In the present investigation, shear measurements were performed 

on a stress-controlled rotational rheometer (Physica MCR301, Anton Paar) with a 75 mm 

cone-plate system with angle θ = 1º, used to measure the viscosity of the solutions in steady 

shear flow. The system is schematically shown in Fig. 4-5 with a lower plate fixed and an 

upper cone that rotates with an angular velocity Ω. Such system allows the measurement of 

the non-linear fluid properties at different rates of deformation. For the system shown, a 

uniform shear-rate is applied throughout the whole sample, given by: 







          (4.4) 

The shear stress τ is calculated from the resisting torque M on the cone, as follows: 

3
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         (4.5) 

and the corresponding shear viscosity η is [13]: 
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        (4.6) 

where R is the cone radius. For accurate measurement of η, the rotational rheometer has 

lower and upper boundary limits of operation that should be considered. The lower boundary 

limit, called the minimum torque line, is determined from the torque resolution (M0) of the 
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rheometer. We consider that accurate measurements require the measured torque to be at 

least 20 times the torque resolution (alternatively the resolution must be less than 5% of the 

measuring torque), i.e.,  

 0

min 3

3 20 1

2

M

R


 
         (4.7) 

For the shear rheometer used, the torque resolution is M0 = 1.0x10-7 N m. The upper 

boundary limit, also called the secondary flow line, is determined from the onset of flow 

instabilities due to inertia, that change the flow kinematics from the simple circular 

streamlines [14], and is given by: 

3 2

sef
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R

R

 



          (4.8) 

In Eq. (4.8) R  is a rheometer parameter for the onset of secondary flow (chosen R = 

0.5) and   is the fluid density. 

 

 

 

 
Figure 4-5: Illustration of a rotational rheometer with a cone-plate system. 

 

 

 

4.5.2.2 Extensional rheology 

Extensional rheology refers to the study of fluid deformation, and the corresponding 
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capillary-breakup extensional rheometer (Haake CaBER-1, Thermo Haake GmbH) is used 
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extensional flow. Figure 4-6 shows a sketch of a CaBER device equipped with circular 
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parallel plates (we use 6 mm diameter plates) separated by an initial height L0 and filled with 

the liquid sample, see Fig. 4-6-(A). A laser micrometer monitors the variation of the filament 

diameter D(t), starting after a step axial strain is imposed at the upper plate for a very short 

time (typically 50 ms) until and after the upper plate reaches its final height Lf, see Fig. 4-6-

(B), whereas the lower plate is kept immovable. For Newtonian solutions Entov and Hinch 

[15] obtained a linear decay rate for the filament diameter, provided inertial effects are 

absent, given by : 

 c

0 0
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D t
t t

D D




    (4.9) 

where D0, µ, σ, tc are respectively the filament initial diameter, the solution shear viscosity, 

the surface tension and the critical time for the filament to breakup. 

 

 

 

 
Figure 4-6: Illustration of a viscoelastic sample undergoing extensional flow: (A) the sample 

at the initial state (t=0, L=L0); (B) the sample after elongation (Δt = t – t0) has a stretched 

uniaxial cylindrical filament. 
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where G and λ are the elastic modulus and the relaxation time of the viscoelastic fluid, 

respectively.  

Applying logarithms to Eq. (4.10) results in a linear variation of  ln ( )D t  with time, 

as shown in Eq. (4.11), and from the slope ( / 3t  ) the relaxation time can be computed by 

fitting the experimental data in the linear region of ln[D(t)/D0] as function of time.  
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4.6 Flow Characterization 

The flow characterization in the experimental setup of Fig. 4-2 employs two imaging 

techniques: flow visualization using streak photography to characterize the flow patterns; 

particle tracking velocimetry (PTV) to quantify the velocity field by tracking the pathlines 

of individual tracer particles. Both are particle-based techniques, but otherwise non-

intrusive, and the tracer particles used should satisfy and fulfill the following requirements: 

 Particles should be fluorescent with spherical shape; 

 Light should illuminate the entire flow field and the particles should be detectable by 

the experimental set-up, where attention should be considered to select particles with 

adequate absorption and emission wavelengths; 

 Particle size should be adequate, to ensure they emit enough light to be detectable by 

the high-speed camera; 

 Particles should have the ability to remain suspended for enough time in the solution, 

without tending to sediment or float in the microchannel, ideally being neutrally 

buoyant; 

 Small amounts of tracer particles should be used in order to minimize disturbances 

to the flow, as well as particle interactions and particle agglomeration; 

 Particle adhesion to the microchannel walls should be avoided, due to surface charges 

in the microchannel and particles walls. 

The particles used in this work were either 1 or 2 μm fluorescent polystyrene particles 

(FluoSpheres® Carboxylate-Modified Microspheres, Nile Red, ρ = 1055 kg/m3, Molecular 

Probes®), that have a surface modified with carboxyl groups (−COOH). In some 
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experiments, 0.05 % (wt/wt) sodiumdodecylsulfate (SDS, Sigma-Aldrich) was added to 

minimize particle adhesion to the microchannel walls. 

For accurate flow measurements, the microscope objective is focused on the 

microchannel mid-plane (i.e. considered as the measuring plane in all experiments, unless 

otherwise stated) to track in-focus particles. However, since the whole volume of the 

microchannel is illuminated, there will be in-focus and out-of-focus particles, that may lead 

to acquired images with a high background noise due to the out-of-focus particles. Such 

noise can be minimized by using a light filter adequate to the light intensity, or by using 

objectives with higher numerical aperture. 

4.6.1 Flow visualization 

Streak photography is a flow visualization technique that allows the experimental 

visualization of the pathlines traveled by tracer particles over a certain exposure time, that 

should be long enough to clearly show the pathlines of suspended individual in-focus tracer 

particles on the microchannel mid-plan. This was achieved using a sensitive sCMOS camera 

(Andor, Neo 5.5 sCMOS), which was controlled using μ-Manager software (v.1.4.19). The 

sCMOS camera sensor offers a variable exposure time acquisition with an extremely low 

noise, a high resolution, a wide dynamic range, a large field of view and a high frame rate. 

Detailed information on the acquired images is described in more detail in later chapters. 

4.6.2 Particle tracking velocimetry 

Particle tracking velocimetry (PTV) is an optical technique used to identify and 

measure the displacement and corresponding velocity of individual in-focus tracer particles 

along time through the analysis of a succession of continuous frames (images). To detect the 

smooth particle movement from one frame to another, it is essential to acquire the recorded 

images at a high enough frame rate. A high-speed camera (Photron FASTCAM Mini 

UX100) was used to acquire images at 2000 or at 4000 frames per second (fps). Needless to 

say, if the frequency is too high the displacement between two consecutive images will be 

small and in addition the particles will be difficult to detect because of the reduced exposure. 

The algorithm used to compute the displacement of the particles and the corresponding 

velocity comprises two consecutive steps, one for identifying and tracking an individual 

particle, and another for data post-processing including particles displacement and velocity 
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computation. In this work, one of two PTV algorithms, explained below, can be used to 

process the acquired images. They slightly differ but essentially give the same results:  

 The first algorithm (used in Chapter 5) requires a single software application to 

handle the particle tracking and data post-processing. Here, the analysis was 

performed using Matlab® (MathWorks, version R2012a), a commercial software 

package. The analysis starts by identifying individual tracer particles based on a 

particle intensity threshold for in-focus particles and their positions with subpixel 

resolution. Since the frame rate was high and the flow was smooth, particle tracking 

simply relied on particle matching between frames, based on a minimal distance 

criterion. Then, these data are post-processed to exclude the particles of shorter 

pathlines, in order to only analyze longer pathlines. 

 The second algorithm (used in Chapter 6) requires two software applications, one to 

handle particle tracking, and another for data post-processing. The analysis starts by 

identifying each individual particle in the flow using ImageJ software 

(www.imagej.net/), an open source image processing program, and the MOSAIC 

plugin (http://mosaic.mpi-cbg.de/?q=downloads/imageJ), a single-particle tracking 

tool used to track bright spots in a successive number of frames over the camera 

recording time [17]. Then, all recorded pathlines for all identified particles are post-

processed using a Matlab® code (MathWorks, version R2012a), to exclude the 

particles of short pathlines, in order to only analyze longer pathlines. 

It should be noted that, in some high flow rate experiments, a tiny amount of 

fluorescent dye was added to enhance contrast and to improve the light intensity for each in-

focus tracer particle.  

4.7 Electrokinetics: Electrical Equipment 

As shown in Fig. 4-2, regarding to “Electric equipment and electric connectors”, the 

electrical equipment is an essential part of the experimental set-up for the investigation of 

electrokinetic phenomena. Its main function is to generate the required electric field and to 

trigger the high-speed camera. The trigger function is only needed in some experiments to 

guarantee that the imaging system is synchronized with the imposed electrical field. 

http://www.imagej.net/
http://mosaic.mpi-cbg.de/?q=downloads/imageJ
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The required electric field can be a pulsed, a sinusoidal or a DC electric field. Pulsed 

and sinusoidal electric fields are generated using a function generator (AFG3000 Series, 

Tektronix) connected to a high-voltage power amplifier with gain of 200 V/V (Trek, Model 

2220), see Fig. 4-7. DC electric fields are generated using a DC Power Supply (EA-PS 5200-

02 A, EA-Elektro-Automatik-GmbH), see Fig. 4-8.  

The electric signal generated are then transmitted through cables (Red BNC Test Lead, 

RS Components Ltd.) and wires (BNC patch-cord male/male, RS Components Ltd.) to a 

platinum electrode immersed at each reservoir to impose the desired electrical field, see Fig. 

4-9. To accurately monitor and calibrate the output voltage sent to the platinum electrodes, 

a digital multimeter (179 True RMS, FLUKE) was used. Figure 4-10 shows the calibration 

curve of the equipment shown in Figs. 4-7 and 4-8, respectively. 

 

 

 

 

 

 
 

(A) (B) 

Figure 4-7: Picture of (A) the function generator (AFG3000 Series, Tektronix) and (B) the 

high-voltage power amplifier with voltage gain of 200 V/V (Trek, Model 2220) used to 

generated pulsed and sinusoidal electric fields. 

 

 

 

 

 

  
Figure 4-8: Image of the DC Power Supply (EA-PS 5200-02 A, EA-Elektro-Automatik-

GmbH) used to generated DC electric fields. 
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(A) (B) 

Figure 4-9: Picture of (A) the cables and (B) the wire used to connect the platinum electrode 

with the electrical equipment shown in Figs. 4-7 and 4-8. 

 

 

 

 

  
(A) (B) 

Figure 4-10: Calibration curves for an electric field generated using: (A) a function generator 

(AFG3000 Series, Tektronix) connected to a high-voltage power amplifier (Trek, Model 

2220); (B) a DC Power Supply (EA-PS 5200-02 A, EA-Elektro-Automatik-GmbH). 

 

 

 

 

 

4.8 Outline of the Experimental and Theoretical Work 

According to the objectives of this dissertation, the experimental work plan is 

summarized in Table 4-1. This work plan comprises unique goals per each chapter, that can 

be achieved by varying the working fluid solution, geometrical configuration, electric field 

and measuring technique. 
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Table 4-1: Working solution, geometrical configuration, electric field and measuring 

techniques used in each chapter. 

Chapter Objective Fluid 
Microchannel 

configuration 

Imposed 

electric field 

Techniques 

and outputs 

Results and 

discussion 

5 

Measurement 

of electro-

osmotic and 

electrophoretic 

velocities 

using pulsed 

and sinusoidal 

electric fields 

- Borate buffer with 

concentrations of 1, 

5 and 10 mM 

 

- PAA solutions (Mw 

=18x106 g mol-1) 

with concentrations 

of 100, 200 and 400 

ppm 

- Straight 

microchannel 

- Pulse 

 

- Sinusoidal 

- PTV 

velocity 

field 

Page 91 

6 

Flow behavior 

of viscoelastic 

fluids under 

pulsed electric 

fields 

- PAA solutions (Mw 

=18x106 g mol-1) 

with concentrations 

of 100, 200 and 400 

ppm 

 

- PEO solutions (Mw 

=5x106 g mol-1) 

with concentrations 

of 500, 1000, 2000 

and 3000 ppm, 

dissolved in 1 mM 

borate buffer 

 

- PEO solutions (Mw 

=8x106 g mol-1) 

with concentrations 

of 500, 1000 and 

1500 ppm, 

dissolved in 1 mM 

borate buffer 

- Straight 

microchannel 
- Pulse 

- PTV 

velocity 

field 

Page 114 

7 

Electro-

osmotic 

oscillatory 

flow of 

viscoelastic 

fluids in a 

microchannel 

- Theoretical 

investigation using 

the multi-mode 

upper-convected 

Maxwell (UCM) 

model 

- Straight 

microchannel 
- AC voltage 

- Analytical 

technique 
Page 176 

8 

Electro-elastic 

flow 

instabilities of 

viscoelastic 

fluids in a 

microchannel 

with a 

hyperbolic 

contraction 

- Borate buffer with a 

concentration of 1 

mM 

 

- PAA solutions 

(Mw=5x106 g mol-1) 

with concentrations 

of 100, 300, 1000 

and 10000 ppm 

- Straight 

microchannel 

with a 

hyperbolic 

contraction 

- DC voltage 

- Flow 

visualization  

 

- PTV 

velocity 

field 

Page 202 
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5 MEASUREMENT OF ELECTRO-OSMOTIC AND ELECTROPHORETIC 

VELOCITIES USING PULSED AND SINUSOIDAL ELECTRIC FIELDS(1) 

 

 

 

 

In this chapter, two methods are explored to simultaneously measure the electro-

osmotic mobility in microchannels and the electrophoretic mobility of micron-sized tracer 

particles. The first method is based on imposing a pulsed electric field, which allows to 

isolate electrophoresis and electro-osmosis at the startup and shutdown of the pulse, 

respectively. In the second method, a sinusoidal electric field is generated and the mobilities 

are found by minimizing the difference between the measured velocity of tracer particles 

and the velocity computed from an analytical expression. Both methods produced consistent 

results using polydimethylsiloxane microchannels and polystyrene micro-particles, provided 

that the temporal resolution of the particle tracking velocimetry technique used to compute 

the velocity of the tracer particles is fast enough to resolve the diffusion time-scale based on 

the characteristic channel length scale. Additionally, we present results with the pulse 

method for viscoelastic fluids, which show a more complex transient response with 

significant velocity overshoots and undershoots after the start and the end of the applied 

electric pulse, respectively. 
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5.1 Introduction 

Tracer particles (TP) are often used in microfluidics, including fluid flow visualization 

and velocimetry techniques. In pressure-driven flows only one main driving force is usually 

present, while in electrokinetic flows several forces can simultaneously act on the TP and 

quantifying each contribution can be challenging [1]. 

Chemical equilibrium between channel walls, or TP surface, and surrounding fluid 

leads to spontaneous charge separation both at the solid and liquid near their interface. On 

the liquid side, a thin layer of ions forms near the walls/TP – the electric double layer (EDL) 

– whereas the fluid elsewhere remains essentially neutral. Applying an external electric field 

between the inlet and outlet of the channel results in transport by electro-osmosis (EO). The 

motion of the ions in the diffuse layer of the channel walls EDLs, under the action of the 

electric field, and the subsequent dragging of the bulk of the fluid by shear forces, generates 

a plug-like flow provided there are no pressure gradient effects as in an open channel without 

streamwise gradients of electrokinetic properties. The micron-sized particles dispersed in the 

fluid will be dragged by the moving fluid, but simultaneously the applied electric field results 

in a force acting on the particle leading to an additional velocity component known as 

electrophoresis (EP). Hence, the velocity of TP will be the result of both EO and EP 

contributions. 

Both the direction and the intensity of EO and EP velocities depend on an important 

surface property known as the zeta-potential. The zeta-potential of a given material depends 

on the properties of the electrolyte which is in contact with the surface, such as its ionic 

species, the ionic strength, or the medium pH. 

Several methods are available to measure the zeta-potential, and a brief review will be 

presented in what follows. From early times the rectangular microchannel, often called the 

micro-electrophoresis cell [2-5], has been the geometry of choice to determine the zeta-

potential from the direct measurement of the EP velocity in Newtonian fluid flows. Initially 

it has been used in the configuration of a closed cell [5-7] under the forcing imposed by a 

direct current (DC) electric field, which causes the solution to recirculate: the positively-

charged solution close to the wall moves toward the cathode by EO and the solution near the 

cell center moves towards the anode to maintain conservation of mass, i.e., the closed cell 

induces a back-pressure gradient. When the flow reaches steady-state, the velocity profile is 
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obtained through tracking the velocity of tracer particles at several depths, and the zeta-

potentials of channel walls and tracer particles are obtained by minimization of the error 

between the measured velocities and the analytical velocity profiles. 

The so-called “two-particle correlation method” [8] uses two types of tracer particles 

with different zeta-potentials and electric properties (different surfaces), but identical size, 

in order to measure the EO velocity from correlation functions. The correlation functions are 

initially obtained for the same particles in controlled channel flow experiments under the 

action of DC electric fields that measure independently the velocity of TPs and the EO 

velocity. A good agreement between this method and the results from experiments using a 

fluorescent dye, and numerical simulations, were observed in channels of different materials 

and shapes. The fluorescent dye method is an alternative technique [8] to directly measure 

the EO velocity of a solution in a channel under the action of a DC electric field. Only the 

fluid in the upstream reservoir contains the fluorescent dye and tracking the velocity of the 

fluid interface at the center of the open channel provides the EO velocity. 

Another method to determine experimentally the channel wall zeta-potential is based 

on imposing a time-periodic electric field in a T-channel [9]: at a suitable frequency range, 

the oscillation amplitude of the confluent streams, one of which contains a fluorescent dye, 

is a monotonic function of the zeta-potential. It is an elaborate indirect method to estimate 

the zeta-potential, based on an experimental measurement with the aid of 3-D numerical 

simulation to convert the amplitude of oscillation into a zeta-potential. 

The electric current monitoring method [10-12] is a commonly used technique to 

determine the electro-osmotic velocity through the measured slope of the electric current 

versus time, which together with the Smoluchowski equation [11, 12] allows the 

quantification of the zeta-potential at the channel walls. This method is based on the 

measurement of the variation with time of the electric current in a capillary flow as one EO 

flowing electrolyte is completely displaced by a second electrolyte having a slightly different 

electric conductivity. (this slight difference is enough to change the current intensity while 

keeping the electro-osmotic velocity and zeta-potential unchanged). Thus, it is an indirect 

measuring method, requires at least two electrolytes and the complete replacement of one 

electrolyte by another can be lengthy, causing Joule-heating effects, which can negatively 

affect the results. 
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Micro-particle image velocimetry (micro-PIV) is often used to measure the velocity of 

suspended tracer particles in microfluidics and it is no surprise that it has also been used to 

determine electrokinetic flow properties [13-17]. In the high-resolution (in space and time) 

transient micro-PIV method, Yan et al. [13, 14] used two pulsed lasers to illuminate the 

tracer particles at the same frequency, but with a fixed small time delay δt between them. 

Each pair of images, captured by a standard CCD camera, or an sCMOS sensor, over that 

time delay are then cross-correlated to obtain the displacement and corresponding velocities 

of the tracer particles. With a standard camera and given the fast time responses of EP and 

EO velocities, discriminating between these two electrokinetic velocities requires a precise 

synchronization of voltage switching, laser illumination and camera triggering. This 

approach measures the particle velocity during the flow startup, when EP is already fully-

developed and EO is only starting to propagate by diffusion from the walls towards the 

channel centerline. The EO velocity is computed from the difference between the steady-

state particle velocity and the EP velocity measured at short times, and zeta-potential values 

are then computed from the corresponding mobilities, following the appropriate Helmholtz-

Smoluchowski theory [18, 19]. Based on the same principle, but now relying on a high-speed 

camera, Sureda et al. [16] used also the time-resolved micro-PIV technique to determine the 

zeta-potential of both the TP and the channel walls. 

The micro-PIV technique was again used by Yan et al. [15] to determine the zeta-

potentials of TPs and channel wall from velocity profiles measured on both steady flows in 

open and closed channels, the latter imposing a pressure gradient to enforce mass 

conservation. In this elaborate method they used a least-squares fitting procedure to 

determine the best-fit values for the particle velocity and the channel wall zeta-potential, 

through minimization of the sum of the square of the errors between the experimental data 

and predicted values (from analytical expressions). 

Miller et al. [17] derived an analytical expression for the transient startup EO flow 

with pressure gradient effects, from which five different periods of flow were identified until 

the flow reached steady-state. Their 2D analytic solution was validated with experimental 

data obtained by a time-resolved micro-PIV relying on a high-speed camera, for which the 

effect of electrophoresis on the tracer particles had to be taken into consideration (the high-

speed camera allowed the measurement of the tracer particle velocity by EP while the flow 

was still at rest), and good agreement was found. 
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An alternative optical method to quantify the electrophoretic and electro-osmotic 

mobilities is based on the Particle Tracking Velocimetry (PTV) technique [20]. Oddy and 

Santiago [20] imposed forcings through alternating current (AC) and DC electric fields; the 

resulting particle displacement, when those flows are fully-established, were measured and 

used to determine the EO and EP mobilities from the solution of two second order algebraic 

equations. Their method requires the use of two custom programs, one associated with AC 

and another with DC, to determine, respectively, the streak lengths and the particle 

displacements. A statistical analyzes was also used to obtain the mobility distributions based 

on the measured particle displacements of several particles. 

The aim of the present study is to further explore the different time responses of TP to 

EO and EP induced motion, either under constant (DC) or periodic (AC) imposed electric 

fields, and to present two different methods to quantify the channel walls and TP zeta-

potentials. The two methods are here coined as the pulse method and the sine-wave method, 

and they extend existing techniques, which invariably have been developed for Newtonian 

fluids. In the pulse method here described, in the same experiment both the EP and EO 

velocities can be measured directly in one single run (electric pulse startup measures EP 

velocity and pulse shutdown measures EO velocity), contrasting with earlier methods [13, 

14] in which the EP velocity is directly measured, but then the EO velocity is obtained 

indirectly as the difference between the particle velocity and the EP velocity after the EO 

flow is established. Additionally, we use the pulse method to test the complex dynamic 

response of viscoelastic fluids in the flow startup and shutdown. Regarding the sine-wave 

method, it shares some similarities with other published methods (e.g. [15, 20]), in the sense 

that they share some optical techniques, equations or general underlying principles, but they 

differ in the way the physical parameters are measured and consequently they are different 

methods, each having distinct advantages and drawbacks. As referred to above, Oddy and 

Santiago [20] also used PTV but relied on a combination of two complementary DC and AC 

forcing experiments, whereas here only a single AC experiment is required to obtain both 

the EP and EO mobilities. In addition, our determination of both mobilities in the sine-wave 

method also relies on a minimization of error between experimental data and an analytical 

solution, but otherwise the optical technique and the flow is quite different from the steady 

flow used by Yan et al. [15]. 

In this work, the experimental velocities are measured using the PTV technique, due 

to its high temporal resolution capability. 
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The pulse and sine-wave methods are described in the next section, together with the 

theoretical background and the experimental set-up used. In Section 5.3, the two methods 

are compared using Newtonian fluids. For the pulse method, the flow behavior using non-

Newtonian (viscoelastic) fluids is also analyzed, to show the applicability of this method to 

complex fluids. The chapter ends with the main conclusions from this work.  

5.2 Materials and Methods 

5.2.1 Theory and governing equations 

Consider a straight microchannel filled with an electrolyte containing neutrally-

buoyant tracer particles, where an electric field is applied without any external pressure 

gradient imposed. In steady-state conditions, the TP velocity (observed velocity, uobs) results 

from multiple contributions: 

obs eo ep Bmu u u u           (5.1) 

where ueo, uep and uBm are the EO, EP and Brownian motion velocities, respectively. In the 

present work, Brownian motion can be neglected relative to the other two terms (after 

averaging the values among several particles the random motion component cancels out).  

A simple, yet realistic, expression for ueo can be derived from the Helmholtz-

Smoluchowski theory for Newtonian fluids [16, 20]: 

w
eou E




           (5.2) 

where ζw is the wall zeta-potential, E is the applied electric field, and ε and µ are respectively 

the electric permittivity and shear viscosity of the solution. Equation (5.2) is valid for λD << 

L, where λD is the Debye length (quantifying the EDL width) and L is the channel 

characteristic length scale. 

The EP velocity can be expressed in a similar way (after simplifying Henry’s equation 

[16, 20]), valid for Newtonian fluids:  

p

epu E



          (5.3) 
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where ζp is the TP zeta-potential. A major difference between Eqs. (5.2) and (5.3) relies on 

the velocity direction: for the same applied electrical field and if both ζw and ζp have the same 

sign, the EP and the EO velocities have opposite signs. From a dynamic perspective, EP and 

EO typically have very different time-scales, when considering TP at the central region of 

the channel. For EO, the diffusion time-scale, τeo, is of the order [21]: 

2

h
eo

r
O






 
  

 
         (5.4) 

where ρ is the electrolyte density and rh=wh/(w+h) is the channel hydraulic radius, which is 

the characteristic length scale of viscous diffusion, with w and h representing the width and 

depth of the microchannel, respectively. On the other hand, for EP the characteristic inertial 

time-scale, τep, is of the order [20, 21]: 
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        (5.5) 

where ρp and a are the particle density and radius, respectively. Comparing Eqs. (5.4) and 

(5.5), we conclude that for typical microfluidic devices and tracer particles, EP can be orders 

of magnitude faster than EO to become fully-developed. For example, for water with micro-

particles of a = O(10-6 m) placed in a microchannel with rh = O(10-4 m), time-scales τeo and 

τep are of the order of 10 ms and 1 µs, respectively. 

In addition to the two previous time-scales, two other values should be considered, which 

are related to the double layer polarization and concentration polarization. Both events refer 

to the ionic equilibrium that should be recovered in the bulk after the ions migration to the 

channel/TP EDL. The characteristic time-scales for such phenomena are [20, 21]: 
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      (5.6) 

where, τdl is the double-layer polarization time-scale, τcp is the concentration polarization 

time-scale and D is the diffusion coefficient of the ions. Considering an electric double-layer 

with λD = O(10-8 m) and a typical ion diffusivity in water D = O(10-9 m2/s), then τdl and τcp 

are of order 0.1 µs and 1 ms, respectively. 
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5.2.1.1 Pulse method  

The pulse method considers the flow startup and flow shutdown when an electric pulse 

of constant amplitude is applied and subsequently removed. Due to the different time-scales 

of EP and EO, in the flow startup the particles will almost instantaneously start moving by 

EP, while the EO contribution at the center of the channel will increase progressively with 

time, until the steady-state velocity is reached over a time-scale of the order of τeo. Similarly, 

once the electric field is switched off, the EP velocity component vanishes almost 

instantaneously (within τep), while the EO velocity component at the center of the channel 

will decay slowly, over the channel diffusion time-scale, τeo. These different startup and 

shutdown behaviors can be captured with a high-speed camera synchronized with the applied 

electric field. Using this approach, the characteristic velocities of electrophoresis and electro-

osmosis can be measured independently in a single realization of one experiment. 

The distinguishing points of our method relative to previous works (e.g. [13, 16]) are: (1) 

in this work the TP velocity is measured by the PTV technique, instead of the commonly 

used micro-PIV; (2) a pulsed electric field is imposed, instead of a step signal, which allows 

exploring also the flow shutdown features (where we can again isolate EO from EP). It is 

worth noting that the PTV technique used here allows the analyzes of each individual tracer 

particle, which can be advantageous, for example, when a mixture of different TPs is being 

analyzed in a single experiment, or a significant number of particles is analyzed to determine 

the distribution of their EP mobilities, as also done by Oddy and Santiago [20]. 

5.2.1.2 Sine-wave method 

In the pulse method, EO and EP mobilities (and the corresponding zeta-potentials) can 

be directly computed from the experimental tracking of the pathlines of individual tracer 

particles, whereas the second method presented in this work strongly relies on the 

manipulation of more complex analytical expressions, as will be described in what follows. 

The sine-wave method is based on the delay that occurs between an imposed 

sinusoidal electric field and the EO velocity response at the center of a straight channel, as 

well as on the delay between EO and EP velocity components. When an oscillatory electric 

signal is applied, the EO response of the fluid within the EDL is nearly instantaneous, but 

outside this region, the EO velocity will lag the imposed signal by the finite diffusion time-

scale corresponding to the distance between the actual position and the wall. In addition, the 
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maximum value of the EO velocity at the channel centerline will depend on the signal 

frequency [22]. When the period of the applied sinusoidal signal (T) is significantly higher 

than the characteristic time-scales associated with the particle (τep, τcp and τdl), then it can be 

assumed that the EP velocity component is in phase with the imposed signal and its 

magnitude is independent of the imposed electric field frequency. In such conditions, the 

observed TP velocity (uobs) results from the summation of one out-of-phase component (EO) 

with one in-phase component (EP). In a mathematical form, for an imposed electric field E 

sin(ωt), with amplitude E and angular frequency ω=2πf, the observed TP velocity (uobs) is 

given by: 

      obs ep eosin sinu u t u f t f           (5.7) 

where β(f) is a known frequency-dependent coefficient ranging from 0 to 1 for Newtonian 

fluids, α(f) is a known frequency-dependent delay of the EO velocity component relative to 

the imposed signal and ueo and uep are the steady-state electro-osmotic and electrophoretic 

velocities for a constant electrical field E, which for Newtonian fluids are given by Eqs. (5.2) 

and (5.3), respectively.  

Marcos et al. [22] derived an analytical expression for the EO velocity of Newtonian 

fluids in a straight rectangular channel subjected to an oscillatory electric field, under the 

Debye-Hückel approximation (see Appendix 5.5). This dimensionless velocity profile 

corresponds to the second term on the right-hand side of Eq. (5.7) after division by ueo 

(considering ueo from Eq. (5.2)) and it is independent of the zeta-potential, which is usually 

unknown. In practice, the dimensionless velocity profile is dependent on fluid properties 

(density, viscosity, dielectric permittivity and ionic concentration), on geometric factors 

(channel depth and width), on the applied signal properties (electric field magnitude and 

frequency) and on ambient variables (temperature). Therefore, only two unknowns remain 

in Eq. (5.7), the velocities ueo and uep.  

The procedure used in this work to estimate ueo and uep is based on minimizing the sum 

of the square of the difference between the observed TP velocity (uobs) and the values 

computed from Eq. (5.7), for different frequencies. The following cost function (c) was used 

with ueo and uep as design variables: 

        
2n m

obs j ep i j eo i i j ii 1 j 1
sin sinc u t u t u f t f   

 

     
   

    (5.8) 
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Note that Eq. (5.8) has a double summation. In the inner summation, from each 

experimental velocity at time t is subtracted the theoretical velocity expected at this same 

time, where t1 = 0 and tm = Ti (m is the number of acquired images in one signal period). This 

subtraction is performed over one signal period, for a given (fixed) signal frequency. The 

outer summation i varies over all the n tested frequencies (fi), since the ueo and uep variables 

are independent of the applied signal frequency. 

The optimal solution to the minimization problem defined by Eq. (5.8) is found using 

the Matlab® (MathWorks, www.mathworks.com/) built-in fminsearch function, which is an 

implementation of the Nelder-Mead simplex algorithm [23].  

The method robustness was assessed with artificial signals: the EO component was 

computed from the analytical expression in Appendix 5.5 and the EP component was 

assumed to be a sine function – the first term on the right hand side of Eq. (5.7), in phase 

with the applied electric potential. A Gaussian noise component was added to the artificial 

signals and several (ueo, uep) pairs were tested (each value was multiplied by the 

corresponding component), with EP and EO having either the same or opposite signs. The 

algorithm was able to yield back the original values of (ueo, uep) with an error that depended 

on the noise amplitude relative to the velocity magnitudes, but which was always below 5 

% for a noise component as high as 50 % of max (|ueo|, |uep|). The optimal solution found by 

the algorithm was nearly insensitive to the initial guess of (ueo, uep), over a wide range of 

values. Even though we used several different frequencies in our tests, we observed that 

using a single frequency in the summation of Eq. (5.8) was enough to extract accurate values 

of ueo and uep provided the delay α(f) in Eq. (5.7) was high enough to avoid multiple solutions 

to the problem (in the limit of α(f) → 0, the two terms on the right-hand side become a single 

one and multiple solutions of (ueo, uep) are possible).  

The proposed method differs from previous methods (e.g. [15, 20]) in the following 

ways: (1) both the EP and EO mobilities (or zeta-potential values) can be determined in the 

same experiment in one single run, while previous methods usually required two different 

experimental conditions (one per each unknown); (2) instead of solving a direct algebraic 

system of equations, we solve a single minimization problem. 
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5.2.2 Microchannel fabrication 

The microchannels used in this work were fabricated using standard photolithography 

techniques. The SU-8 molds were used for casting in polydimethylsiloxane (PDMS; Sylgard 

184, Dow Corning Inc). A 5:1 (wt/wt) PDMS:curing agent ratio was used in the fabrication 

process and the channels were left to cure overnight in an oven at temperature Tabs = 353 K. 

In order to ensure the same zeta-potential at all walls of the microchannel, all the four walls 

were made of PDMS. For that purpose, the glass slide used to seal the PDMS microchannels 

was covered with a thin PDMS layer, prior to sealing. The channels, schematically shown in 

Fig. 5-1, are 8 mm (channels A and B) and 16 mm (channel C) long (length l), with a 

rectangular cross-section (w x h) of 399 μm x 174 μm (channel A), 404 μm x 108 μm 

(channel B), and 404 μm x 178 μm (channel C). 

In order to avoid the possible built-up of a streamwise pressure gradient, the two 

reservoirs located at each end of the microchannel were externally connected. With this 

system, the fluid displaced by EO is externally replenished and it is possible to run the device 

for a long time, without generating external pressure effects (nevertheless, Joule heating and 

electrode polarization can become an issue of concern in such case). A platinum electrode is 

immersed at each reservoir to impose the pulse or the sinusoidal electrical field.  

To clean the surface of the microchannel walls before each experiment, the 

microchannel was sequentially washed with 10 mL of distilled water, followed by 10 mL of 

sodium hydroxide (10 mM), 10 mL of distilled water and finally 10 mL of the working 

solution. 

 

 

 
Figure 5-1: Schematic representation of the rectangular microchannel, its orientation relative 

to the imposed electric field and coordinate system. 
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5.2.3 Working fluids 

A 1 mM borate buffer (Sigma-Aldrich) was used as the standard working solution in 

this work. To test the concentration effect on the zeta-potential, 5 mM and 10 mM borate 

buffers were also used. In order to minimize the adhesion of particles to the walls, 0.05 % 

(wt/wt) of sodiumdodecylsulfate (SDS, Sigma-Aldrich) was added to the buffer solutions, 

unless otherwise stated. The conductivity (measured with a CDB-387 conductivity meter) 

and the pH (measured with a pH 1000L, pHenomenal®, VWR probe/device) of the working 

solutions were measured after surfactant addition (see Table 5-1). In addition, the remaining 

properties of the solution are: density and viscosity, ρ = 998 kg/m3 and µ = 0.955 mPa.s, 

respectively, both at the temperature of the experiments, Tabs = 295 K; dielectric permittivity, 

ε = 7.03x10-10 C/V.m; ionic concentrations, C = 1, 5 and 10 mM. 

The working solutions were seeded with 2 μm fluorescent polystyrene particles 

(FluoSpheres® Carboxylate-Modified Microspheres, Nile Red, ρ = 1055 kg/m3, Molecular 

Probes®) at a weight concentration of 80 ppm (wt/wt). The surface of the particles is 

modified with carboxyl groups (−COOH), which, at the working pH, are deprotonated, 

presenting a negative charge. 

Viscoelastic solutions were also used to examine the flow behavior by means of the 

pulse method, for non-Newtonian fluids. Aqueous solutions with 100, 200 and 400 ppm 

(wt/wt) of polyacrylamide (PAA, Polysciences) with high molecular weight, Mw=18x106 g 

mol-1 were used. The polymer was directly dissolved in distilled water and no buffer was 

used, since this would decrease significantly the relaxation time, and consequently the 

elasticity of the fluid [24]. No surfactant was added to reduce particle adhesion to the walls, 

since the higher viscosity of the PAA solutions leads to negligible particle sedimentation. A 

rotational rheometer (Physica MCR301, Anton Paar) with a 75mm cone-plate system with 

1º angle was used to measure the shear-thinning viscosity of the solutions in steady shear 

flow, which is plotted in Fig. 5-2. The fluid relaxation time λ was also measured using a 

capillary-breakup extensional rheometer (Haake CaBER-1, Thermo Haake GmbH) and the 

values obtained were λ = 0.018, 0.060 and 0.115 s for the 100, 200 and 400 ppm aqueous 

PAA solutions respectively, all measured at Tabs = 295 K. The pH and conductivity were also 

measured for the solutions and are listed in Table 5-1. 
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Figure 5-2: Influence of shear rate on the steady shear viscosity of the aqueous 

polyacrylamide solutions at Tabs = 295 K. 

 

 

Table 5-1: Electrical conductivity and pH of the working solutions (measured at Tabs = 

298K). 

 Borate buffer Polyacrylamide solution 

Concentration 1.0 mM 5.0 mM 10.0 mM 
100 ppm 

(wt/wt) 
200 ppm 

(wt/wt) 
400 ppm 

(wt/wt) 

pH 8.89 9.08 9.10 7.91 8.19 8.26 

Electrical conductivity 

(μS/cm) 
196 448 737 32.5 57.4 102.9 

 

 

5.2.4 Experimental set-up and PTV 

The experimental set-up is represented schematically in Fig. 5-3. The electric field is 

imposed using a function generator (AFG3000 Series, Tektronix) connected to a high-

voltage power amplifier (Trek, Model 2220). The function generator is simultaneously used 

to trigger the high-speed camera (Photron FASTCAM Mini UX100), in order to guarantee 

that the imaging system is synchronized with the electrical system. The high-speed camera 

captures the images from an inverted epi-fluorescence microscope (Leica Microsystems 

GmbH, DMI 5000M) equipped with a 20X objective lens (Leica Microsystems GmbH, 

numerical aperture NA = 0.4), a filter cube (Semrock CY3-4040C) and a continuous light 

source (100 W mercury lamp). In these conditions and using the camera full-resolution (1280 
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x 1024 pixels), each pixel was 0.498 μm x 0.498 μm. Unless otherwise stated, the camera 

acquired the images at 4000 frames per second (fps).  

The PTV algorithm starts with an initial image processing step, where the tracer 

particles are identified by standard blob analyzes. Briefly, particles are recognized based on 

intensity thresholding and their positions are computed with subpixel resolution. Since the 

number of particles tracked in each image was low, the frame rate was high and the flow 

was smooth, particle tracking simply relied on particle matching between frames, based on 

a minimal distance criterion. This image processing step can be either performed on 

commercial software packages, such as Matlab® (MathWorks, www.mathworks.com/), or 

in open-source packages, such as Blender (https://www.blender.org/) or ImageJ 

(www.imagej.net/). For the sake of simplicity, Matlab® (version R2012a) was used in all the 

image processing and numerical calculations reported here. 

 

 

 

 

 

 
Figure 5-3: Diagram of the experimental set-up. 
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5.3 Results and Discussion 

5.3.1 Time-scale analyzes 

The validity of using the two methods is dependent on the relation between the 

different time-scales previously discussed in Section 5.2.1. For the experimental conditions 

of this work, we have τep = O(10-6 s), τeo = O(10-2 s), τcp = O(10-3 s) and τdl = O(10-7 s). For 

the pulse method to work adequately, max{ τep, τcp, τdl } and τeo should be clearly apart from 

each other, preferably by orders of magnitude. From the group of time-scales which will 

dictate a steady electrophoretic motion (τep, τcp, τdl), we observe that τcp is only one order of 

magnitude lower than τeo and this should be taken into account when further analyzing the 

results. Indeed, at 4000 frames per second, the first frame is taken at t = 2.5x10-4 ms, which 

is lower than τcp, so that EP eventually is not yet fully-developed in the first few frames. For 

the sine-wave method, the smallest period of oscillation was O(10-2) s, which is of the order 

of τeo, but higher than the remaining time-scales (those events can be assumed in equilibrium 

for oscillatory flow). As the signal period approaches τeo, the delay between the EO velocity 

component and the signal increases, a behavior that is well captured by Eq. (5.9) (see 

appendix 5.5), thus not being problematic for the analyzes (only care has to be taken with 

the first cycles which are not yet in the periodic regime and should be excluded). 

5.3.2 Pulse method evaluation 

Figure 5-4 presents the results obtained for an imposed electric field pulse from 0 to 

440 V/cm using channel A (h = 174 μm). For averaging purposes, a continuous sequence of 

pulses was generated over all the camera recording time. Three pulse lengths were tested: 2, 

8 and 40 ms, in individual runs in the same experiment. The time interval between 

consecutive pulses of the sequence was ten times larger, i.e. 20, 80 and 400 ms, respectively, 

to allow complete velocity decay between applied pulses. For data analyzes, we take the 

average of the velocity among all the pulses for the same particle and then average over all 

the particles tracked (the results presented include an average of at least 20 particles). Only 

particles near the centerline were considered (within a deviation of ± 5 % of the channel 

width in the planar spanwise direction; in depth, we are conditioned by the objective depth 

of field). 

From Eq. (5.4), we estimate the diffusion time-scale of channel A as τeo≈15 ms for the 

buffer solutions, thus only the pulse duration of 40 ms allows the full development of EO, 
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as can be confirmed in Fig. 5-4. For this reason, the discussion presented next refers only to 

this longer pulse. 

Four different regimes can be identified in the profiles of Fig. 5-4, which are illustrated 

in Fig. 5-5. The first regime (R1) is dominated by EP, since the EO velocity boundary layer 

propagating from the channel walls still did not reach the channel centerline. This regime 

has a short duration and it is difficult to capture without a negligible EO contribution unless 

a very high acquisition rate is used. Furthermore, if we assume that EP is fully-developed 

and there is still no significant contribution from EO, a constant velocity would be expected, 

as illustrated in Fig. 5-5. However, we observe experimentally (Fig. 5-4) that the velocity in 

the first 2-3 captured frames is still decreasing, which can be a consequence of the non-

negligible τcp time-scale. In the second regime (R2), the EO component is developing, until 

it reaches its steady-state (for t > τeo) in regime R3. Since both the particles and the channel 

walls have a negative charge, EP and EO act on opposite directions (here uep<0 and ueo>0), 

such that the TP invert their motion direction during regime R2 (this happens because |ueo| > 

|uep|). When the applied electric field pulse is stopped, the EP component instantaneously 

vanishes (within a time-scale τep≈10-6 s) and the EO component becomes evident by a sharp 

increase in the velocity profile of Fig. 5-4 a (beginning of regime R4). The peak velocity will 

then decay to zero within a time-scale τeo similar to that observed for regimes R1 + R2, since 

no electric field is applied and because there is no pressure build-up in the channel. A natural 

consequence of this interpretation should be that the sum of the observed peak velocity in 

regime R1 (–2.9 mm/s), with the peak velocity in regime R4 (4.1 mm/s) should be equal to 

the observed velocity in regime R3 (1.0 mm/s). A difference of 20 % is found between both 

values. The error can be attributed to a limited time-resolution to capture, both the electro-

osmotic-free velocity (uep) at the beginning of the experiments (R1), as well as the sharp 

velocity peak due to electro-osmosis in R4, noting that both values result from an 

approximate finite-differences derivative computed at a single point. Nevertheless, further 

increasing the frame rate would lead to a light intensity reduction and this would require a 

change of the light source in our experiments. In addition, the TP displacement between 

frames would decrease and the noise in the computation of the velocity from the derivative 

of the particle position as a function of time would increase, although these effects could be 

compensated using a higher magnification objective. A better strategy would be a fitting 

procedure, similar to the sine-wave method, using the analytical expression given in 

Appendix 5.5 for a continuous signal. Also, the potential role of τcp in determining uep cannot 
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be disregarded (this source of error can be minimized using smaller particles, which will 

reduce τcp). 

 

 

 

 

 

  

(a) (b) 

  

(c) (d) 

Figure 5-4: Tracer particle displacement s (a) and velocity u (b) at the centerline of channel 

A (h = 174 μm), for three applied electric pulse durations (2, 8 and 40 ms) with an amplitude 

of 440 V/cm. Plots (c) and (d) are a zoomed view of (a) and (b), respectively, at short times. 

The points represent average experimental values, while the lines are only a guide to the eye. 
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Figure 5-5: Regimes in the TP velocity u and displacement s profiles, at the channel 

centerline, for an electric pulse with a duration significantly higher than τeo for channel/TP 

walls with equal polarity zeta-potential ( |ζeo| > |ζep|). In regime R1, EP is fully-developed, 

while the EO boundary layer still has not reached the channel centerline. This is followed by 

regime R2, where the EO component is developing and the overall velocity is consequently 

increasing with time. After the EO velocity component becomes fully-developed, regime R3 

starts, which is characterized by a constant velocity. The last regime (R4) starts after the pulse 

ends and it is characterized by the EO velocity decay, since it is assumed that the EP 

component vanishes very quickly. It is also for this reason that an abrupt increase in the TP 

velocity is observed at the beginning of R4 – the peak velocity increase corresponds to the 

EO velocity component. Adding the velocity in regime R1 (uep) to the peak velocity of R4 

(ueo) provides the combined velocity in regime R3 (ueo + uep). The pulse electric field is active 

in the period 0 < t < t3 and t2 ≈ τeo.  

 

 

 

 

The same method was repeated using the 108 μm deep channel B (Fig. 5-6), which has 

a lower diffusion time-scale (τeo≈8 ms). The same four regimes were observed, with the only 

difference that EO now takes less time to develop and to decay. As can be seen in Fig. 5-6, 

both the pulse lengths of 8 ms and 40 ms allow the full development of the EO velocity 

component. The measured velocities in R1, R4 (at the beginning) and R3 are –2.3 mm/s, 3.7 

mm/s, and 0.9 mm/s, respectively. 
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In conclusion, our results suggest no significant variation in the determination of EP 

and EO velocities with the change in the channel dimensions, with small differences between 

the measurement in different channels arising from experimental error.  

 

 

  

(a) (b) 

  

(c) (d) 

Figure 5-6: Tracer particle displacement s (a) and velocity u (b) at the centerline of channel 

B (h = 108 μm), for three applied pulse durations (2, 8 and 40 ms) with an amplitude of 440 

V/cm. Plots (c) and (d) are a zoomed view of (a) and (b), respectively, at short times. The 

points represent average experimental values, while the lines are only a guide to the eye. 

 

 

5.3.3 Sine-wave method evaluation  

In the sine-wave method, a sinusoidal electric field with zero offset and peak amplitude 

of 440 V/cm was imposed in the same experiment for three different frequencies f = 20, 40 
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and 80 Hz. Similarly to the pulse method, the applied electric field was kept active during 

all the recording time of the high-speed camera. For each particle in the vicinity of the 

channel centerline, the first 5 cycles were neglected to avoid transient effects and the 

remaining cycles were averaged. Then, an average was performed on the velocities between 

different particles (at least 20 particles), in order to obtain a single average velocity profile 

for each frequency (however, the method can also be applied directly to the velocity profile 

of each particle). Note that using a fixed frame rate for all the frequencies results on a 

different number of points within one signal period for each frequency (lower frequencies 

will have a higher number of points per period). Since the inner summation of Eq. (5.8) is 

taken over all the points within one period, this would overweight the frequencies with a 

higher number of points. To avoid this issue, a sinusoid was fitted to the (velocity vs time) 

experimental profiles of each frequency and the resulting fit was always evaluated with the 

same number of points (typically 200 points within one period) regardless of the frequency. 

However, we should note that this fitting procedure is not essential for the process, since the 

weighting issue can be avoided in many different ways. 

The results for channels A and B are presented in Fig. 5-7. The delay between the 

imposed electric signal and the TP velocity increases with the electric signal frequency due 

to the non-negligible delay of the development of the EO velocity component. Furthermore, 

this delay increases with the increase of the channel depth, since the momentum generated 

near the walls takes longer to diffuse toward the channel centerline. The best fit found by 

the applied algorithm is: ueo = 4.3 mm/s and uep = –3.5 mm/s in channel A and ueo = 4.1 

mm/s and uep = –3.2 mm/s in channel B. This shows that the method yields similar results, 

with a difference below 10 %, in channels with different dimensions.  

In order to further validate the theory behind the method used, the analytical solution 

was evaluated over one period of time in the spanwise direction, using the best fit parameters. 

Although the optimized solution was obtained based on the dynamic velocity profiles at a 

fixed position (the centerline), the method is also able to predict the experimentally observed 

particle velocities in the spanwise direction at any time within a full period cycle. This is 

shown in Fig. 5-8 for different instants of time within a cycle (animations are provided as 

supplementary materials), and good agreement is always observed between experimental 

data and the analytic solution. These results also suggest an alternative implementation of 

the sine-wave method: instead of using the velocity measured over time at a fixed position, 
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the velocity profile measured at different spanwise coordinates and at a fixed time can be 

used. 

 

 

 

 

(a) (b) 

Figure 5-7: Tracer particle velocity u at the centerline of (a) channel A (h = 174 μm) and (b) 

channel B (h = 108 μm) under a sinusoidal electric field with a peak amplitude of 440 V/cm, 

for three different frequencies: f = 20, 40 and 80 Hz. The dashed line represents the 

dimensionless imposed electric signal, while the full lines represent the fitting of Eq. (5.7). 

The symbols are the average (over cycles and over particles) of experimental data. The best 

fit found by the algorithm for those conditions gives ueo = 4.3 mm/s and uep = –3.5 mm/s for 

channel A and ueo = 4.1 mm/s and uep = –3.2 mm/s for channel B. 

 

 

 
Figure 5-8: Spanwise profiles of TP velocity at four different instants of time within a cycle 

of period T for channel B (h = 108 μm) under forcing by a sinusoidal electric field with a 

peak amplitude of 440 V/cm, at f = 40 Hz. The points represent experimental averaged values 

over several cycles, while the lines represent the analytical prediction of Eq. (5.9) using the 

best-fit parameters. The channel walls are located at y/(w/2) = ± 1. 
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5.3.4 Quantification of the zeta-potential of tracer particles and channel walls 

In the previous section, the EO and EP velocities measured using the pulse and sine-

wave methods were presented. In this section, those velocities are converted to values of 

wall zeta-potential.  

The wall zeta-potentials can be computed using Eqs. (5.2) and (5.3), from the slopes 

of u-E curves, which are commonly known as the EP and EO mobilities. Those curves were 

obtained for both methods, in channels A and B, by changing the applied electric field 

magnitude, Fig. 5-9.  

A first glance on Fig. 5-9 shows a good agreement between both methods, but better 

for the deeper channel, due to the temporal resolution constraint of the pulse method in 

channel B given its lower value of τeo, as previously discussed. Moreover, both EO and EP 

velocities are linear functions of the electric field magnitude, as expected theoretically for 

Newtonian fluids. 

 

 

  

(a) (b) 

Figure 5-9: Tracer particle velocity components (EO, EP and OBS=EO+EP) as a function 

of the applied electric field magnitude, in (a) channel A (h = 174 μm) and (b) channel B (h 

= 108 μm). The EP/EO mobility is estimated from the slope of the linear fit to the 

corresponding points (dashed and full lines in the plot). Error bars represent the standard 

deviation for the pulse method (at least 20 particles were considered in each experiment). 

uobs,pulse is the combined (EO +EP) velocity in R3 of Fig. 5-5, whereas uobs,sine represents the 

sum of the best-fit parameters (ueo + uep). 
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The estimated zeta-potentials are summarized in Table 5-2. Both the PDMS walls and 

tracer particles display negative values, as expected. However, our results are higher than 

other published values. For instance, Sze et al. [11] found zeta-potential values for PDMS 

surfaces varying between –110 and –68 mV for 10−4 M KCl, 10−3 M KCl and 10−3 M LaCl3 

electrolytes, and Ichiyanagi et al. [6] reported a PDMS wall zeta-potential of –74.4 ± 1.2 mV 

for 5 mM borate buffer (pH 9.4). Both these works report the use of buffers without addition 

of a surfactant. A plausible hypothesis for the observed differences could be the use of 

surfactant in our buffer solutions, which was seen to increase the EO mobility in previous 

studies [25, 26]. Also, a slight increase in the temperature (Joule heating, radiation heating 

by the mercury lamp, among others sources) would lead to a lower buffer viscosity, which 

was not taken into account in the calculations.  

The results shown in Table 5-2 show good agreement between both techniques and for 

channels A and B, except for the lower value of the zeta-potential of the micro-particles 

measured in channel B. This discrepancy is a result of the smaller diffusion time-scale τeo in 

channel B, thus the EP velocity measured in the first frames already includes some influence 

of EO, leading to a decrease (in magnitude) of the estimated EP velocity. To minimize this 

discrepancy a higher acquisition rate would be necessary. 

To assess the influence of surfactant addition in the measured zeta-potentials, an 

additional test was performed without the addition of surfactant to the buffer solutions. The 

values obtained for the wall zeta-potentials of TP and PDMS, using the sine-wave method 

in channel A, were –85 ± 2 mV and –103 ± 2 mV, respectively for a borate buffer 

concentration of 1.0 mM. As expected, those values are lower (in magnitude) than the 

estimated zeta-potentials presented in Table 5-2, and in agreement to previous works [25, 

26]. 

 

Table 5-2: Wall zeta-potentials of TP and PDMS microchannels for the 1.0mM borate buffer 

with 0.05% SDS. The standard deviation is obtained from the 95 % confidence interval for 

the slope of the linear fits in Fig. 5-9. 

 
Zeta-potential of PDMS walls (mV) Zeta-potential of TP (mV) 

Sine-wave method Pulse method Sine-wave method Pulse method 

Channel A –133 ± 3 –140 ± 11 –107 ± 3 –95 ± 6 

Channel B –123 ± 22 –129 ± 15 –94 ± 21 –75 ± 2 
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5.3.5 Ionic concentration effect on the zeta-potential 

The sine-wave method was also used to assess the conductivity effect on the wall zeta-

potentials, using channel A. For the three ionic concentrations tested, a quasi-linear decrease 

(in a log-linear scale) of the zeta-potential is shown in Fig. 5-10, when increasing the buffer 

concentration (conductivity). The slope of this linear relation for the PDMS walls (–24 

mV/pC) is close to the published value of –29.75 mV/pC in Ref. [26]. 

 

 

 
Figure 5-10: wall zeta-potential dependence on the ionic concentration (pC) measured in 

channel A (h = 174 μm). The points represent experimental data, while the lines are linear 

fits. 

 

 

5.3.6 Advantages and disadvantages of the pulse and sine-wave methods 

The two methods illustrated in this work rely on the PTV technique to track the 

position of tracer particles and compute the corresponding velocity as function of time.  

The pulse method shows a stronger dependence on the time resolution of the 

measurement system than the sine-wave method. In fact, it should be guaranteed that the 

first frame captured has a negligible contribution from EO in order to consider that it 

corresponds to the pure EP velocity (an alternative is to use Eq. (5.9) to estimate the EO 

contribution at the first frame and include this correction in the calculation, or using Eq. (5.9) 

to fit the velocity profile in regimes 1 and 2). For wider channels this criterion can be easily 

met with a low frame rate camera, but as the channel size decreases, a high-speed camera is 
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required and may even be insufficient. On the other hand, the sine-wave method requires the 

occurrence of a delay between the applied electric signal and the EO response, which 

requires increasing the applied electric signal frequency as the channel dimensions decrease. 

Increasing the frequency further increases the required frame rate of the camera, which must 

be high enough to process an adequate number of data points within each periodic cycle. 

However, this dependence on the frame rate is not as strong as in the pulse method. For 

instance, the sine-wave method was tested with a frame rate of 400 fps, which is 10 times 

lower than the frame rate typically used in this work and the velocities (ueo and uep) found by 

the error minimization algorithm remained almost unchanged (in this test, the velocity 

profile had only 5 points in one periodic cycle at f = 80 Hz). Such low frame rate would give 

unacceptable results in the pulse method, since the first frame would correspond already to 

35 % of the diffusion time-scale of channel B. Concluding, in respect to the time resolution 

requirements, the sine-wave method is more robust and less demanding in terms of the 

required acquisition rate. However, in channels with a high diffusion time-scale (large 

dimensions), both methods should perform acceptably. 

From a practical perspective, the sine-wave method can be advantageous due to its 

weaker tendency to form bubbles at the electrodes (this only happens at low frequencies), 

even though both methods use the same electrodes. The test/processing time is also similar 

in both methods, but implementation of the sine-wave method can be more time consuming 

than for the pulse method. Actually, for the latter, a minimum effort is required if the particle 

tracking is performed with a software already prepared to automatically execute this task, 

such as the open source Blender, or ImageJ programs. 

5.3.7 Response of viscoelastic fluids to an electric pulse 

The previous sections described and assessed the transient response of Newtonian 

fluids to an electric field pulse during startup and shutdown. Due to the fading memory of 

viscoelastic fluids, which can be quantified by their relaxation time, it is relevant and 

interesting to investigate the response of a viscoelastic fluid to an applied electric pulse, since 

it is also desirable to measure its mobilities in the set-up. We tested polyacrylamide aqueous 

solutions at 100, 200 and 400 ppm weight concentrations subjected to a pulse length of 20 

ms, which is longer than the estimated τeo for channel C (178 μm deep and 16 mm long). The 

results for step amplitudes of 132 V/cm and 220 V/cm are presented in Fig. 5-11. In this 

case, six different regimes can be identified and outlined, as shown in Fig. 5-12. Comparing 
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with the Newtonian fluid response in Fig. 5-5, the overall behavior for viscoelastic fluid is 

similar, but additional velocity over- and under-shoots are present. Specifically, there are 

two additional regimes in the TP displacement and corresponding velocity profiles: 

overshoot (𝑅2
´ ) and undershoot (𝑅4

´ ) regimes, where fluid elasticity combined with the startup 

and shutdown transient was the key to the appearance of such two new regimes. Such 

overshoot/undershoot after positive/negative step variations of the applied electric field are 

a consequence of the memory of the fluid and the exponential decays observed in regimes 

𝑅2
´  and 𝑅4

´  can be used to estimate the relaxation time of the fluid. Accordingly, due to that 

transient response, the pulse method will require future investigations. 

Figure 5-13 shows the tracer particle velocity components (EO, EP and OBS=EO+EP) 

as a function of the applied electric field magnitude for the three aqueous polyacrylamide 

solutions, obtained from the velocity measurements illustrated in Fig. 5-11 , and other not 

shown at different electric field strengths. The three velocities plotted were independently 

measured: the EP velocity is obtained from the minimum velocity at short times, the EO 

velocity corresponds to the peak velocity observed right after the electric field shutdown, 

and the combined velocity corresponds to the velocity plateau observed approximately 

between 5 and 20 ms. The results shown in Fig. 5-13 are similar to those obtained with the 

buffer solution, despite the significantly higher shear viscosities of the viscoelastic solutions. 

This observation should be a result of the shear thinning nature of the viscoelastic solutions, 

with the shear viscosity plateau at high shear rates approaching the shear viscosity of water 

(the local shear rates in the EDL are very large due to the locally high velocity gradients), or 

due to the formation of a near-wall layer depleted of macromolecules (see Ref. [27] for a 

theoretical analyzes), which also explains the quasi-linear increase of the EO and EP 

velocities with the applied electric field strength. Future studies will be done with other 

polymer solutions to assess these hypotheses. 
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(a) 

  
(b) 

  
(c) 

Figure 5-11: Tracer particle displacement (left hand-side), and velocity u (right hand-side) 

at the centerline of channel C (h = 178 μm), for an applied pulse duration of 20 ms with 

amplitudes of 132 V/cm and 220 V/cm, for polyacrylamide aqueous solutions at the 

following concentrations: (a) 100 ppm; (b) 200 ppm; (c) 400 ppm. The points represent 

average experimental values, while the lines are only a guide to the eye. 
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Figure 5-12: Regimes in the TP velocity u and displacement s profiles, at the channel 

centerline, for a viscoelastic fluid, due to an applied electric pulse. In regime R1, EP 

dominates. This is followed by regime R2, where the EO component is still developing to 

become fully-developed, but before achieving fully-developed flow condition, an overshoot 

(𝑅2
´ ) occurs and decays. Afterwards regime R3 starts, which is characterized by a constant 

velocity. Regime R4 starts after the pulse ends and is characterized by a zero EP component 

and before it decays completely, there is a velocity undershoot (𝑅4
´ ) followed by a decay to 

zero velocity. 

 

 

 
Figure 5-13: Tracer particle velocity components (EO, EP and OBS=EO+EP) as a function 

of the applied electric field magnitude, in channel C (h = 178 μm) for PAA solutions with 

concentrations of 100, 200 and 400 ppm. The dashed lines are a guide to the eye. Error bars 

represent the standard deviation for the pulse method (at least 20 particles were considered 

in each experiment). 
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5.4 Concluding Remarks 

In the present work, we explored two methods that allow the simultaneous 

determination of the zeta-potential of tracer particles and channel walls in straight 

rectangular microchannels. In the pulse method, a pulse electric field is generated and the 

EP and EO velocities are determined based on the measurement of the variation with time 

of the particle velocity just after the pulse is turned on and off, respectively. This is possible 

due to the different characteristic time-scales of EO and EP. In the sine-wave method, a 

sinusoidal electric field with zero mean is imposed and the difference between the 

experimentally measured velocity of TP and the computed velocity using the analytical 

expression is minimized via an optimization procedure, where EO and EP velocities are the 

design variables. This method is based on the frequency-dependent delay between the EO 

and EP (or signal) velocity component responses. Both methods rely on the particle tracking 

velocimetry technique to measure the velocity of tracer particles. The pulse method is shown 

to be more dependent on a high time-resolution set-up than the sine-wave method, although 

it is of easier implementation. However, in channels with a high diffusion time-scale (large 

dimensions), both methods provide consistent results. In addition, the pulse method is easily 

extended to deal with non-Newtonian fluids, but that is not the case for the sine-wave 

method, unless the corresponding analytic solution is known, a non-trivial limitation for 

complex fluid rheology. 

In the pulse method, Newtonian fluids show four regimes in the TP displacement and 

velocity profiles, while for viscoelastic fluids two additional regimes can appear, exhibiting 

an overshoot and an undershoot in the particle velocity response, which arise due to the 

fading memory of the viscoelastic fluid in combination to their response to electrical pulse 

startup and shutdown events. 

5.5 Appendix 

Under the Debye-Hückel approximation, Marcos et al. [22] derived the following 

analytic expression for the EO velocity,  , ,u y z t  (the overbars denote dimensionless 

values), in a straight rectangular channel subjected to an oscillatory electric field of the form 

i( ) tE t Ee  : 
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with h and w representing the microchannel depth and width, respectively. The non-

dimensional variables are u = u / ush, t = υt/Dh
2, y = y/Dh, z = z/Dh, E = EDhRe/ζw, G = 

2zven0ζw/(ρush
2), w = zveζw/(kbTabs), h  D and the Reynolds number, Re =ρDhush/µ, 

where t is the time, Tabs is the absolute temperature, kb is Boltzmann constant,   is the 

Debye–Hückel parameter, Dh=2hw/(h+w) is the hydraulic diameter, υ = µ/ρ is the fluid 

kinematic viscosity, ζw is the microchannel wall zeta-potential, ush is the Smoluchowski EO 

velocity, E is the electric field, zv is the electrolyte valence, e is the elementary charge, n0 is 

the concentration number of ions, and ω is the angular frequency. 

Note that Eq. (5.9) is general for a Newtonian fluid and can be applied to different 

cases: the real part is the response to a cosine time-varying applied electric field if ω ≠ 0, or 

to a DC electric field if ω = 0, and the imaginary part is the response to a sinusoidal time-

varying electric field (ω ≠ 0). 

In the analyzes considered in this work, we are interested in the velocity field response 

to a sine-wave input of the form ( ) sin( )E t E t , thus at large times the imaginary part of 

Eq. (5.9) gives the required velocity field : 
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6 PARTICLE-TO-PARTICLE DISTRIBUTION ANALYSIS OF 

ELECTROKINETIC FLOWS OF VISCOELASTIC FLUIDS UNDER PULSED 

ELECTRIC FIELDS 

 

 

 

 

In this chapter, particle-to-particle (PTP) distribution analysis is used to investigate 

electrokinetic flow of viscoelastic fluids in a straight rectangular microchannel, for an 

imposed pulsed electric field. Three types of viscoelastic fluids at different concentrations 

were used to assess the flow behavior, including polyacrylamide (PAA, Mw=18x106 g       

mol-1) and two different molecular weights of polyethylene oxide (PEO, Mw=5x106 g mol-1 

and 8x106 g mol-1) aqueous solutions. Fluorescent polystyrene tracer particles with 2 μm 

diameter were added to all fluids to perform the velocity measurements. It is observed 

experimentally, for some test cases, that the variation among individual particles is 

significant, even though under the pulsed electric field each fluid has a unique flow response 

when the average of several particles is considered, as observed in the previous chapter. 
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6.1 Introduction 

In the previous chapter, two methods were described to measure the electro-osmotic 

and electrophoretic mobilities in a straight rectangular microchannel. Both methods relied 

on the use of a particle tracking velocimetry (PTV) technique to track the position along time 

of individual tracer particles (TP) and to compute the corresponding velocity as a function 

of time. In both methods, it was assumed that the mobility values of all particles follow a 

normal distribution, so that by simple averaging over a significant number of particles will 

allow the determination of the mean value of that distribution. In this chapter, individual 

tracer particles are analyzed using particle-to-particle (PTP) distribution analysis, again 

using the PTV technique.  

Three types of polymer solutions were prepared and were investigated under the action 

of an imposed pulsed electric field using the PTP analysis, including: aqueous solutions of 

polyacrylamide (PAA, Mw=18x106 g mol-1, Polysciences) at concentrations of 100, 200 and 

400 ppm (wt/wt); aqueous solutions of polyethylene oxide (PEO, Sigma-Aldrich), of two 

molecular weights (Mw=5x106 g mol-1 and 8x106 g mol-1) at concentrations of 500, 1000, 

2000 and 3000 ppm (wt/wt) for the lower Mw and at concentrations of 500, 1000 and 1500 

ppm (wt/wt) for the higher Mw. For all PEO solutions, the polymer was directly dissolved in 

a 1 mM borate buffer and no surfactant was added. 

6.2 Experimental Set-up 

6.2.1 Experimental methods and procedures 

The same experimental set-up described in Section 5.2.4, and schematically shown in 

Fig. 6-1, was also used here. The flow behavior of a total of eight solutions is examined 

using the pulse method described in Section 5.2.1.1. In this method, a continuous sequence 

of electric pulses is generated during the whole recording time of the high-speed camera, 

which acquires images at 2000 frames per second (fps). In all the presented experiments the 

first cycle was eliminated to avoid any error due to possible transient effects within that first 

cycle of the experiment, and only the remaining cycles were considered in the analysis. 

The flow behavior of the fluids was examined in a microchannel with rectangular 

cross-section (l x w x h), channel C (16 mm x 404 μm x 178 μm) is used. Note that we use 

the same nomenclature for the microchannels, as used in the previous chapter. 
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Figure 6-1: Schematic diagram illustrating the experimental set-up and the pulse method. 

 

 

The PTV algorithm used in this chapter differs slightly from the algorithm used in 

Section 4.2.4. In this analysis, each individual particle was identified using ImageJ software 

(www.imagej.net/), an open source image processing program, and the MOSAIC plugin 

(http://mosaic.mpi-cbg.de/?q=downloads/imageJ) is used to track the bright spots in a 

successive number of frames [1]. Then, all recorded pathlines were post-processed using a 

Matlab® code (MathWorks version R2012a, www.mathworks.com/), to exclude short 

pathlines and only analyze the particles which are tracked since the beginning of the imposed 

electric field, and that contain a multiple number of cycles. 

6.2.2 Rheological characterization of the fluids  

The shear viscosity curves in steady shear flow of the PEO solutions (Mw=5x106 and 

8x106 g mol-1) in a 1 mM borate buffer solution at different concentrations are plotted in Fig. 

6-2. The shear viscosity was measured using a rotational rheometer (Physica MCR301, 

Anton Paar) with a 75 mm cone-plate system with 1º angle. The pH, electrical conductivity 

and fluid extensional relaxation time (λ) were also measured, see Table 6-1. The relaxation 
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time was measured using a capillary-breakup extensional rheometer (Haake CaBER-1, 

Thermo Haake GmbH). The rheological characterization of the PAA solutions (Mw = 18x106 

g mol-1) at different concentrations can be found in Fig. 5-2 and Table 5-1 (see Section 5.2.3).  

 

 

  
(A) (B) 

Figure 6-2: Influence of shear rate on the steady shear viscosity for aqueous solutions of 

PEO of a molecular weight of 5x106 g mol-1 (A) and 8x106 g mol-1 (B), both dissolved in a 

1 mM borate buffer at Tabs = 295 K.  

 

 

Table 6-1: Electrical conductivity, pH and extensional relaxation time for aqueous solutions 

of PEO (Mw=5x106 and 8x106 g mol-1) dissolved in 1 mM borate buffer measured at Tabs = 

298 K. 

PEO in a 1 mM borate buffer Mw=5x106 g mol-1  Mw=8x106 g mol-1  

Concentration in ppm (wt/wt) 500  1000  2000  3000  500  1000  1500  

pH 8.42 8.45 8.64 8.75 8.11 8.02 7.81 

Electrical conductivity (μS/cm) 74.4 79.4 92.5 97.5 70.2 75.5 80.4 

Relaxation time, λ (s) 0.031 0.047 0.070 0.085 0.043 0.045 0.117 

 

 

6.3 Results and Discussion 

This section presents and discusses the analysis of the particle-to-particle distributions 

for the different viscoelastic fluids used, in order to assess the different types of transient 

behavior during the flow start-up and shut-down in a straight microchannel. For the 

Newtonian fluid a similar analysis was done, but the variability between different particles 
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and cycles was small, as reported next for the PAA solution. Therefore, for conciseness, 

those results are not shown here. 

6.3.1 PAA solutions 

This section presents the PTP analysis for an aqueous solution of PAA with molecular 

weight Mw = 18x106 g mol-1 at concentration of 200 ppm, using channel C (h = 178 μm). 

The high-speed camera was set at an acquisition rate of 2000 fps and the pulsed electric field 

was set with a pulse duration of 20 ms and a time interval between consecutive pulses of 200 

ms. These settings allow both the full development of EO and the complete decay of EO 

velocity after the pulse is shutdown. The high-speed camera recorded a continuous sequence 

of 8 cycles over the full recording time, but only the last 7 cycles were analyzed. 

Starting with the individual response of TPs, Fig. 6-3 presents the displacement of 

individual tracer particles for each of the electric pulse cycles analyzed. The imposed pulse 

has an electric field intensity variation from 0 to 88 V/cm, and the tracked particles were 

located within 50% of the channel width around the centerline of channel C. This 

arrangement corresponded to a total number of 25 tracer particles being tracked. The general 

behavior of most of the TPs is similar, with only a slight variation in displacement among 

successive cycles, which corresponds to similar mobilities computed for all particles. 

Figures 6-4 and 6-5 examine the influence of varying the size of the window of 

observation on the mean-displacement and on the corresponding mean-velocity. Around the 

centerline of the microchannel, the window size was reduced from 50% of the channel width 

to 30% and also to 15%. Accordingly, the number of TPs in the sampling region (50%, 30% 

and 15%) decreased from 25 to 13 and then to 7 particles. The displacements presented in 

Fig. 6-4 are for each individual TP within the sampling area after averaging over the 7 cycles, 

while Fig. 6-5 presents the mean-displacement and the corresponding mean-velocity for the 

three sampling regions (50%, 30% and 15%) after averaging over all cycles and over all 

tracked particles, which obviously leads to a single typical curve. In conclusion, the number 

of TP seems to not influence the mean value and as a result the sampling region of 30% is 

selected as the default size in the next experiments, unless otherwise stated. The analysis 

conducted for the PAA solutions with concentrations of 100 and 400 ppm show similar 

results, as far as particle-to-particle variability is concerned, and consequently are not shown 

here for conciseness. However, it needs to be said that the magnitudes of the velocities 
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decrease with polymer concentration in a manner similar to what was reported in chapter 5 

(Section 5.3.7, Fig. 5-13). 

The effect of pulse amplitude is shown in Figs. 6-6 to 6-8 for the same 200 ppm 

aqueous solution of PAA. Figure 6-6 presents the variation in TP displacement among 

individual particles for amplitudes of 88, 132, 176 and 220 V/cm. The number of tracked 

particles for each of the four pulse amplitudes was 13, 15, 12 and 7 particles, respectively. 

The results show only minor dispersion among different TP. 

The mean-displacement and the corresponding mean-velocity after averaging all 

average-cycles over all tracked particles are plotted in Fig. 6-7. As can be seen both 

quantities increase with the magnitude of the electric field. Figure 6-8 shows the 

corresponding TP velocity components (uep, ueo and uobs=ueo+uep). Each velocity component 

was measured independently and obtained from the velocity measurements plotted in Fig. 

6-7 following the method described in the previous chapter. For other PAA concentrations, 

there is a concentration effect on the EO and the EP velocity components that somewhat 

cancels out leading to similar observed velocity values (uobs) as shown in the previous 

chapter. Additionally, Fig. 6-7 shows that EP and EO velocity components vary linearly with 

the magnitude of the imposed electric field. 
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Figure 6-3: Tracer particle displacement s for nine different particles (A) – (I) in a solution 

of PAA (Mw=18x106 g mol-1) at a concentration of 200 ppm, under a pulsed electric field. 

The imposed pulse included 8 consecutive cycles (only the last 7 cycles are shown) with 20 

ms pulse duration and an amplitude of 88 V/cm. The particles were tracked within 50% of 

the channel width around the centerline of channel C (h = 178 μm). For reasons of space 

only 9 particles out of 25 particles are shown (the remaining particles show a similar 

behavior). The points represent experimental values, while the lines are only a guide to the 

eye (only one fifth of the points over time are shown). 
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Figure 6-4: Tracer particle displacement s averaged over all cycles, for 25, 13 and 7 particles 

in a solution of PAA (Mw = 18x106 g mol-1) at a concentration of 200 ppm, tracked 

respectively within 50% (A), 30% (B) and 15% (C) of the channel width around the 

centerline of channel C (h = 178 μm). The analysis was done over 7 consecutive cycles, with 

20 ms pulse duration and an amplitude of 88 V/cm. The points represent average 

experimental values over all cycles, while the lines are only a guide to the eye (only one 

fourth of the points over time are shown).  

 

 

 

 

  
(A) (B) 

Figure 6-5: Tracer particle mean-displacement s (A) and corresponding mean-velocity u (B) 

for TP in a solution of PAA (Mw = 18x106 g mol-1) at a concentration of 200 ppm, tracked 

within 50%, 30% and 15% of the channel width around the centerline of channel C (h = 178 

μm). The imposed pulse was analyzed over 7 consecutive cycles, with 20 ms pulse duration 

and an amplitude of 88 V/cm. The points represent average experimental values over the 7 

cycles and all particles tracked (global average values), while the lines are only a guide to 

the eye (only one third of the points over time are shown). 
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Figure 6-6: Individual tracer particle displacement s averaged over all cycles for particles in 

a solution of PAA (Mw = 18x106 g mol-1) at a concentration of 200 ppm, under a pulsed 

electric field with amplitudes of 88 V/cm (A), 132 V/cm (B), 176 V/cm (C), and 220 V/cm 

(D), respectively. The analysis was done for 7 consecutive cycles with 20 ms pulse duration. 

Particles were tracked within 30% of the channel width around the centerline of channel C 

(h = 178 μm). The points represent average experimental values, while the lines are only a 

guide to the eye (only one fourth of the points over time are shown). The number of particles 

tracked was 13, 15, 12 and 7, respectively for cases from A to D. 
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Figure 6-7: Tracer particle mean-displacement s (A) and corresponding mean-velocity u (B) 

for an applied pulse duration of 20 ms and amplitudes of 88, 132, 176 and 220 V/cm, for TP 

in a solution of PAA (Mw=18x106 g mol-1) at a concentration of 200 ppm. Particles were 

tracked within 30% of the channel width around the centerline of channel C (h = 178 μm). 

The points represent average experimental values, while the lines are only a guide to the eye 

(only half of the points over time are shown). 

 

 

 

 

 
Figure 6-8: Tracer particle velocity components (EO, EP and OBS=EO+EP) as a function 

of the applied electric field magnitude for a pulse duration of 20 ms, in channel C (h = 178 

μm), using a solution of PAA (Mw = 18x106 g mol-1) at a concentration of 200 ppm. The 

dashed lines are a guide to the eye. 
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6.3.2 PEO solutions with Mw = 5x106 g mol-1 

In this section, we perform for PEO solutions the same type of analysis we did in the 

previous section for PAA. Four aqueous solutions of polyethylene oxide (PEO, Mw=5x106 g 

mol-1) dissolved in 1 mM borate buffer at mass concentrations of 500, 1000, 2000 and 3000 

ppm were considered. The investigation is done again in channel C (h = 178 μm) as was the 

case for PAA using the PTP analysis. In these experiments a new setting is used to allow the 

full development of EO flow and to allow the complete decay of velocity after the pulse 

shutdown: the camera was set at an acquisition rate of 2000 fps, as before, whereas the pulsed 

electric field was set with a pulse duration of 150 ms and a time interval between consecutive 

pulses of 350 ms. According to these settings, the camera recorded a continuous sequence 

of 7 cycles over the full recording time, but only the last 6 cycles were analyzed. 

Figures 6-9, 6-10, 6-11 and 6-12 plot the TP displacement of individual particles for 

each concentration used. The imposed pulse has an electric field that varies from 0 to 88 

V/cm, and the particles were tracked within 50% of the channel width around the centerline 

of channel C. Under these conditions there were 41, 44, 60 and 60 tracer particles for the 

four mentioned concentrations, respectively. In contrast to what was previously observed for 

Newtonian and PAA solutions, the general behavior among all TP for the examined PEO 

concentrations looks unusual among successive cycles, and even among the particles 

themselves for all tested PEO concentrations. The plotted displacement for each individual 

TP has a different response under the same electric field, which means variable mobility 

values among different particles. 

Figures 6-13, 6-15, 6-17 and 6-19 examine the influence of varying the window of 

observation on the mean-displacement of each particle for PEO concentrations of 500, 1000, 

2000 and 3000 ppm respectively, whereas Figs. 6-14, 6-16, 6-18 and 6-20 display the 

corresponding mean-displacement and mean-velocities for all particles. Around the 

centerline of the microchannel, the window size was reduced from 50% of the channel width 

to 30% and to 15%. Accordingly, the number of TP in the sampling area (50%, 30% and 

15%) for the four concentrations decreased as (41, 23 and 9 particles for 500 ppm), (44, 29 

and 15 particles for 1000 ppm), (60, 35 and 15 particles for 2000 ppm) and (60, 59 and 29 

particles for 3000 ppm), respectively. The displacement presented in Figs. 6-13, 6-15, 6-17 

and 6-19 is the average-cycle per each individual TP within the sampling area after averaging 

over the 6 cycles, while Figs. 6-14, 6-16, 6-18 and 6-20 present the mean-displacement and 
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the corresponding mean-velocities after averaging all average-cycles over all tracked 

particles, and each of the three curves corresponds to one of the following sampling regions: 

50%, 30% and 15%. Figures 6-14-(B), 6-16-(B), 6-18-(B) and 6-20-(B) show that there is a 

reduction of the velocities due to the increase in the polymer concentration, as observed for 

PAA solutions (see Section 5.3.7, Fig. 5-13). 

In conclusion, Figs. 6-13, 6-15, 6-17 and 6-19 show that different tracer particles have 

a wide range of mobilities, but such variability does not influence the average behavior and 

leads to a single typical mean curve even for different regions of analysis, as confirmed in 

the global averaged data plotted in Figs. 6-14, 6-16, 6-18 and 6-20. Hence, the sampling 

window of 30% is selected as the default size in the remaining analyses of this fluid, unless 

otherwise stated. However, this consistent behavior is only observed for different 

observation window sizes, all other things being equal. As we shall see below, such 

consistency is lost when the influence of the electric pulse amplitude is assessed, for 

instance.  

The influence of pulse amplitude upon the average displacement of individual tracer 

particles is shown in Figs. 6-21, 6-22, 6-23 and 6-24 for different PEO concentrations. Parts 

A, B, C and D of each figure pertain to the amplitudes of 88, 132, 176 and 220 V/cm, 

respectively. The number of tracked particles for each of the four amplitudes of (88, 132, 

176 and 220 V/cm) were (23, 17, 20 and 13 particles), (29, 26, 15 and 16 particles), (35, 50, 

36 and 34 particles) and (59, 34, 22 and 20 particles). for the 500, 1000, 2000 and 3000 ppm, 

respectively. A similar behavior is observed for the different pulse amplitudes, again with a 

significant variability in particle mobilities, but in a clear contrast to what was previously 

observed for the PAA solutions and for the Newtonian solvent (not shown for conciseness). 

The global average over all cycles of all particles for the mean-displacement and 

corresponding mean-velocities are plotted in Figs. 6-25, 6-26, 6-27 and 6-28 for the four 

different PEO concentrations. Each part of the figures contains four curves, one for each of 

the tested pulse amplitudes of 88, 132, 176 and 220 V/cm. As observed in these figures there 

seems to be two different behaviors occurring with variation of the polymer concentration. 

At low concentrations (Figs. 6-25, 6-26 and 6-27 for 500, 1000 and 2000 ppm) the plotted 

mean-displacement and corresponding mean-velocity curves do not increase monotonically 

with the magnitude of the imposed electric field, in contrast with the 3000 ppm polymer 

solution plotted in Fig. 6-28, which shows monotonic increases in both the mean-
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displacement and the corresponding mean-velocity with the imposed electric field intensity. 

In addition, these four figures show clearly that not even the global average over all particles 

and all cycles leads to a well-behaved statistical behavior.  

Besides the reliable behavior observed in Fig. 6-28 for the 3000 ppm PEO solution, it 

also allows to observe the full development of the EO flow at the pulse startup and complete 

velocity decay at the pulse shutdown. In Chapter 5 the flow behavior of borate buffer and 

PAA solutions under a pulsed electric field were described in detail, and different flow 

regimes were identified for each fluid, see Sections 5.3.2 and 5.3.7 respectively. Here we 

perform a similar analysis for the 3000 ppm PEO solution which exhibits a similar behavior 

to the Newtonian fluid, except that the time to fully-developed electro-osmosis is longer, and 

the intensity of electro-osmosis is smaller than the intensity of electrophoresis. As shown in 

Fig. 6-29, in regime R1, EP dominates and becomes fully-developed very quickly, 

corresponding here to the initially acquired frames (limited by the settings used by the high 

speed camera), whereas the effect of EO is still negligible. This is followed by regime R2, 

where EP is fully-developed and EO is developing to reach its steady-state. In the subsequent 

regime R3 both EP and EO are fully-developed and a constant velocity exists. Note that with 

this fluid EP and EO act on opposite directions, but since |uep| > |ueo| (uep<0 and ueo>0) then 

the particle flow direction does not change while the electric field is on. Finally, regime R4 

starts after the pulse ends and is characterized by an instantaneous decay of the EP 

component leading to a sharp increase in the total observed velocity that switches sign 

because EO is essentially unchanged while uep goes immediately to zero on switching-off 

the electric field. Then, that is followed by a decay of EO to zero. 

Finally, Fig. 6-30 plots the magnitude of the full-developed TP velocity components 

(uep, ueo and uobs=ueo+uep) as a function of the imposed electric field magnitude based on the 

all-cycle and all-particles global average. Each velocity component was measured 

independently and obtained from the velocity data in Figs. 6-25, 6-26, 6-27 and 6-28. As 

observed in Fig. 6-30, there is a concentration effect on the three velocity components (EO, 

EP and OBS), which differs from what was observed earlier in Fig. 6-8 for the PAA solution, 

that may require future investigation to understand the main causes of this difference. The 

variation with the polymer concentration of ueo is monotonic, for uep also seems to be 

monotonic but tending to a saturation with the concentration increase, and as a consequence 

the observed velocity shows a non-monotonic behavior. 
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Figure 6-9: Tracer particle displacement s for nine different particles (A) – (I) in a solution 

of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a concentration of 500 ppm, 

under a pulsed electric field. The imposed pulse included 6 consecutive cycles, with 150 ms 

pulse duration and an amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For reasons of space only 9 

particles out of 41 particles are shown (the remaining particles show a similar behavior). The 

points represent experimental values, while the lines are only a guide to the eye (only one 

twentieth of the points over time are shown). 
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Figure 6-10: Tracer particle displacement s for different particles (A) – (I) in a solution of 

PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a concentration of 1000 ppm, 

under a pulsed electric field. The imposed pulse included 6 consecutive cycles, with 150 ms 

pulse duration and an amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For reasons of space only 9 

particles out of 44 particles are shown (the remaining particles show a similar behavior). The 

points represent experimental values, while the lines are only a guide to the eye (only one 

twentieth of the points over time are shown). 
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Figure 6-11: Tracer particle displacement s for different particles (A) – (I) in a solution of 

PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a concentration of 2000 ppm, 

under a pulsed electric field. The imposed pulse included 6 consecutive cycles, with 150 ms 

pulse duration and an amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For reasons of space only 9 

particles out of 60 particles are shown (the remaining particles show a similar behavior). The 

points represent experimental values, while the lines are only a guide to the eye (only one 

twentieth of the points over time are shown). 
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Figure 6-12: Tracer particle displacement s for different particles (A) – (I) in a solution of 

PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a concentration of 3000 ppm, 

under a pulsed electric field. The imposed pulse included 6 consecutive cycles, with 150 ms 

pulse duration and an amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For reasons of space only 9 

particles out of 60 particles are shown (the remaining particles show a similar behavior). The 

points represent experimental values, while the lines are only a guide to the eye (only one 

twentieth of the points over time are shown). 
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Figure 6-13: Tracer particle displacement s averaged over all cycles, for 41, 23 and 9 

particles in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 500 ppm, tracked respectively within 50% (A), 30% (B) and 15% (C) of 

the channel width around the centerline of channel C (h = 178 μm). The analysis was done 

over 6 consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The 

points represent average experimental values over all cycles, while the lines are only a guide 

to the eye (only one twenty-fifth of the points over time are shown).  
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Figure 6-14: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for TP in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 500 ppm, tracked within 50%, 30% and 15% of the channel width around 

the centerline of channel C (h = 178 μm). The imposed pulse was analyzed over 6 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The points 

represent average experimental values over the 6 cycles and all particles tracked (global 

average values), while the lines are only a guide to the eye (only one twenty- fifth of the 

points over time are shown). 
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Figure 6-15: Tracer particle displacement s averaged over all cycles, for 44, 29 and 15 

particles in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 1000 ppm, tracked respectively within 50% (A), 30% (B) and 15% (C) of 

the channel width around the centerline of channel C (h = 178 μm). The analysis was done 

over 6 consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The 

points represent average experimental values over all cycles, while the lines are only a guide 

to the eye (only one twenty- fifth of the points over time are shown). 
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Figure 6-16: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for TP in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 1000 ppm, tracked within 50%, 30% and 15% of the channel width around 

the centerline of channel C (h = 178 μm). The imposed pulse was analyzed over 6 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The points 

represent average experimental values over the 6 cycles and all particles tracked (global 

average values), while the lines are only a guide to the eye (only one twenty- fifth of the 

points over time are shown). 
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Figure 6-17: Tracer particle displacement s averaged over all cycles, for 60, 35 and 15 

particles in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 2000 ppm, tracked respectively within 50% (A), 30% (B) and 15% (C) of 

the channel width around the centerline of channel C (h = 178 μm). The analysis was done 

over 6 consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The 

points represent average experimental values over all cycles, while the lines are only a guide 

to the eye (only one twenty- fifth of the points over time are shown).  
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Figure 6-18: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for TP in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of of 2000 ppm, tracked within 50%, 30% and 15% of the channel width 

around the centerline of channel C (h = 178 μm). The imposed pulse was analyzed over 6 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The points 

represent average experimental values over the 6 cycles and all particles tracked (global 

average values), while the lines are only a guide to the eye (only one twenty- fifth of the 

points over time are shown).  
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Figure 6-19: Tracer particle displacement s averaged over all cycles, for 60, 59 and 29 

particles in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 3000 ppm, tracked respectively within 50% (A), 30% (B) and 15% (C) of 

the channel width around the centerline of channel C (h = 178 μm). The analysis was done 

over 6 consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The 

points represent average experimental values over all cycles, while the lines are only a guide 

to the eye (only one twenty- fifth of the points over time are shown).  
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Figure 6-20: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for TP in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of of 3000 ppm, tracked within 50%, 30% and 15% of the channel width 

around the centerline of channel C (h = 178 μm). The imposed pulse was analyzed over 6 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The points 

represent average experimental values over the 6 cycles and all particles tracked (global 

average values), while the lines are only a guide to the eye (only one twenty- fifth of the 

points over time are shown).  
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Figure 6-21: Individual tracer particle displacement s averaged over all cycles for particles 

in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a concentration 

of 500 ppm, under a pulsed electric field with amplitudes of 88 V/cm (A), 132 V/cm (B), 

176 V/cm (C), and 220 V/cm (D), respectively. The analysis was done for 6 consecutive 

cycles with 150 ms pulse duration. Particles were tracked within 30% of the channel width 

around the centerline of channel C (h = 178 μm). The points represent average experimental 

values, while the lines are only a guide to the eye (only one twenty-five of the points over 

time are shown). The number of particles tracked was 23, 17, 20 and 13, respectively for 

cases from A to D. 
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Figure 6-22: Individual tracer particle displacement s averaged over all cycles for particles 

in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a concentration 

of 1000 ppm, under a pulsed electric field with amplitudes of 88 V/cm (A), 132 V/cm (B), 

176 V/cm (C), and 220 V/cm (D), respectively. The analysis was done for 6 consecutive 

cycles with 150 ms pulse duration. Particles were tracked within 30% of the channel width 

around the centerline of channel C (h = 178 μm). The points represent average experimental 

values, while the lines are only a guide to the eye (only one twenty-five of the points over 

time are shown). The number of particles tracked was 29, 26, 15 and 16, respectively for 

cases from A to D. 
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Figure 6-23: Individual tracer particle displacement s averaged over all cycles for particles 

in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a concentration 

of 2000 ppm, under a pulsed electric field with amplitudes of 88 V/cm (A), 132 V/cm (B), 

176 V/cm (C), and 220 V/cm (D), respectively. The analysis was done for 6 consecutive 

cycles with 150 ms pulse duration. Particles were tracked within 30% of the channel width 

around the centerline of channel C (h = 178 μm). The points represent average experimental 

values, while the lines are only a guide to the eye (only one twenty-five of the points over 

time are shown). The number of particles tracked was 35, 50, 36 and 34, respectively for 

cases from A to D. 
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Figure 6-24: Individual tracer particle displacement s averaged over all cycles for particles 

in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a concentration 

of 3000 ppm, under a pulsed electric field with amplitudes of 88 V/cm (A), 132 V/cm (B), 

176 V/cm (C), and 220 V/cm (D), respectively. The analysis was done for 6 consecutive 

cycles with 150 ms pulse duration. Particles were tracked within 30% of the channel width 

around the centerline of channel C (h = 178 μm). The points represent average experimental 

values, while the lines are only a guide to the eye (only one twenty-five of the points over 

time are shown). The number of particles tracked was 59, 34, 22 and 20, respectively for 

cases from A to D. 
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Figure 6-25: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for an applied pulse duration of 150 ms and amplitudes of 88, 132, 176 and 220 V/cm, 

for TP in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 500 ppm. Plots (C) and (D) are a zoomed view of (A) and (B), respectively, 

at short times. Particles were tracked within 30% of the channel width around the centerline 

of channel C (h = 178 μm). The points represent average experimental values, while the lines 

are only a guide to the eye (only a fraction of the points over time are shown). 
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Figure 6-26: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for an applied pulse duration of 150 ms and amplitudes of 88, 132, 176 and 220 V/cm, 

for TP in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 1000 ppm. Plots (C) and (D) are a zoomed view of (A) and (B), respectively, 

at short times. Particles were tracked within 30% of the channel width around the centerline 

of channel C (h = 178 μm). The points represent average experimental values, while the lines 

are only a guide to the eye (only a fraction of the points over time are shown).  
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Figure 6-27: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for an applied pulse duration of 150 ms and amplitudes of 88, 132, 176 and 220 V/cm, 

for TP in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 2000 ppm. Plots (C) and (D) are a zoomed view of (A) and (B), respectively, 

at short times. Particles were tracked within 30% of the channel width around the centerline 

of channel C (h = 178 μm). The points represent average experimental values, while the lines 

are only a guide to the eye (only a fraction of the points over time are shown). 
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Figure 6-28: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for an applied pulse duration of 150 ms and amplitudes of 88, 132, 176 and 220 V/cm, 

for TP in a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 3000 ppm. Plots (C) and (D) are a zoomed view of (A) and (B), respectively, 

at short times. Particles were tracked within 30% of the channel width around the centerline 

of channel C (h = 178 μm). The points represent average experimental values, while the lines 

are only a guide to the eye (only a fraction of the points over time are shown). 
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Figure 6-29: Flow regimes in the TP velocity u and displacement s profiles at the channel 

centerline for a viscoelastic fluid (3000 ppm PEO in 1 mM borate buffer) due to an applied 

electric pulse. In regime R1, EP becomes fully-developed. This is followed by regime R2, 

where the EO component is still developing to become fully-developed in regime R3, which 

is characterized by a constant velocity. Regime R4 starts after the pulse ends and is 

characterized by a zero EP component and EO decaying to zero over time. 

 

 

 

 
 

Figure 6-30: Tracer particle velocity components (EO, EP and OBS=EO+EP) as a function 

of the applied electric field magnitude for a pulse duration of 150 ms, in channel C (h = 178 

μm), using a solution of PEO (Mw = 5x106 g mol-1) dissolved in 1 mM borate buffer at 

concentrations of 500, 1000, 2000 and 3000 ppm. The dashed lines are a guide to the eye.  
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6.3.3 PEO solutions with Mw = 8x106 g mol-1 

In this section, the PTP analysis is performed for the PEO solutions with the higher 

molecular weight, Mw=8x106 g mol-1. Three solutions of PEO dissolved in 1 mM borate 

buffer were prepared at concentrations of 500, 1000 and 1500 ppm. The main aim here is to 

assess whether the highly variable behavior of PEO is also observed for a higher molecular 

weight and what is its effect in terms of the global average computed over all particles and 

electric pulse cycles. The experimental settings used here are the same as those used in 

Section 6.3.2, and the results obtained are presented in Figs. 6-31 to 6-46. 

Firstly, the individual TP behavior is presented in Figs. 6-31, 6-32 and 6-33 for the 6 

analyzed pulse cycles. The particles tracked were all visualized using a window having a 

width of 50% of the channel width around the centerline of channel C, and the imposed pulse 

had a magnitude that varied from 0 to 88 V/cm. Under these conditions there were 52, 60 

and 60 tracer particles tracked for the polymer concentrations of 500, 1000 and 1500 ppm, 

respectively. The results show that, the PEO with higher Mw behaves likewise the PEO with 

lower Mw, and the results confirm again a significant variability of the mobilities over all 

TPs, or even among successive pulse cycles for each particle. 

Figures 6-34, 6-36 and 6-38 pertain to concentrations of 500, 1000 and 1500 ppm, 

respectively, and examine the influence of the size of the window of observation on PTP 

analysis. The PTP variability is large, as was seen previously for the solutions with lower 

molecular weight, but the mean-displacement and the mean-velocity resulting from 

averaging all particles for each of the three concentrations show remarkable consistency and 

independence of the window size, as shown in Figs 6-35, 6-37 and 6-39. The window sizes 

used, around the centerline of the channel, were of 50%, 30% and 15% of the channel width, 

respectively. The number of TPs in the sampling region (50%, 30% and 15%) for the three 

mentioned concentrations decreased from (52, 33, and 23 particles) to (60, 38, and 14 

particles) and to (60, 42, and 18 particles), respectively, as the window width decreases. The 

displacements presented in Figs. 6-34, 6-36 and 6-38 correspond to the average-cycle 

(averaging of 6 cycles) for each individual TP within the sampling area, while Figs. 6-35, 

6-37 and 6-39 present the mean-displacement and the corresponding mean-velocity for the 

three sampling areas (50%, 30% and 15%) after performing the global average over all 

cycles of all particles. Since the global averages are consistent, again a sampling area of 30% 

is selected as the default size in the following analysis, unless otherwise stated. Similar 
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behavior was observed for the influence of the polymer concentration as is clearly illustrated 

in Figs. 6-35-(B), 6-37-(B) and 6-39-(B), with the plotted velocity decreasing significantly 

with the increase in the polymer concentration, as was observed before for all other polymer 

solutions. 

Figures 6-40, 6-41 and 6-42 present the TP displacement for individual tracer particles 

using the PEO dissolved in a 1 mM borate buffer solution at three concentrations, for 

imposed pulsed electric fields with amplitudes of 88, 132, 176 and 220 V/cm. The number 

of tracked particles for each of the four amplitudes were (33, 36, 36 and 25 particles), (38, 

21, 29 and 39 particles) and (42, 46, 50 and 44 particles) for the three tested polymer 

concentrations, respectively. These results confirm a similar behavior as observed with the 

lower Mw PEO solution, again with a significant variability between the tracked TP, at all 

electric field intensities tested. 

Figures 6-43, 6-44 and 6-45 present the mean-displacement and the corresponding 

mean-velocity based on the global average values over all cycles and particles, for the three 

polymer concentrations, respectively. Again, a polymer concentration effect is observed: at 

higher concentrations, e.g. 1500 ppm, the variation with the imposed electric field amplitude 

is monotonic, showing an increase in the mean-displacement and the corresponding mean-

velocities with the intensity of the imposed electric field (see Fig. 6-45), in contrast with the 

response for the lower concentration shown in Fig. 6-43.  

Figure 6-46 shows the TP velocity components (uep, ueo and uobs=ueo+uep) as function 

of the imposed electric field magnitude for the three tested PEO concentrations. Each 

velocity component was measured independently and obtained from the average velocity 

measurements illustrated in Figs. 6-43, 6-44 and 6-45. As observed in Fig. 6-46, there is a 

significant effect of polymer concentration in EP and OBS velocities, whereas for the EO 

velocity component the effect of polymer concentration is less important. Future work is 

required to clarify the main reason for this kind of behavior, which could be related to the 

formation of a skimming layer depleted of polymer molecules near the microchannel walls. 

 In conclusion, the PEO solutions with both molecular weights tested behave similarly, 

with the individual tracer particles suspended exhibiting large variability of behavior as 

made clear from the figures presented. 
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Figure 6-31: Tracer particle displacement s for different particles (A) – (I) in a solution of 

PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a concentration of 500 ppm, 

under a pulsed electric field. The imposed pulse included 6 consecutive cycles, with 150 ms 

pulse duration and an amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For reasons of space only 9 

particles out of 52 particles are shown (the remaining particles show a similar behavior). The 

points represent experimental values, while the lines are only a guide to the eye (only one 

twenty of the points over time are shown). 
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Figure 6-32: Tracer particle displacement s for different particles (A) – (I) in a solution of 

PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a concentration of 1000 ppm, 

under a pulsed electric field. The imposed pulse included 6 consecutive cycles, with 150 ms 

pulse duration and an amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For reasons of space only 9 

particles out of 60 particles are shown (the remaining particles show a similar behavior). The 

points represent experimental values, while the lines are only a guide to the eye (only one 

twenty of the points over time are shown). 
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Figure 6-33: Tracer particle displacement s for different particles (A) – (I) in a solution of 

PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a concentration of 1500 ppm, 

under a pulsed electric field. The imposed pulse included 6 consecutive cycles, with 150 ms 

pulse duration and an amplitude of 88 V/cm. The particles were tracked within 50% of the 

channel width around the centerline of channel C (h = 178 μm). For reasons of space only 9 

particles out of 60 particles are shown (the remaining particles show a similar behavior). The 

points represent experimental values, while the lines are only a guide to the eye (only one 

twenty of the points over time are shown). 
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Figure 6-34: Tracer particle displacement s averaged over all cycles, for 52, 33 and 23 

particles in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 500 ppm, tracked respectively within 50% (A), 30% (B) and 15% (C) of 

the channel width around the centerline of channel C (h = 178 μm). The analysis was done 

over 6 consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The 

points represent average experimental values over all cycles, while the lines are only a guide 

to the eye (only one twenty-five of the points over time are shown). 
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Figure 6-35: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for TP in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 500 ppm, tracked within 50%, 30% and 15% of the channel width around 

the centerline of channel C (h = 178 μm). The imposed pulse was analyzed over 6 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The points 

represent average experimental values over the 6 cycles and all particles tracked (global 

average values), while the lines are only a guide to the eye (only one twenty-two of the points 

over time are shown). 
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Figure 6-36: Tracer particle displacement s averaged over all cycles, for 60, 38 and 14 

particles in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 1000 ppm, tracked respectively within 50% (A), 30% (B) and 15% (C) of 

the channel width around the centerline of channel C (h = 178 μm). The analysis was done 

over 6 consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The 

points represent average experimental values over all cycles, while the lines are only a guide 

to the eye (only one twenty-five of the points over time are shown). 
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Figure 6-37: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for TP in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 1000 ppm, tracked within 50%, 30% and 15% of the channel width around 

the centerline of channel C (h = 178 μm). The imposed pulse was analyzed over 6 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The points 

represent average experimental values over the 6 cycles and all particles tracked (global 

average values), while the lines are only a guide to the eye (only one twenty-two of the points 

over time are shown).  
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Figure 6-38: Tracer particle displacement s averaged over all cycles, for 60, 42 and 18 

particles in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 1500 ppm, tracked respectively within 50% (A), 30% (B) and 15% (C) of 

the channel width around the centerline of channel C (h = 178 μm). The analysis was done 

over 6 consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The 

points represent average experimental values over all cycles, while the lines are only a guide 

to the eye (only one twenty-five of the points over time are shown). 
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Figure 6-39: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for TP in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 1500 ppm, tracked within 50%, 30% and 15% of the channel width around 

the centerline of channel C (h = 178 μm). The imposed pulse was analyzed over 6 

consecutive cycles, with 150 ms pulse duration and an amplitude of 88 V/cm. The points 

represent average experimental values over the 6 cycles and all particles tracked (global 

average values), while the lines are only a guide to the eye (only one twenty-two of the points 

over time are shown).  
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Figure 6-40: Individual tracer particle displacement s averaged over all cycles for particles 

in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a concentration 

of 500 ppm, under a pulsed electric field with amplitudes of 88 V/cm (A), 132 V/cm (B), 

176 V/cm (C), and 220 V/cm (D), respectively. The analysis was done for 6 consecutive 

cycles with 150 ms pulse duration. Particles were tracked within 30% of the channel width 

around the centerline of channel C (h = 178 μm). The points represent average experimental 

values, while the lines are only a guide to the eye (only one twenty-five of the points over 

time are shown). The number of particles tracked was 33, 36, 36 and 25, respectively for 

cases from A to D. 
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Figure 6-41: Individual tracer particle displacement s averaged over all cycles for particles 

in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a concentration 

of 1000 ppm, under a pulsed electric field with amplitudes of 88 V/cm (A), 132 V/cm (B), 

176 V/cm (C), and 220 V/cm (D), respectively. The analysis was done for 6 consecutive 

cycles with 150 ms pulse duration. Particles were tracked within 30% of the channel width 

around the centerline of channel C (h = 178 μm). The points represent average experimental 

values, while the lines are only a guide to the eye (only one twenty-five of the points over 

time are shown). The number of particles tracked was 38, 21, 29 and 39, respectively for 

cases from A to D. 
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Figure 6-42: Individual tracer particle displacement s averaged over all cycles for particles 

in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a concentration 

of 1500 ppm, under a pulsed electric field with amplitudes of 88 V/cm (A), 132 V/cm (B), 

176 V/cm (C), and 220 V/cm (D), respectively. The analysis was done for 6 consecutive 

cycles with 150 ms pulse duration. Particles were tracked within 30% of the channel width 

around the centerline of channel C (h = 178 μm). The points represent average experimental 

values, while the lines are only a guide to the eye (only one twenty-five of the points over 

time are shown). The number of particles tracked was 42, 46, 50 and 44, respectively for 

cases from A to D. 
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Figure 6-43: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for an applied pulse duration of 150 ms and amplitudes of 88, 132, 176 and 220 V/cm, 

for TP in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 500 ppm. Plots (C) and (D) are a zoomed view of (A) and (B), respectively, 

at short times. Particles were tracked within 30% of the channel width around the centerline 

of channel C (h = 178 μm). The points represent average experimental values, while the lines 

are only a guide to the eye (only a fraction of the points over time are shown). 
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Figure 6-44: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for an applied pulse duration of 150 ms and amplitudes of 88, 132, 176 and 220 V/cm, 

for TP in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 1000 ppm. Plots (C) and (D) are a zoomed view of (A) and (B), respectively, 

at short times. Particles were tracked within 30% of the channel width around the centerline 

of channel C (h = 178 μm). The points represent average experimental values, while the lines 

are only a guide to the eye (only a fraction of the points over time are shown). 
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Figure 6-45: Tracer particle mean-displacement s (A) and corresponding mean-velocity u 

(B) for an applied pulse duration of 150 ms and amplitudes of 88, 132, 176 and 220 V/cm, 

for TP in a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at a 

concentration of 1500 ppm. Plots (C) and (D) are a zoomed view of (A) and (B), respectively, 

at short times. Particles were tracked within 30% of the channel width around the centerline 

of channel C (h = 178 μm). The points represent average experimental values, while the lines 

are only a guide to the eye (only a fraction of the points over time are shown). 
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Figure 6-46: Tracer particle velocity components (EO, EP and OBS=EO+EP) as a function 

of the applied electric field magnitude for a pulse duration of 150 ms, in channel C (h = 178 

μm), using a solution of PEO (Mw = 8x106 g mol-1) dissolved in 1 mM borate buffer at 

concentrations of 500, 1000 and 1500 ppm. The dashed lines are a guide to the eye. 

 

 

 

 

6.3.4 Electro-osmotic and electrophoretic mobilities  

In this section we compute the mobilities for each of the investigated polymer solutions 

(PAA and PEO). The mobilities (µ) can be determined from the slope of the u-E curves, 

µ=u/E, and are presented in Figs. 6-8, 6-30, and 6-46. 

The computed mobilities are presented in Table 6-2, and show that the magnitudes of 

the electrophoretic (µep and especially of the electro-osmotic (µeo) mobilities for the 1 mM 

borate buffer are higher than those of the PAA and the PEO solutions. For PEO solutions, 

and regardless of their molecular weight, increasing the polymer concentration lowered both 

the electro-osmotic and the electrophoretic mobilities, which is a consequence of their higher 

shear viscosities. 
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Table 6-2: Electro-osmotic (µeo) and electrophoretic (µep) mobilities for the viscoelastic 

solutions. The mobilities (µ) were computed from the slopes of u-E in Figs. 6-8, 6-30, and 

6-46. 

Solution 
Concentration 

(ppm) 
µeo x 10-8 (m2/sV) µep x 10-8 (m2/sV) 

1 mM borate buffer*  9.5 –5.5 

PAA (Mw = 18x106 g mol-1) 

100** 7.7 –5.7 

200 6.6 –4.9 

400** 5.4 –3.9 

PEO (Mw = 5x106 g mol-1) 

in 1 mM borate buffer  

500 1.8 –3.8 

1000 1.7 –3.4 

2000 1.3 –2.1 

3000 1.0 –2.3 

PEO (Mw = 8x106 g mol-1) 

in 1 mM borate buffer 

500 1.8 –3.3 

1000 1.5 –2.4 

1500 1.6 –2.4 
Using the pulse method, this data was obtained from Chapter 5 using (*) channel B (h = 108 μm) for the 

1mM borate buffer, or (**) channel C (h = 178 μm) for the 100 and 400 ppm PAA solutions. 
 

 

 

6.4 Concluding Remarks 

In this chapter, the flow behavior of several viscoelastic solutions made from three 

different polymer additives was examined by means of the pulse method and the PTV 

technique. The tested fluids were aqueous solutions of polyacrylamide (PAA, Mw=18x106   

g mol-1) and aqueous solutions of polyethylene oxide having two molecular weights (PEO, 

Mw = 5x106 g mol-1 and 8x106 g mol-1). The analysis was carried out using particle-to-particle 

distribution (PTP) analysis, in order to investigate the flow behavior for each individual 

particle in the flow, instead of simply averaging over all cycles of the pulsed electric field 

and over all tracked particles in the sampling area. The PTP analysis provides a better 

understanding of the mobility values for each TP, which may vary depending on the working 

fluid, or otherwise. It also helped to clarify unexpected behavior that our initial experiments 

with PEO solutions were showing. 

Three sampling windows were assessed (50%, 30 and 15% of the channel width) to 

examine the influence of the number of tracer particles on the mean-displacement and the 
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corresponding mean-velocities. As observed for all fluids, the number of particles within the 

sampling region did not influence significantly the mean-displacement, or even the 

corresponding mean-velocity, since the plotted curves were nearly identical. 

The behavior of the tracked particles suspended in the PAA fluids was essentially 

similar with only a slight variation in displacement among successive cycles of the same 

particle or even among the particles themselves (a similar behavior is observed for the 

Newtonian borate solutions used in the previous chapter, although the results were not 

presented in this chapter for conciseness). However, for PEO solutions, most of the tracked 

particles behaved differently from cycle to cycle or even when comparing between different 

particles. Such behavior requires future investigation for a better understanding. 

The electro-osmotic and electrophoretic mobilities were calculated for all tested 

solutions. For an imposed pulsed electric field, each fluid showed a unique flow behavior at 

the pulse startup and shutdown. The flow behavior for borate buffer and PAA solutions were 

described in the previous chapter, and different flow regimes were identified for each fluid, 

see Figs. 5-5 and 5-12 respectively. In this chapter the flow behavior for PEO in 1 mM borate 

buffer was illustrated in Fig. 6-29. By comparing between the three cases (borate buffer, 

PAA and PEO) shown in Figs. 5-5, 5-12 and 6-29, respectively, we can conclude the 

following: 

 After pulse startup, the time needed by PEO solutions to achieve fully-developed EO 

velocity in regime R2 is longer in comparison with PAA or borate buffer solutions. 

Similarly, after the pulse shutdown, the time needed by PEO solutions for the velocity 

to fully decay in regime R4 is rather long, when compared with PAA and borate buffer 

solutions. 

 After the pulse startup, the flow direction for PEO solutions was not reversed, as 

observed previously with PAA or borate buffer solutions. For PEO solutions, flow 

reversal was not observed because |uep| > |ueo| (uep<0 and ueo>0), in contrast to borate 

buffer or PAA solutions for which |uep| < |ueo| (uep<0 and ueo>0). 

 At pulse shutdown, for all of the compared cases, EP component decays nearly 

instantaneously to zero, leading to a sharp increase in the observed velocity, which later 

decays to zero, due to the absence of electric field. 



Chapter 6                  Particle-to-particle distribution analysis 

158 

 PEO solutions did not present any significant elastic effect, as previously observed with 

the PAA solutions at the pulse startup and shutdown, corresponding to the overshoot 

(𝑅2
´ ) and undershoot (𝑅4

´ ) regimes, respectively (see Fig. 5-12). 

It was also observed that there is a concentration effect in the velocity components 

(EO, the EP and the OBS) for all tested viscoelastic fluids, and also an effect of the polymer 

molecular weight for the PEO solutions tested. 
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7 ELECTRO-OSMOTIC OSCILLATORY FLOW OF VISCOELASTIC FLUIDS 

IN A MICROCHANNEL 

 

 

 

 

This chapter presents an analytical solution for electro-osmotic flow (EOF) in small 

amplitude oscillatory shear (SAOS) as a measuring tool suitable to characterize the linear 

viscoelastic properties of non-Newtonian fluids. The flow occurs in a straight microchannel 

and is driven by applying oscillating sinusoidal electric potentials. Fourier series are used to 

derive an expression for the velocity field, under an externally imposed generic potential 

field aimed at the practical application of SAOS in characterizing the rheological properties 

of viscoelastic fluids. This extensive investigation covers a wide range of parameters and 

considers the multi-mode upper-convected Maxwell model. Particular focus is given to two 

particular cases of practical interest: equal wall zeta potentials at both channel walls and 

negligible zeta potential at one of the walls.  
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7.1 Introduction 

Transport phenomena at the micro-scale is increasingly of interest for applications in 

a variety of systems given the inherent savings in materials and energy, fast reaction times 

and the ability of today’s technology to fabricate micro-systems with multi-purpose 

functions. In particular, micro-scale systems are increasingly being used to process bio-fluids 

and chemicals, in species separation, or mixing, among others. On moving from macro to 

micro-scale systems, the ratio of volume to surface forces dramatically decreases and 

surface-based forcing mechanisms become advantageous relative to volume-based methods. 

Indeed, monitoring and controlling liquid transport accurately by electro-osmosis becomes 

increasingly easier and more effective at the micro- and nano-scales, whereas the use of the 

traditional pressure gradient driven flow becomes increasingly less efficient as the size of 

the channels are reduced due to the significant increase of the pressure gradients [1-3]. 

Electro-osmosis is an electrokinetic phenomenon, identified first by Reuss [4] in the 

19th century. In electro-osmosis, chemical equilibrium between a polar fluid and a solid 

dielectric wall results on a spontaneous charge being acquired by the wall and the 

corresponding counter-charge occurring in near-wall layers on the liquid side. A very thin 

layer of immobile counter-ions at the wall followed by a thicker layer of diffuse counter-

ions develop on the liquid side, creating the so-called electric double layer (EDL). Upon 

application of an external electric potential field between the inlet and outlet of the 

microchannel the ensuing motion of the diffuse layer counter-ions drags the remaining core 

fluid in the channel by viscous forces. An overview of electro-osmosis and of other 

electrokinetic flow techniques can be found in [5-7]. Electro-osmosis offers special unique 

features over other types of pumping methods (e.g. micro-pumps), and has the ability of 

easily and very quickly (within the viscous time scale) change flow direction and magnitude 

by changing the applied potential field. The generated flow is defined by the pattern of the 

imposed electric potential field, so it can be easily driven at constant flow rate, or following 

an oscillatory pattern [8]. 

As previously mentioned, chemical and biomedical lab-on-a-chip systems are the most 

frequent applications of micro-scale liquid flows. The fluids are frequently made from 

complex molecules which exhibit non-linear rheological behavior. These so-called non-

Newtonian fluids have such rheological characteristics as variable viscosity and 

viscoelasticity. The rheological characterization of non-Newtonian fluids is performed with 
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various controllable and quasi-controllable flows (i.e., flows with known kinematics) which 

is independent or weakly dependent on the fluid properties to be measured [9]. One such 

flow is the small amplitude oscillatory shear (SAOS) flow used to characterize the linear 

viscoelastic behavior of complex fluids. This Couette-type flow is usually implemented in 

rotational rheometers, but linear viscoelasticity can also be assessed via other oscillatory 

flows provided the amplitude of the oscillations are small enough in order to make the fluid 

response independent of the amount of deformation and only dependent on the oscillating 

frequency and fluid material functions. 

Oscillatory channel flow can be driven by an imposed harmonic motion of the 

sidewalls or an oscillating pressure gradient in the streamwise direction. Even though these 

are qualitatively similar, from a mathematical point of view they are slightly different: 

whereas the first approach imposes strain and monitors stress, the second one imposes the 

stress and monitors the strain. Casanellas and Ortín [10] analytically investigated the laminar 

oscillatory flows in channels of rectangular and cylindrical cross section of viscoelastic 

fluids described by the upper-convected Maxwell (UCM) and Oldroyd-B models. The flow 

was driven either by the oscillatory motion of the parallel walls of a large aspect ratio 

rectangular cross-section duct (i.e. either a single oscillatory plate, or double synchronous 

parallel oscillatory plates), or by the oscillatory motion of the top and bottom walls of a 

circular cross-sectional straight cylinder with a very large aspect ratio. Results showed that 

the flow properties in the inertialess regime depend on the oscillation damping length and 

wavelength of viscoelastic shear waves generated at the wall and the characteristic transverse 

size of the fluid domain. Moreover, the possibility of classifying the oscillatory flow 

behavior into two main systems, either a wide system or a narrow system, depends on the 

generated shear waves. On the same trend, Duarte et al. [11] investigated the unsteady flow 

of UCM and Oldroyd-B fluids between two parallel plates, with the flow induced by an 

oscillating pressure gradient to generate a pulsating periodic flow. The numerical and 

analytical results for the Oldroyd-B model showed good agreement when using reasonably 

refined meshes and small time steps, whereas the numerical predictions with the UCM model 

required extremely refined conditions for accurate results and faced convergence difficulties.  

In this chapter, we explore the use of electro-osmotic flow (EOF) as a method to 

characterize the linear viscoelasticity of fluids via time-dependent flows. The remaining of 

this introduction addresses the contributions in EOF for non-Newtonian fluids in steady and 

especially unsteady flow. Starting with steady flows, Das and Chakraborty [12], and 
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Chakraborty [13] were among the first to study analytically the momentum, heat and mass 

transfer in microchannel flows of non-Newtonian fluids driven by electrokinetic forces, but 

their work was limited to the power-law model. Other investigations of EOF of non-

Newtonian fluids described by the power-law model were done by Zhao et al. [1], who 

derived the analytical solution for EOF in a slit microchannel, under the assumption of the 

Debye-Hückel approximation, but these were restricted to specific values of the power-law 

index, n. Zhao and Yang [14] extended the earlier work [1] analytically for combined 

electrokinetic pressure-driven (PD) flow. Further work with the power-law fluid model was 

carried out by Tang et al. [15], who computed the electric flow field potential distribution 

using the lattice Boltzmann equation. 

Park and Lee [16, 17] were among the first to investigate numerically and analytically 

EOF with viscoelastic fluids. An analytical formula was derived in [16] to evaluate the 

Helmholtz-Smoluchowski velocity in pure EOF by a simple cubic algebraic equation, and 

obtaining the volumetric flow rate for six different constitutive models. Park and Lee [17] 

extended their previous study to investigate the EOF of viscoelastic fluids through a 

rectangular duct with and without a pressure gradient. Afonso et al. [18] obtained the 

analytical solution for mixed electro-osmotic/pressure driven (EO/PD) flow between parallel 

plates of viscoelastic fluids described by the simplified Phan-Thien-Tanner (PTT) model and 

the Finitely Extensible Non-linear Elastic (FENE-P) model. Later, Afonso et al. [19] 

considered the more general case of flow between two parallel plates with asymmetric wall 

zeta potentials. Dhinakaran et al.[20] presented an analytical scheme to analyse the EOF 

flow of a viscoelastic fluid between two parallel plates by using the full PTT model, i.e., 

including the Gordon-Schowalter convected derivative and presented an expression for the 

critical shear rate and Deborah number for the onset of flow instability. 

As described previously, EOF motion starts once an external potential difference is 

applied across the electrodes introduced in a microchannel. The imposed driving potential 

may either correspond to a direct current EOF (DCEOF) or an alternating current EOF 

(ACEOF), but all of previous works concern DCEOF. In ACEOF the flow depends on the 

amplitude and frequency of the applied electric field in addition to geometric, wall and fluid 

properties. Applying a non-uniform electric field leads to a nonzero time-average flow [21], 

whereas the use of a uniform field results in a zero time-average flow. This latter case is a 

special case of ACEOF called time-periodic EOF and the use of DCEOF is a limit case with 

zero frequency [5, 22]. 
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Dutta and Beskok [23] investigated analytically the two-dimensional flow of 

Newtonian fluids driven by time-periodic EOF in straight microchannels and presented the 

corresponding velocity field distribution. Later, Erickson and Li [24] presented a theoretical 

and numerical method to investigate the velocity field based on a Green’s function 

formulation, and an applied sinusoidal electric field in a rectangular microchannel. 

Moghadam [25] studied analytically the flow response in a micro-annular channel for 

various periodic functions (i.e. square, triangular, or a combined waveform), under steady 

and transient-state. Wang et al. [26] investigated analytically the time periodic EOF through 

a semicircular microchannel, and the results show that the solution consists of two parts, a 

time-dependent transient part and a time-dependent oscillating component. Wang et al. 

found that the ACEOF is not periodic in time, but quasi-periodic, and depending only on the 

imposed AC frequency there is a phase shift below π/2 between the imposed electric field 

and the velocity. Chakraborty and Srivastava [27] studied analytically the overlapped EDL 

conditions through straight microchannels. 

Ding et al. [28] proposed an analytical solution for a time-dependent EOF of an 

incompressible micropolar fluid between two infinite parallel plates. Based on the Debye-

Hückel approximation, Ding et al. studied the velocity distribution, the micro-rotation, the 

volume flow rate and the wall shear stress of the micropolar fluids for the relevant 

dimensionless parameters (i.e. frequency, electrokinetic width, zeta potential ratio at the 

upper and lower plate and micropolar parameter). 

Liu et al. [29] presented an analytical solution for one-dimensional electro-osmotic 

flow between oscillating micro-parallel plates of viscoelastic fluids represented by a single 

mode generalized Maxwell model, using the method of separation of variables and invoking 

a low zeta potential which allows the linearization of the Poisson-Boltzmann equation. Their 

analytical expressions for the dimensionless velocity profile and volumetric flow rate as a 

function of the oscillating Reynolds number, electro-dynamic width, and normalized 

relaxation time, are useful to understand the flow characteristics of this flow configuration. 

Liu et al. [30] extended their previous study to a circular microtube, and the results show 

that under the same set of parameters, the amplitude of the dimensionless velocity profile 

for the plate microchannel is smaller than that for the circular microtube. 

The main motivation of this work is the assessment of the feasibility and effectiveness 

of using oscillatory electro-osmotic shear flow in the rheological characterization of 
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viscoelastic fluids. Generally speaking, real fluids have a spectrum of time scales and here 

the fluid is precisely described by the multi-mode UCM model rather than by a single mode 

model as done in [29], thus to our best knowledge this problem has not yet been solved. In 

addition to providing the EOF solution for a multi-mode Maxwell fluid under the action of 

an oscillatory flow forcing, this work addresses the use of the flow as a novel measuring tool 

for small amplitude oscillatory shear flow driven by electro-osmosis (SAOSEO). 

Next, we present in Section 7.2 the set of governing equations for the problem at hand 

along with the viscoelastic constitutive multi-mode UCM model in Section 7.2.1. The 

derivations of the distributions of the induced EDL potential field   and of the net electric-

charge density e  with emphasis on two special cases, corresponding to two different sets of 

wall boundary conditions, are presented in Section 7.2.2. Section 7.2.3 solves analytically 

the UCM constitutive equation and in Section 7.2.4 the flow problem at hand is solved using 

Fourier series for the more complex periodic signals of the imposed electric field. Section 

7.3 discusses the analytical solution derived in the previous section and identifies the 

conditions that need to be satisfied for the solution to be useful for rheometric purposes, 

which is detailed in Section 7.4. Finally, Section 7.5 concludes and summarizes the main 

findings of this work. 

7.2 Governing Equations and Analytical Solution 

The unsteady oscillatory shear flow of the incompressible viscoelastic fluid under 

investigation is sketched in Fig. 7-1, which shows the microchannel and the coordinate 

system used. A two-dimensional coordinate system is selected with its origin located at a 

mid-position between both walls. The channel height is 2H, the length is L, and the depth of 

the channel measured along the z direction, perpendicular to the xy plane is large, so that the 

flow field can be assumed independent of the z coordinate. Figure 7-1 also defines the 

boundary conditions at the upper and lower walls, where for the velocities there are no-slip 

boundary conditions, ( ) ( ) 0u H u H   , and for the induced electric potentials we consider 

the possibility of different zeta potentials at both walls, i.e., 1( )H    and 2( )H   . 

 

 

 

 

 



Chapter 7                                                                           Electroosmotic oscillatory flow of viscoelastic fluids 

167 

 

 

 
Figure 7-1: Schematic diagram, illustrating the microchannel dimensions, coordinate 

system, and the induced potential boundary conditions. 

 

 

The basic equations describing the flow under investigation are the continuity, and the 

Cauchy momentum equations: 

e

0

D

D

u

u
τ Ep

t
 

 

   
        (7.1) 

where   is the fluid density (assumed constant), t is the time, u is the velocity vector, p is 

the pressure, τ  is the extra-stress tensor, e  is the net electric-charge density associated with 

the spontaneous formation of electric double layers, and E is the applied external electric 

field. Assuming one dimensional flow, the x-momentum equation simplifies to: 

e

xy

x

u
E
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        (7.2) 

We assume also that the flow is driven externally by an electric field, without any 

pressure gradients imposed, (∇p = 0) and the flow is spatially fully-developed. 

7.2.1 Constitutive equation 

In this work we use the multi-mode upper-convected Maxwell model, where the total 

extra-stress is expressed as the sum of m modes: 

1

m

n

n

           (7.3) 

The extra-stress of each mode is expressed by the upper-convected Maxwell model: 
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2τ  τ D 


           (7.4) 

where T( ) / 2D u u    is the deformation rate tensor, λ is the relaxation time of the fluid, 

η is the polymer viscosity coefficient (for each mode), and τ


 is the upper-convected 

derivative of τ , defined by: 

TD

D

τ
τ u τ τ u

t



            (7.5) 

Assuming that the flow instantaneously becomes fully-developed, a good 

approximation for low Reynolds number flows, equation (7.4) simplifies to: 

2xx
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        (7.6) 
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        (7.7) 

0yy            (7.8) 

Since equation (7.7) is a first-order, linear differential equation, it can be integrated, to 

give the UCM model in its single mode integral form [31]: 

n

t tt

xy

u
e dt

y






 
 
 






         (7.9) 

where t, t′ and /u y   are respectively, the current time, the past time and the velocity 

gradient, in which u is a function of y and t′. The shear stress given by equation (7.9) is 

limited to linear viscoelastic fluids, which comprises motion with infinitesimal deformation 

gradients. Note also that the differential equation (7.7) for the shear stress component of the 

UCM fluid is identical to the corresponding equation for the linear viscoelastic Maxwell 

model. 

7.2.2 Poisson–Boltzmann equation  

When an electrolyte fluid is in contact with a dielectric wall, a spontaneous attraction 

of counter-ions to the wall surface and corresponding repelling of co-ions takes place near 

the wall and an ionic charge distribution arises between the wall and the fluid, leading to the 

formation of an electric double layer (EDL). By assuming that the EDL is thin near each 
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wall, it is possible to consider the two EDL as independent from each other. The induced 

EDL potential field   can be expressed by means of a Poisson equation [32]: 

2 e  


         (7.10) 

where  denotes the dielectric constant of the solution. The net electric-charge density can 

be described by a Boltzmann equation [32]: 

e 0

B

2 sinh
ez

n ez
k T

 
 

   
 

        (7.11) 

where n0 is the ionic density, e is the elementary electric charge, z is the valence of the ions, 

kB 
is the Boltzmann constant, and T is the absolute temperature. The induced EDL potential 

field depends only on y, therefore, equation (7.10) simplifies to: 
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         (7.12) 

Substituting equation (7.11) into equation (7.12) leads to: 
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       (7.13) 

For small values of B( / )ez k T  equation (7.13) can be linearized since for small x, 

sinh( )x x ; this is termed the Debye-Hückel approximation. This approximation is valid 

when the electric energy is smaller than the thermal energy and for fluids such as water this 

limits the zeta potential to about 26 mV at room temperatures [33, 34]. With this linearization 

of the hyperbolic sine function, equation (7.13) simplifies to: 

2
2

2

d

dy


           (7.14) 

where 
2 2 2

0 B(2 / )n e z k T    is the Debye-Hückel parameter, and   represents the inverse 

of the Debye layer thickness, 1/  . Equation (7.14) can be integrated for the given 

boundary conditions,   1H   ,   2H  , leading to : 

   2 1 2 1

2 2

e e e e e e

e e

H H y H H y

H H

     

 

   


  



  



    (7.15) 
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which can be rewritten in compact form as: 

 2 1 2   Ω e  Ω  e  y y            (7.16) 

where  1Ω e 2 sinh(2  )H He H      ,  2 e 2 sinh(2   )H He H       , and 

1 2Π /  . As a consequence, the electric charge density e  
becomes: 

 1

2

2e 2   Ω e  Ω  e  y y             (7.17) 

Equations (7.16) and (7.17) are the general formula for evaluating the potential field, 

and the net electric charge density, across a 2D channel for any given pair of values of wall 

zeta potentials, 1  and 2 . Two particular cases are of interest here, as follows: 

- Equal wall zeta potentials: This is the typical situation, when both walls are made from 

the same material and the boundary conditions are 2( ) ( )H H     . Hence Π = 1, 

 1Ω sinh(  ) sinh(2  )H H  , 2 1     and equations (7.16) and (7.17) simplify to: 
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- Negligible zeta potential at one wall: This situation arises experimentally when different 

materials are used in the upper and lower walls with a special deposition treatment in 

one of the walls to provide a negligible zeta potential there. Here, this is represented by 

a negligible zeta potential at the lower wall,   0H   , and a finite potential at the 

upper wall,   2H  . Therefore Π = 0,  1Ω 2 sinh(2  )He H  ,  

 2 2 sinh(2   )  He H    and equations (7.16) and (7.17) simplify to: 
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7.2.3 Analytical solution for the multi-mode UCM Model 

For the multi-mode UCM model the shear stress can be written in its integral form as 

the sum of m individual mode contributions, each one given by equation (7.9) [31]: 
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where each mode has its specific polymer viscosity coefficient, n , and relaxation time, .n  

Substituting equation (7.20) into equation (7.2) leads to: 
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       (7.21) 

We shall now impose an AC electric field in the form, 0  cos(  )xE E t  , or 

 0  i t

xE E e    using complex variables, where 0E
 
is the maximum amplitude of applied 

potential and   is the frequency of oscillation. The velocity field of the resulting periodic 

EOF can be written as: 

 0  i tu u e           (7.22) 

where 0u  is a complex velocity function in y to be determined. By substituting both 

expressions for the electric and velocity fields in equation (7.21), leads to: 
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Replacing, s = t – t′, ds / dt′ = –1, and t′ = t – s leads to [29]: 
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Integrating the middle term in equation (7.24) with respect to s, leads to: 
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Substituting equation (7.25) and (7.17) into equation (7.24), and dividing both sides 

by 
1 1
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By simple algebra, the summation term  
1

1/ / 1
m

n n
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    can be written as: 
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where  
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Substitution of the last term of equation (7.27) into equation (7.26) leads to:  
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Equation (7.29) can be written in dimensionless form, using the following 

normalizations: /y y H , H  , 0 0 / shu u u , 
2

0Re H /  , and 0/n n  
 
(note 

that 
1

1
m

n

n




 ), where sh 2 0 0/u E  
 
is the Smoluchowski velocity based on the upper 

channel wall zeta potential for the maximum value of the applied potential field, 0E . 

Equation (7.29) becomes: 
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Equation (7.30) represents a complex second-order inhomogeneous ordinary 

differential equation. For convenience, we replace    2 2/iRe A iB A B  
 

 by  
2

i  , 

which results in the following expressions for   and  : 
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where the   signs in   and   must be simultaneously positive, or negative. Now equation 

(7.30) can be written as (the last term was also written in a more convenient form): 
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The general solution of this 2nd order inhomogeneous ordinary differential equation 

(ODE) takes the form: 
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with the following coefficients: 
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Equation (7.34) can be rewritten in a compact form: 

   0 0 0 u u i u           (7.36) 

with the real and imaginary coefficients given as: 
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The independent constant coefficients k  are presented in Appendix 7.6. 
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From equation (7.22), written in dimensionless form  / shu u u , we can now obtain 

the expression for the EOF velocity field: 

     0 0 0 (  ) sin(  )cosi tu u e u t u t         (7.38) 

Similarly, when imposing an external potential field of the form 

 0 0sin(  )  i t

xE E t E e    , the dimensionless velocity for this sine wave external forcing 

would be: 

     0 0 0 sin(  ) (  )cosi tu u e u t u t          (7.39) 

The previous expressions represent the velocity field when an external applied 

potential field of the form of a cosine or a sine wave is imposed in a microchannel with 

different wall zeta potentials, respectively. Next, we analyze the two above-mentioned 

particular solutions corresponding to the cases when both walls have the same zeta potential 

and when one of the walls has a negligible zeta potential, as follows: 

- Equal wall zeta potentials: in this case, the real and imaginary terms of 0u  are 

respectively expressed as:  
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           (7.40) 

where the subscript EZP denotes "equal zeta potential" and the k  constants are defined in 

Appendix 7.6. 

The resulting velocity field generated by an externally imposed potential field of the 

from 0 cos(  )xE E t   is given by:  

   0 EZP 0 EZP(  ) sin(  )cosu u t u t        (7.41) 

and when the applied external potential field is given by 0 sin(  )xE E t  , the resulting 

velocity field is: 

   0 EZP 0 EZPsin(  ) (  )cosu u t u t        (7.42) 
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- Negligible zeta potentials at the lower wall: in this special case, the real and imaginary 

terms of 0u  are given by:  

              

             

              

1 2 3 4

5 6

1

0 NZP

0 NZP 7 8 9

  cosh sin sinh cos sinh sin

                          cosh cos cosh sinh   sinh cosh  

cosh sin sinh cos sinh sin

                     

σ σ σ 

 σ  

σ σ σ 

u y y y y y y

y y y y

u y y y y y y

  

    

  

    

  

   



 

             10 11   cosh cos cosh sinh   sinhσ cosh   y y y y      

           (7.43) 

where the subscript NZP stands for "negligible zeta potential" and k  constants are defined 

in Appendix 7.6. 

The resulting velocity field generated by an externally imposed potential field of the 

from 0 cos(  )xE E t   is given by:  

   0 NZP 0 NZP(  ) sin(  )cosu u t u t        (7.44) 

and when the applied external potential field is given by 0 sin(  )xE E t  , the resulting 

velocity field is: 

   0 NZP 0 NZPsin(  ) (  )cosu u t u t        (7.45) 

7.2.4 Analytical solution for Generic Periodic Forcings 

In general, assuming that the applied potential field has a cyclic nature, of period T, it 

can be written as: 

 0( )  cos( ) sin( )x j jE t E f t i t         (7.46) 

with 2 /j j T  . 

Let the function of ( )xE t  function be defined in the range / 2 / 2T t T   , so that its 

Fourier series can be represented by:  

0 0

1

( ) cos( ) sin( )x j j j j

j

E t E a a t b t




 
   

 
        (7.47) 

The coefficients 0a , 
ja , and 

jb  can be computed as: 
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           (7.48) 

Due to the linearity of the governing equations and of the boundary conditions, the 

resulting velocity field induced by this generic electric potential can thus be written as a 

linear combination of the velocity fields generated by each of the terms of the Fourier series, 

so that it has the general form:  

     

    

0
0 0 0 0
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 (7.49) 

7.3 Results and Discussion 

In the previous section, the analytical solutions were obtained for oscillatory flow of a 

viscoelastic fluid, described by the multi-mode Maxwell model under the sole influence of 

an oscillating electro-osmosis driving force, when the channel walls are characterized by 

asymmetric or symmetric zeta potentials. This section aims to discuss the influences of 

selected parameters on the oscillatory shear flow to provide a better understanding about the 

practical use of SAOSEO. A general formulation for the dimensionless velocity profile, 

sh/u u u , is given by equation (7.38) as function of dimensionless time, ω t, and the 

dimensionless channel transverse coordinate, y . Equation (7.38) can be further simplified 

for simple cases, and we consider the limiting cases of equal wall zeta potentials (EZP) and 

of negligible zeta potential (NZP) in the lower wall, given by equations (7.41) and equation 

(7.44), respectively. Equations (7.38), (7.41) and (7.44), result from an externally applied 

potential field of the form 0 cos(  )xE E t  , which depends on the following dimensionless 

parameters:  , ω t, n ω, Re, Π and n , where n represents the mode number. Using the 

weighted-averaged relaxation time 
1

m

n n

n

  


 , we define the Deborah number, De   

[35], which is a fundamental dimensionless number in this flow. Additional dimensionless 

quantities that help to understand the flow physics are the Reynolds number 

2

0( )Re H /  , and in particular the viscoelastic Mach number ( =  M Re De ), which 

gives an indication of the propagation of shear waves (in elastic fluids at rest shear waves 

propagate with constant velocity, c /  ).  
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For purely driven electro-osmotic flow of a Newtonian fluid (m = 1, λ = 0), Fig. 7-2 

shows the influence of Π on the normalized velocity profiles, plotted as a function of the 

dimensionless transverse coordinate. The results are calculated from equation (7.38) for Π = 

–1, 0, and 1, under the same flow conditions Re = 0.01,  = 100, ω t= 0 (implicit because λ 

= 0). The cases Π = 1 and Π = –1 refer to equal and opposite wall zeta potentials at both 

upper and lower walls, respectively, while Π = 0 refers to the case with a neutral (no charge) 

lower wall. As expected, Fig. 7-2 shows that Π = 1 results in a symmetric velocity profile, 

while for Π = –1 and Π = 0 anti-symmetric and asymmetric profiles are found, respectively. 

 

 

 

 
Figure 7-2: Profiles of the normalized velocities components for several 

1 2Π / 1,  0,  1     for a Newtonian fluid at Re = 0.01,  =100, ω t= 0 and m = 1. 

 

 

 

The results shown in Figs. 7-3 - 7-6 are calculated using equation (7.44), and 

correspond to the case of Π = 0 (NZP) and m = 1 (one mode). Figures 7-3 and 7-5 focus 

mainly on examining and understanding the behavior for a Newtonian fluid (λ = 0) and a 

viscoelastic fluid with λ ω = 5. 

Figure 7-3 illustrates the oscillatory flow behavior at ω t = 0, for a Newtonian fluid on 

the left-hand side and for a viscoelastic fluid (λ ω = 5) on the right-hand side, with Re varying 

from 0.01 to 100 and   varying from 5 to 200. Since the fluid on the right plot is elastic, 

the viscoelastic Mach number can be computed and varies from M = 0.22 to M = 22, here 

due to the variation of Re. 
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To illustrate the influence of Reynolds number, we show in Fig. 7-3 that for small Re 

(e.g. Re = 0.01) there are no detectable differences between the Newtonian (Fig. 7-3-(A-i)) 

and viscoelastic profiles (Fig. 7-3-(A-ii)), regardless of the value of  , but provided   is 

the same in both cases. In addition, as the value of   increases and the Debye layer becomes 

progressively thinner the velocity profiles across the channel become more linear. 

Furthermore, for the Newtonian fluid, Figure 7-3-(B-i) to 7-3-(D-i) show that at low Re 

oscillations are weak due to viscous dampening, but they slowly appear as Re increases and 

this is accompanied by a gradual decay in the amplitude of the normalized velocity profile. 

In contrast, for the viscoelastic fluid (λ ω = 5) significant changes take place as Re and M 

progressively increase from Re = 1 and M = 2.2 in Fig. 7-3-(B-ii) to Re = 100 and M = 22 in 

Fig. 7-3-(D-ii). A wave behavior is clearly perceived to form already at ( , ) (1, 2.2)Re M   

and as the viscoelastic Mach number further increases the flow becomes largely dominated 

by elastic waves rather than by viscous effects with the amplitude of the waves and their 

spatial frequency increasing with Re (this is shown as a compression of the waves towards 

the plate with higher zeta potential). Furthermore, as Re increases to Re = 100 the amplitude 

of the propagating waves decay faster on moving away from the high zeta potential plate 

( 1)y  , because viscous diffusion is not sufficiently fast to transport information towards 

the other wall (note that Re is proportional to the oscillation frequency). In contrast, at lower 

Re the elastic waves have a more uniform amplitude, because viscous diffusion can act more 

effectively across the whole channel. This has similarities to what was observed by Cruz and 

Pinho [35] in their investigation of Stokes` second problem with UCM fluids, who showed 

that the penetration depth (yp) varies in inverse proportion to the Reynolds number very 

much as the boundary layer thickness in laminar boundary layers for Newtonian fluid flows. 

As mentioned above, at low Reynolds numbers the normalized velocity profiles for 

Newtonian and viscoelastic (λ ω = 5) fluids are linear in y , but for the latter case this is only 

true at low De (low viscoelastic Mach numbers). As shown in Fig. 7-4, as λ ω progressively 

increases detectable deviations from linearity appear gradually even though the Reynolds 

number is small (Re = 0.01). The deviation from linearity progresses from the high zeta 

potential wall and is more obvious for λ ω > 20 regardless of the value of  . 

From Figs. 7-3 and 7-4 we can conclude that for Newtonian fluids there is a critical 

Reynolds number ( cr 0.01Re  ) above which the velocity profile ceases to be linear. For 

viscoelastic fluids, the flow is controlled also by the fluid elasticity, here quantified by λ ω 
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or M. Viscoelasticity also affects the linearity of the flow response so we need to consider 

for this fluid three critical limits: critical Reynolds number ( cr 0.01Re  ), critical viscoelastic 

Mach number ( cr 0.32M  ) and critical Deborah number ( cr 10De  ). Hence, to design a 

micro-rheometer for SAOSEO, we should not exceed these critical limits when using either 

Newtonian ( crRe ), or viscoelastic fluids ( crRe , crM  and crDe ) in order to obtain the desired 

flow field.  

Figure 7-5 presents the variation of the normalized velocity profile along a full cycle 

of oscillation (ω t varies from 0 to 2π), for   = 100, Π = 0 and Re = { 0.01, 10 }. Newtonian 

and viscoelastic fluids have plots on the left and right-hand-side, respectively. At low Re, 

here represented by Re = 0.01, Fig. 7-5-(a) shows that both fluids fluctuate in a linear manner, 

but the viscoelastic fluid oscillates with a higher amplitude which changes with ω t especially 

when  / 2t   and 3π / 2, while the Newtonian fluid oscillates with a lower amplitude and 

less detectable differences with the variation of ω t. Figure 7-5-(b), pertaining to Re = 10, 

already shows that even though the maximum amplitude of oscillation near the wall is the 

same as for the lower Re = 0.01 case, both fluids fluctuate now in a non-linear manner, with 

the viscoelastic fluid oscillating more intensively due to the fluid elasticity (i.e. the waves 

decay very slowly with distance to the wall), while the waves of the Newtonian fluid are 

quickly dampened on going from the EDL wall to the wall with a negligible zeta potential. 

When critical values of the relevant dimensionless parameters are exceeded, this figure 

clearly shows that this set-up should not be used for the purpose of SAOSEO. 

Figure 7-6 shows the influence of varying λ ω from 0.01 to 10 on the normalized 

velocity profile for one full cycle at the position 0.95y  , i.e. close to the high zeta potential 

surface for Re = 0.01,   = 100, and Π = 0. The amplitude of the velocity profile increases 

with λ ω, and the velocity becomes progressively out-of phase with the imposed electric 

potential, due to the conspicuous increase in the fluid elasticity. 
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Newtonian fluid (λ ω = 0) Viscoelastic fluid (λ ω = 5) 

 

  
(A-i) Re = 0.01, M = 0 (A-ii) Re = 0.01, M = 0.22 

  
(B-i) Re = 1, M = 0 (B-ii) Re = 1, M = 2.2 

  
(C-i) Re = 10, M = 0 (C-ii) Re = 10, M = 7 

  
(D-i) Re = 100, M = 0 (D-ii) Re = 100, M = 22 

Figure 7-3: Profiles of the normalized velocity for a Newtonian fluid (left-hand side) and 

viscoelastic fluid, λ ω = 5 (right-hand side) for ω t= 0, Π = 0 and m = 1, as a function of ,

Reynolds and Mach numbers: (A-i) Re = 0.01, M = 0 (B-i) Re = 1, M = 0 (C-i) Re = 10, M 

= 0 (D-i) Re = 100, M = 0 and (A-ii) Re = 0.01, M = 0.22 (B-ii) Re = 1, M = 2.2 (C-ii) Re = 

10, M = 7 (D-ii) Re = 100, M = 22. 
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A) λ ω = 0, M = 0 B) λ ω = 5, M = 0.22 

  
C) λ ω = 10, M = 0.32 D) λ ω = 20, M = 0.45 

  
E) λ ω = 40, M = 0.63 F) λ ω = 60, M = 0.77 

Figure 7-4: Profiles of the normalized velocity components for different λ ω, at the instant 

of maximum imposed electric potential (ω t = 0), for Re = 0.01, Π = 0, m = 1 and different 

values of  : (A) λ ω = 0, M = 0 (B) λ ω = 5, M = 0.22 (C) λ ω = 10, M = 0.32 (D) λ ω = 20, 

M = 0.45 (E) λ ω = 40, M = 0.63 and (F) λ ω = 60, M = 0.77. 
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Newtonian fluid (λ ω = 0) Viscoelastic fluid (λ ω = 5) 

 

  
(A) Re = 0.01 

  
(B) Re = 10 

Figure 7-5: Profiles of the normalized velocity components for a Newtonian fluid (left-hand 

side) and a viscoelastic fluid, λ ω = 5 (right-hand side) for   = 100, Π = 0, m = 1, and as a 

function of ω t and Reynolds number: (A) Re = 0.01, (B) Re = 10. 

 

 
Figure 7-6: Variation of the normalized velocity at 0.95y   with ω t / 2π for Re = 0.01,   

= 100, Π = 0, m = 1 and as a function of λ ω. 
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7.4 On The Use of Electro-Osmosis for SAOS Rheology 

The previous section discussed the analytical solution obtained by analysing the 

velocity profiles as a function of relevant quantities ( , ω t, n ω, Re, M, Π) and defined 

critical numbers beyond which the velocity field is no longer linear in y . Now, this section 

discusses the development of a microchannel rheometer for SAOS, but working on the 

principles of EOF as a measuring tool. 

On characterizing the linear viscoelastic rheological properties of non-Newtonian 

fluids by means of small amplitude oscillatory electro-osmotic shear flow (henceforth 

denoted SAOSEO), we quantify specific SAOSEO storage (G′) and loss (G″) moduli from 

which it will be possible to determine the spectra of relaxation times ( )n  and of viscosity 

coefficients ( )n  as in standard SAOS for which the corresponding loss and storage moduli 

are G′ and G″, respectively. This requires the SAOSEO to be imposed under the operational 

conditions of very small Re ( crRe < 0.01) and large   (e.g. ( ≥ 100)), low De (λ ω ≤ 10) 

and low M ( crM ≤ 0.32) to ensure a homogenous shear flow, with a time-dependent linear 

velocity profile. The fluid contained inside a straight microchannel is forced by an externally 

imposed potential field of the form  0 sin  xE E t  between the microchannel inlet and 

outlet. The fluid inside the microchannel oscillates in a sinusoidal mode at an angular 

frequency ω, with an amplitude varying with time t, as illustrated in Fig. 7-7, in a fashion 

that is similar to what was already described in Fig. 7-5-(a) at small Re = 0.01 and high 

= 100 for both Newtonian and viscoelastic fluids. The velocity profile across the channel is 

linear, except in the vicinity of the upper wall. 

 

 
Figure 7-7: Schematic diagram illustrating small amplitude oscillatory electro-osmotic shear 

flow (SAOSEO) under operating conditions of very small Re and large  , leading to a flow 

with similar characteristics to that of SAOS in rotational shear. 

y 

x 
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Linear oscillatory EOF velocity  2 H 
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The profile of the normalized velocity schematically shown in Fig. 7-7 for negligible 

zeta potential at the lower wall, Π = 0, is given in Equation (7.45), but by imposing now the 

conditions of a very small Re and a large  , that equation can be further simplified. Indeed, 

the second term on the left hand-side of the momentum equation (7.30), 

   2 2/iRe A iB A B  
 

, can be neglected so that by integrating equation (7.30) leads to 

(we skip the details for conciseness): 

   0 0 0+  u u i u          (7.50) 

where the real and the imaginary terms of the complex velocity function are given as:  
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 (7.51) 

For large  , equation (7.51) can be further simplified by dropping the sinh and cosh, 

which are responsible for the sharp velocity gradient near the upper wall due to the EDL 

thickness effect, leading to:  
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           (7.52) 

So, as a result of imposing an external potential field of the form 0 sin(  )xE E t  , the 

ensuing velocity field is a function of time and of the dependent variable y  in the following 

way:  

   
sh 2 2 2 2

Π Π
  sin(  ) 

2

1    
 (

  1 
cos  )

y A B
u u t t

A B A B
 



  
 

 





  (7.53) 

where the first term of equation (7.53) is in-phase with the imposed potential xE  (viscous 

response) and the second term is out-of-phase (elastic responses). Alternatively, the previous 

equation can be written as: 
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    (7.54) 
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where   represents the phase difference between the imposed potential and the resulting 

velocity profile, and it is defined as: 

1 1

2 2 2 2
cos sin

A B

A B A B

 
   

    
    

      (7.55) 

For a purely viscous fluid 0  , while for a purely elastic material / 2   (in SAOS 

  represents the phase difference between the imposed strain and the resulted shear stress, 

note that / 2    ). 

The position of tracer particles can also be determined from the integration of the 

velocity profile, 

0

0  

t

t

x x u dt   , resulting in: 
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   (7.56) 

The maximum displacement of a particle over a full cycle of oscillation is given by: 

   
max sh

2 2

1  Π  1  Πy
x u

A B

  
 


       (7.57) 

In practice, the SAOSEO test can be easily implemented in straight microfluidic 

channels, by measuring the velocity using a particle image velocimetry (PIV) system or by 

tracing the displacement of individual tracer particles using a particle tracking velocimetry 

(PTV). To evaluate shu  and Π for an applied 0E  potential, we need to know the zeta 

potentials of the walls (besides  and 0 ), which are not easily available. Alternatively, we 

propose a simple technique that simultaneously evaluates shu  and Π, by measuring the fully-

developed velocity profile under steady flow for an applied 0E  potential (which should be 

kept low, as in the SAOSEO, to guarantee that we are in the linear regime, i.e. sh 0u E ). In 

such condition, the steady-state velocity profile is given as: 

   ss

sh

1  Π  1  Π

2

y
u u

  
        (7.58) 

By fitting the linear velocity profile along y , we can easily determine shu  and Π. 

Experimentally, if no PIV or PTV system is available, a simple long exposure photography 
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technique can be used, and by recording the length of the particle pathlines at each y  

position, and knowing the exposure time allows the calculation of the velocity profile.  

Subsequently, for the same value of 0E , applying a sinusoidal potential difference, 

 0 sin  xE E t  allows to determine easily the factor 2 2A B  (which has similarities 

with the complex modulus amplitude in SAOS, which is defined as * 2 2G G G   ) by 

using the same long time exposure technique. For each ω, the exposure time should be equal 

or larger than a full period of oscillation ( 2 /t T    ), and by measuring the length of 

the pathlines at each position maxx  allows to determine 
2 2A B  since: 

   
max sh

2 2

1  Π  1  Π 2

2

y
x u

A B

   
   

 
     (7.59) 

and the function in square brackets was previously determined. 

To obtain further information using the SAOSEO technique proposed requires the use 

of a PIV or PTV system synchronized with the voltage wave generator. By measuring the 

time evaluation of the velocity profile at different time of the wave cycle, allows a fit to 

equation (7.54) to determine the phase difference angle   and the parameter 
2 2A B  (if 

not yet determined). Knowing these quantities, A  and B  can be easily computed since (e.g. 

equation (7.55)): 
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Now, recalling the definition of A  and B , we can easily compute the storage and loss 

moduli:  
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  (7.61) 

where the total shear viscosity can be easily measured at very low shear rates using a 

capillary viscometer. 

With the proposed technique, we can easily determine the variation of G′ and G″ with 

ω, as is usually done in SAOS, and by fitting a multimode model determine n  and n  
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parameters. However, this procedure requires that the fluid remains homogeneous 

throughout the channel, i.e., such effects as polymer wall depletion or adsorption must not 

be present. In the presence of wall depletion, the fluid response will tend to approach that of 

a purely-viscous fluid, whereas wall adsorption enhances elastic effects. A very elaborate 

general analytical solution accounting for these wall effects is also possible, as was done by 

Sousa et al. [36] for steady flow, but from an experimental point of view an accurate control 

of the skimming layer thickness becomes necessary. On these issues, other reported work 

was found in [37-40], but they are beyond the scope of this work and are left for future 

evaluation. 

 

7.5 Conclusions 

Analytical solutions for the oscillatory shear flow of viscoelastic fluids driven by 

electro-osmotic forcing were obtained for the case of a straight microchannel with 

asymmetric wall zeta potentials. The rheological behavior of the fluid is described by the 

multi-mode upper-convected Maxwell model and the work investigates the influence of the 

relevant dimensionless parameters ( , ω t , n ω , Re , M and Π) on the normalized velocity 

profiles when imposing an externally potential field is of the form 0 cos(  )xE E t  or 

0 sin(  )xE E t . Results for viscoelastic fluids showed that under certain operating 

conditions and outside the electric double layers the velocity field of the microchannel is 

linear and has a large amplitude of oscillation. These conditions are found at simultaneously 

low Reynolds number ( crRe < 0.01), thin EDL (e.g. ( ≥ 100)), low Deborah number De (

crDe ≤ 10) and low elastic Mach number ( crM ≤ 0.32). The flow linearity and magnified 

amplitude of these flow conditions may allow the use of this small amplitude oscillatory 

shear flow induced by electro-osmosis (denoted by SAOSEO) to perform rheological 

measurements aimed at identifying and measure the rheological characteristics of 

viscoelastic fluids, such as the storage (G′) and the loss (G″) moduli. Experimentally, in a 

straight microfluidic channel, measurements can be performed using a particle image 

velocimetry (PIV) system or a particle tracking velocimetry (PTV) system, but if neither of 

these systems is available, a simple long exposure photography technique can be used, but 

reminding that this technique is limited in terms of obtaining full measurements. 
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7.6 Appendix 

The  0u  and the  0u  constant coefficients appearing in equation (7.37) are: 
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 2 2 2

1 2    4     A B                (7.73) 

 2 2 2

2    4   2  AB               (7.74) 

 

The  0 EZPu  and the  0 EZPu  constant coefficients appearing in equation (7.40) 

are: 
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         2 1 2cosh cos σ s  inh sin σ cosh            (7.76) 

         3 1 2sinh sin σ c  osh cos σ cosh            (7.77) 

        2 2

4 1 cosh cos σ sinh sin σ              (7.78) 

         5 1 2  sinh sin σ cosh cos σ cosh            (7.79) 

         6 1 2cosh cos σ sinh sin σ cosh             (7.80) 

        2 2

7 2 cosh cos σ sinh sin σ              (7.81) 

 

The  0 NZPu  and the  0 NZPu  constant coefficients appearing in equation (7.43) 

are: 

            

2

1 22 22 2 2 2 2 2 22 sinh 2 cos 2 cosh 2 sin 2 4A B



        





 

          

           (7.82) 

           

           

2 1 2

1 2

sinh sin σ Λ sinh 2 cos 2σ +Λ cosh 2 sin 2σ

     cosh cos σ Λ cosh 2 sin 2σ +Λ sinh 2 cos 2σ

  

  

 



  

  

  (7.83) 

           

           

3 1 2

1 2

cosh cos σ Λ sinh 2 cos 2σ Λ cosh 2 sin 2σ

     sinh sin σ Λ cosh 2 sin 2σ +Λ sinh 2 cos 2σ

  

  

    

  





  (7.84) 

           

           

4 1 2

1 2

cosh 2 sin 2σ Λ sinh cos σ +Λ cosh sin σ

     sinh 2 cos 2σ Λ cosh sin σ +Λ sinh cos σ  

  

  

 



  

  

   (7.85) 

           

           

5 1 2

1 2

sinh 2 cos 2σ Λ sinh cos σ +Λ cosh sin σ

    cosh 2 sin 2σ Λ cosh sin σ Λ sinh cos σ  

  

  

   

   





   (7.86) 

          
2 2

6 1Λ sinh 2 cos 2σ cosh 2 sin 2σ sinh 2            (7.87) 
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7 1 2

1 2

cosh cos σ Λ sinh 2 cos 2σ Λ cosh 2 sin 2σ

     sinh sin σ Λ cosh 2 sin 2σ +Λ sinh 2 cos 2σ

  

  

    

  





  (7.88) 

           

           

8 1 2

1 2

cosh cos σ Λ cosh 2 sin 2σ Λ sinh 2 cos 2σ

     sinh sin σ Λ sinh 2 cos 2σ Λ cosh 2 sin 2σ

  

  

    

   





  (7.89) 

           

           

9 1 2

1 2

cosh 2 sin 2σ  cosh sin σ Λ Λ sinh cos σ

     sinh 2 cos 2σ Λ sinh cos σ +Λ cosh sin σ

  

  

    

  





  (7.90) 

           

           

10 1 2

1 2

cosh 2 sin 2σ Λ sinh cos σ Λ cosh sin σ  

      sinh 2 cos 2σ Λ cosh sin σ Λ sinh cos σ  

  

  

    

   





  (7.91) 

          
2 2

11 2Λ sinh 2 cos 2σ cosh 2 sin 2σ sinh 2            (7.92) 
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8 ELECTRO-ELASTIC FLOW INSTABILITIES OF VISCOELASTIC FLUIDS 

IN CONTRACTION/EXPANSION MICRO-GEOMETRIES 

 

 

 

 

This chapter analyzes electro-elastic instabilities in EOF of viscoelastic fluids. 

Different flow configurations are used, including microchannels with hyperbolic-shaped 

contractions followed by an abrupt expansion, or by symmetrical hyperbolic shaped 

expansions. Such type of microchannels were selected as case studies to assist in the 

understanding of the EOF instability mechanism and at which conditions it occurs. A 

reference Newtonian fluid and viscoelastic fluids were used in the experiments, and a wide 

range of electric fields were imposed to drive the flow. The study starts with flow 

visualizations for a Newtonian fluid to assess the impact of dielectrophoresis on the velocity 

field of the seeding particles, by imposing low and high voltages in a microchannel with a 

hyperbolic-shaped contraction and sudden expansion. It is found that instabilities depend on 

three main parameters, including the geometrical configuration of the microchannel, the 

concentration of the polymer in solution and the imposed potential difference across the 

microchannel terminals. Therefore, depending on the polymer concentration and for each 

geometrical configuration, below a critical potential difference the flow behavior is quasi-

Newtonian, exhibiting a smooth parallel steady flow pattern in the upstream and downstream 

regions, whereas above that critical voltage two types of electro-elastic instabilities were 

found to occur, namely a quasi-steady symmetric, and a time-dependent instability. 
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8.1 Introduction 

As discussed in Chapter 2, efficient micro-mixing is important in many devices and 

processes, and electro-osmotic flow instabilities can be triggered at the micro-scale either by 

using the principle of electrokinetic instabilities (EKI) discussed in Section 2.4.1 [1-5], or 

using the principle of electro-elastic instabilities (EEI) reviewed in Section 2.4.2 [6-8]. 

Newtonian electro-osmotic flow has been the subject of intensive experimental, 

theoretical and numerical research in recent years, to investigate the flow behavior under 

several operational conditions, as discussed in Section 3.3. In contrast, limited work was 

found in the literature regarding EEI, and this chapter addresses experimentally this issue. 

Here, we investigate experimentally the flow behavior in microchannels with hyperbolic 

shaped contractions and focus on studying electro-elastic instabilities in EOF of viscoelastic 

fluids, in which EEI is observed, when some dynamic critical conditions are exceeded. To 

achieve those goals, the conditions under which instabilities may occur are investigated in 

four different geometrical configurations (described in Section 8.2.1), using four different 

aqueous solutions of polyacrylamide (PAA, Mw=5x106 g mol-1) at weight concentrations of 

100, 300, 1000 and 10000 ppm (their rheological characterization is presented in Section 

8.2.2), under a wide range of imposed potential differences. 

For pressure-driven flow (PDF), these geometrical flow configurations were 

previously used by several authors, such as Campo-Deaño et al. [9], who used a 

microchannel with a hyperbolic contraction followed by an abrupt expansion to characterize 

the degree of elasticity of low viscosity Boger fluids. The critical conditions for the onset of 

elastic instabilities were used to quantify the relaxation time for low concentration polymeric 

solutions, with the length of the upstream corner vortex being used as the indication for the 

degree of elasticity. Likewise, Sousa et al. [10] used the same configuration to investigate a 

viscoelastic blood analog, based on polymer solutions, which can be adequate to replicate 

whole blood flow behavior at the microscale. 

In this study, a Newtonian fluid and four viscoelastic fluids are used in such type of 

microchannels. The Newtonian fluid is used as reference, to assist in the understanding of 

the flow behavior and in addition to assess the contribution of dielectrophoresis on the 

observed velocity of the tracer particles (TP). Subsequently, the flow analysis for each type 

of fluid, Newtonian and viscoelastic, are respectively discussed in Sections 8.3.2 and 8.3.3. 
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Flow visualization and particle tracking velocimetry (PTV) techniques are used in this 

chapter, which are briefly described in Section 8.2.3. Additionally, a numerical viscoelastic 

EOF solver, entitled RheoTool, is used to predict the flow behavior in a certain number of 

flow configurations with Newtonian fluids to help clarify and understand its flow dynamics. 

RheoTool is an open-source toolbox solver developed by Pimenta and Alves [11], and is 

based on OpenFOAM®, an advanced freeware CFD software (available at 

https://openfoam.org/) and is available for download from the following GitHub repository: 

https://github.com/fppimenta/rheoTool. 

8.2 Experimental Set-up 

This section describes the geometrical configurations of the microchannels used, and 

the experimental methods used to characterize the flow behavior, which have not yet been 

presented elsewhere in this thesis. 

8.2.1 Microchannel geometry and fabrication 

Four microchannels with a contraction and an expansion were used, based on two 

different configurations. Two microchannels have a hyperbolic contraction followed by an 

abrupt expansion, whereas the other two have a hyperbolic contraction followed by an 

identical hyperbolic shaped expansion, see Fig. 8-1. The former two microchannels (H2 and 

H3) can also be used in the opposite flow direction, thus allowing to study the flow in an 

abrupt contraction followed by a hyperbolic expansion. The relevant design dimensions of 

the microchannels are presented in Fig. 8-2 and Table 8-1. The microchannels were designed 

to have Hencky strains of εH = 2 or 3, where εH = ln(w1/w2). The upstream width is w1 = 400 

µm, the contraction minimum widths are w2 = 54.1 or 19.9 µm, and the contraction lengths 

are Lc = 128 or 382 µm, respectively (Table 8-1). All these microchannels have been 

designed to have a constant depth, h = 100 µm and equal upstream (Lu) and downstream (Ld) 

lengths of 4 mm. The final measured dimensions of the produced PDMS microchannels 

differ slightly from the design dimensions, and they are also included in Table 8-1. The 

hyperbolic shape is employed to impose theoretically a nearly constant extension rate along 

the centerline of the microchannel-geometry [12] assuming a plug-like velocity profile, 

which is usually a good estimate for electro-osmotic flows. The origin of the Cartesian 

coordinate system is located at the centerline and at the plane containing the neck of the 

contraction, where the channel width is minimum, as shown in Fig. 8-2. Thus, to maintain a 

https://openfoam.org/
https://github.com/fppimenta/rheoTool
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constant strain rate along the centerline, the channel wall of the hyperbolic shaped 

microchannel follows the following profiles [9, 10]: 

y = ± (w1/2) / [ 1 + 0.05 ( x + Lc ) ] valid for − Lc ≤ x ≤ 0   (8.1) 

y = ± (w1/2) / [ 1 + 0.05 ( − x + Lc ) ] valid for 0 ≤ x ≤ Lc   (8.2) 

where Eq. (8.1) defines the upper and lower upstream walls (i.e. −Lc ≤ x ≤ 0) for all 

microchannels, whereas Eq. (8.2) defines the upper and lower walls in the downstream 

region (i.e. 0 ≤ x ≤Lc) for microchannels H2Sym and H3Sym, with all dimensions given in µm. 

The microchannels were fabricated several times in polydimethylsiloxane (PDMS; 

Sylgard 184, Dow Corning Inc) using SU-8 photoresist molds. The ratio of 5:1 (wt/wt) of 

PDMS to curing agent was used to fabricate the microchannels. 

In the experimental setup two platinum electrodes were used, each one mounted at the 

microchannel inlet and outlet terminals, respectively. The positive electrode was placed on 

the left hand-side of the microchannel, and the negative electrode on its right hand-side, and 

always on the same location for each run. Accordingly, throughout this chapter the potential 

difference (ΔV) between the microchannel terminals is selected and used as the default 

variable to refer to the electric field imposed. The corresponding potential gradient (V/cm) 

can be computed for each microchannel by dividing the imposed potential difference by the 

distance between the microchannel terminals, (Ltotal= Lu + Lc + Ld, or Ltotal= Lu + 2 Lc + Ld 

for the abrupt or hyperbolic expansion, respectively). 

 

 

 

 

    

(A) (B) (C) (D) 

Figure 8-1: Schematic representation of the four microchannels used: Two microchannels 

(H2, and H3) have a hyperbolic contraction followed by an abrupt expansion, with εH = 2 (A) 

and εH = 3 (B); two microchannels (H2Sym and H3Sym) have a hyperbolic contraction followed 

by an identical hyperbolic shaped expansion, with εH = 2 (C) and εH = 3 (D). 

 

 

H2 H3 H2Sym H3Sym 
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Figure 8-2: Schematic representation and relevant dimensions for a microchannel with 

hyperbolic contraction and expansion. 

 

 

Table 8-1: Microchannels dimensions, including the mask (design) size and the real size 

measurements. 

Microchannel 

configuration 

Hencky 

strain 

(εH) 

Mask dimensions 

(µm) 

Microchannel dimensions 

(µm) 

w1 w2 Lc h w1/w2 w1 w2 Lc h Dh w1/w2 

Contraction-expansion: 

H2, see Fig. 8-1 (A) 
2.0 400 54.04 128 100 7.4 

401 56 127 94 70 7.2 

Symmetrical-contraction: 

H2Sym, see Fig. 8-1 (C) 
392 43 129 110 62 9.1 

Contraction-expansion: 

H3, see Fig. 8-1 (B) 
3.0 400 19.90 382 100 20.1 

403 18 383 92 30 22.4 

Symmetrical-contraction: 

H3Sym, see Fig. 8-1 (D) 
394 10 382 107 18 39.4 

 

 

8.2.2 Rheological characterization of the fluids 

A total of five solutions were used, including one Newtonian and four viscoelastic 

fluids. The working solutions were seeded with fluorescent polystyrene particles 

(FluoSpheres® Carboxylate-Modified Microspheres, Nile Red, Molecular Probes®) with an 

average diameter of 1.0 μm, at a concentration of 24 ppm (wt/wt), unless otherwise stated. 

The Newtonian fluid used was an aqueous solution of 1 mM borate buffer (Sigma-Aldrich), 

with 0.05% (wt/wt) of sodiumdodecylsulfate (SDS, Sigma-Aldrich) added to reduce particle 

adhesion to the microchannel walls. A small amount (0.5 ppm) of fluorescent dye 

(Rhodamine B, Sigma-Aldrich) was also added to enhance the contrast and light intensity of 

the tracer particles, unless otherwise stated. As viscoelastic fluids, four aqueous solutions of 

polyacrylamide (PAA, Polysciences), with concentrations of 100, 300, 1000 and 10000 ppm 

w1 w2 

Lu Lc Lc Ld 

(0,0) x 

y 

  

z 
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(wt/wt), were used. The PAA mother solution used has a molecular weight of Mw = 5x106   

g mol-1 and was directly dissolved in distilled water, without the addition of SDS or 

fluorescent dye, unless otherwise stated.  

The characterization of all fluids included the measurement of the solution 

conductivity (conductivity meter CDB-387, Omega) and of the solution pH (pH meter, pH 

1000L, pHenomenal®, VWR probe/device). For the viscoelastic fluids, the characterization 

also included measurements of the shear and extensional rheology. For the PAA solutions 

the shear-thinning viscosity in steady shear flow was measured using a rotational rheometer 

(Physica MCR301, Anton Paar) with a 75 mm cone-plate system with 1º angle, and the 

extensional relaxation time λ was measured using a micro-breakup extensional rheometer 

[13]. Electric-related data for all fluids can be found in Table 8-2, whereas the viscosity 

curves for all fluids are plotted in Fig. 8-3. The extensional relaxation time of the viscoelastic 

solutions are included in Table 8-2. 

 

Table 8-2: Electrical conductivity and pH of the working solutions and extensional 

relaxation time of viscoelastic fluids, measured at Tabs = 295 K. 

 
Borate buffer 1.0 mM  

(using 0.05% SDS) 

Solution concentration of PAA (ppm) 

(Without dye or SDS) 

Concentration With dye Without dye  100 300 1000 10000 

pH 9.1 9.1 6.1 6.3 6.6 7.7 

Electrical conductivity μS/cm) 265 263 20.2 55.5 178.3 161.8 

Relaxation time, λ (s) - - 0.00036 0.00059 0.0017 0.0063 

 

 

 

 
Figure 8-3: Shear viscosity curves in steady shear flow for all fluids at Tabs = 295 K. 
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8.2.3 Experimental methods and procedures 

The experiments were conducted by imposing an electric field from a direct current 

(DC) power supply (EA-PS 5200-02 A, EA-Elektro-Automatik-GmbH) at various voltages. 

The microchannels were placed on the stage of an inverted epi-fluorescence microscope 

(Leica Microsystems GmbH, DMI 5000M), equipped with a continuous light source (100W 

mercury lamp), a filter cube (Semrock CY3-4040C), and a 20X objective (Leica 

Microsystems GmbH, numerical aperture NA = 0.4), or a 10X objective (Leica 

Microsystems GmbH, numerical aperture NA = 0.3). Two cameras were coupled to the 

microscope to characterize the flow behavior, one for flow visualization, and the other for 

the PTV measurements. 

The flow visualization technique was carried out using a long exposure streak imaging 

technique. A camera with a sensor that can operate with long exposure times with extremely 

low noise is required. We used an Andor Neo 5.5 sCMOS camera, controlled using μ-

Manager software (v.1.4.19). A 10X objective was used and the sCMOS camera was set to 

acquire 20 frames per run, using the camera full-resolution (2560 x 2160 pixels; each pixel 

corresponds to 0.407 μm x 0.407 μm in our setup), and with an exposure time varying 

according to the flow rate, between 1.0 and 15.0 s (lower exposure time for higher flow rates 

and vice-versa). 

The PTV technique requires the use of a high-speed camera, that can acquire a large 

number of successive frames. This was achieved with the Photron FASTCAM Mini UX100 

high-speed camera together with the 20X objective, with the camera set to acquire 1000 

frames per second (fps) for each run, unless otherwise stated, at full-resolution (1280 x 1024 

pixels; each pixel has 0.498 μm x 0.498 μm in the setup used). The PTV algorithm used to 

compute the displacement of the particles and corresponding velocity comprises two 

consecutive steps. The first step starts by using an open source image processing program, 

ImageJ software (version 1.51j8, www.imagej.net/), in combination with the open source 

particle tracking plugin MOSAIC (version November 2016) [14] to identify and scan a 

specified number of successive frames for each possible bright spot corresponding to 

individual in-focus fluorescent TPs in the flow field [15]. The frames were recorded over the 

maximum camera recording time, which is dictated by the available RAM memory of the 

camera (8 GB in one case), and typically consists of about 4365 frames at full resolution. 

The second step involves the use of a Matlab® code (MathWorks, version R2012a) for data 

http://www.imagej.net/
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post-processing to exclude the particles of shorter pathlines, and to restrict the analysis only 

to the longer pathlines. Subsequently the displacements of the particles and the 

corresponding velocities were computed. 

8.3 Results and Discussion 

The Newtonian fluid case provides the reference flow characteristics for each of the 

geometries investigated. For viscoelastic fluids we varied the applied voltage from lower 

values, corresponding to stable flow, up to high voltages that lead to unstable flow 

conditions. Therefore, we present first the results for the Newtonian solution followed by the 

viscoelastic fluid results. 

8.3.1 Relevant dimensionless numbers 

In Section 8.2.1, to differentiate between microchannels with the same geometrical 

configuration, a dimensionless number known as Hencky strain (εH) was used, whereas other 

dimensionless numbers are required to fully characterize the flow behavior. To assess 

whether a flow is dominated by inertial or viscous forces, a dimensionless number known as 

the Reynolds number (Re) is used, here defined as [16]: 

Re = ρ Dh v2 / µ         (8.3) 

where Dh=2 hw2/(h+w2) is the hydraulic diameter based on the microchannel real dimensions 

(see Table 8-1), v2 is the maximum average velocity at the throat minimum width w2, and µ 

is the shear viscosity of the fluid, determined at the characteristic shear rate 2 22 / /= ( 2)v w  

for the viscoelastic fluids. 

For viscoelastic fluids at least one additional dimensionless number is required to 

characterize the flow. Typically, the Deborah number (De) is used, which is defined as the 

ratio between the relaxation time of the fluid (λ) and the characteristic time scale of the flow, 

(w2/2)/v2 [17, 18]: 

De = 2 λ v2 / w2          (8.4) 

The Weissenberg number (Wi) is another dimensionless number that may be used to 

quantify elastic effects for the hyperbolic contraction, and is given by [16]: 

Wi = λ (v2 − v1 ) / Lc =          (8.5) 
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where v1 is the bulk average velocity at the upstream microchannel of width w1, Lc is the 

hyperbolic contraction length (see Fig. 8-2 and Table 8-1) and   is the average extension 

rate on the hyperbolic contraction.  

The use of either the Deborah or the Weissenberg number depends on the physical 

phenomena under study. The Deborah number is more appropriate to describe non-

homogeneous flows that have a non-constant stretch history, whereas Wi is better suitable 

for steady homogeneous flows with constant stretch history [19]. Thus, for the flows through 

hyperbolic shaped microchannels under investigation, Wi will be used, since the flow within 

the hyperbolic shape is expected to occur with a nearly constant extension rate along the 

contraction centerline. 

8.3.2 Newtonian fluid 

8.3.2.1 Flow visualization 

Flow visualizations were carried out by adjusting the focus of the 10X objective at the 

microchannel mid-plane (i.e. the plane located at the mid-distance between the microchannel 

top and bottom walls in the z-direction, see Fig. 8-2). Depending on the imposed electric 

field and the resulting flow rate, the exposure time of the sCMOS camera was tuned to record 

the pathlines of each individual tracer particle.  

Flow visualizations for the Newtonian fluid, obtained at Tabs = 295 K, are presented in 

Figs. 8-4, 8-5 and 8-6: the effect of the DC potential difference on the flow field was assessed 

and each plot presents also the corresponding streamlines predicted numerically, shown as 

red dashed lines, by assuming a two-dimensional (2D) fully-developed, steady, pure electro-

osmotic (EO) driven flow of a Newtonian fluid. The experimental pathlines are the imaged 

white traces and were obtained using the streak photography technique by tracking the 

pathlines of each individual TP in an aqueous solution of 1 mM borate buffer. By combining 

in the same image the numerically predicted 2D streamlines with the experimental flow 

patterns, allows to visually assess the qualitative influence of dielectrophoresis on the 

seeding particles. Figure 8-4 shows the flow patterns in the microchannels H2 and H2Sym for 

fluid seeded with 1.0 µm TP at DC potential differences between the electrodes of 5, 30 and 

90 V, whereas Fig. 8-5 refers to microchannels H3 and H3Sym at DC potentials of 5, 20 and 

60 V. As expected, and shown in Figs. 8-4 and 8-5, the observed flow patterns are typically 

laminar without separated flow regions appearing downstream of the expansion, even at the 
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highest imposed voltage of 90 V for microchannel H2, and of 60 V for microchannel H3. 

This is because in all cases the Reynolds number (Re) remains small, Re  0.13 (computed 

at the throat minimum width w2 for microchannel H2 at 90 V), so the flow is dominated by 

viscous forces and the fluid is able to negotiate these geometric features without flow 

separation. The fore-aft flow symmetry observed in the symmetric geometries of Figs. 8-4 

and 8-5 is consistent with the negligible inertia and the corresponding elliptic nature of the 

corresponding governing equations. 

 

 

 

 H2 H2Sym 

5 V 

  
  (A)  (D) 

30 V 

  
  (B)  (E) 

90 V 

  
 (C) (F) 

Figure 8-4: Flow visualizations using an aqueous solution of 1 mM borate buffer, seeded 

with 1.0 µm TP, using microchannel H2 (A, B and C) and H2Sym (D, E and F), under imposed 

DC potential differences of 5, 30 and 90 V, at Tabs = 295 K. The red dashed lines represent 

the numerically predicted streamlines for a purely electro-osmotic flow of a Newtonian fluid, 

and the yellow lines are used to highlight the microchannel walls. The yellow arrow indicates 

the flow direction. The Reynolds number was computed at the throat for microchannels H2 

and H2Sym and are Re = 0.13 and 0.11, respectively, at the higher voltage. 
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 H3 H3Sym 
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 (A) (D) 
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  (B) (E) 
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Figure 8-5: Flow visualizations using an aqueous solution of 1 mM borate buffer, seeded 

with 1.0 µm TP, using microchannel H3 (A, B and C) and H3Sym (D, E and F), under imposed 

DC potential differences of 5, 20 and 60 V, at Tabs = 295 K. The red dashed lines represent 

the numerically predicted streamlines for a purely electro-osmotic flow of a Newtonian fluid, 

and the yellow lines are used to highlight the microchannel walls. The yellow arrow indicates 

the flow direction. The Reynolds number was computed at the throat for microchannels H3 

and H3Sym and are Re = 0.084 and 0.049, respectively, at the higher voltage. 

 

 

 

In summary, for microchannels H2, H2Sym, H3 and H3Sym the observed flow patterns are 

laminar even at the highest imposed potential difference, corresponding to Reynolds number 

at the throat of 0.13 (at 90 V), 0.11 (at 90 V), 0.084 (at 60 V) and 0.049 (at 60 V).  

The maximum imposed DC potential that could be used, without blocking the 

microchannel, was around 90 V for microchannels H2 and H2Sym, and 60 V for microchannels 

H3 and H3Sym. Particle clogging problems usually appear at high flow rates due to the 

accumulation/sticking behavior of the micro-particles at each side of the microchannel walls, 

especially at the throat of the contraction. The highest voltage experiments in Figs. 8-4 and 

8-5 were repeated, but changing some settings, such as removing the dye and with the 1.0 
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µm particles replaced with 0.5 μm fluorescent polystyrene particles (FluoSpheres® 

Carboxylate Microspheres, Red, Molecular Probes®) at a concentration of 5 ppm (wt/wt). 

As shown in Fig. 8-6, the new settings allowed to impose a maximum voltage of 120 V in 

each of the microchannels (H2 , H2Sym, H3 and H3Sym) without blocking the microchannels, 

and the laminar flow remained stable. In conclusion, using smaller fluorescent particles (0.5 

μm) allows deferring the particle blockage problems to a higher potential difference, but no 

significant changes in the flow field were observed. Note that in the images shown in Fig. 

8-6 no dye was added since the emitted light was significantly more intense than the light 

emitted by the smaller 0.5 μm particles, leading to poor quality of recorded images and 

nearly indistinguishable flow patterns. The Reynolds number was not computed, since when 

using 0.5 μm particles, and at the maximum potential difference of 120V, it was not possible 

to measure the velocity of TP on the throat due to their low light intensity. 

 

 

 
 30 V 60 V 120 V 

H2 

   
  (A) (B) (C) 

H2Sym 

   
 (D) (E)  (F) 

H3 

   
 (G) (H) (I) 

H3Sym 

   
 (J) (K) (L) 

Figure 8-6: Flow visualizations using an aqueous solution of 1 mM borate buffer, seeded 

with 0.5 µm TP, using microchannel H2 (A, B and C), H2Sym (D, E and F), H3 (G, H and I) 

and H3Sym (J, K and L), under imposed DC potential differences of 30, 60 and 120 V, at Tabs 

= 295 K. The red dashed lines represent the numerically predicted streamlines for a purely 

electro-osmotic flow of a Newtonian fluid, and the yellow lines are used to highlight the 

microchannel walls. The yellow arrow indicates the flow direction. 
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Since the streamlines predicted numerically and the experimental flow pathlines are 

nearly identical, as shown in Figs. 8-4, 8-5 and 8-6, dielectrophoresis has a negligible 

influence on the seeding particles behavior and consequently on the electro-osmotic flow 

streamlines. We note that the particles are also subjected to electrophoresis, as discussed in 

Chapters 5 and 6. However, for Newtonian fluids in the linear regime, the expected 

electrophoretic and electro-osmotic velocity fields are co-linear, thus the expected 

streamlines for EO and EP are the same. 

8.3.2.2 Measurements of the centerline velocity using the PTV technique 

Using the PTV technique, the centerline velocity was measured in a window around 

the centerline at the microchannel mid-plane, with a deviation of ± 1.25 % of the 

microchannel upstream width (y = ± 0.0125 w1). This is typically the region where all TP 

move horizontally and parallel to the microchannel centerline, thus the velocity component 

in the y-direction is negligible. Accordingly, for averaging purposes the centerline of the 

microchannel was divided into several equally-spaced segments along the microchannel x-

direction, each about 5 pixels long. Then, the TPs velocity components within each segment 

were averaged to obtain the corresponding segment average-velocity, and the corresponding 

velocity profile along the microchannel centerline.  

Before measuring the centerline velocity at the microchannel mid-plane using the PTV 

technique, it is worth to investigate the centerline velocity at several microchannel depths, 

both numerically and experimentally, using a Newtonian fluid. Actually, as is well known, 

in a straight rectangular microchannel, electroosmotic flow (EOF) results in a plug-like 

velocity profile both across the width and along the depth of the microchannel. Accordingly, 

outside the electric double layer (EDL) the velocity is nearly uniform [20, 21]. For 

microchannels H2, H2Sym, H3 and H3Sym, this can be confirmed using numerical simulations, 

and a pure electro-osmotic Newtonian flow was set by imposing a DC potential difference 

of 30 V in microchannels H2 and H2Sym, and a voltage difference of 20 V in microchannels 

H3 and H3Sym. As shown in Fig. 8-7, the corresponding centerline velocity was computed for 

a two-dimensional (2D) geometry, as well as for a three-dimensional (3D) geometry at 

several depths: z/H = { 0.0, 0.05, 0.2, 0.3, 0.5 }, noting that the bottom and top walls are 

located at z/H = 0.0 and 1.0, respectively. The plotted curves show that the fluid flows in 

parallel layers at equal velocities for all cases, and the velocity curves are similar, except 

near the walls where they approach zero since a no-slip boundary condition was assumed at 
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the walls. A slight difference exists between the 2D and 3D flows for microchannel H2 in 

the region near the throat, where the peak velocity for the two-dimensional geometry was 

slightly below the corresponding 3D case. 

 

 

 

 

  
(A) (B) 

  
(C) (D) 

Figure 8-7: Centerline velocity profiles computed numerically for a two-dimensional and a 

three-dimensional geometry at several depths; z/H = { 0.0, 0.05, 0.2, 0.3, 0.5 }, assuming a 

purely EOF of a Newtonian fluid, with an imposed DC voltage of 30 V in microchannels H2 

(A) and H2Sym (B), and 20 V in microchannels H3 (C) and H3Sym (D). The black arrow 

indicates the flow direction. 

 

 

 

In the PTV experiments, a Newtonian aqueous solution of 1 mM borate buffer seeded 

with 1.0 µm TP was used. To perform accurate measurements of the centerline velocity 

profiles with the 20X objective and the high-speed camera, it was necessary to define 
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carefully the edges of the hyperbolic PDMS contraction walls, especially in the throat region. 

Also, it was necessary to ensure a sufficient number of detectable TP by appropriate selection 

of the light intensity considering the existing levels of background noise and the light 

intensity from in-focus and out-of-focus TPs. In fact, the dye was added mainly to improve 

image quality since, at high flow rates, it was found that adding a small amount of fluorescent 

dye allowed the light intensity of each individual in-focus TP to stay nearly at the same level, 

especially in the throat region. This allowed the TPs to be fully tracked along the 

microchannel centerline. In contrast, not adding dye to the solution reduced the probability 

to fully track each individual in-focus TP along the centerline, especially in the throat region, 

where its velocity increases and consequently the imaged light intensity decreases 

significantly. 

To overcome these limitations, Fig. 8-8 presents a series of snapshots for microchannel 

H2 with the Newtonian fluid with TP at rest, at several depths, starting from the lower wall 

at z = 0.0 (Fig. 8-8-(A)) up to the upper wall at z = H (Fig. 8-8-(O)). It is clear that at the 

depths between z/H  0.15 and 0.85, the edges of each wall of the hyperbolic contraction 

are clearly defined and even the bright spot of each in-focus individual TP is clearly focused, 

in contrast when the upper wall is approached. 

Since the profiles of the centerline velocity were predicted numerically, Fig. 8-7, it is 

instructive to carry out a similar analysis experimentally to measure the velocity profiles. 

Accordingly, the centerline velocity profile was measured at several depths, z/H = { 0.05, 

0.15, 0.30, 0.50, 0.70, 0.85, 0.95 }, and the results are shown in Fig. 8-9 for microchannel 

H2 at an imposed potential difference of 30 V. These profiles are plotted in dimensional form 

in Fig. 8-9-(A), whereas in Fig. 8-9-(B) each profile is normalized by the maximum velocity 

(umax) and compared against the corresponding numerically computed profiles. As shown in 

Fig. 8-9-(B), the normalized experimental and numerical data match well, as expected. In 

any case, the measurement quality is better at the depth of z/H = 0.15 (due to the better 

contrast of the acquired images, as shown in Fig. 8-8), which is chosen as the default 

measuring depth for all subsequent measurements with Newtonian fluid, unless otherwise 

stated. 
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(A) z/H = 0.0 (B) z/H = 0.05 (C) z/H = 0.10 

   
(D) z/H = 0.15 (E) z/H = 0.20 (F) z/H = 0.30 

   
(G) z/H = 0.40 (H) z/H = 0.50 (I) z/H = 0.60 

   
(J) z/H = 0.70 (K) z/H = 0.80 (L) z/H = 0.85 

   
(M) z/H = 0.90 (N) z/H = 0.95 (O) z/H = 1.0 

Figure 8-8: Snapshots at several depths, starting from the lower wall at z/H = 0.0 (A) up to 

the upper wall at z/H = 1.0 (O) in microchannel H2, for a no-flow condition. 
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(A) (B) 

Figure 8-9: Centerline velocity profile measured at several depths (A) z/H = { 0.05, 0.15, 

0.30, 0.50, 0.70, 0.85, 0.95 }, and (B) corresponding normalized velocity profiles for each 

curve and comparison with the velocity profile computed numerically for 2D flow, in 

microchannel H2 at an imposed potential difference of 30 V using the 1 mM borate buffer 

with dye added. The black arrow to indicates the flow direction. 

 

 

 

As described before, dye was added to improve the image quality up to the highest 

possible flow rate that can be reached for each microchannel. Accordingly, under the same 

imposed DC potential difference of 5, 10, 30 and 60 V, Figs. 8-10 and 8-11 present the dye 

effect on the measured centerline velocity profiles. Figure 8-10-(A) shows a significant 

difference between the velocity curves measured with and without dye, especially near the 

throat, with the curves with dye showing higher velocities. A slight variation is also observed 

in Fig. 8-10-(B) between the normalized velocity curves with and without dye, in comparison 

with the corresponding numerical 2D values, suggesting that the dye influences the EOF 

velocity through the microchannel. This is why it is important to avoid the addition of dye 

when studying viscoelastic fluids to eliminate any potential influence in the flow field. As 

shown in Fig. 8-11, the dye increases the measured velocity by about 25 % along the 

microchannel centerline, both upstream (see, Fig. 8-11-(A)), and at the throat region (see, 

Fig. 8-11-(B)). These results suggest that the dye changes the zeta-potential for the PDMS 

walls which consequently changes the EOF velocity. 
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(A) (B) 

Figure 8-10: Centerline velocity profiles measured at z/H = 0.15, in microchannel H2 (R1 

and R2, each run was done in a new microchannel) using the 1 mM borate buffer with and 

without dye, for imposed potential differences of 5, 10, 30 and 60 V (A), and (B) 

corresponding normalized velocity profiles and comparison with the velocity profile 

computed numerically for 2D flow. The black arrow indicates the flow direction. 

 

 

 

 

 

 

  
(A) (B) 

Figure 8-11: Fully-developed velocity (v1) at the upstream channel (A) and maximum 

velocity (v2) at the throat of the contraction (B) for microchannel H2, using the 1 mM borate 

buffer with and without dye. 
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As an extension of the previous results, Figs. 8-12, 8-13, 8-14, and 8-15 present the 

centerline velocity profiles measured in microchannels H2, H2Sym, H3 and H3Sym, for imposed 

DC potential differences between 5 and 90 V. As expected, the hyperbolic shapes impose 

nearly constant extensional rates (corresponding to linear velocity profiles) along the 

centerline of the microchannels, even at high DC potential differences, as shown in Figs. 

8-12-(B), 8-13-(B), 8-14-(B), and 8-15-(B). These figures also show a comparable behavior 

between the normalized velocity profiles and the numerical simulations. Each experiment 

shown previously was repeated twice to assess the repeatability under the same operating 

conditions, and accordingly each figure legend may use two or more of the following 

abbreviations to refer to the successive number of experimental runs: R1, R2, R3, and R4. 

Note that each run was done in a new microchannel. A slight difference in the velocity 

profiles is observed between the first and second runs for microchannel H3, see Fig. 8-14-

(B), which may be due to the hyperbolic walls having some possible slight defects created 

during the PDMS fabrication, or due to some TP accumulation in the hyperbolic walls. 

 

 

 

 

 

  
(A) (B) 

Figure 8-12: Centerline velocity profiles measured at z/H = 0.15, in microchannel H2 (R1 

and R2) using the 1 mM borate buffer, for imposed potential differences of 5, 10, 30, 60 and 

90 V (A), and (B) corresponding normalized velocity profiles and comparison with the 

velocity profile computed numerically for 2D flow. The black arrow indicates the flow 

direction, and the Reynolds number at the throat is about 0.13 for 90 V. 

 

 

 



Chapter 8  Electro-elastic flow instabilities 

214 

 

 

 

  
(A) (B) 

Figure 8-13: Centerline velocity profiles measured at z/H = 0.15, in microchannel H2Sym (R1 

and R2) using the 1 mM borate buffer, for imposed potential differences of 5, 10, 30, 60 and 

90 V (A), and (B) corresponding normalized velocity profiles and comparison with the 

velocity profile computed numerically for 2D flow. The black arrow indicates the flow 

direction, and the Reynolds number at the throat is about 0.11 for 90 V. 

 

 

 

 

 

  
(A) (B) 

Figure 8-14: Centerline velocity profiles measured at z/H = 0.15, in microchannel H3 (R1 

and R2) using the 1 mM borate buffer, for imposed potential differences of 5, 10, 30, 60 and 

90 V (A), and (B) corresponding normalized velocity profiles and comparison with the 

velocity profile computed numerically for 2D flow. The black arrow indicates the flow 

direction, and the Reynolds number at the throat is about 0.084 for 60 V. 
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Figure 8-15: Centerline velocity profiles measured at z/H = 0.15, in microchannel H3Sym (R1, 

R2, R3 and R4) using the 1 mM borate buffer, for imposed potential differences of 5, 10, 30, 

60 and 90 V (A), and (B) corresponding normalized velocity profiles and comparison with 

the velocity profile computed numerically for 2D flow. The black arrow indicates the flow 

direction, and the Reynolds number at the throat is about 0.049 for 60 V. 

 

 

 

 

 

 

Figure 8-16 plots the velocity at the center of the upstream channel (v1) and at the 

throat of the contraction (v2) as a function of the imposed streamwise potential difference, 

for the Newtonian solution. According to the real dimensions of the PDMS microchannel, 

the velocity ratio (v2/v1) should increase as the area ratio (w1/w2) which is equal to 7.16, 9.12, 

22.4 and 39.4 for microchannels H2, H2Sym, H3, and H3Sym, respectively. However, the 

experimental data in Fig. 8-16 show lower velocity ratios, of about 6.5, 6.2, 17.3 and 20.0, 

respectively, for the same microchannels, suggesting some pressure effect along the 

contraction. However, in general, the velocities increase linearly with the imposed voltage, 

V . 
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(A) (B) 

Figure 8-16: Variation with imposed potential difference of the fully-developed velocity (v1) 

at the upstream channel (A) and maximum velocity (v2) at the throat of the contraction (B) 

for microchannels H2, H2Sym, H3, and H3Sym, using the 1 mM borate buffer with dye. 

 

 

8.3.3 Non-Newtonian fluids 

The previous section presented the results for the base case of Newtonian fluid under 

stable flow conditions. This section focus on viscoelastic fluids, specifically PAA with 

molecular weight Mw = 5x106 g mol-1, for which flow instabilities are investigated for a range 

of flow conditions, including: geometrical configuration (H2 and H3); polymer concentration 

(100, 300, 1000, and 10000 ppm); imposed DC potential differences; flow direction (i.e. in 

the forward or reverse direction, by inverting the polarity of the electrodes). 

8.3.3.1 Flow visualization 

Using the same settings discussed in Section 8.3.2.1, here only two microchannels 

were used (H2 and H3) with viscoelastic aqueous solutions of PAA at several concentrations. 

For microchannel H2 the PAA concentrations used were 100, 1000, and 10000 ppm, and the 

flow visualizations are shown respectively in Figs. 8-17, 8-18, and 8-19 for flow in the 

forward direction (i.e. flow from left to right), and in Figs. 8-20, 8-21, and 8-22 for flow in 

the reverse direction (i.e. flow from right to left). The concentrations used for microchannel 

H3 were 100, 300, and 1000 ppm, and the flow patterns are shown in Figs. 8-24, 8-25 and 
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8-26 for flow in the forward direction, and in Figs. 8-28, 8-30 and 8-34 for the flow in the 

reverse direction. 

8.3.3.1.1 Microchannel H2 with flow in the forward direction 

For microchannel H2 in the forward direction, Fig. 8-17 shows the flow behavior for 

an aqueous solution of PAA at the concentration of 100 ppm, for imposed potential 

differences ranging from 5 to 70 V. At low voltages, the flow is Newtonian-like, with smooth 

and steady streamlines. Increasing the potential difference to 50, 60 and 70 V, leads to an 

increase of the flow complexity as shown in Figs. 8-17-(G) and (H). At 50 V, a small vortex 

starts to form immediately downstream of the throat at the sudden expansion, which then 

increases at the potential difference of 70 V, while showing signs of instability with the 

appearance of crossing pathlines. Bright spots seen at 50, 60 and 70 V are due to the local 

accumulation of tracer particles at the throat, which can be avoided by cleaning the channel 

between consecutive runs. The accumulation of TPs at the throat reduces its cross section 

area and may lead to fictitious instabilities at the contraction, particularly at high voltages.  

 

 

   
(A) 5 V (B) 10 V (C) 20 V 

   
 (D) 30 V  (E) 40 V (F) 50 V 

  
(G) 60 V (H) 70 V 

Figure 8-17: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 5x106 

g mol-1) at a concentration of 100 ppm, seeded with 1.0 µm TPs, using microchannel H2. 

The flow is in the forward direction, from left to right, at Tabs = 295 K, and under DC potential 

differences of 5 V (A), 10 V (B), 20 V (C), 30 V (D), 40 V (E), 50 V (F), 60 V (G), and 70 

V (H). The yellow arrow indicates the flow direction. 
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Figures 8-18 and 8-19 present the flow field of PAA solutions in the same 

microchannel H2, but at the higher concentrations of 1000 and 10000 ppm, respectively. The 

overall flow behavior is also quasi-Newtonian, as observed in Fig. 8-17 for low voltages, 

except in the throat area, especially at the high imposed electric potentials. Increasing the 

imposed voltage leads to higher flow rates, and consequently the elastic effects become more 

pronounced and the flow streamlines deviate progressively from the symmetry of the 

Newtonian-like flow field, even though in these cases the deviation is small, most probably 

due to the small Hencky strain of this smooth contraction geometry. 

 

 

 

   
(A) 5 V (B) 15 V (C) 30 V 

   
(D) 60 V (E) 80 V (F) 100 V 

   
(G) 120 V (H) 140 V (I) 160 V 

  
(J) 180 V (K) 200 V 

Figure 8-18: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 5x106 

g mol-1) at a concentration of 1000 ppm, seeded with 1.0 µm TPs, using microchannel H2. 

The flow is in the forward direction, from left to right, at Tabs = 295 K, and under DC potential 

differences of 5 V (A), 15 V (B), 30 V (C), 60 V (D), 80 V (E), 100 V (F), 120 V (G), 140 

V (H), 160 V (I), 180 V (J), and 200 V (K). The yellow arrow indicates the flow direction. 
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(A) 5 V (B) 15 V (C) 30 V 

   
 (D) 40 V  (E) 50 V (F) 60 V 

  
(G) 70 V (H) 80 V 

Figure 8-19: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 5x106 

g mol-1) at a concentration of 10000 ppm, seeded with 1.0 µm TPs, using microchannel H2. 

The flow is in the forward direction, from left to right, at Tabs = 295 K, and under DC potential 

differences of 5 V (A), 15 V (B), 30 V (C), 40 V (D), 50 V (E), 60 V (F), 70 V (G), and 80 

V (H). The yellow arrow indicates the flow direction. 

 

 

 

 

8.3.3.1.2 Microchannel H2 with flow in the reverse direction 

By inverting the electrode polarity in microchannel H2, the flow changes to the 

opposite direction, and Figs. 8-20, 8-21, and 8-22 show the observed TP pathlines using the 

same PAA solutions with concentrations of 100, 1000, and 10000 ppm, respectively. As 

mentioned previously, by avoiding the accumulation of TP at the throat, higher voltages can 

be achieved without creating blocking effects. Here, a maximum voltage of about 140 V was 

achieved for the 100 ppm solution, see Fig. 8-20-(F), but up to that potential the flow field 

is Newtonian-like, without the onset of significant elastic effects, see Fig. 8-20-(A) to (F). 

Above this voltage, the fast accumulation of TPs at the throat can no longer be avoided, 

especially at the imposed voltages of 160 and 180 V, as shown in Fig. 8-20-(G) and (H), 

respectively. In contrast, the flow of the 1000 and 10000 ppm PAA solutions show a complex 
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behavior due to elastic effects, especially at DC potentials above 15 V for the 1000 ppm 

solution and above 5 V for the 10000 ppm solution, with a noticeable formation of a 

separated flow with recirculating zones of TP observed at each corner of the throat. Again, 

the problem of TP accumulation starts to appear for the 1000 ppm solution at imposed 

voltages of 160 and 180 V, respectively, see Figs. 8-21-(J) and (K), while for the 10000 ppm 

solution the instabilities become more obvious and grow significantly while increasing the 

imposed potential from 15 to 30 V, see Figs. 8-22-(C) to (F). Once again, a large amount of 

TPs stick to the walls of the contraction, see Figs. 8-22-(G) to (H). In conclusion, elastic 

effects become more significant at higher polymer concentrations and, as a result of 

increasing the imposed potential difference, flow instabilities grow and extend gradually to 

influence the flow field both upstream and downstream of the throat. 

 

 

 

 

   
(A) 5 V (B) 15 V (C) 30 V 

   
(D) 60 V (E) 100 V (F) 140 V 

  
(G) 160 V (H) 180 V 

Figure 8-20: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 5x106 

g mol-1) at a concentration of 100 ppm, seeded with 1.0 µm TPs, using microchannel H2. 

The flow is in the reverse direction, from left to right, at Tabs = 295 K, and under DC potential 

differences of 5 V (A), 15 V (B), 30 V (C), 60 V (D), 100 V (E), 140 V (F), 160 V (G), and 

180 V (H). The yellow arrow indicates the flow direction. 
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(A) 5 V (B) 15 V (C) 30 V 

   
(D) 40 V (E) 60 V (F) 80 V 

   
(G) 100 V (H) 120 V (I) 140 V 

  
(J) 160 V (K) 180 V 

Figure 8-21: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 5x106 

g mol-1) at a concentration of 1000 ppm, seeded with 1.0 µm TPs, using microchannel H2. 

The flow is in the reverse direction, from left to right, at Tabs = 295 K, and under DC potential 

differences of 5 V (A), 15 V (B), 30 V (C), 40 V (D), 60 V (E), 80 V (F), 100 V (G), 120 V 

(H), 140 V (I), 160 V (J), and 180 V (K). The yellow arrow indicates the flow direction. 
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(A) 5 V  (B) 10 V (C) 15 V 

   
(D) 20 V (E) 25 V (F) 30 V 

  
(G) 35 V (H) 40 V 

Figure 8-22: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 5x106 

g mol-1) at a concentration of 10000 ppm, seeded with 1.0 µm TPs, using microchannel H2. 

The flow is in the reverse direction, from left to right, at Tabs = 295 K, and under DC potential 

differences of 5 V (A), 10 V (B), 15 V (C), 20 V (D), 25 V (E), 30 V (F), 35 V (G), and 40 

V (H). The yellow arrow indicates the flow direction. 
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The flow instability shown in Fig. 8-22-(E) is illustrated in more detail in Fig. 8-23, 

pertaining to a single run along time, and corresponding to an imposed potential of 25 V for 

the more concentrated solution (10000 ppm). A low intensity instability is observed close to 

the throat region, characterized by a quasi-steady and symmetric vortex. 

 

 

 

 
 

     
(A)  (B)   (C)  

   
(D)  (E)  (F)  

   
(G)  (H)  (I)  

Figure 8-23: Evolution with time of flow behavior for an imposed DC potential difference 

of 25V in microchannel H2, using an aqueous solution of PAA (Mw = 5x106 g mol-1) at a 

concentration of 10000 ppm. The flow is in the reverse direction from left to right, at Tabs = 

295 K. The yellow arrow indicates the flow direction. 

 

 

 

 

In summary, for microchannel H2, by avoiding the cases where TPs clog the 

microchannel at the throat, a stable Newtonian-like flow in the forward direction is observed 

for the 100, 1000 and 10000 ppm polymer concentration, whereas for the reverse flow 

direction, and especially for the 1000 ppm solution concentration, a recirculating zone is 

formed at each corner of the throat leading to some instability. Increasing the polymer 

concentration to about 10000 ppm, leads to a strong instability upstream and downstream of 

the throat, which is enhanced at higher potential differences. 
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8.3.3.1.3 Microchannel H3 with flow in the forward direction 

Similarly, by investigating the forward flow behavior in microchannel H3, shown in 

Figs. 8-24, 8-25 and 8-26 for the PAA solutions at concentrations of 100, 300, and 1000 

ppm, respectively, instabilities are seen to take place. For each concentration, below a certain 

voltage the flow is Newtonian-like. However, as seen for the 100 ppm solution, above a 

critical voltage (around 120 V in this case) elastic-driven instabilities start to develop 

upstream of the throat in the converging region, see Fig. 8-24-(G), which grow significantly 

as the applied voltage further increases. For the 300 ppm solution, the instabilities begin at 

lower potential differences, at around 5 V, in the form of a pair of steady symmetric upstream 

vortices that increase in strength with the increase of the potential difference, see Figs. 8-25-

(B) to (G). This is akin to some elastic behavior observed in pressure-driven flow for 

viscoelastic fluids at low Reynolds numbers [9, 10, 17]. Further increasing the potential 

difference (above 17.5 V), the flow becomes more unstable, as shown in Figs. 8-25-(H) to 

(K), with the onset of a chaotic-like behavior at higher electric fields. A similar behavior is 

also observed for the 1000 ppm solution but, due to its higher elasticity, the flow instabilities 

begin at lower voltages and are more intense than those for the 300 ppm solution, see Fig. 

8-26-(A)-(K). 
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(A) 5 V (B) 15 V (C) 30 V 

   
(D) 60 V (E) 80 V (F) 100 V 

   
(G) 120 V (H) 140 V (I) 160 V 

  
(J) 180 V (K) 200 V 

Figure 8-24: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 5x106 

g mol-1) at a concentration of 100 ppm, seeded with 1.0 µm TPs, using microchannel H3. 

The flow is in the forward direction, from left to right, at Tabs = 295 K, and under DC potential 

differences of 5 V (A), 10 V (B), 20 V (C), 30 V (D), 40 V (E), and 50 V (F). The yellow 

arrow indicates the flow direction. 
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(A) 2.5 V (B) 5 V (C) 7.5 V 

   
(D) 10 V  (E) 12.5 V (F) 15 V 

   
(G) 17.5 V (H) 20 V (I) 25 V 

  
(J) 30 V (K) 35 V 

Figure 8-25: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 5x106 

g mol-1) at a concentration of 300 ppm, seeded with 1.0 µm TPs, using microchannel H3. 

The flow is in the forward direction, from left to right, at Tabs = 295 K, and under DC potential 

differences of 2.5 (A), 5 (B), 7.5 (C), 10 (D), 12.5 (E), 15 (F), 20 (G), 40 (H) 60 (I), 80 (G), 

100 V (K). The yellow arrow indicates the flow direction. 
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(A) 2.5 V  (B) 5 V (C) 7.5 V 

   
(D) 10 V (E) 15 V (F) 30 V 

   
(G) 40 V (H) 50 V (I) 60 V 

  
(J) 80 V (K) 90 V 

Figure 8-26: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 5x106 

g mol-1) at a concentration of 1000 ppm, seeded with 1.0 µm TPs, using microchannel H3. 

The flow is in the forward direction, from left to right, at Tabs = 295 K, and under DC potential 

differences of 2.5 (A), 5 (B), 7.5 (C), 10 (D), 12.5 (E), 15 (F), 20 (G), 40 (H) 60 (I), 80 (G), 

100 V (K). The yellow arrow indicates the flow direction. 
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For better understanding the flow behavior shown in Fig. 8-26, Fig. 8-27 includes an 

interpretative sketch of the flow direction for the separated flow regions colored in red 

corresponding to the unstable flow regime of Fig. 8-26-(D), for which the potential 

difference is 10 V. A large separated flow region is observed upstream of the throat, and a 

small one downstream of the throat. 

 

 

 

 
 

Figure 8-27: Schematic representation of flow instabilities (in red), showing the flow 

direction within the separated flow regions, for microchannel H3 using PAA (Mw=5x106 g 

mol-1) at a concentration of 1000 ppm. The flow is in the forward direction, from left to right, 

at Tabs = 295 K, under a DC potential difference of 10 V. 

 

 

 

 

8.3.3.1.4 Microchannel H3 with flow in the reverse direction 

Reversing the flow direction in microchannel H3, by reversing the polarity of the 

imposed potential difference, the flow behavior shown in Figs. 8-28, 8-30 and 8-34 is 

obtained for the 100, 300, and 1000 ppm PAA concentrations, respectively. In these plots 

the images are mirrored, so that the flow still occurs from left to right. Again, the flow 

instability sets in above a critical DC voltage, which decreases with the increase of polymer 

concentration: around 80 V for the 100 ppm solution (see Figs. 8-28-(F) to (K)), 50 V for 

the 300 ppm solution (see Figs. 8-30-(F) to (K)), and 2.5 V for the 1000 ppm solution (see 

Figs. 8-34-(A) to (K)). As observed for the H2 microchannel, increasing the imposed voltage 

leads to higher flow rates and more intense elastic-driven instabilities upstream of the 

contraction throat, which then propagate downstream at higher voltages. 
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(A) 5 V (B) 15 V (C) 30 V 

   
(D) 40 V (E) 60 V (F) 80 V 

   
(G) 100 V (H) 120 V (I) 140 V 

  
(J) 160 V (K) 180 V 

Figure 8-28: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 5x106 

g mol-1) at a concentration of 100 ppm, seeded with 1.0 µm TPs, using microchannel H3. 

The flow is in the reverse direction, from left to right, at Tabs = 295 K, and under DC potential 

differences of 5 V (A), 15 V (B), 30 V (C), 40 V (D), 60 V (E), 80 V (F), 100 V (G), 120 V 

(H), 140 V (I), 160 V (J), and 180 V (K). The yellow arrow indicates the flow direction. 
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Figure 8-29 also sketches the flow direction in the separated flow region, 

corresponding to the flow case shown in Fig. 8-28-(H) for a potential difference of 120 V. 

Upstream of the contraction, the flow remains steady and symmetric, whereas downstream 

of the throat the flow behavior is slightly unstable. 

 

 

 

 

 
 

Figure 8-29: Schematic representation of flow instabilities (in red), showing the flow 

direction within the separated flow regions, for microchannel H3 using PAA (Mw=5x106 g 

mol-1) at a concentration of 100 ppm. The flow is in the reverse direction, from left to right, 

at Tabs = 295 K, under a DC potential difference of 120 V. 
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(A) 5 V (B) 10 V (C) 20 V 

   
(D) 30 V (E) 40 V (F) 50 V 

   
 (G) 60 V (H) 70 V (I) 80 V 

  
(J) 90 V (K) 100 V 

Figure 8-30: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 5x106 

g mol-1) at a concentration of 300 ppm, seeded with 1.0 µm TPs, using microchannel H3. 

The flow is in the reverse direction, from left to right, at Tabs = 295 K, and under DC potential 

differences of 5 V (A), 10 V (B), 20 V (C), 30 V (D), 40 V (E), 50 V (F), 60 V (G), 70 V 

(H), 80 V (I), 90 V (J), and 100 V (K). The yellow arrow indicates the flow direction. 
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As shown in Fig. 8-30, as a consequence of the instabilities, the flow is quasi-steady 

and symmetric both upstream and downstream of the throat, especially if the imposed 

potential is equal or above 50 V. Accordingly, a sketch of the flow behavior for an imposed 

potential difference of 60 V is shown in Figure 8-31, corresponding to the case of Fig. 8-30-

(G). We observe the occurrence of two regions of separated flow, upstream and downstream 

of the throat. 

 

 

 

 
 

Figure 8-31: Schematic representation of flow instabilities (in red), showing the flow 

direction within the separated flow regions, for microchannel H3 using PAA (Mw=5x106 g 

mol-1) at a concentration of 300 ppm. The flow is in the reverse direction, from left to right, 

at Tabs = 295 K, under a DC potential difference of 60 V. 

 

 

 

 

The evolution of the flow field can also be assessed by inspecting the evolution with 

time of the flow field starting from the rest state, under conditions corresponding to 

established unstable flow. Two examples are shown in Figs. 8-32 and 8-33 for imposed 

potential differences of 60 and 80 V, respectively. As shown in Fig. 8-32-(A) to (L) and 

8-33-(A) to (L), there are regions of separated flow forming both upstream and downstream 

of the throat in both cases, showing a quasi-steady and symmetric behavior. Additionally, it 

was realized that the accumulated TPs at the throat owe much also to downstream 

recirculation, where the backward flow feeds the throat with TPs, causing them to 

accumulate at the throat, as shown in Figs. 8-32-(J) to (L) and 8-33-(C) to (L). The excessive 

accumulation of tracer particles at the throat subsequently influence the flow in the upstream 

region, as shown in Fig. 8-33-(E) to (L). 
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(A)  (B)   (C)  

   
(D)  (E)  (F)  

   
(G)  (H)  (I)  

   
(J) (K) (L) 

Figure 8-32: Evolution with time of flow behavior for an imposed DC potential difference 

of 60 V in microchannel H3, using an aqueous solution of PAA (Mw = 5x106 g mol-1) at a 

concentration of 300 ppm. The flow is in the reverse direction from left to right, at Tabs = 

295 K. The yellow arrow indicates the flow direction. 
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(A)  (B)   (C)  

      
(D)  (E)  (F)  

      
(G)  (H)  (I)  

    
(J) (K) (L) 

Figure 8-33: Evolution with time of flow behavior for an imposed DC potential difference 

of 80 V in microchannel H3, using an aqueous solution of PAA (Mw = 5x106 g mol-1) at a 

concentration of 300 ppm. The flow is in the reverse direction from left to right, at Tabs = 

295 K. The yellow arrow indicates the flow direction. 
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(A) 2.5 V  (B) 5 V (C) 7.5 V 

   
(D) 10 V (E) 12.5 V (F) 15 V 

   
(G) 20 V (H) 40 V (I) 60 V 

  
(J) 80 V (K) 100 V 

Figure 8-34: Flow visualizations using a viscoelastic aqueous solution of PAA (Mw = 5x106 

g mol-1) at a concentration of 1000 ppm, seeded with 1.0 µm TPs, using microchannel H3. 

The flow is in the reverse direction, from left to right, at Tabs = 295 K, and under DC potential 

differences of 2.5 (A), 5 (B), 7.5 (C), 10 (D), 12.5 (E), 15 (F), 20 (G), 40 (H) 60 (I), 80 (G), 

100 V (K). The yellow arrow indicates the flow direction. 
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Figure 8-35 sketches the flow field for the imposed potential difference of 40 V shown 

in Fig. 8-34-(H), which includes a steady symmetric separated flow region formed upstream 

of the throat, together with the two time-dependent separated flow regions formed 

downstream of the throat. 

 

 

 

 

 
Figure 8-35: Schematic representation of some flow instabilities (in red), showing the flow 

direction within the separated flow regions, for microchannel H3 using PAA (Mw=5x106 g 

mol-1) at a concentration of 1000 ppm. The flow is in the reverse direction, from left to right, 

at Tabs = 295 K, under a DC potential difference of 40 V. 

 

 

 

 

As understood for the lower 300 ppm concentration solution, a quasi–steady instability 

was observed at the downstream side of the throat. Accordingly, as seen in Fig. 8-34, by 

increasing the polymer concentration to 1000 ppm, allows the onset of a time-dependent 

instability on the throat downstream side, provided the imposed electric potential is equal to 

or larger than 20V, while remaining a quasi-steady and symmetric flow at the throat 

upstream side. One case is illustrated in Fig. 8-36 for an imposed potential of 40 V, at 

different times. By observing the flow field evolution over time (Fig. 8-36-(A) to (L)), it is 

clear that downstream of the throat, the flow is unstable, with the vortices being formed and 

then collapsing over time. It is also observed that over time TPs accumulate and stick to the 

microchannel walls, which influences the observed instability. In the upstream region the 

flow is significantly more stable. 
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(A) (B) (C) 

   
(D) (E) (F) 

   
(G) (H) (I) 

   
(J) (K) (L) 

Figure 8-36: Evolution with time of flow behavior for an imposed DC potential difference 

of 40 V in microchannel H3, using an aqueous solution of PAA (Mw = 5x106 g mol-1) at a 

concentration of 1000 ppm. The flow is in the reverse direction from left to right, at Tabs = 

295 K. The yellow arrow indicates the flow direction. 
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In summary, for microchannel H3, excluding the cases where TPs block the 

microchannel throat, a steady flow field, differing significantly from the Newtonian-like 

flow, is observed for the forward flow direction for PAA solutions with concentrations of 

100, 300 and 1000 ppm, whereas in the reverse flow direction a time-dependent flow 

behavior is observed, here characterized by a steady instability upstream of the throat and a 

time-dependent flow instability downstream of the throat, especially for polymer 

concentration of 1000 ppm, and higher. 

8.3.3.1.5 Flow mapping for microchannels H2 and H3 

To summarize all the experiments that were carried out using viscoelastic aqueous 

solutions of PAA at several concentrations, Fig. 8-37 presents a flow map to illustrate the 

different flow types observed in the electrical potential-polymer concentration parameter 

space, pertaining to microchannels H2 and H3, both in the forward and reverse flow 

directions, considering both  the flow at the microchannel upstream and downstream regions. 

It is clear from Fig. 8-37-(D) that it is for the higher Hencky strain geometry (H3, εH=3) in 

the reverse flow direction that a richer dynamics is observed, especially for the highest 

concentration of PAA (1000 ppm). As the imposed potential difference is increased the 

following sequence of flow patterns is seen: Newtonian-like flow, followed by a steady 

symmetric recirculating flow of low intensity, a steady symmetric recirculating flow with 

high intensity, and finally an unsteady time dependent flow, respectively.  
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(A) (B) 

  
(C) (D) 

Figure 8-37: Flow map in the electrical potential-polymer concentration parameter space 

representing the type of flow for microchannel H2 in the forward (A) and reverse (B) 

directions, and for microchannel H3 at the forward (C) and reverse (D) directions. 
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8.3.3.2 Centerline velocity profiles 

The objective of this section is to present centerline velocity profiles and assess if they 

are similar to those observed for a Newtonian fluid, and evaluate how the flow instability for 

viscoelastic fluids influence the velocity field. 

The measurements were done only along the microchannel centerline, at the middle 

plane, z/H = 0.5, and the camera frame rate was set at 500 fps. The measurements presented 

here are for microchannels H2 and H3 for the 1000 ppm solution (Figs. 8-38) and for the 300 

ppm solution (Fig. 8-39). Each figure presents the profiles for the flow in the forward (A, at 

the left hand-side) and reverse (B, at the right hand-side) directions. 

For microchannel H2, comparing the velocity profiles at the centerline of Fig. 8-38-

(A) with the profiles shown in Fig. 8-12 for the Newtonian fluid, we find that similar velocity 

profiles are observed, especially up to 20 V, suggesting that viscoelastic effects are not 

significant. On the other hand, for the reverse flow direction, Fig. 8-38-(B) shows that for 

potential differences above 5 V and up to 20 V, there is a significant change in the velocity 

field near the minimum throat cross sectional area followed by a smoother decrease of the 

velocity profile downstream of the throat, due to the recirculation formed near the throat, as 

shown in the flow visualizations, see Fig. 8-21-(B) and (C). Not that by comparing 

individually the centerline velocity profiles for each of the forward and reverse flow 

directions, only the 40 V case shows significant differences in the measured velocity profiles, 

which could be due to the accumulated TPs at the throat, which cannot be avoided at high 

flow rates, or maybe due to flow separation near the edges of the throat. In conclusion, the 

40 V data should not be considered to describe the flow behavior, due to the possible 

clogging of TPs at the throat of the microchannel. 

Similarly, for microchannel H3, by comparing Fig. 8-39-(A) for the 300 ppm PAA 

solution with Fig. 8-14 for the Newtonian fluid, it seems that the velocity profiles in the 

viscoelastic fluid at potential differences of 5 V and above are not increasing in a quasi-

linear way upstream of the throat, which is due to the formation of upstream vortices, as 

previously shown in the flow visualizations in Fig. 8-25-(B), (D), and (F). For the 

viscoelastic fluid flow in the reverse direction, Fig. 8-39-(B) shows a peak in the velocity at 

the throat which should be the outcome of the elasticity since such type of velocity 

overshoots are typically observed in abrupt contraction flows of viscoelastic fluids [22]. 
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Afterwards, there is a complex and non-monotonic decrease in the velocity profile 

downstream of the throat, along the hyperbolic expansion, which can reflect the occurrence 

of a flow instability at the throat and in the downstream region. 

In conclusion, microchannel H3 leads to enhanced flow instabilities both in the forward 

and reverse flow directions, in comparison with microchannel H2, primarily due to the higher 

Hencky strain. 

 

 

   

(A) Forward direction  (B) Reverse direction 

Figure 8-38: Centerline velocity profiles at z/H = 0.5, for microchannel H2 using the 1000 

ppm PAA (Mw = 5x106 g mol-1) solution, seeded with 1.0 µm TPs. The flow is in the forward 

(A) and reverse (B) directions, at Tabs = 295 K, and under a DC potential difference between 

5 and 40 V. The black arrow indicates the flow direction. 

 

  

(A) Forward direction (B) Reverse direction 

Figure 8-39: Centerline velocity profiles at z/H = 0.5, for microchannel H3 using the 300 

ppm PAA (Mw = 5x106 g mol-1) solution, seeded with 1.0 µm TPs. The flow is in the forward 

(A) and reverse (B) direction, at Tabs = 295 K, and under a DC potential difference between 

2.5 and 15 V. The black arrow indicates the flow direction. 
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As can be concluded form the previous section, depending on the polymer 

concentration and the imposed potential difference, reversing the flow direction in 

microchannels H2 and H3 leads to different flow characteristics, including a quasi-Newtonian 

flow pattern at the microchannel upstream and downstream regions at low potential 

differences, and above a critical electric field electro-elastic instabilities occur. Accordingly, 

the velocity field measurements from this section can allow the determination of the 

centerline velocity profiles for each imposed potential difference, which will then facilitate 

the determination of either the maximum Weissenberg number (Wimax) that can be reached 

without occurrence of flow instabilities, or the critical Weissenberg number (Wicr) above 

which flow instability may occur (results for the cases where particles clog at the throat were 

not considered). Thus, in the forward flow direction and for microchannel H2, using the 1000 

ppm solution concentration, it is found that the flow is quasi-Newtonian for imposed 

potential differences up to 20 V, where Wimax=6.36x10-3 and Re=4.65x10-2 (see Figs. 8-18-

(C) and 8-38-(A)), whereas in the reverse flow direction Wicr=7.25x10-4 and Re=6.48x10-3 

at the critical potential difference of 5V (see Figs. 8-21-(A) and 8-38-(B)). Similarly, for 

microchannel H3 in the forward flow direction, using the 300 ppm solution concentration, at 

the potential difference of 2.5V: Wicr=8.72x10-5 and Re=5.04x10-3 (see Figs. 8-25-(A) and 

8-39-(A)), whereas in the reverse flow direction Wicr=6.47x10-5 and Re=4.34x10-3 at the 

potential difference of 2.5V (see Figs. 8-30-(A) 8-39-(B)). We note that the low Wicr values 

observed are based on bulk quantities, but the local Weissenberg number evaluated based on 

the shear rate at the Debye layer (difficult to evaluate due to the lack of information regarding 

to the Debye layer width) is significantly higher, as discussed by Pimenta and Alves [23]. 

8.3.3.3 Flow patterns using PTV 

The objective of this section is to use the PTV technique to identify the instability 

region by tracking individual TPs and measure for each tracked pathline their corresponding 

local velocity magnitude. The measurement is done here in microchannels H2 and H3, in both 

the forward and reverse flow directions using the settings described in Section 8.3.3.2, for 

the 1000 and the 300 ppm solutions. 

Figures 8-40 and 8-41 present the flow pathlines in the forward and reverse directions, 

respectively, in microchannel H2 using the 1000 ppm solution. Each of those cases is 

examined at imposed DC potential differences of 5, 15 and 40 V. By comparing the results 

presented in Fig. 8-40 with the previous results of flow visualization shown in Fig. 8-18, and 
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similarly by comparing Fig. 8-41 and 8-21 for the reverse flow direction, it is clear that 

identical pathlines are obtained using both techniques, with a clear view of small 

recirculation zones captured at each corner of the throat for the reverse flow direction. 

 

 

   

(A) 5 V (B) 15 V (C) 40 V 

 

Figure 8-40: Pathlines obtained using the PTV technique, for microchannel H2 using the 

1000 ppm PAA (Mw = 5x106 g mol-1) solution, seeded with 1.0 µm TPs. The flow is in the 

forward direction, from left to right, at Tabs = 295 K, under DC potentials differences of 5, 

15, and 40 V. The color bar represents the velocity magnitude in mm/s, while the black arrow 

indicates the flow direction. 

   

(A) 5 V (B) 15 V (C) 40 V 

Figure 8-41: Pathlines obtained using the PTV technique, for microchannel H2 using the 

1000 ppm PAA (Mw = 5x106 g mol-1) solution, seeded with 1.0 µm TPs. The flow is in the 

reverse direction, from left to right, at Tabs = 295 K, under DC potentials differences of 5, 

15, and 40 V. The color bar represents the velocity magnitude in mm/s, while the black arrow 

indicates the flow direction. 

 

 

Similarly, for microchannel H3 and using the 300 ppm solution, Figs. 8-42 and 8-43 

present the pathlines in the forward and reverse flow directions, respectively. In conclusion, 
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it is clear from these figures, that the PTV technique tracks well the pathlines for each TP in 

the main flow, but the technique faces some limitations in the upstream recirculation, which 

were previously reported in Figs. 8-25 and 8-30 using the streak photography technique. 

This difficulty can be due to the limited number of TPs within the recirculation and due to 

the velocity difference between TPs within and outside the recirculation, or also because the 

unstable flow is more complex, with a more intense velocity component normal to the plane 

of measurement, and TPs could become out of focus easily. In all cases, as observed in Figs. 

8-40, 8-41, 8-42 and 8-43, the velocity maximum occurs at the throat region and is much 

lower elsewhere, as expected. 

 

   

(A) 5 V (B) 15 V (C) 40 V 

Figure 8-42: Pathlines obtained using the PTV technique, for microchannel H3 using the 300 

ppm PAA (Mw = 5x106 g mol-1) solution, seeded with 1.0 µm TPs. The flow is in the forward 

direction, from left to right, at Tabs = 295 K, under DC potentials differences of 5, 15, and 40 

V. The color bar represents the velocity magnitude in mm/s, while the black arrow indicates 

the flow direction. 

   

(A) 5 V (B) 15 V (C) 40 V 

Figure 8-43: Pathlines obtained using the PTV technique, for microchannel H3 using the 300 

ppm PAA (Mw = 5x106 g mol-1) solution, seeded with 1.0 µm TPs. The flow is in the reverse 

direction, from left to right, at Tabs = 295 K, under DC potentials differences of 5, 15, and 40 

V. The color bar represents the velocity magnitude in mm/s, while the black arrow indicates 

the flow direction. 
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8.4 Concluding Remarks 

This chapter presented EOF of Newtonian and viscoelastic fluids in different abrupt 

or hyperbolic contraction/expansions. The Newtonian fluid was used to understand the flow 

behavior in the linear regime for each of the microchannels and to illustrate the negligible 

effect of dielectrophoresis for the tested electric potentials. Using a Newtonian aqueous 

solution of 1 mM borate buffer, the following conclusions were obtained: in the tested range 

of electric fields, dielectrophoresis has negligible effect on the seeded tracer particles 

velocity, a quasi-uniform extension rate is observed along the centerline of the hyperbolic 

contraction, and the flow behavior remains stable, even at the highest voltages tested.  

On the less positive side, two main problems were faced. On one hand, poor image 

quality was typically observed when measuring the centerline velocity profiles particularly 

at high voltages, but this drawback was circumvented by adding a small amount of 

fluorescent dye to improve the image contrast, which helped in the image post-processing, 

allowing to operate the high-speed camera at higher frame rates. The second problem was 

due to the particle accumulation at the walls, especially at the throat of the microchannel. 

This difficulty was minimized by cleaning the throat of the contraction between successive 

runs, by manually pressing gently the microchannel to apply some pressure gradient, but at 

high voltages the TPs accumulation could not be avoided. 

The use of dye affects the chemistry of the fluid, leading to an increase of the zeta 

potential and consequently of the measured velocity magnitude. Therefore, the dye was not 

used with the viscoelastic solutions, which in this case was not a problem due to the typically 

lower velocities. In this way, we could focus on the electro-elastic flow instabilities, which 

depend on the geometrical configuration of each microchannel, on the fluid rheology and on 

the imposed DC potential difference.  

The viscoelastic effects on the flow field and flow stability were examined using 

viscoelastic aqueous solutions of PAA (Mw = 5x106 g mol-1) at concentrations between 100 

and 10000 ppm. Two microchannels H2 and H3 were selected for the experiments, to analyze 

the instability conditions in both the forward and reverse flow directions. The following 

conclusions were obtained from the experimental results with viscoelastic fluids: 

 For microchannel H2, a typically stable laminar flow behavior was observed in the 

forward flow direction, while a less stable flow was observed in the reverse flow 



Chapter 8  Electro-elastic flow instabilities 

246 

direction, which significantly lead to some instability by increasing the polymer 

concentration. 

 For microchannel H3, which has a higher Hencky strain, typically steady flow 

behavior was observed with flow recirculation for almost all tested PAA 

concentrations of 100, 300 and 1000 ppm in the forward flow direction, while a 

typically time-dependent flow behavior was observed for the reverse flow 

direction, especially downstream of the throat at higher polymer concentrations, 

thus leading to improved mixing. 

In conclusion, for viscoelastic fluids and for each of the tested microchannels (H2 or 

H3), the forward flow direction was found to be more stable. Accordingly, microchannel H2 

in the forward flow direction is more useful to investigate the flow behavior under 

homogenous strain rate for viscoelastic fluids, which can be particularly useful for rheology 

measurements [24, 25], while microchannel H3 in the reverse flow directions is better suited 

to promote fluid mixing, due to the strong electro-elastic instabilities that are generated at 

high electric fields. 

The experimental measurements of the polymer solutions in these channels were not 

easy to conduct, and many practical problems had to be overcome, such as tracer particle 

accumulation at the throat of the microchannels, possible gel formation at high voltages, 

among others discussed previously. This severely limited the time available for useful 

measurements, but at least many of the practical issues were solved and the way is now open 

for detailed measurements of the velocity field in the microchannels that will allow, for 

instance, an adequate quantification of the Weissenberg number of the flows. Indeed, the 

values of Wi reported are very low, and yet the flows show instabilities of elastic origin, 

suggesting that a more adequate characteristic rate of deformation needs to be used, such as 

the shear rate in the Debye layer, but such quantities need detailed velocity profile 

measurements. Also, the quantification of the critical Weissenberg numbers require a more 

refined set of measurements, around the critical conditions. 
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9.1 Conclusions 

The main goal of this thesis was to investigate EOF of non-Newtonian fluids in various 

flow configurations. The experimental work initially conducted with straight rectangular 

microchannels and Newtonian fluids, using the pulse and sine-wave methods, allowed the 

determination of the electro-osmotic and electrophoretic mobilities, and consequently the 

determination of the zeta-potentials of the tracer particles and channel walls. Using the pulse 

method, the analysis was extended to viscoelastic fluids and different flow responses were 

observed at the pulse startup and shutdown for the Newtonian borate buffers and for the 

PAA and PEO viscoelastic solutions.  

Under the influence of a pulsed electric field, a detailed particle-to-particle distribution 

analysis was also carried-out to investigate the flow behavior of individual tracer particles 

in the sampling area, instead of simply averaging over all pulse cycles and over all tracked 

particles. Such analysis provided a better understanding of the individual behavior of each 

tracer particle in the flow. Accordingly, depending on the working fluid, a slight variation 

among successive cycles of the same particle or even among the particles themselves was 

observed for Newtonian borate buffers and for the PAA viscoelastic solutions. In contrast, 

PEO solutions showed an unexpected different flow behavior among individual tracer 

particles, and even for each individual particle from pulse cycle to cycle. 

An analytical solution was obtained for the oscillatory shear flow of viscoelastic fluids 

driven by electro-osmotic forcing in a parallel plates microchannel with symmetric and 
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asymmetric wall zeta potentials. Analytical results for multi-mode Oldroyd-B fluids showed 

that under certain operating conditions, and outside of the electric double layers, the velocity 

field is linear along the microchannel width and has a large amplitude of oscillation. These 

flow conditions are found at low Reynolds numbers (Re≤ 0.01), thin EDL (e.g.  ≥100), low 

Deborah number (De ≤ 10) and low elastic Mach number (M ≤ 0.3). Under these flow 

conditions, the linearity of the velocity profile and the magnified amplitude of oscillation, 

may allow the use of this small amplitude oscillatory shear flow induced by electro-osmosis 

(SAOSEO) to perform rheological measurements aimed at identifying and measure the 

rheological characteristics of viscoelastic fluids in the linear regime, such as the storage (G′) 

and loss (G″) moduli. 

An experimental investigation was also carried out to investigate electro-elastic 

instabilities in EOF of viscoelastic fluids. Polyacrylamide aqueous solutions were tested at 

several concentrations, and a Newtonian borate buffer solution was used as a reference. Four 

different flow configurations were used, including two microchannels with a hyperbolic 

contraction followed by an abrupt expansion, and other two with a hyperbolic contraction 

followed by an identical hyperbolic shaped expansion. Microchannels with similar 

configuration differ in the designed Hencky strains. The Newtonian fluid was tested in all 

flow configurations, and it was found that dielectrophoresis has a negligible effect on the 

flow behavior. The observed flow patterns were typically laminar, without separated flow 

regions appearing downstream of the expansion, even at the maximum imposed potential 

difference. On the other hand, purely-elastic flow instabilities were observed using the 

viscoelastic solutions of PAA, which were found to depend significantly on the 

microchannel geometrical configuration, on the concentration of the polymeric solution, and 

on the imposed potential difference. The flow behavior of PAA solutions was only 

investigated in two microchannels, including a microchannel with hyperbolic contraction 

followed by an abrupt expansion and a microchannel with an abrupt contraction followed by 

a hyperbolic expansion. For each microchannel, the flows were investigated in both the 

forward and reverse directions. In the low Hencky strain geometries, the flow was generally 

stable with Newtonian-like flow patterns in the forward flow direction, whereas a less stable 

flow was observed in the reverse flow direction. For microchannels with higher Hencky 

strains, typically a steady flow behavior with flow recirculation was observed in the forward 

flow direction, whereas a typically time-dependent flow behavior was observed for the 

reverse flow direction. In general, the forward flow direction proved to be more stable in 
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comparison to the reverse flow direction. Moreover, it was found that by increasing the 

polymer concentration, the onset of instability takes place at lower imposed electric 

potentials due to the higher viscoelasticity of the fluid.  

9.2 Suggestions for Future Work  

As possible future work we suggest the following topics of research: 

- Performing a more detailed analysis of the pulse method for different types of 

viscoelastic fluids, and eventually develop a technique to determine the relaxation 

time of the fluid from the velocity decay observed after the shut-down of the imposed 

electric field. 

- Testing experimentally the SAOSEO technique for different types of viscoelastic 

fluids, and assess the influence of the possible formation of a wall-depletion or wall-

adsorption layer, which limits the use of the technique due to the non-uniformity of 

the polymer concentration.  

- Investigating experimentally electro-elastic flow instabilities using a fluorescent 

dye, instead of using tracer particles, which was found to lead to many problems, 

such as particle electrophoresis, and particle clogging related problems at the throat 

of the contraction. 

- Further work can be done regarding electro-elastic instabilities, by investigating the 

flow of different viscoelastic fluids and also testing new geometrical configurations 

to investigate the critical conditions for the onset of the instabilities. 

- In addition, regarding the electro-elastic instabilities, detailed velocity profile 

measurements are required near the walls to quantify a more adequate characteristic 

rate of deformation to better quantify the instability onset condition, instead of the 

use of Weissenberg numbers based on bulk quantities, which lead to very low Wi 

values. 
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